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ABSTRACT

ANALYTIC CONTINUATION OF NONANALYTIC VECTOR-VALUED
EISENSTEIN SERIES

Karen Taylor
DOCTOR OF PHILOSOPHY

Temple University, May, 2006

Marvin Knopp, Chair

We give an analytic continuation of a vector-valued nonanalytic Eisenstein
series associated to a representation x,. The representation x, is induced
from the representation p associated to a holomorphic vector-valued modular

form.
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CHAPTER 1

Introduction

1.1 Background

Let f(z) be a modular cusp form of weight k, k& > 0, on a subgroup I C
I'=SL(2,7Z). Let f(2) = > %50 nt
Selberg method provides the estimate

() : :
25, The classical (scalar) Rankin-

ay = O(ngfé) (1.1)

for T” a congruence subgroup. In [18] Selberg observes that by extending the
Rankin-Selberg method to vector-valued modular cusp forms, defined below,
with unitary representation, one obtains the estimate (1.1) for f(z) a modular
cusp form on an arbitrary subgroup I’ C I of finite index. Details are provided

in the appendix.

In the Rankin-Selberg method, the zeta function, (%(s) associated to the

vector-valued form (?, p) of level N, has the integral representation

—(s+k—1)
(‘%) P(s+k — 1)Ca(s) =

S S FE )P (V)V)F ()

F VE<SN>\T




If p is unitary, then (1.2) becomes

T —(s+k—1) - X
(%) koG - [BeofFERYE. oy

F

Here E(z,s) = %Z(Q =1 W is the (scalar) nonanalytic Eisenstein series.
The Eisenstein series is nonanalytic in the variable z. The series defines an
analytic function in the s variable for #8s > 1. It admits an analytic continua-
tion (we use the expression analytic continuation even when the continuation
is meromorphic) to the whole s-plane and satisfies the functional equation
E(z,8) = ¢(s)E(z,1 — s), where ¢(s) = W%F(lf(_s)%) 422(82;)1), see [4]. The analytic
continuation and functional equation for (3 (s) follow from the corresponding

properties of the Eisenstein series. Thus the Rankin-Selberg method works
ﬁ
if (F,p) is a vector-valued modular form with unitary representation. The
H
question arises: Can the Rankin-Selberg method can be extended to (F', p)

with arbitrary representation?

For arbitrary p satisfying p(SY) unitary, we are led to study the matrix-valued
Eisenstein series

Eap) = 3 S (V)p(v). (1.4

Ve<SN>\T

If we establish an analytic continuation and functional equation for the Eisen-
stein series (1.4) then the Rankin-Selberg method will work. We make as-
sumptions on the representation p in order to handle the series (1.4). We
consider representations p for which p'p is diagonal. In fact we will assume p

is monomial, a class of representations for which p'p is diagonal.

Definition 1.1 A representation p : I' — GL(p,C) is called monomial if

p(V) has ezxactly one non-zero entry in each column and row.

The assumption that p is monomial leads to a vector-valued nonanalytic Eisen-
_)
stein series F (z, s; x,) where x,, is a representation induced by p. The Rankin-
ﬁ
Selberg method suggests we prove that E (z,s; x,) admits an analytic contin-

uation to the whole s-plane and that it satisfies a functional equation. In



this thesis we modify a method due to Selberg [19] to obtain the analytic

—_
continuation of E(z,s;X,).

This thesis is organized as follows. In chapter 2, we introduce a vector-valued
Eisenstein series with representation induced from a monomial representation.
We prove its basic properties and give its Fourier expansion. We also introduce
a generalized Ramanujan sum and corresponding zeta function. In chapter 3
we discus the matrix resolvent kernel. We develop its Fourier expansion via
the double coset decomposition. We also prove estimates needed in the sequel.
In chapter 4 we prove E)(z, s;X,) has an analytic continuation to the whole
s-plane. The appendix gives a proof of the Rankin-Selberg estimates in the

unitary case.

1.2 Definitions

1.2.1 The Hyperbolic Plane

Let H denote the upper half-plane in the complex variable z = x4y, vy > 0.
The invariant area element on H, denoted du(z), is

dxdy
Y2

dp(z) =

ldz|

The invariant line element is dl = v Let I" denote the group of fractional

linear transformations

g:-H— H
az—i—b'
cz+d’

z —

a,b,c,d €7 ad—bc=1.

