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ABSTRACT

EXTENDING ACTIONS OF HOPF ALGEBRAS TO
ACTIONS OF THE DRINFEL’D
DOUBLE

Zachary Cline
DOCTOR OF PHILOSOPHY

Temple University, May, 2019

Dr. Martin Lorenz, Chair

Mathematicians have long thought of symmetry in terms of actions of groups,
but group actions have proven too restrictive in some cases to give an interesting
picture of the symmetry of some mathematical objects, e.g. some noncommutative
algebras. It is generally agreed that the right generalizations of group actions to
solve this problem are actions of Hopf algebras, the study of which has exploded in
the years since the publication of Sweedler’s Hopf algebras in 1969.

Different varieties of Hopf algebras have been useful in many fields of math-
ematics. For instance, in his “Quantum Groups” paper, Vladimir Drinfel’d intro-
duced quasitriangular Hopf algebras, a class of Hopf algebras whose modules each
provide a solution to the quantum Yang-Baxter equation. Solutions of this equa-
tion are a source of knot and link invariants and in physics, determine if a one-
dimensional quantum system is integrable. Drinfel’d also introduced the Drinfel’d
double construction, which produces for each finite-dimensional Hopf algebra a qu-
asitriangular one in which the original embeds.

This thesis is motivated by work of Susan Montgomery and Hans-Jiirgen Schnei-
der on actions of the Taft (Hopf) algebras 7},(¢) and extending such actions to the
Drinfel’d double D(T,,(¢q)). In 2001, Montgomery and Schneider classified all non-
trivial actions of 7,,(¢) on an n-dimensional associative algebra A. It turns out

that A must be isomorphic to the group algebra of grouplike elements kG(7,,(q)).
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They further determined that each such action extends uniquely to an action of the
Drinfel’d double D(7,,(q)) on A, effectively showing that each action has a unique
compatible coaction. We generalize Montgomery and Schneider’s results to Hopf
algebras related to the Taft algebras: the Sweedler (Hopf) algebra, bosonizations of
1-dimensional quantum linear spaces, generalized Taft algebras, and the Frobenius-

Lusztig kernel u,(sly). For each Hopf algebra H, we determine
1. whether there are non-trivial actions of H on A,
2. the possible H-actions on A, and

3. the possible D(H )-actions on A extending an H-action and how many there

are.
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CHAPTER 1

INTRODUCTION

Unless otherwise specified, throughout this work, k will denote an algebraically
closed field of characteristic 0, algebraic structures will be over k, and ® will mean
®k. ‘Dimension’ will always mean k-vector space dimension. Technical terms in
the introduction and definitions throughout the manuscript are italicized. An index

of notation and terminology is provided at the end to aid the reader.

1.1 Symmetry

One objective of mathematics in general is the discovery, creation, and interpre-
tation of patterns, and in the physical world, one of the most observed and prevalent
patterns is symmetry. From childhood, we are taught about symmetry in school; we
observe it in the plants and animals of nature; it has been used in architecture and the
arts since the beginning of civilization. Yet, only fairly recently in the scope of hu-
man history did mathematicians realize that they could study symmetry rigorously,
with the discovery (or invention) of groups.

If we fix a certain property or structure of some mathematical object, the set of
operations on the object which preserve that property form a group. The symmetric
group S, is the group of symmetries of arrangements of n objects, the dihedral
group Do, is the group of symmetries of an n-sided regular polygon, and GL,,(R)

comprises the linear symmetries of real n-space. We can think of symmetries more



generally in terms of group actions: a group action of G on a set X is simply a group
homomorphism ¢ : G — Sx, where S is the symmetric group on X. The act of
specifying which property we want to preserve for our desired notion of ‘symmetry’
is to simply replace Sx with a subgroup.

For instance, Group Representation Theory is devoted to studying groups by
their linear actions on vector spaces. A representation of GG is a vector space V
equipped with a group homomorphism ¢ : G — GL(V'). We will denote the cat-
egory of representations of a group GG by Rep(G). (In fact, some purely group-
theoretic facts have been proven using actions and representations, such as Burn-
side’s pq® Theorem and results in the classification of finite simple groups [21,
Section 3.6])

While group actions capture symmetry in the classical sense discussed above,
they have proven too restrictive to yield interesting information about all mathemat-
ical objects, such as noncommutative algebras. Noncommutative algebras typically
have small, uninteresting automorphism groups, and so are too rigid for group ac-
tions to reflect their rich structure. Thus, we need a different notion of symmetry
to handle symmetries of k-algebras in general, and a natural first place to look are
actions of some other algebraic structure.

To see what sort of structure we should use to handle symmetries of k-algebras
in general, recall that through the diagonal action, the tensor product of two group

representations is a representation as well: for V, W € Rep(G)
g-(vew)=(g9-v)® (g -w) geG, veV, weW. (1.1)

Moreover, the one-dimensional vector space k is a representation of any group by
the trivial action: g - 1 = 1. These facts are used to define actions of groups on k-
algebras generated by V/, giving the classical symmetry of k-algebras. If one wants
classical symmetries of algebras generated by the dual space V*, then note that V'

can be made a representation via

(g-HHw)=flg"v) geG veV, feV" (1.2)

Together, these properties make Rep(G) a rigid monoidal category. Thus, we should



expect to need an algebraic object whose representations form a rigid monoidal cat-
egory, and whose representation theory contains that of groups as a special case. It
has generally been accepted that the right objects of study to generalize group rep-
resentation theory to this end are Hopf algebras. We reserve the precise definition

of Hopf algebra for Section 2.1, but define it briefly here.
Definition 1.1.1. A Hopf algebra is a k-vector space H, equipped with

e an associative k-algebra structure (H, m,n), where m : H ® H — H and

n : k — H are the multiplication and unit maps, respectively;

e a coassociative k-coalgebra structure (H, A, €), where A : H — H ® H and

€ : H — k are the comultiplication and counit maps, respectively;
e and an anti-automorphism S : H — H, called the antipode,

satisfying compatibility conditions.

1.2 Hopf algebras

While Hopf algebras originated in the study of algebraic topology and algebraic
groups [4], they are objects which appear in a variety of contexts and are now studied
in their own right. They generalize two classical algebraic objects: group algebras
and universal enveloping algebras of Lie algebras. The group algebra of a group
G, denoted kG, is the k-vector space with basis (¢, and multiplication coming from
extending the group operation linearly. The universal enveloping algebra of a Lie
algebra g, denoted U(g), is the quotient of the tensor algebra 7'(g) by the ideal
generated by elements of the form z ® y —y® x — [z, y| for z,y € g. Fora group G
(or a Lie algebra g), the coalgebra structure and antipode of kG (or U (g)) are given
respectively by

Alg)=9g®yg e(g) = Sg)=g9" (9e€q);

! (13)
Alx)=1z+z®1 e(z)=0  Sx)=—z (x €g).



Many classical results about Hopf algebras involve proving or disproving analo-
gous versions (or generalizations) of theorems from group theory, e.g. the Nichols-
Zoeller Theorem [26] which generalizes Lagrange’s Theorem (that the number of
elements of any subgroup must divide the number of elements of the group). While
Hopf algebras were introduced in the 1940’s, the theory is still developing today,
with most results pertaining to particular classes or examples. The classification of
these objects is far from complete, with most results limited to Hopf algebras whose
dimensions are products of a few prime integers [2, 10].

Since a Hopf algebra H is in particular an algebra, we will define a representa-
tion of H to be an H-module, and will denote the category of representations of H
by g M (the reason for which is more clear in Section 2.1.2). As desired, y M is
indeed a rigid monoidal category. (For more explanation of this, see Section 2.2.1.)
The tensor product, trivial, and dual actions are given as follows: For a Hopf algebra
Hand VW € g M, we have that V ® W, k, and VV* are also representations via,

respectively,
h-(v@w) = (hq-v)®(he -w),  h lx=eh)l,
(h- f)(v) = f(S(h)-v) (forhe HyveV,weW,and f € V).

(Here, we are using Sweedler’s summation-less notation, A(h) = hy ® h).) Also,

(1.4)

recalling that a representation of (G is the same thing as a kG-module, by comparing
(1.1),(1.2), (1.3), and (1.4), one sees that representations of Hopf algebras general-
ize group representations. Motivated by the group case, we call a nonzero element
g of a Hopf algebra H grouplike if A(g) = g ® g. As we will see in Remark 2.1.8,
the set of grouplike elements of H forms a group, denoted G(H ).

Moreover, since enveloping algebras are also Hopf algebras, with the structure
given in (1.3), we see how the tensor product, trivial, and dual representations in

Rep(g) arise for a Lie algebra g, by (1.4):
r-(v@w) =1 (x-w)+ (r-v)®w, -1y =0,
(- f)v) = f(—x-v) (forzeg,veV,weW,and f € V*).

Like for groups and Lie algebras, for any Hopf algebra H, we can use (1.4) to

define an action of H on an algebra A.



Definition 1.2.1. Let H be a Hopf algebra. An H-module algebra A is an algebra
(or monoid) in yF M. Put another way, A is simultaneously an H-module and k-

algebra such that
h(ab) = (h(1)~a)(h(2)-b), h-lAZE(h)lA (fOI'hEHaIldCL,bEA).
We also say that H acts on A and call this a Hopf action on A.

This definition of an action of a Hopf algebra on an algebra gives us a way to
define a new type of symmetry. Now group algebras and enveloping algebras are
examples of cocommutative Hopf algebras, meaning A = 7 o A for the twist map
7: H® H — H® H. In fact, a theorem of Cartier, Kostant, Milnor, and Moore
states that all cocommutative Hopf algebras are smash products of the two previ-
ously mentioned types [1, Theorem 1.1]. Thus, symmetry coming from cocommu-
tative Hopf algebras are considered classical. On the other hand, symmetry from a
Hopf action that does not factor through that of a cocommutative Hopf algebra is
considered quantum symmetry.

This work is focused on classifying actions of pointed Hopf algebras H on the
group algebra of grouplike elements kG ( H ), essentially studying quantum symme-
tries of classical objects. (See Section 2.1.1 for a definition of a ‘pointed” Hopf
algebra.) Actions of such Hopf algebras H are then extended to actions of the Drin-
fel’d double D(H).

The purpose of looking for actions of D(H ) is to find solutions to the quantum
Yang-Baxter equation, which provide a source of link/knot invariants and play a role
in the theory of quantum integrable systems [17, 18]. For a vector space V', a map
¢ € Auty(V ® V) is called a solution of the quantum Yang-Baxter equation if the
identity

holds in Auty(V ® V ® V). In [14], Drinfel’d introduced the notion of quasitrian-
gular Hopf algebras, whose modules each lead to a solution of the quantum Yang-

Baxter equation. He also introduced the quantum double of a finite-dimensional



Hopf algebra H (now called the Drinfel’d double of H), denoted D(H ), which is
a canonical quasitriangular Hopf algebra in which A embeds. Thus, modules of a
finite-dimensional Hopf algebra H which admit an extension to the structure of a
D(H)-module give solutions of the quantum Yang-Baxter equation.

Thus, for the sake of both studying symmetries of associative algebras and for
finding solutions of the quantum Yang-Baxter equation, we are interested in the
question of when actions of a finite-dimensional Hopf algebra H on A leads to a
non-trivial action of D(H) on A. In particular, we explore the question of when
a group (G-)action on A by algebra automorphisms can extend non-trivially to an
action of a Hopf algebra H on A, and when this action can then extend non-trivially

to an action of D(H) on A (see Question 1.3.3).

1.3 Motivation from Montgomery—Schneider

The scope of this thesis is based on the work of Susan Montgomery and Hans-
Jiirgen Schneider on actions of the n2-dimensional Taft Hopf algebra, T,(q). For
n € N, n > 2, and a primitive n'" root of unity ¢ € k, this Hopf algebra is generated

as an algebra by elements g and x, with relations

n

gt =1 2"=0, gr=qxg.

The rest of the Hopf algebra structure is given in Example 2.1.11. For now, note
that the group of grouplike elements is the cyclic group of order n: G(T,(q)) =
(g). In[24], Montgomery and Schneider classified the n-dimensional 7}, (¢)-module
algebras with no nonzero nilpotent elements, for which = does not act by zero. In
fact, x acting by nonzero is exactly the condition that this module structure is inner-
faithful, i.e., that the action does not factor through any proper Hopf quotient of
T.(q) (see, e.g., Corollary 2.5.3). Moreover, by Proposition 2.5.5 below, the value
n is the smallest possible dimension of an inner-faithful 7;,(¢)-module algebra with

no nonzero nilpotent elements. Their classification was the following.

Theorem 1.3.1. /24, Theorem 2.5] Take n > 2. Let A be an n-dimensional inner-

Saithful T, (q)-module algebra with no nonzero nilpotent elements. Then there exists



n

an element w € A and nonzero scalars 3,y € k such that A =klu]/(u" — j),

where g -u = ¢ tu, and x - u = 1 4. O

By scaling u, we can assume without loss of generality that u” = 14 in A
above. Thus, A is in fact isomorphic as an algebra to the group algebra kG, where
G = G(T,.(q)) = Z/nZ is the group of grouplike elements of 7},(¢). Moreover,
note that since G is abelian, G = G, the character group of GG. (This isomorphism is
in general not unique.) The action of the Hopf subalgebra kG' C T,,(q) on A = kG
is induced by the character group: Fix generators g € G and u € G so that (g,u) =
q!; then, in A = kG, we get that g - u™ = ¢~™u™ = (g, u™)u™. In general, for G

abelian, there is always an action of kG on kG given by
g-u= (g, u)u gEé,uEG. (1.6)

Thus, Montgomery and Schneider classified all the inner-faithful actions of 7}, (¢)
on the group algebra of its grouplike elements kG(T,,(¢)), extending the action of
kG(T,.(q)) on itself as just described. We set the following notation.

Notation 1.3.2 (A(H)). For a Hopf algebra H with a finite abelian group of grou-
plike elements G := G(H), let A(H) denote an inner-faithful H-module algebra
that is isomorphic to kG as an algebra so that kG C H acts on A(H) = kG as kG
does in (1.6).

Montgomery and Schneider showed further that for n > 3, each such action of
T.(q) on A(T,(q)) can be extended uniquely to an action of the Drinfel’d double
D(T,(q)) on A(T,(q)); we recall the details of their result in Theorem 3.1.2. There-
fore, each module algebra A(T,,(¢)) gives a solution to the quantum Yang-Baxter
equation, and the symmetries of A(7},(¢)) coming from the action of D(T,,(q)) are,
in a sense, determined uniquely by the symmetries coming from the action of 7,,(¢).

Motivated by their work, we investigate the following questions.

Question 1.3.3. Let H be a finite-dimensional Hopf algebra with an abelian group

of grouplike elements.

(a) Do the module algebra structures A(H ) as described in Notation 1.3.2 exist?



If (a) is affirmative, then:
(b) What are the possible H-module structures on A(H)?

(c) What are the possible D(H )-module algebra structures on A(H) extending
that in (b)? How many extensions are there? In particular, is there a unique

extension as in the case of the Taft algebras (7,,(q) with n > 3)?

Remark 1.3.4. The first case to consider is, naturally, the case H = kG for G a
finite abelian group. Here, A(H) = H with the action determined by (1.6), which
addresses Question 1.3.3(a,b). Note that D(kG) = kG ® kG as Hopf algebras with
the tensor product Hopf algebra structure. The second copy of kGG corresponds to
the original H, and the first copy corresponds to the dual (kG)* = kG. Thus, any
extension of an action of kG on A(kG) to one of D(kG) on A(kG) is given by any
other action (not necessarily faithful) of G~ G onkG by algebra automorphisms.

1.4 Main results and related work

Because the answers to Question 1.3.3 are interesting for the Taft algebras 7,,(¢),
we will answer these questions for some pointed, finite-dimensional Hopf algebras
related to Taft algebras. In Chapter 2, we provide background information per-
taining to actions of pointed Hopf algebras and their Drinfel’d doubles that will be
used throughout. Chapter 3 goes over the case of the Taft algebras in more de-
tail, and gives an answer to Question 1.3.3(c) for the Sweedler algebra T5(—1).
Chapter 4 is dedicated to a family of coradically graded Hopf algebras, H,,(¢, m, ),
for which the Taft algebras are a subclass; these Hopf algebras arise as bosoniza-
tions of quantum linear spaces from Andruskiewitsch and Schneider’s work [5].
Explicit computations are given for the dual H, ((,m,t)*, with the dual pairing
given, and for D(H,((,m,t)) before addressing Question 1.3.3. Non-trivial lift-
ings of H,,(¢,m,t), namely the generalized Taft algebras T'(n, N, 1), are the sub-
ject of Chapter 5. Again, explicit computations of the dual and double are given for

T(n, N, 1). It is known that a Taft algebra can be considered as the positive Borel



part of the Frobenius-Lusztig kernel u,(sly), and Chapter 6 answers Question 1.3.3
for the full small quantum group wu,(sl;). Directions for future research are dis-
cussed in Chapter 7, while some computations omitted in the body for the sake of
brevity are included in Appendix A.

QOur main results are summarized as follows.

Theorem 1.4.1. Consider the finite-dimensional pointed Hopf algebras T>(—1),
H,(¢,m,t), T(n,N,1), and u,(sly) discussed above. Then, Question 1.3.3 is an-
swered for these Hopf algebras, as detailed in Tables 1 and 2.

The results of Montgomery and Schneider for 7},(¢) are included in Table 1 and
2 for comparison, and the proof of Theorem 1.4.1 is the main focus of most of this
thesis.

It is worth mentioning that presentations for the dual and double of these Hopf
algebras are computed, which may be of independent interest. As an example, we
give a complete proof of the fact that u,(sly)* is isomorphic to a quotient of the
quantum group O,(SL,), and give the dual pairing. While this fact is seemingly
well-known (see, e.g., Brown-Goodearl’s work in [11, II1.7.10]), there did not seem

to be a full proof in the literature.

We end this section by mentioning some related results in the literature that may
be of interest. In [13], Cohen, Fischman, and Montgomery examine conditions on
a Hopf algebra H and left H-module H-comodule algebra A under which A can
be realized as a D(H )-module algebra. In particular, they show that if H has a
bijective antipode and either (i) A is a faithful A#H-module, or (ii) A/A°H is H-
Galois and A is H-commutative (i.e. ab = (a1 - b)a() for all a,b € A), then
A is a D(H)-module algebra. Chen and Zhang classified all D(7%(—1))-module
algebras of dimension 4 up to isomorphism as D(7T5(—1))-modules in [12], in par-
ticular giving all D(75(—1))-module algebra structures on M, (k). In [19], Kinser
and Walton examine actions of Taft algebras on path algebras of quivers, and extend

such actions to D(7,,(q)).