We have I' = SL(2,Z)\{£I}. Since (¢Y%) and (Z¢ %) represent the same

fractional linear transformation, we use the convention

¢c>0 andifc=0 thend=+1. (1.5)



We use S = (§1), T = (97") for the standard generators of I'. A funda-

mental domain for I' is given by
1
F={ze€H:|z|>1 \x|<§} (1.6)

Next for Y large we decompose F = F(Y)|JF(Y), where F(Y) = {z €
F :y <Y} is acompact region and F.(Y) = {z € F:y > Y} is called the
cuspidal zone. In the analysis of the kernel we must handle summation over all
of I'. This is accomplished through the Bruhat or double coset decomposition
(7] of T

Ir=Toul) U Qu (1.7)

¢>0d mod ¢
The union is disjoint. Here I'y, = {(}%) : b € Z}, Qi = Dooweal'o and

wed = (& 7) Therefore we can further decompose (1.7) as

r=r.ulJ U G D S"wegS™. (1.8)
¢>0d mod ¢ n=—00 m=—o00

The hyperbolic laplacian is A = 32 (aa_; + 53—;2> . In what follows, we use the

point-pair invariant function

2
u(z,2') = ’Z4y;/’ : (1.9)

A point-pair invariant function u(z, 2’) satisfies u(yz,vz') = u(z,2') Vye G
[17].

Remark 1.1 Given g : Rt — C, we form the kernel function §(z, 2') defined
on Hx H by g(z,2") = g(u(z, 2')). By abuse of notation we denote §(z,z') by
g(z,2") or, for emphasis, by g(u(z,2)).

The function u(z, z’) is related to the hyperbolic distance d(z, z’) by the for-
mula [7]

coshd(z,2') =1+ 2u(z, 2'). (1.10)



1.2.2 Vector-Valued Modular Forms

Let k € R. Let " C I' be a subgroup of finite index p in I'. We let A;,--- , A,
denote a complete set of right coset representatives of IV in I'. Let v be a
multiplier system for the group IV and weight k. A function, f(z), holomorphic

on H is a modular cusp form with respect to (I, k,v) if, see [§],
) f(Vze)=v(V)(ez+d)ff(z) ¥V V=(7) €l

ii) at each cusp g; = A;(00), f(z) has the expansion

(a71lz)

N 2mi(ntrg) —%

f) =0iz) 3 aE™ T >0, (1.11)
n+K;>
Here

1, if q; = oc;
oi(z) = ’ (1.12)

— if qj < 0Q.

z2—qj

Also r; is defined by v(A;SNAS!) = €™r 0 < k; < 1; Nj is the smallest
positive integer such that AjSNjA;1 el

In a series of papers [10],[11], and [12] Knopp and Mason developed a general
theory of vector-valued modular forms analogous to the classical (scalar) case.

The following definition is given in [12].

Definition 1.2 A wvector-valued modular cusp form (Z_T),p) of real weight k
on the modular group T" is a p-tuple ]_7>(z) = (Fi(2),...,F,(2)) of functions
holomorphic in the complex upper half-plane H, together with a p-dimensional

complex representation p : I' — GL(p, C) satisfying the following:

(a) For allV = (2%) € T we have

(Fi(2),- ., Fp(2)' [V (2) = p(V)(Fi(2), ..., Fp(2))". (1.13)

(b) Each component function F;(z) has a convergent g-expansion meromor-
phic at infinity:

Fiz)= Y auli)e ™ . (1.14)



with hj, N; € Z", and q = €*™=.
The slash operator |,V in (1.13) is defined by
FilpV(2) =5(V)(cz + d) " F;(Vz2) (1.15)

with v a multiplier system with respect to I'. It is assumed that v satisfies the

nontriviality condition
v(—1) = (=1)7~. (1.16)

The space of vector-valued modular cusp forms is denoted by 8(k.p,v). The
level, N, of F is defined by

N:lcm{Nl,...,Np} N:ijj. (].].7)
Thus we can write,
. 27rimj-nz
Fi(z) = Zan(])e N, (1.18)
n>1

If we allow h; € Z in (1.14) then we get the space of vector-valued modular
forms denoted M(k, p,v). If (Z_7>(z),p) is a nontrivial element of M(k, p,v) of
level N, then (1.13) and (1.18) imply

Ft(z) = FY(SN2) (1.19)
= o(S™)p(SN) F(2).
Therefore
(SN = 1. (1.20)
In other words,
6727T’L'I€N 0 0
N 0 e 2minN 0
p(s™y = o | (1.21)



Remark 1.2 If k € Q, then there exist nontrivial nonunitary monomial rep-
resentations of I'. Let I C T' be a subgroup of finite index with positive genus.
Then one can construct a parabolic multiplier system v on I"'. That is, a mul-
tiplier system where |v(M)| is not identically 1, M € T’, and v(P) = 1 for P
parabolic with trace 2. Knopp and Mason in [10] prove there ezists a nontrivial
f(2) satisfying i), above, with v a parabolic multiplier system and ii), above,
with p; € R. This nontrivial parabolic generalized modular form can then be

lifted to a nontrivial (F(Z),p) on I with p monomial and nonunitary.

Next we define vector-valued automorphic forms of Maass type. Fix a p-

dimensional complex representation p.

Definition 1.3 The p-tuple Z_7>(z) = (F1(2), ..., Fp(2)) s said to be a vector-

valued automorphic function with respect to (I', p) if
F'(Vz)=p(V)Fl(z) ¥V Vel (1.22)
We denote the space of ]—7)(2) satisfying (1.22) by A(I'\H, p).
Definition 1.4 ]_7>(z) € A(I'\H, p) is called a vector-valued automorphic form
if each Fj(z) is an eigenfunction of the laplacian
(A—s(s—1))F;(z) =0. (1.23)
We denote this space by As(I'\H, p), thus
AS(F\Ha p) =
{F(2) € AT\H,p) : (A—s(s—1))F;(z) =0 1<j<p} (1.24)
Remark 1.3 By the general theory of the laplacian, ?(Z) e A,(T\H, p) im-
plies each Fj(z) is real analytic.
We need a subspace with growth conditions, thus we define

B.(T\H,p) = {F (2) € AT\H, p) : Fj(z) € C*(H)and

F;(z) = O(y") and aFaj—;Z) = O(y") for y sufficiently large}. (1.25)



1.3 Eichler’s Estimate

Unitary representations have bounded entries. For nonunitary representations
we rely on the Eichler estimate to bound the entries. For the modular group,

Eichler’s theorem is stated [9]:

Theorem 1.1 If V € T' consider a factorization of V into sections, V =
C1---Cy. FEach section C; is either a nonparabolic generator of I', i.e. T, or a
power of a parabolic generator of I', i.e. S* k &€ Z. Then for any V €T the

factorization can be carried out so that
I < nylogp(V') + na, (1.26)
where ny,ny > 0 are independent of V' and
p(V)y=a*+b*+c+d* if V=(%). (1.27)
The following Lemma proved in [9] is extremely useful in the sequel.

Lemma 1.1 For real numbers ¢,d and z = x + 1y, we have

2
_y j—
(1 +4|Z|2) (& +d?) <lez+d|* <2(]z]> + y ) + ). (1.28)

The next estimate allows us to bound the Eichler length by a value which

depends only on the values in the last row.

Lemma 1.2 Given (&t) € T and N € Z" there exists ¢ € Z such that
SIN (5,0) = (%) and

a? + b < N2 (m? +n?). (1.29)

In particular

a + 07 +m?+n® < (N?+ 1) (m? +n?). (1.30)
Proof: Given (2 %) eI, we have

an —bm = 1. (1.31)



Using the division algorithm, we write

a=mNq,+1l,, q€Z 0<Il,<mN;
b=mNg,+1l,, @€ 0<Il, <mN.

Substitute (1.32) into (1.31) to get
(mMNqq + l)n — (mNgy + l)m = 1,
therefore

(mNq, + l)n —1
- .

mNgq, + I, =

Now consider

(1 7Nq“) (ab) = (amNga b=nNga )
Then by (1.32)
(1.34) = (la mNay+lp—nNga )

and by (1.33)

(1.34) = (la 7“”“"1“)"*1—%(1)
n

m

(5 5%)

()

We obtain

lan —1
“PCy 0<l,<Nm
m

< (N)m? + [(la + D)In)]”

a? 07 =12+

= N?(m? +n?).
Theorem 1.1 implies the following:

Proposition 1.1 Let w.y € I' satisfy

wea) < (N +1)(c* + d°).

(1.32)

(1.33)

(1.34)

(1.35)

(1.36)
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Then there exists o, and K;( such that
Xij (Wea)| < (N? + 1)K (¢ + d?)*x. (1.37)
Proof: Define

Ky = max _ {xum ()], [xtm(S™)[}- (1.38)

1<im<p,0<k<N-1

U P,V S >

Let
Wea = Vi Vi

be the factorization in Theorem 1.1. We have
Xij(wcd) = Xij(vl s Vz)

P
= Xt (V)Xkyj (V- - VO)

k1
p p p
=3T3 i (V)X (V2) -+ X (V2).
k1 ko ki1
Now if
V= 9"
=S 0<kE< N1,
then

X(STVHE) = 3 (S™)x(SY).
If x satisfies (1.21), then
i (S| =[x (S™)]-
Therefore

|le (ch)| S pl(wcd)_lKi(wcd)
< (K p)riwealtnzp =1 by (1.26).
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Thus
o, (D)™
17 )] = ploa)™ T2
p
where
oy, = nq log K, p.