10

(b Eowooab (z-cy wommsodou] (X X)
S u # wig g1 = = ol (wh)
REX A3 4L#0
‘(u powr) Ip— = w g =n.x
u £ wg Jry (2w d)'H
a9 =N X ‘my=mn-"n
) =mn- g ‘L = (U ‘2uL)pog J1 SISIXD
[¢'z € uontsodoid] [1°¢"1 w09y ] (X D)
b LIERY 2L #0 (z D)
IN=n-X ‘N—=n-5H h=n.-x ‘n—=n-0 (1-)2g
[T'1°¢ w0y [1°¢"T wooay ] (X D)
I 1—b=xL 9> A3 L#0 (z6)
M =n-x ‘Mmb=n-.n5H h=n-xz ‘n,.b=n-b (b)"r,
(H)( yo suonoe (9)¢ ¢’ 1 uonsang) uo (q®)¢ ¢’ 1 uonsan) uo (,H JO 'sud3d)
0} *SU)Xd Jo (n £q 'uad st (F)V ‘HA) | (H Jo 'suad)
uonezrdweded /# | () Jo suonde 0) uoisudlxy | ()Y uo [ Jo suondy H

Table 1: Summary of Main Results 1



11

[¥'C9 waroay ] : dog) (p2'q'D)
¢'C’9 uonisodold
nb=mn-p 1 b-b)=n-o (' *31)
‘0=n-q9 ‘n_b=mn-v b— =9L ‘yy2 0L
¢
—J0 — Nq&% =n-y
(915)"n
‘N b=n.-p ‘g=n-92 “qh=n-.y
RZT@ISHz.@ ‘nb=mn-v ‘n,b =mn- 31
[1°€°S waroay] ] (x D)
JSTMIAYIO ‘() [1'1°S uonisodoid]
[—0=0L939 (= 6)
g =7-X NO— D=3k
ppo Gpuez = NJ‘G | (PPOND D)1, =79 gyh=n.2 (1N ‘w1
:ppo & pue g = A/ J1 SISIXO ‘ny=mn-b
[¢'1°¢€ watoay] [1°¢"1 waroay ] (X D)
I I—b=xtH>Y AL #0 (z°6)
SN =n-x mb=mn-5H h=n-xz ‘n,.b=n-b (b)y“r
(H)d 3o suonae (n &q uad st ()Y ‘HA) | (.H Jo "sudg)
(0)¢"¢'1 uonsanQ) 10y
0} *SUJXd Jo (qe)¢ ¢ 1 uonsan() 10} (H 30 sudg)
uonezipoweaed /# | (H) Jo SUONIE 0) UOISUIX (H)V uo [ jo suondy H

Table 2: Summary of Main Results 2



12

CHAPTER 2

PRELIMINARIES

The main objects of study are Hopf algebras. The relevant general theory is
developed in Section 2.1. In Section 2.2, we consider actions of Hopf algebras
on associative algebras, and develop the theory of Yetter-Drinfel’d modules and
bosonizations. Many of the pointed Hopf algebras we consider later are (liftings of)
bosonizations. The Drinfel’d double is the subject of Section 2.3. In Section 2.4,
we introduce an important class of Hopf algebras in the category of Yetter-Drinfel’d
modules, namely Nichols algebras. These have proven useful in the classification
program of pointed Hopf algebras. Finally, we discuss inner-faithful module alge-
bras in Section 2.5 and their structure for pointed Hopf algebras H with G(H ) finite

cyclic.

2.1 Hopf algebras

Even rigorously defining what a Hopf algebra is requires a bit of background. A
Hopf algebra is a k-vector space with a compatible algebra and coalgebra structure,
along with a special map called the antipode. Each of these terms, besides ‘alge-
bra’, needs a proper explanation. We first discuss the dual notion of an associative

algebra: a coassociative coalgebra.
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2.1.1 (Co)algebras

It is easiest to understand coassociative coalgebras as the dual notion to associa-
tive algebras. One typically learns that an associative k-algebra is a unital ring A
together with a unital ring homomorphism f : k — A so that f(k) C Z(A). This
map gives the ring A the additional structure of a k-vector space, and so a k-algebra
is simultaneously a ring and a vector space with compatible structures. Of course,
this definition prioritizes the ring structure. Alternatively, we could prioritize the
vector space structure, and define an associative k-algebra as a k-vector space A

equipped with two k-linear maps, m : A® A — Aandn : k — A for which the

diagrams
" AR A
AARA T Ag A 77®id/ Wn
m®idAl lm k® A m Aok (@D

commute. The first diagram expresses associativity of the multiplication and the
second gives that 7(1) is the unit of A. (Here, 1 and f above are the same map.)
We call m and 7 the multiplication (or product) and unit maps, respectively, for the
algebra A.

One benefit of the second definition of an associative k-algebra is that we can
generalize the notion of “algebra” to arbitrary monoidal categories (see [28, Chap-
ter 11]). We will see some examples in Section 2.2.1. The more pertinent benefit is
that we can now define a coalgebra as the dual notion of an algebra, with the axioms
given by “reversing all arrows”. More precisely, a coassociative k-coalgebra is a

k-vector space C' equipped with two k-linear maps, A : €' - C®C ande: C — k
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for which the diagrams

C
C—2—C0ecC / \
Al lidcm k® C A Cok 22)
cCeC

commute. We call A and e the comultiplication (or coproduct) and counit maps,
respectively, for C.

Forany c € C, wehave A(c) =Y ", a; ®b; forsome n € Nand a;,b; € C. If
we start performing calculations with many elements, the introduced notation and

plethora of summations becomes bulky and hard to keep track of.

Notation 2.1.1. To make such calculations easier, when all maps involved are k-
linear, Sweedler introduced the notation A(c) = c(1) @ c(2), which is now called

Sweedler notation.

As an example, the commutativity of the diagrams in (2.2) is expressed

(1) ® C2)(1) ¥ C2)(2) = C1)(1) D C)(2) @ C2), (2.3)
e(cy)e) = ¢ = cuye(c)- (2.4)

By virtue of (2.3), there is no ambiguity in writing c(1y ® c2) ® c(3), which is
sometimes written A(?)(c). Just as associativity of multiplication leads to a gen-
eralized associativity (that any placement of parentheses results in the same prod-
uct) so too the coassociativity leads to a generalized coassociativity (that applying
A successively n times always results in the same coproduct, regardless of which
slot we apply A to at each step.) Thus, more generally, we write A"V (c) =

C(1) B C2) &+ @ C(n)-

Example 2.1.2. Let X be any set and let kX denote the k-vector space with basis
X. We can give kX a coalgebra structure by defining

Alx)=z®z e(r) =1 (2.5)

forany r € X.
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For any coalgebra C', we call an element grouplike if it satisfies (2.5). The set of
all grouplike elements is linearly independent and denoted GG(C'). The motivation
for the term will become clear later. (See Example 2.1.9.) An element ¢ € C
will be called (g, h)-skew primitive if it satisfies A(c) = g ® ¢ + ¢ ® h for some
g,h € G(C). The space of all such elements is denoted P, ,(C'). Note that the
axioms of a coalgebra force ¢(¢) = 0 for any skew primitive c. As an example, if
g,h € G(C), then g—h € P, ;(C). We will see more interesting examples of skew
primitive elements in Examples 2.1.10 and 2.1.11.

We will make regular use of the following standard terminology surrounding

coalgebras. Let C' and D be coalgebras.

e coalgebra homomorphism: a map ¢ : C' — D such that for any ¢ € C,

A(f(c)) = flcq) @ fe) and e(f(c)) = €(c).

e coideal: kernel of a coalgebra homomorphism. A subspace I C ('is a coideal
ifandonly if A(/) CC® I+ 1®Cande(l) =0.

e subcoalgebra of C': asubspace V of C such that A(V) C V ® V. Of course,
as for most algebraic objects, there are obvious versions of the isomorphism

theorems for coalgebras.

e simple coalgebra: a coalgebra which has only two subcoalgebras, (0) and

itself.

e coradical of C': the (direct) sum of the simple subcoalgebras of C'. It is de-

noted Cj.

e pointed coalgebra: a coalgebra C' whose simple subcoalgebras are all 1-di-
mensional, i.e. Cy = kG(C).

e coalgebra filtration of C': an increasing (with respect to C) and exhaustive

family of subspaces {V; }.> satistying A(V;) C Zé‘:o V;®V,_; foralli > 0.

e coradical filtration of C: the coalgebra filtration defined inductively by Cj
being the coradical and C; = A™1(C;_; ® C + C ® Cy) for all i > 0.
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e coalgebra grading of C: a vector space decomposition C' = P, C(i) such
that ¢(C'(0)) = 0 and A(C(7)) C Z;":o C(j) ® C(i — j). The associated
graded coalgebra for the coradical filtration will be denoted gr(C).

e coradically graded coalgebra: a graded coalgebra C' such that C' = gr(C') as
graded coalgebras, i.e if C; = @;:0 C(j) foralli € N.

Let (C, A, €) be any coalgebra and let 7 : C' @ C' — C' ® C' denote the typical
twist map: ¢ ® d — d ® c. Then we can define a new coalgebra structure on C' by
replacing A with 7o A. We call this the coopposite coalgebra and denote it C°P. If
A =T70A, we call C cocommutative. If (D, A, €) is another coalgeba, then C'® D
can be given a coalgebra structure with coproduct A ® A and counit € ® €. This is
called the tensor product coalgebra structure on C' @ D.

Now, since the definition of coalgebra is dual to that of an algebra, we have
that the vector space dual C* with multiplication A* and unit €* is an associative
k-algebra. On the other hand, if A is a k-algebra, then A° := m*~}(A* ® A*) with
comultiplication m* and counit 7* is a k-coalgebra.! Note that when A is finite-

dimensional, A° = A*. This leads to the following example.

Example 2.1.3. Let n € N, n > 1, and let M,,(k) denote the k-algebra of n x n
matrices with entries in k. Let F;; denote the matrix with a single 1 in the "
row and 5™ column and 0 elsewhere. Then {E; ;} is the standard basis of M,, (k).
The dual space, C,, (k) := M,,(k)* is a coalgebra called a comatrix coalgebra over
k. Denoting the dual basis to {E; ;} by {e; ;}, the comultiplication and counit are
given by

2.1.2 (Co)modules

Dual to the notion of a module for an algebra is the notion of a comodule for a

coalgebra. For an associative k-algebra A, a right A-module is a k-vector space M

1'We must consider A° and not simply A* because, while A* @ A* C (A ® A)*, equality does
not hold in general.
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equipped with a linear map p : M ® A — M so that the diagrams

MoAo A2 0 veA MOk —————— M
id]\/j®mJ( J/;U' id]y[@Xl /
M@A——— M MeA

commute. Thus, for a coassociative k-coalgebra C, a right C'-comodule is a k-vector

space M equipped with a linear map p : M — M ® C so that the diagrams

pl lp@idc x A o (2.6)
M&C—— MaCoC M®C
idpr ®A

commute. We will use the modified Sweedler notation p(m) = mg) ® m(1). In this

notation, (2.6) states that for all m € M,

M (0)(0) ® M0)(1) @ M(1) = Myo) @ M(1)(1) B M1)(2), (2.7)

m(o)e(m(l)) =m. (2.8)

In light of (2.7), there is no ambiguity in writing mg) ® m 1) ® mo) and similarly
for any number of applications of p. Of course, we can define left C'-comodules

analogously, in which case, we would write p(m) = m—1) ®@my). (The convention

is that the O subscript always corresponds to the elements of M)

Notation 2.1.4. We will denote the category of right A-modules (resp. left A-
modules, right C'-comodules, left C-comodules) by M 4 (resp. 4 M, M, € M).

Example 2.1.5. Let n € N, n > 1, and let M be a k-vector space with basis
U1, ...,U,. Then M is aright C, (k)-comodule via p(v;) = >, v; ® e; ;. This is

dual to the action of M,,(k) on an n-dimensional vector space.

2.1.3 Bialgebras and Hopf algebras

With a bit of background on coalgebras and comodules, we can now discuss

bialgebras and Hopf algebras.



18

A k-bialgebra is a k-vector space B equipped with k-linear maps m, n, A, and

€, so that
1. (B, m,n) is an associative k-algebra,
2. (B, A/¢) is a coassociative k-coalgebra, and

3. A and € are algebra homomorphisms (or equivalently, m and 7 are coalgebra

homomorphisms).

For item 3, we are considering B ® B as an algebra (or coalgera) with the tensor
product structure. Note that we can twist the multiplication and/or the comultipli-
cation with the twist map 7 : @ ® b — b ® a to get three other bialgebra structures
on B: B, B®P and B “P, For example, B’ “? has multiplication m o 7 and
comultiplication 7 o A. A bi-ideal of B is a subspace which is simultaneously an
ideal and coideal of B. These are seen to be the kernels of bialgebra homomor-
phisms, maps between bialgebras which are simultaneously algebra and coalgebra

homomorphisms.

Example 2.1.6. If the set in 2.1.2 is a multiplicative monoid M then kM is a bial-
gebra by extending the multiplication of M linearly with 1,, being the identity.

We can form tensor products of bialgebras, with both the tensor product algebra
and coalgebra structure. Also, the dual coalgebra B° is a subalgebra of the dual
coalgebra B*, and so we have a bialgebra structure on B°, which we call the dual
bialgebra.

For a coalgebra C' and algebra A, the space Homy(C, A) becomes an algebra
under the convolution product f x g = mo (f ® g) o A; the identity is u o €. Thus,
for a bialgebra B, Endy(B) is an algebra.

Definition 2.1.7. A Hopf algebra is a bialgebra H for which idy has a convolution
inverse in Endy (H ), called the antipode and denoted by S. In other words, a Hopf
algebra is a bialgebra equipped with a linear map S : H — H so that h(1)S(h(2)) =
€(h)1g = S(hay)h forall h € H.
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Remark 2.1.8. For a Hopfalgebra H, and a grouplike element g, the above equation
implies that S(g) must be a two-sided inverse for g. In fact, for any Hopf algebra
H, the set G(H ) forms a group. (For an arbitrary bialgebra B, the set G(B) always
forms a monoid.) Additionally, for z € P, ;) (H ), the equation above implies that
S(z) = —g tzh™t

By virtue of being a convolution inverse of an algebra and coalgebra map, S
is both an anti-algebra map and anti-coalgebra map, i.e. S(ab) = S(b)S(a) and
A(S(a)) = S(ap)) ® S(an)) forall a € H. The bialgebra H°? “” is also a Hopf
algebra with the same antipode, while H°? and H“” are Hopf algebras if and only
if S is bijective, in which case the antipode of these is S~!. All finite-dimensional
Hopf algebras have a bijective antipode.

The tensor product of Hopf algebras is a Hopf algebra with antipode given by the
tensor product of antipodes. Also, the dual bialgebra H° of any Hopfalgebra H is a
uo. A Hopf'ideal is a bi-ideal I such
that S(I) C I, and a Hopf algebra homomorphism is a bialgebra homomorphism

Hopf algebra with antipode given by S° = S*

between Hopf algebras. It turns out that the axioms for a bialgebra homomorphism
f:C — Dforce foSc=Spof.

Example 2.1.9. If the monoid (set) in Example 2.1.6 (2.1.2) is a group G, then the
resulting group algebra kG is a Hopf algebra. The comultiplication and counit are
again given by A(g) = g® g and ¢(g) = 1 and the antipode is given by S(g) = g~ .
Example 2.1.10. Let g be a Lie algebra over k and let U(g) denote the universal
enveloping algebra of g. By defining g C P, ;(U(g)),i.e. A(z) =1z +2®1,

e(x) = 0,and S(x) = —x for all x € g, we get a Hopf algebra structure on U (g).
(One should check that A and S are well-defined.)

Example 2.1.11. Letn € N, n > 2, and suppose k contains a primitive n'* root of

unity g. The Taft algebra T,(q) is the algebra generated by ¢ and z with relations
g =1, " =0, gr = qxg.

T,(q) is a Hopf algebra with ¢ € G(T,,(q)) and = € P,;(T,,(¢)). (Thus, we have
e(g) =1, S(g) = ¢" Y, e(x) = 0, and S(x) = —g~'z.) The Taft algebras are
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neither commutative nor cocommutative. The case n = 2, namely the Hopf algebra
T5(—1), is called the Sweedler Hopf algebra.

Abialgebra or Hopfalgebra is called pointed if its underlying coalgebra structure
is so. It is well-known that any bialgebra generated by grouplike and skew primitive
elements is pointed. Each of the Hopfalgebras in Examples 2.1.9-2.1.11 are pointed.
Andruskiewitsch and Schneider conjecture that, conversely, all finite-dimensional
pointed Hopf algebras, H, over an algebraically closed field of characteristic 0 are
generated by grouplike and skew primitive elements, [6, Conjecture 5.7]; Angiono
verified this conjecture in the case when G/(H ) is abelian, [8, Theorem 2].

Next, we discuss when a Hopf algebra’s coradical filtration gives a filtration of
the Hopf algebra. The coradical filtration of Hopf algebras has been useful in the
work of Andruskiewitsch and Schneider in classifying pointed Hopf algebras [2, 6].
A coalgebra filtration {V;},>( of a bialgebra B is called a bialgebra filtration if it
is also an algebra filtration, 1.e. V;V; C V,,; for all 4, j. If B is a Hopf algebra, a
bialgebra filtration is a Hopf algebra filtration if in addition, S(V;) C V; for all .. A
bialgebra grading is a coalgebra grading B = (P, , B(i) of a bialgebra B which is
also an algebra grading (1 € B(0) and B(i)B(j) C B(i+j)). If BisaHopfalgebra,
a bialgebra grading is a Hopf algebra grading if in addition, S(B(i)) C B(i) for all
1 > 0. A coradically graded bialgebra (or Hopf algebra) is a graded bialgebra (or
Hopf algebra) whose underlying coalgebra is coradically graded.

The coradical filtration of a bialgebra (Hopf algebra) B is a bialgebra (Hopf al-
gebra) filtration if and only if By is a subalgebra (Hopf subalgebra) of B. In this
case, gr(B) is coradically graded, and B is called a /ifting of gr(B). In particular,
every pointed Hopf algebra H is a lifting of gr(H). The Hopf algebras in Exam-
ples 2.1.9 and 2.1.11 are coradically graded and the universal enveloping algebra in

Example 2.1.10 is a lifting of the symmetric algebra S(g).

2.1.4 g¢-Binomial symbols

In many Hopf algebras, there will be a relation like that in the Taft algebras, of
the form yx = qzy, for ¢ € k. It is thus helpful to consider the quantum binomial
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coefficients, (;)q, which are defined using any x, y such that yz = gzy by

(@+y)"=> (Z) "y (2.9)

m=0
The g-binomial coefficients are polynomials in ¢ and are related to the following

symbols. For any integer n > 0, set

n

(), =1+q+d+... +¢ ' = qq%l (if ¢ # 1);
() = (1), (2), - (n), = A= DC =Dl = e gy

(¢ —1)
By convention, we also define (0),! = 1.

The relationship between these symbols and g-binomial coefficients is given by
[28, Proposition 7.2.1(a)]: If (n — 1),! # 0, then one obtains that

(Z)q - <m>q!(<7;)q—! m),!’

It is clear that (n), = 0 if and only if ord(q)|n. Thus, if ¢ is an n'" root of unity and

yxr = qry, we have
(x+y)" =a"+y" (2.10)
We also have the following variation, which will be useful for the computation
of D(ug(sly)) in Section 6.1 and Appendix A. Let ¢ # +1 € k. For any integer n,
set
_ -
q—q!