Using (1.36), we have

|Xij(Wea)| < (N? 4+ 1)K (* + d*)™, (1.39)

where K/ — @)™
X p :
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CHAPTER 2

Eisenstein Series

In this chapter we define the vector-valued nonanalytic Eisenstein series

H
E(z,8;xp)-

2.1 Preliminaries
Proposition 2.1 Let p be a monomial p dimensional representation, then p'p
18 diagonal.

Proof: p(V') monomial implies there exists oy € S,, S, is the symmetric group

on p letters, and a1 (V), ..., a,(V) € C such that

p(V) = al(V)Elgv(l) + QQ(V)EQUV(Q) + ...+ Oép(V)EpUV(p), (2.1)



where E@'j = (62_] (k, l))lgk’,lgp . Then
p(V)p(V)

t
= (al(v)ElaV(l) + ...+ Ozp(V)EpUV(p)) (al(V)Elgv(l) + ...

p

= > a@(V)&(V)Eqy i Bov (s

ij=1
p

=Y a(V)&G (V)8 Boy oy ()

4,j=1

Thus

13

|a0—1(p) (V) |2

Proposition 2.2 Let p be a monomial representation. Let a;(V') and oy (i)

be defined by (2.1). We have

ovw (i) = ow(ov(i))

and the cocycle condition a;(VW) = o (V) iy (W). (2.3)
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Proof:
p(VIW) = Z a;(VW)Eigyy )
= p(V)p(W)

p

— Z (V) (W) Eigy () Ejow ()

ij=1

Thus o;(VW)Eigy i) = (V) i) (W) Eigyy 0y (i7) and the result follows.
[0(S)p(S)]Y = I implies

jai(8™)] = 1 (2.4)

Therefore
o, =0, (2.5)
Also,
1=a;(I) = oi(y77")
= ai(7)ae,@(77) by (2.3).
Therefore
o, iy(77h) = aiv)' (2.6)

Remark 2.1 p a representation of SL(2,7Z) which restricts to T implies p(—1) =
p(I). This, in turn, implies o_y = oy and a;(—=V) = a; (V).
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2.2 Eisenstein Series
We define the Eisenstein Series ﬁ(z, s;Xp) = (B2, 85x0), - Ep(2, X)) by

Ei(z,s:x) = Y |1y (M)PS(M2)". (2.7)

Me<SN>\T

We have

Blesid= 5 3l oSV 28)

Vel o\I' k=0

- Z Z |aa;k1071 () )a ‘;1(1)(V>|2%(V2)5
Vel \I' k=0

_ 1 N1 ’Oé —1 _1( )(Sk)aa‘;l(z)(v)Pys
2 i ez + df?

Here V = (29).
Remark 2.2 (2.7) is well defined since

|O[ () (S]NM)|

SJNM

1 ooty (ST M)

| O'S].NOO']\/I l

= | (8" )a o (M)

-1
‘75 NOUM OgjNOT giN©OTp

= ’aa;j(i)(M)‘Q-

Introduce the p X p matrix

p
v) = Z lao iy (VP Eior i) - (2.9)
i=1

Using (2.6), we have

p
1
i=1 "

Proposition 2.3 Let x,(v) = >0, WEidw(i)' Then x, is a representa-

tion.
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Proof:
£ 1
We have Xp(VW) = Z WEZ'O-VW(Z')
=1 ¢
p
1

= Eia ooy (i)-

Z s (V) Plagy o (W) 7o

Also,

? 1
Xp(V) (Z PG Eigy (i ) (JZ W@m(j))

w’ E'o j
Z ‘al )12 |y ( )[2 v () Zjow (4)

zgl

Z |Oél |2 ’Oé )|2 UV z)JE12<7V( )EjUW(j)

1
= Ew’ ooy (i):
S e e

Therefore x,(VW) = x,(V)x,(W). We call x, the representation induced by
p-

Proposition 2.4 E;(z,s;x,) is absolutely convergent for Rs > 1+ a.

Proof:
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Thus, for o = Rs,

Ei(z,0:x,) < Z wS(Vz)? (2.12)
Ve<SN>\T
N—-1
= > gevS(StVe) (2.13)
VET\T' k=0
N—-1
= > D> asvS(Va) (2.14)
VET\T' k=0
Now,
p P
avw = D (V)P =3 Jaa(V)Plagy o (W) (2.15)

i=1 i=1
by (2.2). Let V' = ViV, --- V] be the factorization given in Theorem 1.1. We

have
qskv = 4skviva-V; (2.16)

p

= Z ‘al(sk)"agsk(i)<‘/l)‘2’a0V1003k(i)(‘/2)|2 T ‘acrvl_loax/l_QO---Oleoﬂsk(i)(W)’2'

i=1

Let
KXp = max (|Oéj(T)‘2, ’aj(Sk)P)lSkSN,lngp . (217)

We have

qsky < Kglp
k
< Koo SVl - by (1.26)
= M(SkV)aK;§+1p where a,, = nilogk,,.

The proof of Lemma 1.2 implies we can choose a set M of left coset represen-

tatives of I's in I' such that
>+ b0 <N)(P+d) V V=(2h)eM
This implies

pn(S*V) < 2(k* + N?)(c® + d?) (2.18)
<AN* (A +d*) for 0<k<N-—1 (2.19)



Thus

N—

Z vS(V2)?
T k=0

1

€l \I'

N—
. Z qsevy’
- 20
Fencis |2 di

N— arn o
_ L U(SEV) K py
Cladis leetd

2 2\, 0
+d*)*y
<Ny YT

canyergpy S O
From Lemma 1.1, we have ¢ 4 d? <

< lf#mcz +dJ?. Tt follows that

2\« n2+1 1 + 4’2‘2
Ei(z,01x,) < (AN?)* K> 'p Z |CZ+ dPU — (2.20)

which converges uniformly on compact subsets for ¢ > 1 + «a. Therefore the

series (2.7) converges absolutely-uniformly for Rs > 1 + a.

Proposition 2.5

— —
E(vz,8,x0) = Xpo(V) E (2,8 X)) Vyel. (2.21)

Proof: We must show

Ei(v2,8:Xp) = 0o, i)(V )P Es ) (2, 855x0) Vv €T (2.22)

We have by (2.8) E;(vz,5;X,)

N-1
Z Z |O‘a;kloo‘;1(z‘) (Sk)aa;l(i) (V) |2(S<V72))8-

Vel \I' k=0

Let W =V~. Then V = W~™!, so that E;(vz,s;x,) is , by (2.2),

N-1
= Z Z |a0;kloa"jvloozy(i)(Sk)aa";}oow(i)(wly_l)|2(S(W’Z))S‘

Wry—1eToo\I' k=0

18
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Therefore, using (2.3), we have E;(yz, s;x,)

N-1
= Z Z |O‘o—§kloa;‘,1(Sk)aa;‘}oav(i)(W)Ofow(i)(’V_l)’2(%<WZ)>S

WA—lel\I' k=0

N-1
= |a07(i)(/y_1)|2 Z Z |Oéagkloa;vloa,y(i) (Sk)aa‘jvloa.y(i) (W)|2(%(WZ))S

Wry—lelo\I' k=0

= lao. i) (V)P By ) (255 X0)-

Remark 2.3 In particular,

Ei(z+ N,s;x,) = Ei(SNZ S Xp)
= |a05 (S~ )| EU (0 (25 85 Xp)
= Ei(z,5:x,), by (2.4).

Therefore E;(z, s;x,) is periodic, with period N.

2.3 Fourier Expansion

Since E;(z + N, s;x,) = Ej(2, s;X,), it has a real Fourier expansion

Nt o151 ()= (V) Py?
Oy (])
DRI | i ppic sl
(mn =1 k=0

i 2milw
ZZai(y,S;xp)e N
-0

The derivation of the a} (y, s; X,) follows Bump [2]. We have

N _ 2milx

N—
2 s e
a1 (y, 5 X,) Z) kZ rhooyt (1)) (V)Y / [(ma + n)? + m2y?|” o

0

(2.23)
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Next we use a; (V) = a;(=V) to get

(2.24)

Write n = mNg+r, 0<r <mN;then (n,m)=1< (r,m)= 1. Therefore

00 co N-1 _ 2milx
5(5%) (V) — dx
Z Z |t srooy( Yo () Yy [(max +n)? + m2y?)°
m=1 n=-—oc0 k=0 0
(m,n)=1
00 oo mN-1 N-1
ey o, (0 G P
m=1 quoo( 7“:)0 ) k=0 m mq—i—r) (m mq—H“)

) yso/ (T T

Since (i mng+r) = (o 5) (5 59), (2.25) becomes

0o co mN-1 N-—1

DI Z|a el Nq]g)(S) N (C T E Al

m=1qg=—o00 r=0 k=0 [(m T)SNq]

(r,m)=1
(N+1)q  omile
X y° / S dz. (2.26)
' N [(m(z +q) +7)2 +m2y?°
q
On the other hand,

ot o) 5P

=|a W) SN

oEl* *)oa;{,q(j)((mr
:|O‘a(1* *>ovs$q<j)((m))% £y (ST

* ok



We have shown

Therefore,
o] oo mN—-1 N-1
22 2 2l () [((n7)s™ 2
m=lg=co =0 | k=0 S G )s™e] [(m 7))

. / e 27}\7,'/17 d
X s dx
Y (m(z + q) +7)2 + m?y?)

e 27;\1']lac d
X y° = dx
Y /‘Km@+®+wﬁ+m@ﬂ
Ng

co mN—-1 N-1

=> > Z'O‘ogéoa

k * %\ 2
PR (j)(S )aa*{k . ()]

m=1 r=0 k=0 (mr) (mr)