For a positive integer n, set [n],! = [1],[2], - - [n]4. Also define

[n]q + qn—S S q—n—l-l'

[ZL B [k]qﬁ?fi’ K,

As a convention, we will set [0],! = 1 and [}] = 1ifn < k. The relationship

between these and the symbols (k), defined above is given by

e =a "), Inll=q """ V2 (n)a!l,  and

ny_ ktn—k) (T
{kL_q (k>qz' (2.11)
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2.1.5 Perfect dualities

For computing presentations of Drinfel’d doubles, we will first need presenta-
tions of dual Hopf algebras, in such a way that we know the dual pairing. One
helpful way for thinking about dual Hopf algebras is perfect dualities, which we re-
call from [18, Definition V.7.1]. Let H and K be Hopf algebras and ( , ) a bilinear
form on H x K. We say H and K are in duality, or that the bilinear form induces

a duality between them, if the following hold for any u,v € H and x,y € K:

<UU,ZE> = (u,$(1)>(v,x(2)), <u,xy> = <U(1),[L'><U(2),y>,
(Lz) =ex(z), (w,1)=-en(u), (Su(u),z)=(u,Sk(x)).

(2.12)

With ¢ : H — K* and ¢ : K — H* defined by ¢(u)(z) = (u,z) = ¥(x)(u), we
say the duality between H and K is perfect if ¢ and 1 are injective. Observe that a

perfect duality between finite-dimensional Hopf algebras induces an isomorphism
K= H*.

2.2 (Co)Actions of Hopf algebras

As mentioned in Section 1.2, we are primarily interested here in actions of Hopf
algebras on other algebras, which generalize actions of groups on algebras. The fea-
ture of group representations that allows us to define actions of groups on algebras,
the base field, and duals, is that the category of representations of a group G is a
rigid monoidal category. The representations of a Hopf algebra H, M, also form a
rigid monoidal category. Moreover, due to Example 2.1.9, the representation theory
of Hopf algebras generalizes the representation theory of groups. We briefly de-
scribe the features of the monoidal structure here. We also introduce a special class
of objects which are both modules and comodules over H in a compatible way and

explain their significance to the classification of pointed Hopf algebras.
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2.2.1 Monoidal structure of representations

One feature of bialgebras is that the categories of modules and comodules form
monoidal categories. We will not give a fully rigorous definition of these sorts of
categories here, but describe them nonetheless. A monoidal category is essentially
a category with well-defined and well-behaved tensor products, ®, and an isomor-
phism class of objects which constitute an identity object, 1, for the tensor product.
(See [32, Chapter 1] for more details.) Such a category is called rigid if there are
well-defined duals, evaluation, and coevaluation maps. The prototype of a rigid
monoidal category is k-Vect, the category of vector spaces over k, with ® being the
vector space tensor product, 1 = k, and duals being vector space duals. Another
example of a monoidal category is Set, the category of sets, with ® being direct
product and 1 the set with one element.

Because of the extra structure of a monoidal category, we can define algebras
(or monoids) as objects A equipped with morphisms m: A® A — Aandn: 1 —
A satisfying the diagrams in (2.1) (with 1 replacing k). Similarly, we can define
coalgebra (or comonoids) as objects C' equipped with morphisms A : C — C® C
and e : C' — 1 satisfying the diagrams in (2.2) (again with 1 replacing k). In k-Vect,
algebras and coalgebras are associative k-algebras and coassociative k-coalgebras,
respectively. In Set, algebras are traditional monoids, and coalgebras are simply sets
where A is the diagonal map and ¢ is the unique map to the set with one element.

The examples pertinent to this work, however, come from (co)modules.

Example 2.2.1. Let H be a bialgebra. Then the category of left H-modules 5 M is
a monoidal category with ® being the tensor product of vector spaces and 1 = k.

For M, N € g M, the module structures on M ® N and k are given respectively by

h-(m®&n)=ha -mhg-n (he H meM, neN),
h-1y =¢€(h) (he€ H).

If H is a Hopf algebra, then ;M is rigid, with the module structure on M* defined
by

(h-p)(m)=p(S(h)-m) (he H, pe M*, meM).
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Example 2.2.2. Similarly, the category M of left H-comodules is a monoidal
category. For M, N € ¥ M, the comodule structures on M ® N and k are given by

p(m@n) =meCyny @mey@ney (he H, me M, ne N),

p(l]k) = 1H X 1k-

We now consider algebras and coalgebras in these monoidal categories. Let H
be a bialgebra over k. Since y M is a monoidal category, we define left H-module
algebras as algebras in this category. In other words, a left /-module algebra is a

left H-module A satisfying
h - (a,b) = (h(l) : a)(h(z) : b) and h- 1A = E(h)lA.

We will also say that H acts on the algebra A. We could similarly define right
H-module algebras.
If A is an H-module algebra, then there is an associative k-algebra structure on

A ® H. The identity is 14 ® 1y and multiplication is defined by
(a®@h)(b® k) =a(h@ - b) @ hp)k.

This algebra is called the smash product of A and H and is denoted A#H.
Similarly, we define left H-comodule coalgebras as coalgebras in / M. In other

words, a left H-comodule coalgebra is a left H-comodule C' satisfying

C1)(—1)C@)(-1) ® C1)(0) @ €2)(0) = C(-1) @ C(0)(1) @ C(0)(2) and
c-nelc) = e(c)le.

We will also say that H coacts on the coalgebra C'. If C' is an H-comodule coalge-
bra, then there is a coassociative k-coalgebra structure on C' ® H. The counit and

coproduct are given, respectively, by
e(c@h) =e(c)e(h) and  Alc@h) = (o) @ ca)-nha) @ (C@)0) © ha).

This coalgebra is called the smash coproduct of C and H and is denoted ChH.
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2.2.2 Yetter-Drinfel’d modules, bosonizations

Because Hopf algebras have both an algebra and coalgebra structure, we can
consider spaces which are simultaneously H-modules and H-comodules. If we
want such a space to have any useful structure to it, the module and comodule struc-
ture should be compatible in some sense. The compatibility condition that seems

most obvious for a left H-module and left H-comodule,
p(h-m) = haym1) ® he) - m),

defines what are known as left H-Hopf modules. These are very well understood.
(See, e.g., [28, Section 8.2].) Aless obvious, but very useful, compatibility condition
leads to Yetter-Drinfel’d modules. These allow us to combine the smash product
and smash coproduct structures to form a new Hopf algebra in a process called
bosonization.

Let H be a Hopf algebra. A (left-left) Yetter-Drinfel’d module M over H is
simultaneously a left H-module and a left H-comodule, satisfying the compatibility
condition

plh-m) = haym-1)S(h) @ he) - m),

forall h € H and m € M. We will denote the category of Yetter-Drinfel’d modules
over H by #YD. If H = kT is the group algebra of a group I, we will write LD
for KLYD.

Remark 2.2.3. [6, Remark 1.5] If T" is an abelian group, then a Yetter-Drinfel’d
module over kI is the same as a ['-graded kI'-module. If I" is finite abelian, then

the module structure is diagonalizable, and we have

V= EB VX, Vi=vrnV,={veV:pw)=guv, yv=x(y)v Vy €T}
gel,xeTl
With the H-module and H-comodule structures on tensor products defined as
above, gyD is a monoidal category. The main reason to consider gyD 1S its use
in the study of pointed Hopf algebras and classification of pointed Hopf algebras

using bosonizations. (See e.g. [6, 7, 22]) Results in the classification program use
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the fact that 2D is in fact a braided monoidal category, which we describe here.
For motivation, recall that in k-Vect, we can form tensor products of algebras and
coalgebras, which is what allows us to define bialgebras over k. (Recall that we
need A : B — B ® B to be an algebra map. In particular, this means we need
B ® B to be an algebra.) In arbitrary monoidal categories, however, we can only
form tensor product algebra and coalgebra structures if the category is braided.
Again, without giving the long formal definition, a braided monoidal category

is a monoidal category together with well-behaved natural isomorphisms
cap: A®B - B®A

for any pair of objects A, B. If A and B are two algebras in a braided monoidal
category, then we can give A ® B an algebra structure as well by defining m g5 =
(ms ® mp) o (id ® cp.a @ id).> We can similarly define tensor product coalge-
bras. With these tensor product algebra and coalgebra structures, bialgebras and
Hopf algebras in such a category are defined analogously to the definition given
in Section 2.1.3. This actually generalizes the previous definition, by noting that
k-Vect has a braiding cyy : V@ W — W ® V given by the usual twist map:
cyw (v ®w) = w®wv. As another example, Set has braiding given by the twist map
as well cyw (v, w) = (w,v). Hopf algebras in Set with this braiding are simply
groups.

The braiding of YD is just a bit more complicated, given by
cun(m ®@n) =m_yy - n & m. (2.13)

The tensor product of algebras A, B € 2D is denoted A® B to distinguish it from

the usual tensor product of two k-algebras. In A® B, we have
(a®b)(d @) =alb-1) - a’) @ bob"

A Hopf algebra in £YD is typically called a braided Hopf algebra. 1t is a coalgebra
and algebra B € YD such that A : B — B®B and ¢ : B — k are algebra maps.

2Here, we are ignoring the associativity isomorphisms from the monoidal category, which is okay
due to Mac Lane’s Coherence Theorem. For more information on braided monoidal categories, see
[23, 28].
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Of course, if B is a braided Hopf algebra in 2D, then in particular, B is a left
H-module algebra and a left H-comodule coalgebra. Thus, B&® H is a k-algebra and
a k-coalgebra via the smash product and smash coproduct structures (Section 2.2.1),
respectively. By combining these structures, and using the antipode of B and H, we

get that B ® H is in fact a Hopf algebra over k, which we describe as follows.

Definition-Theorem 2.2.4 ([28, Theorems 11.6.7, 11.6.9]). Let H be a Hopfalgebra
over k and let B be a braided Hopf algebra in ##)D. Then B ® H is a Hopf algebra

over k with
e mitlpz ® 1y,
e multiplication (a ® h)(b® k) = a(hq) - b) ® hk,
e counite(b® h) = ep(b)ey(h),
e comultiplication A(b ® h) = (ba) ® bey—1)h1)) @ (b)) @ he)).
e and antipode S(b® h) = (1 ® Sg(b-1)h))(SB(bw)) ® 1)

fora,b € Band h,k € H. This Hopfalgebra is called the hosonization or biproduct
of B and H, and is denoted by B#H. ]

Bosonizations have become an essential tool in the classification of pointed Hopf
algebras, thanks to Radford’s abstract characterization of those Hopf algebras that

can be realized as bosonizations.

Theorem 2.2.5. /27, Theorem 3] Let H be a Hopf algebra and L a bialgebra, and
suppose we have bialgebra maps L g H satisfying mo j = idy. Let B = Leoiny, =
{tel:lyy@m(ly) =01} TZen B is a braided bialgebra in B YD and we
have an isomorphism of bialgebras f : B#H — L given by f(b#h) = bj(h). O

Recall from Section 2.1.3 that the coradical filtration of a Hopf algebra L is a
Hopf algebra filtration if and only if L, is a Hopf subalgebra. In particular, the
coradical filtration of a pointed Hopf algebra L is a Hopf algebra filtration. Thus,
in this case, the associated graded coalgebra gr(L) is a graded Hopf algebra, with
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kG(L) = Lo = gr(L)(0) aHopfsubalgebra. With j : kG(L) — gr(L) the inclusion
and 7 : gr(L) — gr(L)(0) = kG(L) the typical projection map, gr(L) and kG(L)
satisfy the hypotheses of Theorem 2.2.5. Thus,

gr(L) = R#kG(L),

where R = {{ € L : {3y ® n({)) = { ® 1}. The braided Hopf algebra R is in
fact graded: R = €D, R(n) with R(n) = gr(L)(n) N R. Moreover, R(0) = k1
and R(1) = P(R). The braided Hopf algebra R is called the diagram of L and the
dimension of R(1) is called the rank of L. As defined in Section 2.1.3, the Hopf
algebra L is called a lifting of the coradically graded Hopf algebra gr(L).
Andruskiewitsch and Schneider have used Radford’s result to launch a very ac-
tive program of classifying finite-dimensional pointed Hopf algebras [2, 6]. Their
method is to determine all possible diagrams R when Ly = kI', I" a group, and then
determine all possible liftings of R#kI'. A good source of diagrams are Nichols

algebras, which we describe in Section 2.4.

2.3 The Drinfel’d double

The main appeal of the Drinfel’d double construction is that every finite dimen-
sional Hopf algebra H embeds in its double D(H ), and every Drinfel’d double is
quasitriangular. Without giving a rigorous definition, a quasitriangular Hopf alge-
bra has an invertible element R € H ® H, sometimes called an R-matrix, which
satisfies

RA(h) = A“P()R forall h € H.

Moreover, 7(R) satisfies the quantum Yang-Baxter equation (1.5), and equips each
H-module with a solution as well. Therefore, D(H )-modules give solutions to the
quantum Yang-Baxter equation, and from any finite-dimensional Hopf algebra, we
can arrive at families of solutions through the Drinfel’d double construction.
Moreover, for a Hopf algebra H, the categories p(x)M and YD are equiv-

alent [28, Section 13.1]. Here, p YD is a variant of g)}D which is equivalent
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as a category to .o, VD. That is, objects of ;YD are left H-modules and right

H-comodules satisfying
p(h-m) = he) - me) @ hemaS™ (ha)-

Toward defining the Drinfel’d double, we first introduce the transpose actions
of a Hopf algebra H on its dual. Here, for p € H* and a € H, we write (p, a) for
p(a) € k. The transpose action is given by

(a > p,by == (p,ba), (p=<a,b):=(p,ab), fora,be H, pe H".

Since H° C H* is a Hopf algebra with comultiplication given by m*, we have
(p,ab) = (p,m(a®b)) = (M*(p),a®b) = (pn), a){p),b) forp € H°. Therefore,
a > p=(pe),a)pa and p < a = (pn), a)p2). Combining these two facts gives

a>p=<b=(pu).b){pw),a)pe). (2.14)

Definition 2.3.1. Let H be a finite-dimensional Hopf algebra with antipode S. (Re-
call that the antipode S is then necessarily invertible.) The Drinfel 'd double, D(H ),
of H, is the Hopf algebra with coalgebra structure given by the tensor product coal-
gebra structure

DH)=H"?® H, (2.15)
with multiplication given by
(p®a)(q®b) =p(aq = g < S ag)) ® apb, (2.16)
with unit € ® 1, and with antipode
Spm(p®a) = (e®S(a))(po S~ ®1) forpe H,a€ H.
Simple tensors in D(H ) are written as p < a.

Note that both H and H**°? embed in D(H), and we will think of elements of
the former two as elements of the latter, by identifying p < 1 with p and € 0 a with

a. These identifications are justified by the following.



30

Lemma 2.3.2. Let H be a finite-dimensional Hopf algebra. Then for p,q € H* and
a,b € H, we have the following identities in D(H):

(peal)(epaa) =peaa, (ppal)(geal) =pgeal,
(exia)(exb) =exaab, Spmy(pr<al)=poS'xal, and
Spy (e a) = ea S(a).

As a consequence, if {a;}_, is a set of generators for H and {p;}!", is a set

of generators for H*, then {p; < 1}, U {e > a;}!", generates D(H) as an

algebra. [

From now on, we suppress the > notation. It is clear that the relations between
generators of H and H* will also be relations in D(H). Thus, to achieve an algebra
presentation of D(H), it remains to show how elements of H move past those of
H*. We will compute relations giving this “commutation” between elements of H
and H* using the following consequence of (2.16): Foranyp € H* anda € H, we
have in D(H):

ap = (aqy = p < S (a))ae = (Pay, S (ae))(Pe), aq)Pe)ae. (2.17)

The explicit computation of the double of many finite-dimensional, pointed Hopf

algebras will be given later (see Sections 4.2.2, 5.2, 6.1).

2.4 Nichols algebras

Recall that an object of the category £)D is simultaneously a left H-module
and left /-comodule satisfying

plh-m) = haym1S(he) @ he) - m).

This is a braided monoidal category and we typically call Hopf algebras in this
category braided Hopf algebras. (See Section 2.2.2.) Also recall that each braided
Hopf algebra B in YD gives rise to a new Hopf algebra, called the bosonization

of B and H, and denoted B#H . Thus, it would be useful to have a way to produce
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braided Hopf algebras in #YD. For any V € YD, there is a canonical graded
braided Hopf algebra B(V) € YD, called a Nichols algebra. These were first
discovered by Warren D. Nichols and appeared in [25]. For a current survey of
the Nichols algebras pertinent to the classification program of finite-dimensional

pointed Hopf algebras, see the work of Andruskiewitsch and Angiono [3].

Definition 2.4.1. Let H be a Hopf algebra and let V' € £YD. A graded braided
Hopf algebra R = @,,., R(n) in VD is called a Nichols algebra of V, denoted
B(V), if

e k= R(0)and V = R(1) as Yetter-Drinfel’d modules,
e R(1) =P 1(R),and
e Ris generated as an algebra by R(1).

The dimension of V' = R(1) will be called the rank of B(V).

It turns out Nichols algebras of V' € ZYD always exist and are unique up to
isomorphism. In fact, 8 upgrades to a functor. We now wish to describe a spe-
cial class of Nichols algebras introduced by Andruskiewitsch and Schneider: those

coming from braided vector spaces of “Cartan type”.

Definition 2.4.2. A braided vector space is a k-vector space V' equipped with a map

¢ € Endy(V ®@ V) satisfying the quantum Yang-Baxter equation (or braid equation):
(c®id)o (ild®c)o(c®id) = (ld®c) o (c®id) o (Id ® ¢).
We say a braided vector space (V, ¢) is of
e diagonal type if there is a basis (1, ..., xy) of V such that
oz @ x5) = qij7; @ 33

for all 7, 7. Every braided vector space of diagonal type can be realized as an
object of LYD for some abelian group I'. Conversely, every M € £YDisa

braided vector space via the braiding map ¢y ;.
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e Cartan type if, further, ¢; ; # 1 for all 7 and there are integers a; ; satisfying

1. Qi = 2,

2.0 S — Q45 S ord(qm) if 7é j, and

Qi j

3. 4595 =4,

If the matrix (a;;) is a Cartan matrix associated to a finite-dimensional semisim-

ple Lie algebra, we can specify the type further.

If V is a braided vector space of Cartan type, viewed as an object in ZYD for
some Hopf algebra H, we say B(V) is a Nichols algebra of Cartan type. More
specifically, if V' is a braided vector space of type (A;)*?, then the Nichols algebra
B(V) € BYD is called a quantum linear space over H.

Quantum linear spaces are studied in detail in [5]. We study these more in Chap-

ter 4.

2.5 Inner-faithful module algebras

Throughout this work, we consider module algebras over some pointed Hopf

algebras that are faithful in the following sense.

Definition 2.5.1. Let H be a Hopfalgebra and M aleft H-module. We say that M is
an inner-faithful H-module, or that the action of H on M is inner-faithful provided
I - M # 0 for any nonzero Hopf'ideal I of H. In other words, the action of H on M
is inner-faithful provided the action on M does not factor through any proper Hopf
quotient of H.

If A is an H-module algebra such that the action of H on A is inner-faithful, we
call A an inner-faithful H-module algebra.

Clearly, if the action of H on M is faithful, then it is inner-faithful. Since all of
the Hopf algebras we will consider in this work are pointed, the following standard

results will be useful.
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Lemma 2.5.2. Let H be a pointed Hopf algebra and I a nonzero Hopf ideal of H.
Then I contains a nonzero element of P, 1(H) for some g € G(H).

Proof. Consider the projection map f : H — H/I. Since I # 0, f is not injective.
Therefore, by [31,6.1.1], we can fix some g, h € G(H ), with f |p, , () notinjective.
Choose nonzero = € P, ,(H) such that f(z) = 0 (i.e. z € I), and take 2’ = zh™".
Then 2’ € Py,-1,(H) NI andz' # 0, orelse z = 2'h = 0. H

Corollary 2.5.3. Let H be a pointed Hopf algebra and A an H-module algebra.
Then the action of H on A is inner-faithful if and only if for each g € G(H) and
nonzero x € P, 1(H) we have that x - A # 0. O

Since g — 1 € P,1(H), we have the following consequence.

Corollary 2.5.4. Suppose that H acts on A inner-faithfully. Then the group of grou-
plike elements G(H) acts faithfully on A by algebra automorphisms. ]

These results actually give us a lower bound on the k-vector space dimension of

inner-faithful module algebras with no nonzero nilpotent elements.

Proposition 2.5.5. Suppose that a finite group G acts faithfully by algebra auto-
morphisms on a finite-dimensional k-algebra A with no nonzero nilpotent elements.
Then

dimy (A) > max{ord(g) : g € G}.

Proof. Let g € G and n = ord(g). Since (g) is finite abelian, the action of g on A

is diagonalizable with
A:@Ai, Ai={acA:g-a=qa},
0

where ¢ is a fixed primitive n'* root of unity. Because ord(g) = n, and the action
is faithful, there exists j such that gcd(j,n) = 1 and A; # 0. Without loss of
generality, by choosing a different ¢, we can take j = 1. Choose nonzero u € A;.
Since A has no nonzero nilpotent elements, v’ # 0 for all i. Also, g - u* = ¢'u’ for
all i, showing that u’ € A;. Thus, A; # 0 for all 7. Therefore, dimy(A) > n. O
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Remark 2.5.6. For any Hopf algebra H, Proposition 2.5.5 shows that if G(H)
is cyclic of order n, then the smallest possible dimension of an inner-faithful H-
module algebra with no nonzero nilpotent elements is n, and that if such a lower
bound is met, then these H-module algebras would be exactly A(H) as in Nota-
tion 1.3.2.

Remark 2.5.7. For each of the Hopf algebras we consider, the group of grouplike
elements is a finite cyclic group. Thus, for convenience, we describe the general
structure of A(H) in case G(H) is cyclic. Fix a generator ¢ € G(H ). Then, for a
generator u € A(H) such that A(H) = k[u]/(u™ — 1), there is a primitive n'" root
of unity ¢ € k with g-u = qu. Alternatively, for a fixed ¢, we can choose u € A(H)
such that g - u = qu and A(H) = k[u|/(u™ — 1). Here, we write the eigenspaces of
the g-action
Ai={acA:g-a=da},

noting that A = @?;01 A; and A; = ku’. We will use this notation throughout.
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CHAPTER 3

THE TAFT ALGEBRAS

In this section, we will consider Question 1.3.3 in Chapter 1 for the Taft algebras

T.(q) (see Example 2.1.11).

3.1 Work of Montgomery—Schneider (n > 3)

Recall that Montgomery and Schneider have answered Question 1.3.3(a,b) for
actions of the Taft algebras 7,,(¢) on the algebra A(7},(¢)) given in Notation 1.3.2;
see Theorem 1.3.1. They further answered Question 1.3.3(c) on actions of the double

D(T,,(q)) on A(T,(q)) for the case n > 2 as recalled in the next two results.

Lemma 3.1.1. /24, Lemma 4.4] The Hopf algebra D(T,,(q)) is generated by group-
like elements g and G, a (g, 1)-skew primitive element x, and a (1, G)-skew primitive

element X, subject to the relations

g'=G"=1, 2"=X"=0, gr=qrg, GX=qXG,
gG =Gg, G =qCGx, ¢gX =q 'Xg, 2X=Xz+G—y. ]

Note that X is (1, G)-skew primitive in D(7},(q)), whereas it is (G, 1)-skew
primitive in 7,,(¢)* = T,,(q), because D(T,,(q)) contains a copy of T},(q)**°".

Theorem 3.1.2. /24, Theorem 4.5] Take n > 2. Let A = Kk[u]/(u™ — j3) for B € k*

be an n-dimensional inner-faithful T,,(q)-module algebra with no nonzero nilpotent
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elements, such that g - uw = qu and x - uw = 14 for 0 # ~ € k. Then, by defining
G-u=qluand X -u=~"1(q7' — 1)u? we obtain that A(T,(q)) is a D(T,(q))-
module algebra. Moreover, all D(T, (q))-module algebra structures on A(T,(q))
are of this form. [

The original theorem in [24] has the assumption n > 1, not n > 2. We now

discuss this disparity.

3.2 The Sweedler algebra (n = 2)

We begin with the following remark pertaining to Theorem 3.1.2 in the case

when n = 2, i.e. for the Sweedler algebra 75(—1).

Remark 3.2.1. The proof of Theorem 3.1.2 in [24] fails for n = 2 at the point
when one considers the action of H**? C D(H), and applies [24, Theorem 2.2].
To specify the action of H**°P, one uses integers 0 < s, < n—1with#(l—s) =1
mod n. It is shown then that £ = n — 1, from which it is concluded that s = 2. This
is valid if n > 2. However, for n = 2, we get that s = 0, and [24, Theorem 2.2]
actually gives us different information than when n > 2. We explore here the case

when n = 2, that is, when H is the Sweedler Hopf algebra, 75(—1).

Note that by Theorem 1.3.1 and Remark 2.5.7, we know all the actions (as in
Notation 1.3.2) of T5(—1) on A(T5(—1)), namely that as an algebra, A(T»(—1)) =
k[u]/(u* — 1), with the action given by g - u = —u and z - u = 1,4 for some
nonzero v € k. Considering the remark above, we now examine Question 1.3.3(c)

for H =T5(—1).

Proposition 3.2.2. Recall the notation of Lemma 3.1.1 for n = 2, and thus ¢ = —1.
Fix an action of To(—1) on A(To(—1)) = k[u]/(u? — 1) as in Theorem 1.3.1,

g-u=—u, x-u=1yly,
for some nonzero v € k. Then, for any 6 € k, by defining

G-u=—-u, X-u=>/dly,
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we obtain that A(Ty(—1)) is a D(Ty(—1))-module algebra. Moreover, all exten-
sions of the action of Ty(—1) on A(Ty(—1)) to D(13(—1)) are of this form.

Proof. That A(T»(—1)) is a D(T2(—1))-module algebra with the given action of G
and X is easily verified, so we show that all extensions of the action of 75(—1) on
A(Ty(—1)) to an action D(T(—1)) are of this form. Fix an action of T5(—1) on
A(Ty(—1)). That is, we have A := A(Ty(—1)) = k[u]/(u* — 1) with the action of
To(—1) on A givenby g - u = —u and = - u = y1,4. We can decompose A by the
eigenspaces of the action of g as in Remark 2.5.7: A = Aqg & A; with Ay = ki,
and A; = ku. Now assume this action can be extended to an action of D(T5(—1)).
Since Aisa D(T5(—1))-module algebra, g - (G -u) = G - (g - u) = —G - u. Hence,
G-u € Ay,30G-u = auforsome o € k. Also, wehavez- (G-u) = —G-(z-u) =
—G-yly = —yla,s0a = —1. Finally, g - (X - u) = =X - (g-u) = X -u
implies that X - u € Ay = klg, so X - u = 014 for some 6 € k. (Note that

(xX — Xz)-u= (G —g)-u=0,s0no restrictions on ¢ need to be imposed.) [J

All the results about the Taft algebras, including the Sweedler algebra — Mont-
gomery and Schneider’s results (stated in Theorem 1.3.1 and Theorem 3.1.2) as well
as Proposition 3.2.2 — can be realized as a corollary of results about a generalization

of Taft algebras, which we consider next.
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CHAPTER 4

H,(¢,m,t), ACORADICALLY
GRADED GENERALIZATION OF
TAFT ALGEBRAS

We wish to answer Question 1.3.3 for a family of coradically graded Hopf al-
gebras that contains the Taft algebras 7),(¢) (Example 2.1.11). In the language of
Nichols algebras (Section 2.4), T,,(q) is of Cartan type A; and has rank 1. In fact,
T.(q) = B(V)#kI, where (V,c¢) = ka is a one-dimensional braided vector space
with braiding c(z®x) = gz ®x, ' = (g) the cyclic group of order n, g-x = gz, and
p(x) = g ® x. That is, T,,(¢) is a bosonization of the quantum linear space B(V)
of rank 1. Thus, we consider more generally bosonizations of all rank 1 quantum

linear spaces over finite cyclic groups.

4.1 The Hopf Algebras H,((,m,t)

We start with Andruskiewitsch and Schneider’s construction in [5] of rank 6
quantum linear spaces over a finite abelian group I, and then restrict to the case that
I"is cyclicand § = 1. Let V € LYD of dimension 6, say with basis x1, . .., zg. By
Remark 2.2.3, p(z;) = g; ® x; forsome g; € I',and forall g € T, g - z; = xi(9)x;
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for some y; € I'. Thus, by (2.13), there is a braiding on V' given by
c(r; @x;) = gi - x; @z = X;(9:)7; @ ;.

As stated in Section 2.4, if V is of type (A;)*Y, that is, if x;(g;) # 1 for all i and
Xi(9;)x;(g;) = 1 for all 4, j, then B(V') is a quantum linear space. One can verify
that 2B(1/) is generated by the x; with relations

2t = 0 with N; = ord(xi(g:)), and zx; = x;(gi)zzi (i # j).

Definition 4.1.1. [5, Section 3] For V' as above, the quantum linear space B(V') in
LYD just defined is denoted by R (g1, .- -, go; X1, - - Xo)-

To classify all rank 1 quantum linear spaces over a finite cyclic group, we will
use the following result in group theory, which can be verified using some basic

number theory and the Chinese Remainder Theorem.

Lemma 4.1.2. If T is a cyclic group of order n, and an element g € 1" has order

n/k for some k|n, then there exists a generator y of T such that g = " O

Now let I' be a finite cyclic group of order n. A quantum linear space of rank
1 over I, denoted R(g; x), is entirely determined by a choice of g € " and x € r
such that x(g) # 1. Fix a non-identity element g € T". Then g has order n/m for
some m|n, and by Lemma 4.1.2, we can choose a generator y of I" so that g = y™.
Similarly, fix a non-identity element xy € T. Then x () is an n” root of unity, say of
order n/t with t|n, and again by Lemma 4.1.2, we can choose a primitive n'" root of
unity, ¢, such that x(y) = ¢*. We have x(g) = (™, and N = ord(x(g)) = PEICNTTIE
Our assumption that x(g) # 1 means precisely that n { mt. In this case, R(g; x)
has a single generator, , and a single relation, z"V = 0. By definition, R(g; x) is a
braided Hopf algebra in L YD with p(z) = g®x = y" @z andy -z = x(y)z = ('z.
The structure of the bosonization R (g; x)#kI is similar to that of a Taft algebra, and

we denote it with similar notation.

Definition-Proposition 4.1.3. Let m,t be positive integer divisors of n such that

n { mt and let ¢ be a primitive n'" root of unity. Define H,, (¢, m, t) as the k-algebra
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generated by y and z, subject to the relations
y' =1, ™ =0 (for N = ord((™)), yx = Clay.
The algebra H,,((, m,t) has a unique Hopf algebra structure determined by

Aly) =yy, Al)=y"@z+z01,
ely)=1, e@)=0, Sy = y—l’ S(x) =—y M.

Here, H,({,m,t) = R(g;x)#K[, where ¢ = y™ and x(y) = ¢'. Such Hopf

algebras have dimension Nn. [

For a fixed n, a natural first question is whether each choice of {, m, and ¢
determines a unique Hopf algebra. Unsurprisingly, the answer is negative; however,
an isomorphism class does uniquely determine n, m, and ¢. To show this, we require

the following lemma characterizing certain primitive elements.

Lemma 4.1.4. /5, Corollary 5.3] Let 0 < b < n. Then

kr +k(y*—1), ifb=m modn
Py (H,(C,m,t)) =

Y

k(y® —1 therwise.
(y ), otherwise O

Proposition 4.1.5. Let m,m,t, t be positive divisors of n such that n divides nei-
ther mt nor mt. Let C,C be primitive n'" roots of unity in k. Then H,((,m,t) =
Hﬁ(a m,t) ifand only ifn =7, m = m, t =, and there exists € (Z/nZ)* such
that (E)ft = (Y and fm = m mod n. As a consequence, for fixed n € N and a
fixed primitive n'" root of unity (, each choice of m,t € N with both dividing n and
n 1 mt yields a unique isomorphism class of Hopf algebras H, ({,m,t).

Proof. Let y, x denote the generators of H,((,m,t), and 3,z the generators of
Hﬁ(z .M, ). Assume the conditions on 71, 7, ¢, and f. The isomorphism between
the two is defined by sending y to 7/ and x to Z. One can easily check that this
defines a Hopf algebra isomorphism.

On the other hand, suppose H,, (¢, m,t) and Hﬁ(Z .M, 1) are isomorphic and let

¢ denote an isomorphism between them. By counting grouplike elements, n = n.



41

Moreover, ¢(y) must be a grouplike element of order n. Thus, there exists some
f € (Z/nZ)* such that ¢(y) = /. Since (¢ ® ¢) o A = A o ¢, we must have
o(z) € P@‘fmJ(Hﬁ(Z,m,%\)). By Lemma 4.1.4,

. kz +k(z'™ —1), fm=m modn

Pg’]fm,l(Hﬁ(Z7 T/ﬁa t)) =
k('™ — 1), otherwise.

Since ¢(z) and 7’ must generate Hﬁ(f ., 1), it must be that fm = m mod n and
d(z) = ax + B(5'™ — 1) for some a, 3 € k with a # 0. Now, since m and 7 both
divide n, and f is a unit mod n, the equation fm = m mod n implies m = m. We

must have

0=¢(yz — C'zy) = ¥ (a7 + BEH™ - 1)) — '(az + BEF™ — 1)y’
= ()" = ¢Hazy’ + (1 - ¢HBF (™ —1).

Thus, since ¢* # 1 and §/™ # 1 (asn 1 mt), we must have 5 = 0. Also, since
a # 0, we have (Z ) t= ¢*. Since ¢ and Zare primitive n'" roots of unity, E = (°
for some e € (Z/nZ)*. Therefore, eft=1t mod n,and just as for m = m, we see
that ¢ = t. O

Not only do the Hopf algebras just presented include Taft algebras; they also
include the coradically graded generalized Taft algebras.

Definition 4.1.6. For natural numbers n, N satisfying N | n, a primitive N** root
of unity ¢ € k, and o € k arbitrary, the generalized Taft algebra T'(n, N, «) is
the Hopf algebra generated by a grouplike element ¢ and a (g, 1)-skew primitive

element z, subject to the relations
g =1, 2V =a(¢g" 1), gz =qug.

Note that, if ¢ is a primitive n*" root of unity with (¥ = ¢, then T'(n, N, )
is a lifting of H,,((,1, %) in the sense that gr(7'(n, N,a)) = H,((, 1, %) (Sec-
tion 2.1.3).
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Corollary 4.1.7. The Hopf algebra H,((, m,t) is isomorphic to a generalized Taft
algebra of the form T(n, N,0) if and only if m = 1. In this case, ¢ = (', and
N = n/t. Moreover, any generalized Taft algebra of the form T'(n, N,0) can be

realized as such.

Proof. Assume m = 1. Then N = n/t and ¢ = (' is a primitive N root of
unity by definition. Define a homomorphism ¢ : H,((,1,t) — T(n,N,0) by
y — g and x — x. We see that ¢ is surjective, so by a dimension count, ¢ is an
isomorphism. Moreover, we see that any generalized Taft algebra, T'(n, N,0) is
isomorphic H,,(¢,1,n/N), where C is chosen so that * = q.

Now, assume that H,,({, m, t) is isomorphic to a coradically graded generalized
Taft algebra T'(n, N, 0) = Hx(C,1,n/N). By Proposition 4.1.5, m = 1. O

Now the following consequence is clear.

Corollary 4.1.8. The Hopf algebra H,({,m,t) is isomorphic to a Taft algebra if
and only if m =t = 1. In that case, H,({,m,t) = T,(C). Thus, if n is prime, then
every Hopf algebra of the form H,,((,m,t) is a Taft algebra.

Proof. Assume m =t = 1. Then N = ord(("™) = n, so by Corollary 4.1.7,
H,((,m,t) = T(n,n,0) = T,(q). By the same proposition, ¢ = (* = (.

On the other hand, assume H,((,m,t) = T,(q) = T(n,n,0). By Corol-
lary4.1.7, m=landn =n/t,sot = 1. O

A consequence of Lemma 4.1.4 and Corollary 2.5.3 is the following:

Corollary 4.1.9. 4 left H,(¢,m,t)-module M is inner-faithful if and only if
G(H,(¢,m,t)) = (y) acts faithfully on M and x - M # 0.

Proof. The forward direction is clear. Assume, then, that (y) acts faithfully and that
x - M # 0. Then every nonzero multiple of y* — 1 does not act by zero for every b.
Thus, we only need to check that each nonzero element of kx + k(y™ — 1) acts by
nonzero by Corollary 2.5.3 and Lemma 4.1.4. Since x and y™ — 1 do not act by zero,
this is equivalent to showing that = does not act as any nonzero scalar multiple of

y™—1. Let M; = {a € M : y-a = ('a} denote the eigenspaces of the action of y on
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M. Note thatifu € M;, thenz-u € M; 4, sincey-(x-u) = 'z (y-u) = (- w.
If z - M; = 0 for all 4, then x - M = 0, contradicting our hypothesis. Thus, choose
iand u € M; such that x - u # 0. Then (y™ — 1) -u = ((™ — 1)u € M;, but
x-u € M;y. Since n { mt, M; # M, ;. Thus, x - u is not equal to any nonzero

scalar multiple of (y™ — 1) - u. O

Our next goal is to answer Question 1.3.3 for H,,({, m,t). That is, we are inter-
ested in the existence of structures A(H,, (¢, m,t)) as in Notation 1.3.2, and whether
or not such structures can be extended to admit actions of D(H,,((, m,t)). Before
considering this, we compute D(H,,({, m, t)) explicitly. This is made easier by first

giving a nice presentation of the dual.