(ry,m)=1
o0 _ 2milz
5/ ¢ 7 dx
X = dx.
V) e+ )+ )2+ m2y)

r
Under the substitution + — = + —, the above becomes
m

o'} 1 mN—1 N-1
2milr . s 9
Z m2s Z e mN |aU kloa(’l* *>(j)(S )ao'<1* ) ()|
m=1 r=0 k=0 mr mr
(rym)=1
. o0 e 27;\1][1 d
X
! / @)
Now, see [2], for Rs > 3
00 . a1 .
s e ™ F(F(S)z)y1_57 if | = 0;
Y (22 +y?)° de = w5 |1 |s—1 oy
— 00 F(S)|N| QﬁKS—%( N ), lfl#o

(2.28)

(2.29)
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Here K(y) is the K-Bessel function defined by, see[2],

[ee]

1 Y (pai—1),s AL
K (y) = §/e—z<t+t 1>t8? (2.30)
0
K,(y) satisfies the estimate
K, (y)| < e 2K,(2) ify>4;0="Rs. (2.31)
Therefore
oo 1 mN—1 . N-1
2milr k * %\ |2
Yo D e Y gt (Sag ()]
m:lm (r:)()i1 k=0 * (mr> (mr)
o0 o 2nile
x y° d
! / @+
mel N*l k%
0o Z r=0 k=0 ao 6007 (])(S) 71* * (mr)|2 1
_ (r;m)=1 s (mr) () W%F(S Q)yl‘sé 0
— m2s ['(s) 0

00 ZZHN)i 2MZT Z |a0 Ico‘7<l* *)(J)(Sk>a0<l* *) (;L ;k'> |2
+22 ’ mr mr

m=1

We have shown

a5, Xp) = (2 . <j><sk>|2> v

mN—1 k * %\ |2
04—1 -1 S mr
R T G L U L L
m=1 m F(‘S)
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and
al(y7SaXp)_
o X0 N S ) (SM)ag ()P
22 (r,m)=1 (mr) (mr)
m2s
m=1
(2 2|y
— K —). (2.33
XF(S) (N) VYK, _i( N ). (2.33)
Let
mN—1 l N-—1
2milr
Silxsm) = 3 3 fapor | (SPa (i) P
r=0 k=0 s (mT) (mT)

S;(l, xp;m) is a type of generalized Ramanujan sum. Let

> S(1,x,;m)
ZJ'<17XP;3) = E m;
m=1

be the associated zeta function.

Thus we have -

2milx
Ej(zas;Xp) = Z ag(?/as Xp)e N

l=—o00

where

2y, 5 X,) (Z |Oég*1 ) y* + Z;(0, xp; 8)7 i’W?/ (2.34)

and

27|y

a{(y,s;xp) = Qij(l,Xp; s) <N) VUK _%( ),for [ #£0. (2.35)

Next we estimate

mN—1 N—-1
2milr
Si(l,xpim) = Z e mN |a0_;k10071* . (j)(Sk)Oéa_fl* . (552 (2.36)
r=0 k=0 (m 7‘) (m r)

(ry,m)=1
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With ¢ € Z as in Lemma 1.1 and by (2.27), we have

-1 () [P = lag- (5™ () I
(m7) SN (i 7)
=lag-1 (@)
(5 %)
p
SQ(a’b’)a Whefer=Z|aj(V ?
m r ]:1

Thus, by an argument similar to that found in the proof of Proposition 2.4,

L a’ b
a1 (a0 <Elnt),

* ok T - L
(nr)
< (e KPp
< (N? 4 1)%(m? + rQ)“K;fp, by Lemma 1.1.

Thus, since r < m,

la, (71* . (i) [P <2(N? 4+ 1)]"m** K*p. (2.37)
Therefore
mN—1 N-1
2milr * %
Siloxml =1 3 € 3 oo | (S (i) P
r=0 k=0 mr) (m r)
(ry,m)=1
mN—-1 N—1
<K 2 Yh GO e
r=0 mr
(rym :1

Then, by (2.37)

mN—1 N-1
2milr
‘ Z e mn |aa;kloo‘_1* * (j)(Sk)Oéa_l* " (m;':)|2‘
( r:) 1 k=0 ( 7“) (m 7")
r,m)=

< N?[2(N? + 1)]QK>’Z§pm2a+1, a bound independent of [ and j. (2.38)



Therefore,

Si(l, Xp;m
20301 = |3 2

o G 1
< NN+ D" K2p )

m2(Re(s)

Thus Z;(1, x,; s) converges absolutely for Rs > 1 + a.

—a)—1

25



26

CHAPTER 3

The Matrix Resolvent Kernel

3.1 Preliminaries

The following facts about the laplacian acting on automorphic functions can
be found in [7] ,[14]. Let G4(z,z") denote the free space Green’s function for
A on H. We have

Gule ) = 3= [ (=) ey (3.)