4.2 The dual and double of H,((, m,t)

4.2.1 Thedual H,({,m,t)*

In [9], Beattie computed the duals of quantum linear spaces. As an application

of [9, Corollary 2.3], we get the following result:
Lemma 4.2.1. /9] As Hopf algebras, H, (¢, m,t)* = H,((,t,m). O

Proof. Asareminder, H,((,m,t) = B(V)#kI, for I a cyclic group of order n and
V =kz € FyD with ¢ € Vgx. Recall from the discussion before Definition 4.1.3,
for y a generator of I, g and x are defined by ¢ = y™ and x(y) = ¢*. Thus, by [9,
Corollary 2.3], H,(¢,m,t)* = %(W)#kf, with W = k#, and # € V. Since I
is abelian, T ~T. Recalling the construction of H,,((, m,t) in Section 4.1, we see

that switching x and g amounts to switching m and ¢. Hence, we get the result that
H,(¢,m,t)* = H,((,t,m). O

Since we have a presentation of the dual, for computing the double, we would
like to know the dual pairing between H,,(¢, m, t) and H,,((, t, m). Thus, we exhibit
a perfect duality between these two Hopf algebras.
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Proposition 4.2.2. With y, x denoting the generators of H,({,m,t), and Y, X the
generators H, (C,t,m), the bilinear form defined by

(XY 2k = 6, (3),) ¢, (4.1)
is a perfect duality.
In particular, we get that the dual pairing is given on generators by
(YVig)=¢, (Via)=0, (X,4)=0, (X,2)=1

Note the following equalities, which will be useful for our calculations:

A(XYT) = E :(2> X5yt @ X°Y7  and (4.2)
S
s=0 q

S<xzy3> _ S(y])S(azl) _ (_1)iy7jqifly7im$i _ (_1)iqiflgfti(im+j)xiy7imfj.
(4.3)

Proof of Proposition 4.2.2. We show that (4.1) is a duality, i.e. that (2.12) holds.
First, we check that

(XY 2ty 2ty = (XY")q), 2y (XY )@, 2*Y). (4.4)
On the one hand,
(XOV?, ahyiatyty = IR XOYP, oyt B 6, L (a),! (IO,
On the other hand, we have
(XY @y, 'y ) (XY ) ), 2"y")

(4:2) (a) <X“_5Yt5+b’ xz‘yj> <X8Yb, :L“ky£>
s=0 q

(4. (a> Suoi (@ = 8)g! CEHT 50 (), ¥
s=0 q

_ 5a,i+k (Z) (Z)q' (k)q' <tjk+bj+b£.
q
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(a)q!
(D)q'(k)q!"

The proof that (XY XY 2'y/) = (XY, (2'y?) 1)) (XYY, (2'y?)(2)) fol-
lows similarly. We also have by (4.1) that (X°Y? 1) = §,0 = €(X?Y?) and
(1,2'y7) = o, = e(x'y?).

Finally, we have that

Now (4.4) follows since when a = i + k, we have (Z>q =

a i,.7 (43) i 1—1 —ti(tm—+) a i, —im—
(XY, S(a'y?)) = (=)' D (XY 2ty )

4.1 i i— i(tm —b(im+j
_5(”().( 1) 1Ct( +J)§b( +7)

= (5a,i (a)q! (_1)aqaflcfma (at+Dd) ij(at+b)

(2) (_1)aqa,1<,7ma(at+b) <XaY7at7b’ $ly]>

ESY?). ).

Therefore, we have a duality. To show that this duality is perfect, we need to show
that the maps ¢ : H,(¢,t,m) — H,((,m,t)" and ¢ : H,({,m,t) — H,((,t,m)*
defined by ¢(u)(x) = (u,x) = ¥(x)(u) are injective. By a dimension count, veri-
fying just one of these claims suffices. Let

N—-1n-—1

F=> ) XY’ (s €k),

a=0 b=0
and suppose ¢(f) = 0. Then for any i, 7,

N—-1n-1

0= o(f)(a'y’) = (f,x"y) Zzaab (XY?, a'y?)
a=0 b=0
N—-1n

n—1
=37 g B (@) ¢ =3 s (), Y.
b=0

a b

_.
|
—

I
=)

=0

Let (; ; denote oy Y By the above, for every i, 7, 8; ; = 0. Thus, for any
J =0 i, J

fixed ¢ and k,

n—1 n—1 /n-1
I A WD RTED o ) S P
The last equality follows because for £ a non-identity n'” root of unity, Z;:Ol & =0,

and ("% £ 1 for all b # k. Thus, since each a;; = 0, we have f = 0, s0 ¢ is

injective. Hence, we have proven that the duality is perfect. [
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Remark 4.2.3. In [20, Section 2], Krop and Radford give an algebra presentation of
the dual of any lifting H of a quantum linear space. In their notation, for H,,(¢, m, t),
we have x = vy, y" = a1, X =&,andY = 2?2—01 (’e,i. They also compute an
algebra presentation of D(H ) in the case that the datum D is “simply linked” [20,
Sections 3.2, 4]. The only Hopf algebra we consider that satisfies this condition is
u,(sly) (Chapter 6).

4.2.2 The Drinfel’d double D(H,,((,m,t))

Now we begin with the computation of D(H,, (¢, m,t)). By Lemma 2.3.2, as an
algebra, D(H,((, m,t)) is generated by the generators of H,,((, m, t) and of its dual,
and has the relations of both. We only need to find how these generators “commute”
with each other, i.e. how to in general write an element as a linear combination of
monomials with X and Y to the left of # and y. To find these relations, we use

2.17).

Proposition 4.2.4. The Drinfel'd double D(H,,({,m,t)) of H,((, m,t) is generated
by grouplike elements y and Y, a (y™, 1)-skew primitive element x, and a (1,Y")-

skew primitive element X, subject to the relations

" =Y"=1, 2N=X"=0, yr=C_ay, YX=("XY,
yY =Yy, 2 ="Yz, yX=("'Xy, 2X-Xr=Y"'—y™,

where N = ord(("™) = — =

— ged(n,mt)”
Proof. The generators and first row of relations follow from Lemma 2.3.2. The
remaining relations come from moving generators of one across generators of the

other, which is done as follows. First, note that
Az)=y"@y"r+y"Rr0l+z0101, A(Y)=yeyey,
AMX)=Y'@Y'aX+Y'@X®ct X®ere, A(Y)=YRYQRY,

and that S~!(z) = —xy~™. Thus, using (2.17) and (4.1), we have the following

computations

yY =Y,y WY, y)Yy=('(Yy=Yy,
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Y = (Y, —zy "W Y, y")Yy" + (Y, 1)V, y") Yo, +Y, 1)(Y,2)Y1 = ("Yux,

yX = YLy WX )Yy + Yy e Xy + (X, y e y)ey = (' Xy,

pX =Y —ay "N yY Y+ (Y —ay ) ey ™) Xy
+ (X, —ay ") (e, " ey™
+ (YLANX, ™Y + YD) e,y Xx + (X, 1) (e, y")ex
+ (YLINX, )Y + (Y 1) e, 2) X1 + (X, 1){e, x)el
= —y"+ Xz +Y"

4.3 The possible structures of A(H,({,m,t))

We will see that H,,({, m,t)-module algebra structures on A(H, (¢, m,t)) as in
Notation 1.3.2 do not always exist, depending on the value of m and ¢. For consid-
ering actions of H,,(¢,m,t) on A(H, (¢, m,t)), we will use an infinite-dimensional
Hopf algebra for which H,,(, m,t) is a quotient. For an integer n > 0, a primitive

n* root of unity ¢ € k, and m, t € Z both dividing n, we define

H,(¢m,t) =kly,z | y" =1, yz = Ctay),

with y grouplike, and = a (y™, 1)-skew primitive element. It is clear that H,,({, m,t)
is the quotient of ﬁn(c ,m,t) by the Hopf ideal generated by z". The following
technical lemma will help us determine when structures as in Notation 1.3.2 do
exist. We will see that the obstruction comes from the condition that 2 acts by
zero. We again use the notation from Remark 2.5.7 for eigenspaces of the action of
y: A; = {a € A| y-a = ('a}, noting that by a dimension count A; = ku’ for all i.
Lemma 4.3.1. Let A = k[u]/(u™ — 1) and suppose A is an H,(C,m, t)-module
algebra with y - uw = (u and x - u # 0. Then there exists nonzero v € k such that
forany p,q > 0,

g—1

zuP = (p)em uPtt and 2 uP = A (H(p + it)<m> uPtat.
i=0

In particular, zV - uP = 0 if and only if n/m divides p + it for some 0 < i < N.
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Proof. First, since yz - u = ('zy - u = ("o - u, we see that z - u € Ay = kultt.
Thus, there exists nonzero v € k such that z - u = yu' ™. We have established the
first equality for the case p = 1. Thus, we proceed by induction, assuming the result

for p — 1. We compute:
vouf = (y"ouw)(z-uP ) 4 (ou) (1 uPTh
= ("u)(y (p = Dgm w™1) + (qu ) (")
=7[(" (p=D)em +1u"™" = v (p)em u"
This establishes the first result for all p, as well as the second equality in the case

q = 1. We now prove the second equality for all ¢ and p, by induction on g. Assume

the result for ¢ — 1. Then we compute:

q—2
24P = (2 P = o - 7(1—1 D+ it)em yPra=1t
¢

=0

q—2
= ’yq—l (H(p + it)crn) ’y (p + (q - ].)t)gm Up+(q_1)t+t

1=0

q—1
=1 ( (p+ z’t)cm> uP et
0

The final statement holds as (n), = 0 if and only if ord(q) | n, and as ord({™) =
n/m. O

Proposition 4.3.2. There exist H,,(C, m,t)-module algebra structures on
A(H,({,m,t)) as in Notation 1.3.2 if and only if one of the following equivalent

conditions holds:
(2) ged(t,n/m) =1
(b) ged(mt,n) = m
(¢) n/m =N (= ord(¢™))

In particular, if t = 1, then there are H,((,m,t)module algebra structures on
A(H,({,m,t)) as in Notation 1.3.2. On the other hand, if these structures exist,
we must have that t|m, and in this case, the module structure is given by y - uw = (u

and x - u = yut*! for some nonzero vy € k.
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Proof. The equivalence of the three conditions follows from elementary group the-
ory and number theory. First, assume these conditions hold. Then by definition,
A(H,(¢,m,t)) = k[u]/(u™ — 1). For any nonzero v € k, by defining y - v = (u
and z - u = yu'™, it is easy to check that A(H,,(¢,m,t)) is a H, (¢, m,t)-module
algebra. In order to geta H,, (¢, m, t)-module algebra structure, we need only check
that 2V acts by zero. By Lemma 4.3.1, we must check that for each p, we get that
n/m divides p + it for some 0 < i < N. By assumption, n/m = N is relatively
N—-1
=0

prime to ¢. Thus, for any value of p, {p + it};_," consists of N distinct values

mod N. Thus, for exactly one value of 7, we have p + it = 0 mod N. Therefore,
2 - wP = 0 for all p, so we have an H,(C, m,t)-module algebra structure. By
Corollary 4.1.9, this action is inner-faithful.

On the other hand, fix an H,, (¢, m, t)-module algebra structure on
A= A(H,((,m,t)) 2 klu]/(u" —1).

Since the H,,({, m, t)-module structure on A(H,((, m,t)) is inner-faithful, by Cor-
ollary 4.1.9, x - u # 0. By pulling back along the projection

H,(C,m,t) = H,(C,m, 1),

Ais a H,(¢,m,t)-module algebra, with " - u = 0. Thus, by Lemma 4.3.1, we
have x - u = yu'T'. Moreover, by the same lemma, 1 +it = 0 mod n/m for some
0 < i < N. That is, we can write 1 = —it + bn/m for some i,b € Z. Therefore,
ged(t,n/m) = 1. O

Proposition 4.3.2 generalizes Montgomery and Schneider’s result (stated in The-
orem 1.3.1), which examines the Taft algebras (the case that m = ¢t = 1). Note that
in their work, x acts by lowering the degree of u rather than raising it. This is due
to the fact that they use the relation xy = (yx rather than yx = (xy. By Corol-
lary 4.1.7 and Corollary 4.1.8, we obtain the following result for coradically graded

generalized Taft algebras, in general.

Corollary 4.3.3. Consider a coradically graded generalized Taft algebra
T(n,N,0) = H,(¢,1,n/N) for some N dividing n. Then T'(n, N, 0)-module alge-
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bra structures on A(T'(n, N, 0)) as in Notation 1.3.2 exist if and only if n = N, i.e.
ifand only if T'(n, N, 0) is a Taft algebra. O

Thus, we have answered Question 1.3.3(a,b) for coradically graded generalized
Taft algebras. We will consider the non-coradically graded generalized Taft algebras

in Chapter 5.

4.4 Extensions to D(H,((,m,t))

Recall that the Hopf algebra H,,((,m, ) is determined by a primitive n'" root
of unity ¢ in k and two positive integer divisors of n: m, which is used to define
the coalgebra structure, and ¢ which is used to define the algebra structure. It is also
assumed that n { mt. We now assume H,((, m,t)-module algebra structures on
A(H,({,m,t)) as in Notation 1.3.2 exist (that is, that ged(¢,n/m) = 1, by Propo-
sition 4.3.2) and explore when such structures extend to be D(H,, (¢, m,t))-module
algebras. Recall from Section 4.2.2 that D(H,,({, m,t)) is generated by grouplike
elements y and Y, a (y™, 1)-skew primitive element z, and a (1, Y*)-skew primitive

element X, subject to the relations

yY =Yy, 2Y¥ =("Yz, yX=("Xy, 2X-Xzx=Y'—y"

where N = ord(¢"™) = n/m.

Theorem 4.4.1. Fix an H,((, m,t)-module algebra structure on the algebra A :=
A(H,(¢,m,t)) = k[u]/(u™ — 1) as in Notation 1.3.2. If the action of H,((, m,1)
extends to make A a D(H,(C, m,t))-module algebra, then there exists a nonzero
scalar v and scalar 6 € k, and a natural number 0 < d < n withm = —dt mod n

such that:
you=Cu, Y -u=C z-u=~yu'"" and X u=ou'".

If m # n/2 (thatis, if N # 2), then v and ) are related by the identity

_em-1

o) .
(n —=t)em
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In this case, the action of X on A is determined by the H, (¢, m,t)-module algebra
structure, and if further, t = 1, then the action of Y is as well.
On the other hand, if m = n /2, there is no such equation relating v and 0.
Conversely, the conditions imposed above on § and d are sufficient to define a

D(H, (¢, m,t))-module algebra structure on A.

We will need the following lemma about g-symbols in the proof of Theorem 4.4.1.

It follows from the definitions.

Lemma 4.4.2. Let ¢ # 1 € k. Then the following statements hold.

(a) Suppose that ord(q) = n and p = r mod n for integers p,r > 0. Then

(P)g = (1)g,
(b) Iford(q)|m and 0 < p < m, then (p),—» = —q(m — p),. O

Proof of Theorem 4.4.1. All actions of H,((,m,t) on A(H,({,m,t)) as in Nota-
tion 1.3.2 are given by Proposition 4.3.2. In particular, - v = Cu, and z - u = yu'™
for some nonzeroy € k. SinceyY -u = Yy-u = (Y -u,weseethatY -u € A; = ku.
Thus, Y - u = du for some § € k. However, because Y™ must act by the identity, ¢
must be an n'* root of unity. That is, § = (¢ for some 0 < d < n.

On one hand, Y - u = (% - v = (%yu'tt. On the other hand, ("Yz - u =
(Y - ultt = FdiE) a1t Therefore, since v # 0, it must be the case that
d=m+d(1+t) mod n. Thatis, m = —dt mod n. In particular, this implies
d # 0.

We also have yX - u = ("' Xy -u = (!7'X - u, showing that X - u € A;_, =
ku'~t. Thus, X - u = du'~* for some § € k. One sees by induction that X - u? =
d (p)caruP". Thus, on one hand, by Lemma 4.3.1 and Lemma 4.4.2,

(X — Xz)-u=0z-u"" =y X u" =5y(n+1—t)emu™ =5 (1+t)caru™

and on the other hand, (Y! — y™) - u = (¢ — {™)u. Therefore, since m = —dt

mod n, we have

" =¢"=9((n+1—=1)cm — (L+t)¢-m).
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Note that ord(¢"™) divides n and that 1 < 1 + ¢ < n. Thus, using Lemma 4.4.2,

m+l—=t)m—Q+t)e-m = ("n—)m +14+"(n—1—1)m

= (" +1)(n—t)em.

Therefore, if (" # —1 (or equivalently, if m # n/2), thensince (("™+1)(¢"™"—1) =

¢(—™ — (™, we have

-1
V6= ——mr.
(n—=t)em
If (™ = —1,then (™ — (™ = 0, so we gain no new restrictions on ¢.

Wealsohave Y X -u = §Y -ul™t = 60Dyt and (" XY -u = (™H4X -y =
§¢™ T4y, Therefore, § = 0 orm + d = d(1 —t) mod n. However, we already
know m = —dt mod n, so we have no further restrictions on J or d.

Finally, we must have X* - u? = 0 for all p. A simple calculation shows that

XN oup =N (ﬁ (p+i(n— t))cdt) PN,

i=0
If § = 0, we are done. Otherwise, X" - u? = 0 if and only if ord((%) divides
some element of {p + i(n — )} ,*. Since ord(¢*) = ord(¢™) = n/m = N and
ged(t, N) = 1 by Proposition 4.3.2, the set consists of N distinct values mod V.
Therefore, N divides exactly one of them. Thus, X* - u? = 0 for all p.

The converse statement, that the conditions imposed on ¢ and d are sufficient
for making A(H,, (¢, m,t)) a D(H, (¢, m,t))-module algebra, is straightforward to
check. [

Note that this result generalizes the work of Montgomery and Schneider (stated
in Theorem 3.1.2) and shows that there are other Hopf algebras closely related to
Taft algebras, for which there is a unique extension of the action of H on A(H) to
D(H), namely H,((,m, 1) for any m | n with m # n/2.

Corollary 4.4.3. Suppose H,(C, m,t)-module algebra structures on the algebra
A= A(H,((,m,t)) as in Notation 1.3.2 exist. If m # n/2 (e.g., if n is odd), then

there are precisely t ways to extend this action to make A a D(H,, (¢, m,t))-module
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algebra. In particular, if t = 1, then the desired H,,(C, m,t)-module algebra struc-
ture on A(H,,(C,m, 1)) exists, and the way to extend the action to D(H,,({,m,t))
Is unique.

If m = n/2, then in order to extend the action of H,((, m,t) on A to an action
of D(H,((,m,t)), there are t ways to define the action of the generator Y and the
choice for the action of X is parametrized by k.

Proof. By Proposition 4.3.2, t|m. Thus, there are ¢ distinct choices for d such that
0 <d< nandm = —dt modn. If m # n/2, the action of X is fixed by
Theorem 4.4.1. Otherwise, any choice of 6 € k will suffice to define the action of

X. ]

While the Hopf algebras H,,((,m,t) generalize the Taft algebras as bosoni-
zations of quantum linear spaces over finite cyclic groups, there are other coradically
graded generalizations and directions to consider for further study. We discuss this

in Chapter 7.
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CHAPTER 5

NON CORADICALLY-GRADED
GENERALIZED TAFT
ALGEBRAS

Letn € N,n > 2,and let N | n. Let ¢ € k be a primitive N*" root of unity.
Recall that the generalized Taft algebra T'(n, N, ) [Definition 4.1.6] is generated
by g € G(T'(n,N,1))and z € P,;(T(n, N, 1)), subject to the relations

=1 2N =a(@g"-1), gr=quag,

for some a € k. If @ = 0, then T'(n, N,0) = H,((,1, ) [Corollary 4.1.7]. If
a # 0, then by scaling z, we can assume without loss of generality that o = 1.
In this section, we consider the generalized Taft algebras which are not of the form
H,,(¢,m,t) and hence covered by the previous section, i.e. we consider the non
coradically-graded generalized Taft algebras 7'(n, IV, 1). As stated in Section 4.1,
T'(n,N,1)is alifting of H,,(¢, 1, %), i.e. gr(T'(n, N, 1)) = H, (¢, 1, §).