Gs(z, 2') satisfies G,(u) = £log=+0(1), as u — 0. More precisely G,(z, w) =
5=log |z — w| + Hy(z,w), where Hy(z,w) € C*(H x H). From G,(z,2), the
automorphic kernel, K(z, z'), is constructed by summing over all of I":

Ky(z,2') = ZGS(z,fyz'). (3.2)

~er
Let Ho = H X H — diag (mod T") where diag (mod I') = {(z,2') € H x H :
2 =z (mod I')}. The series (3.2) converges absolutely-uniformly on compact
subsets of Hy for s > 1. Let —R, be the integral operator with kernel
K,(z,7'), that is

(“Rf)) = [ Kl 2) 5 dul), 33)

— Ry is called the resolvent of A. It inverts A — s(s — 1) on the space

B,I\H)={fe AI\H): f e C*(H) and f =O0(y") asy — oo}. (3.4)
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Hejhal [6] generalizes the above to the laplacian acting on A(I'\H, x) with x
unitary. In this chapter, we construct a matrix kernel and matrix resolvent for
arbitrary y satisfying (1.21). We prove in Section 3.3 the following theorem.
Theorem 3.1 If F € B,(T'\H, x), then

—t —t
(A—=s(s—=1)RsF (2)=F (2) o>p+1. (3.5)
We define the matrix kernel in the same manner as Hejhal [6].

Definition 3.1
(z,2";x) ZG z,77') (3.6)

vel’

where x is an arbitrary p X p representation satisfying (1.21).

Proposition 3.1 The series (3.6) converges absolutely-uniformly on compact

subsets of Hy for s > 1+ a,.

Proof: Let K = E; x Ey C Hy be compact. Here E; and E, are compact
subsets of H such that y(Ey) N Ey = O, Vy € I'. Let w = (2,72) € H x H
and w, = (z,,2)) € H x H. Consider f(w,w,) = u(z,2") + u(z,, 2). We have
fw,w,) > 0 for w € Ey X Fy and w, € diag (mod I'). Since F; x Ey is
compact and diag (mod I') is closed there exists § > 0 such that
w(z, 2o) +u(2',v2,) >0 V(2,2') € Ex E' (3.7)
and Y(z,,72,) € Ho.

Given (z,2') € Ey X Fy, set z, = z then (3.7) becomes
u(z,vz') >0 V(z,2)€ By x By ~veTl. (3.8)
We may assume for some A > 0

—ASSC,Z'/SA ) §y7y/§A (39)

|

for all (z,2') € Ey x Ey. It follows from (3.1) that there exists A, s such that

AU,5

Gl <

u(z,2') > 4. (3.10)
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Following [19], we write

Ki(z,7';x) = Z Gy(z,8"x") Z Gy(z, M2")x(M) (3.11)
n=-—00 MeT
oo N-1 ,
= > ) Gulz, SV NZNTE(S) + Y T Gy(z, M) (M).
n=-—o00 k=0 MeT

Using (1.21), we have

o) N-1
Ky(z,25x) = > e NN "Gz, SN (S) + ) Galz, M2 )x(M).
n=-—00 k=0 MeT

where Y, .- means all powers of S are missing.
The ij entry is

oo N-1

(Ks i Z Z X Z ZGs SNn—f—k: /) —27er7mX”(Sk)

n=—oo k=0

+ 36z M)y (M), (3.12)

MeTl
Now,by the definition of K, (1.38),
[e's) N-1
Z e—27riNnn Z GS(Z, SNTH_k[E/)Xk(S) (313)
n=-—o0o k=0

<K, Z |G(z,5™2)
Therefore 3200 e 2miNne S V- UG (2, SN2\ #(S) converges absolutely-
uniformly on K C ‘Hy compact since > G;(z,72’) does.

In the second term we use the fact that u(z, Mz2") >0 VM €T for (z,2') € K.
We have

Z Gs(zv MZ,)Xij (M)
Mel

=> Y Y Gz S waS™ ) (S weaS™).

c=1 d mod ¢ m=—00 n=—00
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Here we used the double coset decomposition (1.8). Using the division algo-

rithm, we write

Z Gs(z, M2") x5 (M)

Mer
N-1N-1 oo .
= Z Z Z Z Z Z 2, Gty GNmH x Z](SnNSkwc SszN)'
c=1 dmod ¢c k=0 =0 m=—ocon=—00

Since y is a representation satisfying (1.21)
Xij (SnNSkwcdSlSmN)) _ 6727ri(n+m)Nf-cXij (SkwcdSl). (3 14)
Therefore

S Gz, M2 )y (M)

MeT
00 N—-1N-1 00 00
_ k l —2mwi(n+m)Nk Nn+k Nm~+l
- § : E : § : § : XU(S deS ) E E € ( ) GS(Za S uchS < )
c=1 d mod ¢ k=0 =0 m=—00 N=—00