The proof of the following is standard and follows similarly to the proof of
Lemma 4.1.4.
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Lemma 5.0.1. Forb € {0,1,..., N — 1}, we have that

ko +k(¢® —1), ifb=1,
Py (T(n,N,1)) = N
k(g® — 1), otherwise. [
Corollary 5.0.2. A4 left T'(n, N, 1)-module M is inner-faithful if and only if

G(T(n,N,1)) = (g) acts faithfully and x - M # 0.

Proof. The proof is essentially the same as that of Corollary 4.1.9. [

5.1 The possible structures of A(T(n, N, 1))

Since G(T'(n, N, 1)) is cyclic of order n, the module algebra A(T'(n, N, 1)) in
Notation 1.3.2 is isomorphic to k(u|/(u™ — 1) as an algebra. (See Remark 2.5.7.)
We determine all such possible 7'(n, N, 1)-module algebra structures. Let ¢ € k be

a primitive n'” root of unity so that (¥ = ¢.

Proposition 5.1.1. Let A = k[u]/(u™—1). By defining g-u = (uand v-u = yu~ T
for v € k satisfying v = —(1 — ()N, we obtain that A = A(T(n,N,1)) is a
T'(n, N, 1)-module algebra as in Notation 1.3.2. Moreover, this gives all possible
T'(n, N, 1)-module algebra structures on A(T(n, N, 1)).

Proof. For the first statement, it is easy to check that A, as defined, will be a
T'(n, N,1)-module algebra. By Corollary 5.0.2, since z - u # 0, the action on
A is inner-faithful.

To see that these are the only possible 7'(n, N, 1)-module algebra structures on

A as in Notation 1.3.2, fix such a structure. By Remark 2.5.7, we have that

n—1

A:@AiwhereAi:{aeA|g-az§ia}:kui.
i=0

Now, since g+ (z-u) = qz-(g-u) = (¥ 'z-u, wehave that z-u € An 1y = ku¥ ™,
Therefore, - v = ~u~"' for some v € k. We must also have that 2"V - u =

(" —1)-u= (¢ — 1) - u. Inductively, we have

N-1 .
e ou =AY <H (%4—1) >u
i=0 ¢
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Thus, we must have

T in
AN —+1) ) =V 1. (5.1)
(I3,

(2

Now, we have

ﬁ (% + 1) | AR 1 i (e VI b A ()}

i=0 C_i:O (-1 N (C—1N - (C—1)N
The last equality follows from the fact that ¢, being a primitive N** root of unity,
satisfies (N — 1 = [T;' (¢ — ¢'). Therefore, from (5.1), we see that ¥ = —(1 —

OF. 0

5.2 The dual and double of T'(n, N, 1)

We must now compute the Drinfel’d double of T'(n, N, 1) so that we can ex-
amine the extensions of actions of T'(n, N, 1) on A to actions of D(T'(n, N, 1)).
First, we compute a presentation of the dual. We proceed in a similar fashion to

Section 4.2.

5.2.1 Thedual T'(n, N,1)*

Definition 5.2.1. Let ¢ € k be a primitive n'" root of unity chosen so that (¥ = g,
and let K(n, N) denote the algebra generated by G and X, subject to the relations

G" =1, XN =0, GX = (XG.

By a Diamond Lemma argument, K(n, N) has basis { X"G’ }o<i<n, 0<j<n-
We will show that K(n, N) is a Hopf algebra which is isomorphic as a Hopf
algebra to T'(n, N, 1)*. For making calculations easier, we introduce the following

notation.

Notation 5.2.2. Let N € N and ¢ € k a primitive N*" root of unity. For 0 < i <
J < N € N, define
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For 1 <17 < j < N, these satisfy the equation

() =) e (D) o) (D) e
J/q J q j—1 q J q j—1 q

We will need the following technical lemma to prove that K(n, N) is a Hopf
algebra.

Lemma 5.2.3. With q a primitive N root of unity and 0 < a < d < N,,

; (Z)q = c>qf’<c;i) dt el @q‘

Proof. First, we note that the left hand side of the equation is equivalent to

(@\ = g fatN—d\ (d
(d)ng (c+N—d>q<c ) (5-3)

Thus, we have only to show that the above summation is equal to 1 for 0 < a < d <

N. We show this for 0 < a < d < N. To this end, if d < N, then the summation is
equivalent to

il [ ety RV Gt N R S()
c=0 q q q q
:iqc(c_d)(awv—d—l) (d>
— c+N—-d-1 \C/,
- a+N—d-—1 d
+;QC(C_d_1)(C——::N—d—1)q(c—1>q
N ceanfat+N—d=1\ [d+1
_C:Oq (C—I—N—d—l)q( c >q'

The problem is thus reduced to proving the summation in (5.3) is equal to 1 for

d = N. Since ¢ = 0, we have (]Z)q = 0 for each 0 < ¢ < a, so the problem is

reduced to the obvious fact that ¢° (g)q & )q =1 O
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Proposition 5.2.4. By defining

N-1
A XN—a 1+ 42 X
() =G ®G+( n> (a) G R ® X°G,

a=1
AX)=GV X +X®l,
e(G) =1,  €X)=0,
S(G)=G"', S(X)=-G7X,

the algebra K¢(n, N) from Definition 5.2.1 is a Hopf algebra.

Proof. First, we check that A and ¢, as defined, are algebra maps. Using induction,
we see that

N-1
A(GH =G @ G + (¢N — Z ( ) XN-eqdt ¥ @ X°G (5.4)

a=1

In particular, A(G™) = G" @ G" = 1 ® 1 = A(1). Similarly, from (2.9), we get

b
b=0

AXY =Y (a) XPGN @ XP, (5.5)

Since ¢V = 1, by (2.10), A(XY) = XV ® 1 + G" ® XV = 0. Finally, we check
the relation GX = (X G. On the one hand, using (5.2),

A(GX) =CG""Y @ XG+(XG® G

N-2
V-1 ) (O) XNGH R g X

a

—

+ C(CN o 1) qa (O) XN—zz—i-lGl—i-% ® X°G
a
q
= (G ¥ @ XG+(XG®G

N—2

1 a+1l)n

+¢(¢N —1) <a N 1) XN-aG+" g X,
q
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On the other hand, we have

AXG)=G"" @ XG+XG®G
Zq_a( ) XNGH R @ X G
a=1
N-1

( ) XN—a—l—lGl—i—% ®XaG

M

a=2

n

:G1+N® G+X G

P

N-2
1 a+1)n
+ (N —=1) XN-aGI+HE" @ Xot1@,
a+1 g

(]

a=1

Thus, it is clear that A(GX — (XG) = 0. That € is an algebra map is clear. Note
that to show A and e define a coalgebra structure, we know only need to check the
commutativity of (2.2) when applied to G and X. The second diagram is surely

commutative, and for the first, we need the following fact.

Claim. For0 <a< Nand0 <b < n,

AXGhY =D (Z) X GMY @ X°GP
q

c=0

—_—

N-1
+(CN -1 > (a> XN PN @ X°GP.
C
q

c=a+1

Proof of Claim. First, recall (5.4) and (5.5) for formulas for A(G®) and A(X?)

respectively. Combining these and recalling that XV = 0, we get
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A(XaGb) _ (CL) Xa—cG%-i-b ®XCGb
c=0 ¢ q
a N+c—a—1 ch
bN
F@ 3 S (2 G
c=0 d=c+1 q

Xafc+dGb+% ® XNJrcfdGb
- a a—c v +b cb
C
c=0 q

. Noal [ a /. golerd
-1 2 (Z (c)q(c—i— DN —c— d)q!>

d=1 c=0

Xa+dGbJW“ & X N-deb
¢ a a—cv<E+b cb
— ( ) X7 GV T XG
c
c=0 q

N—a—1 |
BN _ (a)g! atd vb— 4 N-dcb
DY T d (N ) ¢ T eXxTre

d=1

The last equality follows from Lemma 5.2.3.

Now, we compute both X(l)( 1) ® X(l)(g) &® X and X(l) &® X( 2)(1 )X(Q)(Q) as
GVRGVRX+GVRX®1+X®1® 1.

Using the claim above, we compute G'(1y(1) ® G(1)2) @ G(2) as

AG) @G+ (¢ -1) i ( ) AXN G YY) @ X°@

|

=GRGERG+ (N -1) (2) XNG Y @ X°G e G
q

N N—-1N-a 0 N —a Ne—a—c 14 lafomn cl+an a
PN 2 () ) et e xieni e
0 q q

a=1 c=
—_ N—

N-1 N-1 X
0 N —a
ce-rs ¥ ()00
a=1 c=N—-a+1 a q ¢ q
XN e QR @ XU @ X6,
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Similarly, we compute G(1) ® G(2)(1) ® G(2)(2) as
S
GOAG) + (V-1 ( ) XV G @ A(XG)
a
G XN GHR @ X°G

XN—aGl—i-% ®Xa—cG1+% ®XCG

|
|

1 N-1
0 an cn
+ (CN . 1)2 <a> (Z) XN_aGH_W ® X‘H'N_CGH'W ® XCG
—a+1 q q

Through manipulation of the sums and indices, one sees that the above are equiv-
alent. Therefore, we have shown that K;(n, V) is a bialgebra. It is an easy check

that S is indeed an antipode. 0
The following is an easy consequence of (5.4).

Corollary 5.2.5. The element G~, and so each of {G~ } 4z is grouplike. Thus, we
also have X € P (K¢(n,N)). O]

GV 1

Proposition 5.2.6. With g,z denoting the generators of T'(n, N, 1), and G, X the
generators K:(n, N), the bilinear form defined by

(XG, 2igl) = 6, (a)! €, (5.6)
is a perfect duality. Therefore, T'(n, N,1)* = K¢(n, N).
In particular, we get that the dual pairing is given on generators by
(G.g)=¢  (Gx)=0, (X,99=0 (Xz)=1
Proof of Proposition 5.2.6. First, on the one hand, for 0 < a,c,i < N, we have

<XaGchGd,fEigj> — gbC<Xa+ch+d,llfigj> — 5a+c,i (Z)q' Cbc—&-bj—&-dj'
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On the other hand, using A(z'g”), which is computed using (2.9),

7

<XaGbXCGd,l’igj> _ Z (;) <XaGb i—k ]+k><Xch,£L'kgj>
q

k=0
- (c) dajime (1 —¢)g! (€)! Cbc+b]+dj.
q

By the definition of ¢g-binomial symbols, these are equivalent.

Next, for 0 < a,i, k < N, we have
<XaGb,$ingL’kgé> — (a)q! qjk ij+b€ (5a,z’+k + 5a,z’+k—N(CbN . 1)) )

On the other hand, using the claim in the proof of Proposition 5.2.4,

(X°G a'gat’) = (Z) (XGMN 2l g ) (XGP 2"
q

c=0
N-1 <
a _c cn c
FEY -0 X (1) e R (et
c=a+1 q

= (Z) o (@ —K)g! (k)g! go* ¢ttt
q

—_—

+ (¢ —1) (Z) Sarn—ri (a+ N —k)! (k),! ¢* ¢+
q

Thus, these are equivalent. We also have
<XaGb7 1> = 6{1,0 = G(XaGb)’ <]-a ng]> = 50,i = e(ng])

Thus, we have a duality between the underlying bialgebras. To see that it is a duality
between Hopf algebras, we compute

(S(X°GY), 2y = (~1)" ¢~ 5
1)%q
)i g
Vi g

(- T XGFaly)
(-

(—1

(-

(™" 0ai (a)g! ¢ g
—ij 5M (a) I Cb(*i*j)
TIXUGE atg ) = (XGPS (a'g)).

a(a+1)

i z(z+1)

7,(7,+1)

1 %

To see that the duality is perfect, we must show that the map

¢: Kc(n,N)—=T(n,N,1)
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defined by ¢(u)(x) = (u,x) is injective. Let f = SV 'S ", , X*GP with
aqp € k and suppose ¢(f) = 0. Then forany 0 < i < N and 0 < j < n,

=

0 = ¢(f)(a'g’) = (f,a'¢’) = g (X°G,a'g)

a

(]

Il
=)

b

. I

=2

n— —1

= Oémb 6a,i (a)q! ij = (Z)q' Osz ij.
b b=0

I
o
I
o

a

Let f3; ; denote ZZ:_OI a;p ¢ b each of which is 0. Then, for any fixed 0 < i < N
and 0 < k < n,

n—1 n—1 n—1 n—1 n—1
0 = ZC_JkBi,j — Zc—ykzaiﬁb = Z <Z Cj(b—k)> Qip = N
Jj=0 j=0 b=0 b=0 \j=0

Therefore, since each o, = 0, we have f = 0, so ¢ is injective, and the duality is

perfect. O

5.2.2 The double D(T'(n, N, 1))

We can now prove the following result.

Proposition 5.2.7. The Drinfel’d double D(T'(n, N, 1)) of T'(n, N, 1) is generated
by g, ©, G, and X, subject to the relations

The coalgebra structure is determined by

Alz)=gRr+2®1, Alg)=9®g, AX)=10X+X®GN
N—1 <
= N _ 0 a N—a~1+5%¢
AG) =G &G+ (¢ 1)§:(a XeGo XN G,

a=1

€(g) = €(G) =1, e(z) =¢€(X)=0.
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Proof. The generators and top row of relations follow from Lemma 2.3.2. For the

rest, first recall that in K(n, N) and T'(n, N, 1), we have

A(X)=GVRGVRX+GVRX®1+X®1®1,
A g)=gogryg, A1)=gRger+gRr0l+r01a1,
SNg)=9g7",  SMx)=—zg "

Thus, using (2.17) and (5.6), we have the following computations:

9X = (GV, g7 WX, 9)GV g+ (GNg ) (1, 9) X g + (X, 97" ) (1, g)g = ¢ ' Xg,

2 X = (G, g WX, 9)GVg + (GF,—zg ) (1,9)Xg + (X, —xg~"){L, g9)g
(G (X, )GV x + (GN, 1)(1, )Xz + (X, 1)(1, g)a
H{GF )X, 2)GF + (G, 1)(L2)X + (X, 1)(L,)]
= g+ Xz +GW
The remaining computations are in A.1.1 in Appendix A. [

5.3 Extensions to D(7'(n, N, 1))

Now that we have a presentation of D(7'(n, N, 1)), we come to the result that
extensions of actions of 7'(n, N, 1) on A(7T'(n, N, 1)) to actions of D(7'(n, N, 1))

only exist for particular choices of n and V.

Theorem 5.3.1. An action of T'(n,N,1) on A := A(T(n,N, 1)) as in Proposi-
tion 5.1.1 extends to an action of D(T'(n, N, 1)) on A if and only if N = 2 and § is

odd. In that case, the action is given by
(a) G- u= (" forsomeodd a € N, and
(b) X - u = du, where § € k satisfies v6 = ( — 1.

Proof. ltis straightforward to check that if N = 2 and 7 is odd, the given equations
define an action of D(7'(n, N, 1)) on A(T'(n,N,1)).
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Now suppose we have an action of 7'(n, N, 1) on A(T'(n, N, 1)) which extends
to an action of D(T'(n, N, 1)). By Proposition 5.1.1, we have A = k[u]/(u™ — 1),
with g - u = Cu, and = - u = yu~*! where vV = —(1 — (). By the relation

gX = ¢ 'Xg, we have that
gXu:q_nguzcl_%Xu

Therefore, X - u € A;_n = ku'"%,s0 X - u = du'~~ for some § € k. Similarly,
by the relation gG' = Gg,wehave g-G-u=G-g-u=(G-u,s0 G-u € A; = ku.
Since G = 1, we have G - u = (“u for some unique a € {0,1,..., N — 1}.

Throughout this proof, we will interpret the g-symbol (s) , (for s anegative num-
ber) as (t),, where t = s (mod ord(g)) and ¢ > 0. Now, inductively, we have
XNy =N (vaz_ol (1- jﬁn)qa> u. Since X = 0, we must have § = 0 or some
(1- jﬁn)qa = 0. If § = 0, then X acts by zero, in which case (zX — Xx)-u = 0,
while (G¥ — g) - u = (¢* — ¢)u, a contradiction since ord(¢®)| N and ord(¢) = n.
Therefore, there must be some j such that (1 — jﬁn)qa = 0. Thatis, ¢ # 1 and
ged(ord(q?), ) = 1.

We show that, in fact, ord(¢*) = N. Note that

ord(g®)—1

Xord(qa) S = (SOI'd(qa) — 'ﬁ 87% =0.
y (%) )

J=0

The last equality follows from the fact that each s — JN" is distinct mod ord(¢®), and
thus one of them is congruent to 0 mod ord(¢®). Thus, X°4(") acts by zero. Now
suppose for a contradiction that ord(¢®) # N. Then, since ord(¢”)|ord(q) = N,
we have ord(¢*) < &, so forany a € {1,2,...,N — 1}, we have a > ord(¢q") or
N —a > ord(q®). Thus,

N-1
G-u’=(G-u)’+ (V-1 <2> (X°G - u) (XVOGYR - u) = (P’
a=1 q

Using induction, we see that G - u* = (**u* for any s. Thus,

n

0=(GX —(XG)-u=0"(g"—u"n.
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Since, 0 # 0, we must have ( = ¢~“, another contradiction. Therefore, ord(¢*) =
N.

Hence, we must have ged(N, 1) = 1 as well as ged(N, a) = 1, the latter fol-
lowing from the fact that ¢ is a primitive N root of unity.

From the equation (zX — Xz) - u® = (G~ — g) - u®, we get that for all s,

n n as __ s
~vo {(s—ﬁ>c(s)qa — <S+N>qa (S)<:| =q ¢’. (5.7)
For s =1 and s = n — 1, this yields respectively
n n «
75K1—Rﬂc—<1+ﬁﬂw}_q G (5.8)

ol () v () e

From this, we get that

giving ¢~' = ¢'¥ . Applying (5.7) to s = % yields

o),

Comparing this with (5.8), and using the fact that ¢~* = ¢~ yields that ¢*> = 1.
Therefore, N = 2, and since gcd(g, 2) = 1, we also have 5 1s odd. Hence, the first
statement is proven.

To see that 6 must be as specified, apply (5.8) to get

-1-¢  (-1-¢0(-1)
5= — = =(-1
T, -1 .
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CHAPTER 6

THE FROBENIUS-LUSZTIG
KERNEL u(s)

The next algebra we study is the Frobenius-Lusztig kernel, u,(sly). It is well-
known that u,(sl;) contains two isomorphic copies of Taft algebras, which generate
the whole algebra. In a sense, the Taft algebra 7,,(¢) is like a Borel subalgebra
of u,(sly). More precisely, with the decomposition, 7,(¢) = B(V)#kI as at the
beginning of Chapter 4, B(V') = u/ (sly) ([6, Theorem 4.3]).

Definition 6.0.1. Letn > 3 be an odd integer and let ¢ € k be a primitive n*” root of
unity. The quantum group U, (sl;), often called the quantized universal enveloping
algebra of sl,, is the Hopf algebra generated by grouplike elements K and K}, a
(1, K)-skew primitive element £, and a (K ', 1)-skew primitive element F, subject

to the relations

KK'=K'K=1,  KE=¢EK,
K- K
KF = ¢ *FK, EF —FE = ———.
q9—4q
The Frobenius-Lusztig kernel u,(sly) is then the quotient of U,(sl2) by the (Hopf)
ideal generated by K" — 1, E™, and F". Note that { E'F/ K*}o<; j 1<, is a basis of

uq(ﬁ[g).
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6.1 The dual and double of u,(sl3)

Using the fact that v, (sl;) is factorizable, [29, Theorem 2.9] gives that the dou-
ble D(u,(sl2)) = u,(sly) ® u,(sly) as an algebra. However, the coproduct becomes
much more complicated. Similarly, as mentioned in Remark 4.2.3, Krop and Rad-
ford provide a presentation of D(u,(sly)) in [20]. However, the generators of this
presentation also have a complicated coproduct. For the method that we use to ex-
tend actions of a Hopf algebra, it is better to have an uncomplicated coproduct, so
we provide here a different presentation for D (u,(sl3)).

This presentation is computed by first showing that u,(sly) is dual to a quotient
of the quantized coordinate ring O,(SLs).

This result is well-known (see [11, II1.7.10]), but we include here an explicit

proof for completion, something which is seemingly absent in the literature.

Definition 6.1.1. The quantum group O,(SL,) is the Hopf algebra generated by

a, b, c, d subject to the relations

ba = qab, ca = qac, db=qbd, dc=qcd, bc=cb,
ad = q 'bc+1, da= qbc+1,

with coalgebra structure and antipode given by

Ala) =a®a+b®c, Ab)=a®b+b®d,
Ale)=c®a+d®ec, Ad)=c®b+d®d
e(a) =e(d) =1, €(b) = €(c) =0,
S(a)=d, S(b)=—qgb, S(c)=—-q'c, S(d)=a.

One can easily verify that the ideal J generated by a™ — 1, b", ¢, and d" — 1 is

a Hopf ideal, so we define O,(SLs) := O,(SLsy)/J.

In O,(SLs), the generators a and d are invertible. Using this, the relation da =
gbc+ 1 becomes vacuous. Also, we can use the relation ad = ¢~ 'bc+ 1 to eliminate

the generator a from the algebra presentation of O,(SLy). If we do so, all other
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relations involving a become vacuous, so we have

O,(SLs) = k(b,c,d | b", ", d" — 1, bc — cb, db— gbd, dc — qgcd)

as algebras. Thus, the finite set {b'c/d‘}o<; js<n—1 is a basis for 0,(SLy), and
dimy (O, (SLy)) = n®.

The first step toward showing that O,(SL,) = u,(sly)* is exhibiting a duality
between O,(SLs) and U, (sl). This is done in [18, VIL.4] and we recall the duality
here. Let V; ; denote the highest weight U, (sl2)-module with basis vy, v, determined

by
E-vi=vy, F-vy=wv, K- v9=quy, K~U1:q_17)1,
E-vozF~1)1:0.

In other words, if p : U,(sly) — Endy(V} 1) denotes the representation, then, iden-
tifying Endy (V1 1) with My(k) on the ordered basis {vy, v1 }, we have

(01 (o0 _fa O
p<E>—<O O), p<F>—<1 O>, d p(K) (0 q)

Now, for any element u € U,(sly), define

to get four elements A, B, C, and D of U,(sl)*.

Theorem 6.1.2 ([18, VIL.4.4]). Let ¢ : O,(SLy) — U,(sly)* be defined by ¢(a) =
A, ¢(b) = B, ¢(c) = C, ¢(d) = D. Then ¢ is a Hopf algebra map, and the bilinear
SJorm (u,x) = ¢(u)(x) realizes a duality between the Hopf algebras O,(SLs) and
U,(sly). O

Lemma 6.1.3. For the map ¢ : O,(SLs) — U,(sly)* given in Theorem 6.1.2, we
have that Im(¢) C u,(sly)*.

Proof. We only need to show that A, B, C', and D all vanish on the (Hopf) ideal
I of U,(sly) generated by K™ — 1, E”, and ™, which amounts to showing that
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p(E™) = p(F™) = p(K™ — 1) = 0. We have that p(E™) = p(F™) = 0 because
p(E) and p(F') each have nilpotency order 2, while n > 3. That p(K" — 1) =0

follows because ¢ is an n'" root of unity. [

We now have a Hopf algebra map ¢ : O,(SLs) — u,(slz)*. We wish to show
that ¢ induces an isomorphism of Hopf algebras ¢ : O,(SLy) — u,(sly)*. To do
this, we will need the following calculations, which can be verified using the pairing

from Theorem 6.1.2.
Lemma 6.1.4. For i, j nonnegative integers,
<an7Ei> = <dnuEi> = 04,0, <an7Fj> = <dn7Fj> = 95,0
(", E"y = (b", F7) = 0. 0
Proposition 6.1.5. The map ¢ induces a Hopfalgebramap ¢ : Oy(SLa) — uy(sly)*

determined by ¢ = ¢ o 71, where 7 : O,(SLy) — O,(SLy) is the usual projection.
Hence, the bilinear form (u,x) = ¢(u)(x) realizes a duality between the Hopf

algebras O,(SLs) and u,(sly).

Proof. We need to show that ¢ vanishes on a” — 1, b, ¢”, and d” — 1. Note that
(b®c)(a®a) = ¢*(a®a)(b®c), and that ¢? is a primitive n'" root of unity because n
is odd. Thus, by [28, Corollary 7.2.2], A(a") = (a®a+bR¢c)" = a"@a"+b" @™,
and similarly for A(6"), A(¢"), and A(d"™). Thus, using Lemma 6.1.4 and the duality
of Theorem 6.1.2, we compute for ¢, j, and k£ nonnegative integers,

(a", E'FIK") = (a", E'F7){a", K*) + (b", E'FI)(c", K*) = (a", E'FY)
a”, B {a", F7) + (b", E'){(c", F7) = 8;00;0,
a", E'F))(b", K*) + (0", E'F7){(d", K*) = (b",E'F7) = 0,
", E'FIYa", K*Y + (d", E'FI) (", K*) = (", E'F7) = 0,
" ETFIY 0 K 4 (d", BTFIY (", K = (d", BYFY)
" ENO", FIY + (d” ENY(d" F7Y = 8000

(b, E'FIK"
(", E'FIK*)
(d", E'FIK")

o~ o~ o~ o~~~

We have thus shown that ¢ vanishes on 0™ and ¢". Now, since ¢ is an algebra map,
we have that (1, E'FIK') = ¢(E'FVK*) = ¢(E)'e(F)e(K)* = 6,00;0. Thus, ¢

also vanishes on a™ — 1 and d" — 1. O]
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At this point, we want to establish that the duality just formed between m
and u,(sly) is a perfect duality. We do this by showing that ¢ is surjective, for which
we will need the following technical computation.

For the basis {E‘FIK*} of u,(sly), we let {p;;,} denote the dual basis of
ug(sly)*. Because K™ = 1 in u,(sly), we will take the last argument of these basis
elements modulo n.

Now via elementary computations we have in terms of the dual basis {p; ; } of

uq(sly)*, that

n—1

B*C'D" = [s]y! [t]g! Y a7 g (6.1)
=0

For details of this computation, see A.2.1 in Appendix A.

Proposition 6.1.6. The map ¢ : O,(SLa) — u,(sly)* is surjective, and hence is an
isomorphism. Thus, the bilinear form (u,z) = ¢(u)(z) realizes a perfect duality

between O,(SLs) and uy(sls). Therefore, u,(sly)* = O,(SLs).

Proof. We show that each basis element p; j ; of u,(sly) is in the image of ¢. In

particular, for fixed integers 0 < s,¢, k < n — 1, we show that

n—1

n [S]q! [t]q' Dotk = Z q(k+s)r+(57t)kBsCtDr.

r=0

We compute via (6.1)

—_
—_

n— n—

n—1
q(k+s)r+(s—t)kBsOtDr _ Z q(k+s)r+(s—t)k [s]q! [t]q! q—f(r+s—t)—rsps’m,
r=0 12

n—1 n—1
= [S}q! [t]q! (Z q(k_é)(rﬂ_t)) Ds,t,e-

=0 r=0

Il
o

r

I
=)

If k # ¢, then since ¢*~ is an n'" root of unity not equal to 1,

—_

n—

g k=00+s=0) _

Il
o

T

On the other hand, if & = ¢, then Z:;é gk=0lrts=t) — ]
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In the presentation provided by Krop and Radford in [20], we have v, = E, vy =
K'F, d=Y""q g, b=qé1d, and ¢ = ¢*6,d~". (See Remark 4.2.3.) Now
that we have established that u,(sly)* = O,(SLs), we can prove the following.

Theorem 6.1.7. The Drinfel’d double D (u,(sly)) of u,(sly) is generated as an al-
gebra by a, b, c, d, E, F, K subject to the relations

a"=d"=K"=1, b'=c"=E"=F"=0,
ba = qab, db=qbd, ca=qac, dc=qcd, bc=cb, ad=q *bc+ 1,
K- K
q—qt’
Ka=aK, Kb=q 2K, Kc=d¢cK, Kd=dK,

KE=¢EK, KF=q*FK, EF-FE-=

Ea=q'E —q'c, Eb=q¢WE+q¢'aK —q'd,
Ec=qcE, Fd=qdFE + qcK,
Fa=q'aF +b, Fb=qbF,
Fc=q'cF=aK'+d, Fd=qdF —¢bK™!

The comultiplication and counit are given by

Ala)=a®a+c®b, Ab)=bRa+d®Db,
Alc)=a®c+c®d, A(d)=bxc+d®d,
AK)=K®K, AE)=K®QE+E®l, AF)=1F+F®K ',
e(a) = e(d) = e(K) =1, e(b) = e(c) = e(B) = e(F) = 0.

The antipode is given by

S(a)=d, S(b)=—q'b, S(c)=—qc, S(d)=a,
S(K)y=K™*, S(E)=-EK*' S(F)=-KF.

As pointed out above, the generator a (or d) could be eliminated from the pre-
sentation, using the relation ad = ¢ 'bc + 1 and the fact that a and d are invert-
ible. While doing so would significantly lower the number of relations, it would
complicate both the relations between generators of u,(sl;) and m and the

comultiplication of the latter.
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Proof of Theorem 6.1.7. The comultiplication and antipode and most of the rela-
tions of the generators follow from (2.15) and Lemma 2.3.2. For the relations in-
volving elements of both u,(sl;) and its dual, we use (2.17) and the perfect duality
established in Proposition 6.1.6. Note that

A*a)=a®a®a+a®@bRc+bRcRa+bRd®c,

A E)=1R10E+1FEK+E®K®K,
AN F)=K'®9K'®@F+K '@F@1+F®1®1,
S HE)=-K'E, S YF)=-FK.

For example, we have

Ea = (aq), S™(Es)

)
= (a,—K 'E){a,1)al + {a, K "){a,1)aE + (a, K "){a, E)aK
+ (a, =K 'E){(c, 1)b1 + (a, K"'){c, 1)bE + {a, K "){c, E)bK
(b, —K'E){a,1)cl + (b, K "){a,1)cE + (b, K ') {a, E)cK
(b, ~K'E){c,1)d1 + (b, K~ ") {c,1)dE + (b, K '){c, EYdK
=q¢'aE —q¢'c
Fa= (a,—FK)a, K YaK™'+ (a,1){a, K "YaF + (a,1)(a, F)al
+ {a, —FK){c, KWK~ + (a,1)(c, K ")bF + (a,1){c, F)bl
+ (b, —FK){a, K )K" + (b, 1){a, K"")c¢F + (b, 1){a, F)cl
+ (b, ~FK){c, K"YdK ™ + (b,1)(c, K "YdF + (b, 1){c, F)d1
=g laF +b
The rest of the relations follow similarly and are in A.2.2 in Appendix A. [

6.2 The possible structures of A(u,(sl;)) and exten-

sions to D (u,(sly))

To help us determine when an action of u,(sly) is inner-faithful, we have the

following standard fact.
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Proposition 6.2.1. Let 0 < b < n. Then

k(K= 1)+ kF +kEK", ifb=n—1
Pyo 1 (ug(sly)) =
k(K®—1), otherwise. O

The following is a direct result of Corollary 2.5.3 and Proposition 6.2.1.

Corollary 6.2.2. 4 u,(sly)-module algebra is inner-faithful if and only if G(H) acts
faithfully, and if no nonzero element of k(K ' —1) +kF +kEK ! acts by zero. [

We now consider u,(sl;)-module algebra structures on A(u,(sl2)) as in Nota-
tion 1.3.2. By definition, A = k[u]/(u" — 1). To see the possible module structures
of A, we use the following result of Montgomery and Schneider. The original state-
ment was for ¢ a primitive 2n'" root of unity. However, their proof is also valid for
the case we are interested in, since it only relies on the fact that ¢ is a primitive
n'" root of unity so that H; = k(K1 F) = T,(¢?) and Hy = k(K~!, FK~1) &
T.(a*).

Proposition 6.2.3 ([24, Corollary 3.2]). Let A be an n-dimensional k-algebra with
no non-zero nilpotent elements, and assume that A is a u,(sly)-module algebra such

that F' - A # 0 (or that E - A # 0). Then there exists u € A and (5,7v,0 € k, all

nonzero, such that
(@) A=k(u), u" =f, and K - u = q*u;
(b) F-u=~land E - u = du?;

(c) 70 = —q.
Moreover u is unique up to a scalar multiple. [

We point out here that by Corollary 6.2.2, the assumption that /' - A # 0 or
E - A # 0 is necessary for the action to be inner-faithful, and that the actions on A
described are in fact inner-faithful, because no nonzero element of k(1 — K1) +
kF +kFEK ! acts by zero. Therefore, by scaling u, Proposition 6.2.3 classifies the

uq(sly)-module algebra structures on A(wu,(sl2)) as in Notation 1.3.2. It turns out
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that the action of w,(slz) on A extends to an action of D(u,(sly)) in two distinct

ways.

Theorem 6.2.4. Fix a u,(sly)-module algebra structure on the algebra A(u,(sly)) =
k[u]/(u™ — 1) as in Notation 1.3.2 by

K-u=q¢u, F-u=~l, E-u=/du’,

with q a primitive n'" root of unity, and v0 = —q. Recall the presentation of
D(ugy(sly)) as in Theorem 6.1.7. If the action of u,(sly) on A extends to an action
of D(uy(sly)) so that A is a D(u,(sly))-module algebra, then the action is specified
by one of the following two conditions:

(i) a-u=qu, b-u=vq—q¢ )1, cou=0,d-u=qtu or
(i) a-u=qu, b-u=0,c-u=7v"g—q¢Hu? d-u=qu.

Conversely, by defining the action of a, b, ¢, and d by either (i) or (ii), an action of

uq(sly) on A extends to an action of D(u,(sly)).
Proof. Since K - u = ¢*u, we use notation similar to that in Remark 2.5.7 :
Ai={a€ A|K -a=q¢"a} =ku"

First, since Ka = aK,wehave K -a-u=a-K -u=q¢*a-u,s0a-u € A; = ku.
Similarly, since Kb = ¢ 20K, Kc = ¢*cK, and Kd = dK, we getthat b - u € A,
c-u € Ay,and d - u € A;. Therefore, there exists 0,, 0, 0., 0; € k such that

a-u=0u, b-u=01, c-u=0.u", and d-u=04u.

Now, note that ¢ - 1 = ¢(c) = 0. Thus, since bc = cb and ad = ¢ 'bc + 1, we

compute that
0u0qu = (ad) - u=q 'c-(b-u)+1-u=q "Opc-14+u=u.

Therefore, 6; = 0, !. Using the fact that a™ = 1, for some integer i, we have 6, = ¢'
and ; = ¢~*. Note that b - u? = (b~ u)(a-u) + (d - u)(b- u) = O0,u + O400u =
(95(9,1 + Hd)u Thus,

0.0,(0, + 04)u = (be) - u = (cb) - u=6Oyc-1=0.
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Since 6, = ¢' is an odd root of unity, 8, # —04(= —6,1). Thus, we must have
0p,=0 or 6.=0. (6.2)
We also compute, using a - 1 = €(a) =1landd - 1 = €(d) = 1, that

0,71 = (Fa)-u=q *(aF) - u+b-u=(qg'vy+0)1 and
Oyl = (Fd) - u=q(dF) u—q*(bK™") - u = (g7 — )1,

which shows that
Op=q ' +60,y" and 0;=q— 0y " (6.3)
Therefore,
1=000= (" +07 " )Ng—07) =1+ (g—q )0 =77
implying that 0 = 0,71 (¢ — ¢! — 0y~1). Since v # 0, we have
O,=0 or O,=v(qg—q").

The former will correspond to (7i) and the latter to (7). In case (i), by (6.2), . = 0,
and by (6.3), §, = ¢ and §; = ¢~'. On the other hand, in case (ii), by (6.3),
0, = ¢! and 0; = q. Also, using the fact that v0 = —¢, Ea = ¢ 'aE — ¢ 'c, and

a-u2=(a-u)?+(c-u)(b-u)=q 2u? we have

Mt =q¢ o = (Ba)-u = ¢ aE) u—qtc-u

=q 0a-u’—q0u’ = —(¢ v+ g0 )’

U= ¢ 247! + ¢7'0., which implies 6. = v~ !(¢ — ¢~'). Therefore,

Therefore, v~
we have shown that an action of D(u,(sly)) is specified by either (i) or (ii).
It is straightforward to check the converse: that A is a D(u,(sl;))-module alge-

bra with either of these structures. O]
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CHAPTER 7

FUTURE DIRECTIONS

We wish to briefly mention some future directions for further research. As we
have seen, there are multiple ways to generalize Taft algebras, but we have only
examined a couple of generalizations, namely quantum linear spaces of rank 1 over
cyclic groups, H,, (¢, m,t) [Chapter 4], and generalized Taft algebras, T'(n, N, 1)
[Chapter 5]. We could also consider quantum linear spaces of higher rank and/or
over abelian, non-cyclic groups. Or more generally, we could consider bosoniza-
tions of Nichols algebras (of Cartan type) in the Yetter-Drinfeld category ~YD for
some abelian group I". We saw that the answer to Question 1.3.3(c) for the Hopf
algebras H,,(¢,m,1) is 1, i.e. that there is a unique way to extend an action of
H,((,m,1)on A := A(H,(¢,m,t)) to an action of D(H,,(¢,m,1)) on A [Coro-
larry 4.4.3]. This generalizes Theorem 3.1.2, that there is a unique way to extend
the action of 7,,(¢q) on A(7},(q)) to an action of D(7T,,(q)) on A(T,(q)). One way of
characterizing the condition ¢ = 1 is that y generates [ in the quantum linear space
R(g;x) € LYD. (See Sections 2.4 and 4.1 on quantum linear spaces.) This leads
to the following:

Question 7.0.1. What can be said about Question 1.3.3 for bosonizations of quan-
tum linear spaces of higher rank and/or over abelian non-cyclic groups? In particu-

lar:



78

e Is there a unique extension of an action of H := kI'#R (g1, ..., 905 X1, - - - Xa)
on A(H) to an action of D(H) on A(H) if and only if T is generated by

Xl,...,Xg?

e Ifso, is there a condition for bosonizations of braided vector spaces of differ-
ent Cartan types (i.e. other than A, which give quantum linear spaces) that
generalizes the condition that y, ..., Yy generates f, and which guarantees

that there is a unique extension of H on A(H ) to an action of D(H ) on A(H)?

Another future direction comes from the results about actions of u,(sl;). Recall
that 7},(q) can be considered as a Borel subalgebra of u,(sl2): with the decomposi-
tion, T, (¢q) = B(V )#kI as at the beginning of Chapter 4, we have B(V) = uf (sl,)
([6, Theorem 4.3]). Perhaps unsurprisingly, while 7,,(¢) had a unique extension of
its action on A(7},(q)) to its double, u,(sl,) has exactly two extensions of its action
on A(u,(sly)) to its double. That is, the answer to Question 1.3.3(c) for u,(sls) is

precisely twice the answer for 7},(¢). We are led to the following.

Question 7.0.2. For a semisimple finite-dimensional Lie algebra g, is the answer to

Question 1.3.3(c) for u,(g) twice what the answer would be for a Borel subalgebra?

Depending on the answers to Questions 7.0.1 and 7.0.2, it is possible that there
are more general things to be said about Question 1.3.3 for pointed Hopf algebras in
general. To gather examples to look for patterns, one could start by considering the
actions of finite-dimensional pointed Hopf algebras presented in work of Etingof
and Walton [15, 16].

Alternatively, one could consider semisimple Hopf algebras. The case of group
algebras is answered in Remark 1.3.4. A good place to begin after that would be
small-dimensional examples, such as the Kac-Paljutkin algebra Hg of dimension 8.

Toward a final future direction, throughout this work, we computed presenta-
tions of duals and doubles of Hopf algebras which may be of independent interest.
The method for computing these presentations makes use of the fact that a pointed

Hopf algebra H is generated by grouplike and skew primitive elements if G(H ) is
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abelian [8, Theorem 2], which are precisely the Hopf algebras considered in Ques-
tion 1.3.3. We could use this method to compute nice presentations of duals and
Drinfel’d doubles of more pointed Hopf algebras with an abelian group of group-

like elements.
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APPENDIX A

EXTRA CALCULATIONS

There are some calculations that we would like to include that would be too
unwieldy in their proper place in the manuscript, so we include the calculations

here and refer to them in the text.

A.1 Calculations from Chapter 5

Some of the relations of D(7'(n, N, 1)) are long to compute and were skipped

in the text. They are included here for completeness.

A.1.1 Remainder of the proof of Proposition 5.2.7

We would like to show that the relations

—_—

gG =Gg and 2G —(Gr = (N — 1)<(1)> xN-l@ (Gﬁ — qg)
q
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hold in D(7'(n, N, 1)). Recall that in K(n, N) and T'(n, N, 1), we have

N—-1
A*(G)=GeG®G+(C (S) G o XN GHR @ XiG
=1

+(<N—1>NX_§ ;(?)q

(Z') XN_iGH'iWn ®XN+i—jG1+jWn ®XjG,
q

(Z> XNfiGlJr%” ®Xiij1+jW" ® XiG
‘7 q

A g)=gogryg, A1)=gRger+gRr0l+r01a1,
SMg)=9"  SMax)=—zg "

Thus, using (2.17) and (5.6), we have the following computations:

N-1 70N | o
9G = (G.g7")(G.g)Gg + (M =1) 3 (z) (G.g)(X'Cg) XV TG R Gy
i=1

q

N-1 1 .
0 VA i in _ . i ﬁ
+(¢" -1 E: (l) () (XNTGHN g IN(XT, ) XTI N Gy
j q

) (Z) (XNTEHR (G g)
q q

XN+1 leJrJ"
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H@ =0 X (1) (a6 R Gy
1 q

N—-1 1 .
F@ =03 (7) (1) et g 0 g x e g
i1 j—o \t/q\/ ¢
N—-1 N-1 ’6/ N _
+(<N_1)2 () (Z> <XN71LG1+%’ mgfl)(XjG,g)
i=1 j=i+1 ¢ q J q

+(V =1 O) (Z) (XNTIGHR )XY, ) XTIGHR G
— £ i) \J
i=1 j=0 q q
S @ | |
+ (N =12 () ( ) (XNEGUHR ANXIG, ) XNHHIGUR
=1 j=i+1 ¢ q J q
N 0 N-1 N /—6/ N—1~1+2
=—(¢"-1) N1 gX"Gg + (Gx + (¢ —1)1 XV G

q q

=Gz + (N -1) (1> XNIQ(GY — qg).
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A.2 Calculations from Chapter 6

Two long computations have been omitted from Chapter 6, the proof of (6.1),
which is instrumental in proving that u,(sl;)* = O,(SLs), and the computation of
some of the relations of D(u,(sl;)) from Theorem 6.1.7. These are not particularly

complicated or long. There are just many of them.

A.2.1 Proof of (6.1)

Recall that the set { E*F7 K*}o<; j <1 is a basis for u,(sly) and that we denote
the dual basis for u,(slz)* by {pi j¢}o<ije<n—1. Because K = 1 in u,(sly), we will

consider the last argument of these basis elements modulo n.

Proposition A.2.1. In u,(sly)*, multiplication of the dual basis elements is given by

the following:

ifA+a<n, B+b<n,
& PAta,B+b,C—a
Papbe * PABC = andC —a=c+B modn

0 otherwise,

where o = ¢~ 2B (A:a) 2 (B;rb) 2

Proof- We have the following preliminary calculations. First, by (2.9),

AE)=(19E+E®K) = Z (;) (1% E)~(E® K)°

s=0

= i (;) E® Ei—sKs;
5=0 a?

AF)Y=(Fel1+K'®F) = J <‘i) (FR1/ YK e F)

j )
_ <]) Fi—tg—t g Ft.
t=0 t q?
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Finally, A(K*) = K* ® K*. Therefore,

A(E'FIK")

_ ( < ) E* @ B~ SKS> (; (i)qQthKtQQFt) (K*® K*)

i J

Z Z ( ) ( > Est—tKZ—t ® Ei—sKsFtKZ

s=0 t=0

j . .
q —2st <Z> <j) Est—tKZ—t ® Ei_sFtK€+s.
0 q? L q?

S
s=0 t=

%

Since (pape @ papo) (B FITT K @ E-SFPK%) is nonzero only if a = s, b =
j—t,A=i—s, B=t,c=/(—t modnand C = ¢+ s mod n, the only
possible nonzero term of (p, 4 .*pa p.c)(E*F/K*), when expressed using the above
sum, is the term where s = a and ¢t = B. The above equations show that this
term is only actually nonzero if we also have that B +b = j, A+ a = ¢, and
c+B=C—-a(modn). [

The products of certain basis elements will be needed later, so we list them here.

Corollary A.2.2. Forintegers 0 < x < n —2, 0 < s,t <n — 1, and arbitrary

integers { and m,

) fm —x = { (mod

(") 2Patroe  ifm—z =L (modn)

P00 * Prom = ! : (A.1)
0, otherwise

(xirl)quo,xﬂ,e, ift =m+ x (modn)

Po,1,m * Po,z,e = s (Az)
0, otherwise
P0,0,¢ * P0,0,m = 0£,mP0,0,¢5 (A.3)
—2st . —
4 " pstmit, l—s=m+t(modn)
Ps,0m * Pote = ) (A4)
0, otherwise

Pstms € —s=m (modn)
Ds,t;m * P00 = (A.5)
0, otherwise
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Proof. This follows directly from Proposition A.2.1. [

Lemma A.2.3. In terms of the basis {p; js}o<i je<n—1 0f uq(sl2),

n—1 n—1 n—1
B=> ¢ 'pros, C=) d'pore; and D= q 'pooe
=0 =0 £=0

Proof. Using Theorem 6.1.2, we compute

B(E'F'K*) = (b, E'F'K") = (a, E'F7) (b, K*) + (b, E'F7)(d, K*)
=q “(b,E'F7) = ¢~ [(a, E")(b, F7) + (b, E"}(d, F)]
=q " [0:10;0]

C(E'F'KY = (¢, E'F'KY) = (¢, E'F'){a, K*) + (d, E'F7) (¢, K*)
=¢"(c, B'F7) = ¢" [(c, E')(a, F?) + (d, E") c, F)]
= ¢" [6:0;,1]

D(E'F'K*) = (d, E'FIK*) = (¢, E'F7) (b, K*) + (d, E'F’)(d, K*)
=q Yd,E'F7) = ¢ [(c, E') (b, F7) + (d, E")(d, F")]
= " [0i06;0] O

Lemma A.2.4. In terms of the basis {p; ji}o<i ji<n—1 0f Uuq(sl2), for
1<s,t,7<n—1.

n—1 n—1 n—1
B = [s]! Z ¢ *psos,  C' = [t]y! Z ¢“pose, and D" = Z q " poos
=0 =0 =0

Proof. We proceed by induction, appealing to Lemma A.2.3 for the base case. The

cases when s, ¢, or 7 = 0 are trivial.

n—1
B*=B""'xB = [s—1], (Zq e 1012) (Z qmpl,O,m>
m=0
(A1) S s— s—
=’ [s —1] |(1) Zq 1)0—(6+ 1)p
q2

n—1 n—
@11 s —s
=" [s = 1], L} ¢ o = [s]g! E 4 ps-
qv =
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n—1
C'=C0xC! [t —1], (Z qmpo,l,m> (Z q(tl)epo,tl,é)

=0
n—1
(A2) [t . 1]q! (t) q(tfl)ﬂéfmpoM
1 ? =0
@.11) ] <
D gy 1 to—(t—1 |
= [t—1'q L ¢“Dpose = Zq Doyt
q ¢=0
n—1 n—1 A3) n—1
D'=D"1'xD = (Z q(rl)gpo,o,e> (Z qmpo,o,m) = Z qfrzpo,o,e-
=0 m=0 =0
O
Proposition A.2.5.
Bsc«tDr _ ! 'Z q —i(r4s—t)— ps,t,i

Proof. We begin by computing B*C*. By Lemma A.2.4,

n—1
B*C' = (Z 0 *'Pso z) (Z quo,u)
=0

n—1

[s]q! [t]q! Z qf2stfsi+t(i+s+t)ps7t’i+t
i=0

n—1+4t

! t]q! Z q725t7s(ift)+t(i+s)ps7t7i

n—1
= [s]q! [tlg! Z qi(tis)Ps,t,z’-
i=0

Thus, again using Lemma A.2.4,

(A4)

= [s]q! [t]4! Z qi(t_s)_r(iﬂ)])s,t,i (by Equation A.5)
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A.2.2 Remainder of the proof of Theorem 6.1.7

We would like to show the relations of D(u,(sls)) involving elements of both
u,(sly) and its dual. We use (2.17) and the perfect duality established in Proposi-
tion 6.1.6. Note that

A’la)=a®a®a+a®bRc+bRc@a+bd®ec,
A*)=a®a®b+a®bd+b®c®b+bod®d,
Al)=c®a®a+c@b@c+dR®c®a+d®dc,

A(d)=c®a®b+cRb®d+d®c@b+d®d®d,
A E)=1010E+10EQK+EQK®K, A K)=K®K®K,
A F)=K'@K'®@F+K '@F®1+F®1x1,
S Y E)=-K'E, S YF)=-FK.

Thus, we compute:

Eb= (a,—K 'E){b,1)al + {a, K ')(b,1)aE + {a, K *)(b, E)aK
+ (a, —K'E){d, 1)b1 + {a, K~")(d,1)bE + (a, K '){d, E)bK
+ (b, =K *E)b,1)el + (b, K~ )b, 1)cE + (b, K 1)(b, E)cK
+ (b, ~K'E)(d, 1)d1 + (b, K '){(d, 1)dE + (b, K '){d, E)dK
=q¢ '"WE+q 'aK — ¢ 'd.

Ec= (¢,—K'E){a,1)al + (¢, K "){a,1)aE + (¢, K '){a, E)aK
+ (¢, =K 'E){c,1)bl + (¢, K ><c, DOE + (¢, K1) {(c, E)bK
+(d, —K'E){a,1)cl + (d, K~ "){a,1)cE + (d, K~ "){a, E)cK
+ (d, —K'E){c, 1)d1 + {d, K "){(c, 1)dE + (d, K~ '){c, E)dK
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Ed= (c,—K~

K'E)Yb, )al + {¢, K'Y (b, 1)aE + (¢, K" (b, E)aK

¢, —K'E)(d,1)b1 + (¢, K~")(d, 1)bE + (¢, K~
K'E)Y b, 1)cl + (d, K~ (b, 1)cE + (d, K*

+{d, —K*E){d, 1)dl + (d, K"')(d,1)dE + (d, K~

1
)

(b
+( )(d, EYbK
+(d, - )b, E)ekK
“(d, E)dK
= qdE + qcK.

Fb= {a,—FK)®b, K YaK™" 4 (a,1){b, K "aF + (a,
a,—FK){d, KoK + {(a,1){(d, K ")bF + (a,
b

1){(b, F)al
1)(d, F)bl

Yb, K™HYeK ™ + (b, 1) (b, K™1)eF + (b, 1)(b,
b, —FK){d, K""YdK™" + (b,1){(d, K~ ")dF + (b,1

Fc= {(¢,—FK){(a, K "aK™" + (¢,1){a, K ")aF + (¢, 1){a, F)al

K~
+ (¢, = FK){c, KoK + (¢, 1){c, K")bF + (¢, 1){c, F)bl
+{d, —FK){a, K"K+ (d, 1){a, K~')eF + {d,1){a, F)cl
+{d, ~FK){c, K"WYdK ™ 4 (d, 1){c, K"dF 4 (d, 1){c, F)d1
=q¢leF—aK ' +d

Fd= (c,—~FK)(b,K YaK™"+ (¢,1)(b, K ")aF + (¢, 1){(b, F)al
+ (e, —FK){d, K"K~ 4 (¢, 1){(d, K~YYbF + {¢,1){d, F)bl
+{d, —FK)b, K "YeK ™ 4 (d, 1)(b, K ')eF + {d,1){b, F)cl
+{d, —~FK){d, K YdK™ + (d,1){d, K"")dF + (d, 1){d, F)d1
= qdF — ¢*bK 1.

Ka=(a, K " {(a, K)aK + {a, K ') {c, K)bK
+ (b, K ") {a, K)cK + (b, K '){c, K)dK = aK.

Kb={a, Kb, K)aK + (a, K~ '){d, K)bK
+ (b, K"'){b, K)eK + (b, K~ '){d, K)dK = q *bK.



Ke={c, K a, K)aK + {c, K""){c, K)bK
+{d, K ") {a, K)eK + (d, K" '){c, K)dK = ¢°cK.

Kd = {c, Kb, K)aK + (¢, K "){d, K)bK
+(d, K"'){b, K)cK + (d, K"'){d, K)dK = dK.
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INDEX OF NOTATION AND

TERMINOLOGY

A(H), 7

A°, 16

A#H, 24

A;, 34

algebra, 23
action of H on an, 24

inner-faithful, 32

associative, 13
generalized Taft, 41, 54

group, 3

H-module, 24

Hopf, 18, 26

smash product, 24
Sweedler, 20, 36

Taft, 6, 19, 35
universal enveloping, 3

antipode, 18

B(V), 31

B°, 18

BeP 18

bi-ideal, 18

bialgebra, 18, 26
coradically graded, 20

lifting of a, 20

dual, 18
filtered, 20
graded, 20
pointed, 20

biproduct, 27

B°P 18

Bepeop 18

bosonization, 27



braided vector space, 31
Cartan type, 32
diagonal type, 31

Co, 15

cA,B, 26

ChH, 24

C.(k), 16

coalgebra, 23
coaction of H on a, 24
coassociative, 13
cocommutative, 16
comatrix, 16
coopposite, 16
coradical of a, 15
coradically graded, 16
filtered, 15
graded, 16
H-comodule, 24
pointed, 15
simple, 15
smash coproduct, 24
tensor product, 16

coideal, 15

comodule, 17

comultiplication, 14

convolution, 18

coproduct, 14

counit, 14

A, 13
D(H),29

Drinfel’d double, 29
duality, 22
perfect, 22

€, 14

filtration
bialgebra, 20
coalgebra, 15
coradical, 15
Hopf algebra, 20

G(0), 15

generalized Taft algebra, 41, 54

gr(B), 20

gr(C), 16

grading
bialgebra, 20
coalgebra, 16
Hopf algebra, 20

grouplike, 4, 15

H-comodule coalgebra, 24
H-module algebra, 24
inner-faithful, 32
H°, 19
Her 19
H,(¢,m,t),39
H,(¢,m,t), 47
homomorphism
bialgebra, 18
coalgebra, 15
H°P 19
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Hepeop 19
Hopf algebra, 18, 26
braided, 26
coradically graded, 20
lifting of a, 20, 28
filtered, 20
generalized Taft, 41, 54
graded, 20
pointed, 20
diagram of a, 28
rank of a, 28
quasitriangular, 28
Sweedler, 20, 36
Taft, 6, 19, 35

k-algebra, 13
k-bialgebra, 18
k-coalgebra, 13
k-Vect, 23

kG, 3,19
K¢(n,N), 56

aM, 17
My, 17
“M, 17
M 17
M, 23
algebra in, 24
M, 24
coalgebra in, 24
M, (k), 16

module, 16

H-Hopf, 25
inner-faithful H, 32
Yetter-Drinfel’d, 25
monoidal category, 23
algebra in a, 23
braided, 26
bialgebra in a, 26
Hopf algebra in a, 26
coalgebra in a, 23
comonoid in a, 23
monoid in a, 23

rigid, 23

Nichols algebra, 31
Cartan type, 32

rank of a, 31

0,(SL,), 68
0,(SL,), 68

P, (C), 15
product

convolution, 18

quantum binomial coefficients, 21

quantum linear space, 32

quantum Yang-Baxter equation, 5

p, 17

R((Qh - 905 X1y - - - 7X9)’ 39

S, 18
S°, 19
Set, 23
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skew primitive, 15

smash coproduct, 24
smash product, 24
subcoalgebra, 15
Sweedler Hopf algebra, 20

Sweedler notation, 14

Taft algebra, 6, 19, 35
T(n,N,«a), 41,54
T.(q), 6,19, 35

O

U(g),3,1
Uq(5[2>, 6
uy(sly), 67

3

LYD, 25
2YD, 25
Hopf algebra in, 26
#YD", 28
Yetter-Drinfel’d module, 25