We have to estimate

—1N-1
Z > ZZ|XUchdS | Z Z |Gz, 5™ (weaS™)2)| . (3.15)
c=1 dmod ¢ k=0 [=0 m=—00 N=—00
Now
X (S weaS') = x(S*)x(wea)x (), (3.16)
therefore
Xij (S*weaS') = Z Xits (S%) Xt (Wea) X125 (S (3.17)

t1,ta=1

Using the definition of K, (1.38), we have

P
|Xij(5kwcdsl)‘ < K; Z [ Xt1ts (Wed)| - (3.18)

t1,t2=1

We now use the Eichler estimate to bound |x¢,,(weq)|. We may assume, by

Lemma 1.2 and (1.21), that

wea) < (N +1)(c* + d°).
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Therefore by Proposition 1.1

X (SFweaSh)| < K (P + d?)*x, (3.19)
where
K = P’ KK (N? + 1) (3.20)
Therefore
0 N—1N—-1
3 Y TN b s Y G 8 s )
c=1 dmod c k=0 [=0 m=—0o0 n=—o0

N—-1N-1 oo

SK;’i Z (c2+d2)axzz Z Z |Gz, SNy SV

c=1 d mod ¢ k=0 [=0 m=—00 n=—00
=K > (PHd)™ ) Z |Ga(2, S"weaS™')] . (3.21)
c=1 d mod ¢ m=—00 Nn=—00

Thus, we have to estimate

YD (@HB)™ D D) [Gulz S waS™)
c=1 d mod ¢ m=—00 Nn=—00
Let M = w.4S™, xpy = RMz, and yy; = SMz. We have
Gy(z,S"Mz2") = Gy(z, M2' +n).

By the Remark 1.1 this is

Now
Y 2 !/ \2
u(z,Mz/ —|—’I’L> — ("L‘ mM TL) /+ (y yM)
Ay
(2t ot
4\y, v YYu

Therefore

1 / o 2

Go(z, 8" M) = Go(> (ﬂ, B T e Vil ) )). (3.22)
4 \y, Y YYnr
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Thus, by (3.10) and (3.7),

4° A,
Galz, "M )| € ——
GLt3 )
47 Ao s (Yar)°
S (3.23)
Y y
Now o
o 2
(y+(:c—x§\4—n)2> 1 r—xy—n '
Yy Yy
Next we apply Peetre’s inequality, [3]: V&, n € R™ and o € R,
(L+ €37+ [n*)~7 < 2911+ € = pH)l. (3.24)
We obtain
", 2\ ¢ 1+ (2 2\o
2 14+ n_(@-zy) > ( <y?)2 , note o > 1
y y (1 + &=2)o
y
Therefore
S As(y)? = (L ey
D T amery S P Anln)” Y o,
n=—00 (y + A; )U N——00 Yy (1 + (5) )
227 A5 (Y1) i (1+ Sy
< a,\Ynr 7 " .
n=0 (y + ?2>U
Now
x— @yl = | =, 5m]
= |'r - (CU/ + m)wcd
a 1 o+ m4 4
=l —-+5 v |
c @' +m+2)24 (y)?
a 1
< fol + 1]+ mas(1, 23),
since

2" +m + 4 Ly, ifjr+m+ 4 <1

, il 4+ m+ 4> 1
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Our choice of representative w.q satisfies |2 < 1, see the proof of Lemma 1.2.

Therefore,

i 47 A05(Yar)°

rz—x’  —n)?
(y + =y

n=—0oo

D T Ese (3.25)

n=0

|z| + 1 + max( ,% 7
<2274 5" | 1+
y?

tﬁ

Further, we have

Hence,
i 4UA0,6 (y§\/1 ) 7

z—z’,, —n)?
n=—0o (y + %)U

Y o +1+maz(l, 5)\" 1 (1
< 220AU75yM 1 -+ y2 yofl ; -+ AS,O’ .

Therefore there exists a constant C'(o, d, K), where K is our compact set, such
that

o

5 4Aa,5(/yM> < C(0,0,K)yy

z—x , —n)?
n=-—00 (y + %)U

y”
= (0,8, K _ 3.26
( )|(c+m)z’+d]2 (3.26)
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Therefore,
DD (@)™ D ) G2 S waS™ )]
c=1 dmod ¢ M=—00 N=—00
SK)’(’i Z (c? + d?)x i": i |Gs(2, S"weaS™2")| by (3.21)
c=1 dmod ¢ M=—00 N=—00
<K”Z 3 (@ ) Z i il AfiiMn))z) by (3.23)
c=1 d mod ¢ m=—00 N=—00 T 7
o N Y’
< K!C(0,6,K) ;d%c(CQ +d?) m;oo EEa T (3.27)

Since d < ¢, we have

[e.e]

Z 47 A, 5 (yar)”

z—x" —n)?
n=-—o00 (y + %)U

< K!'C(0,6,K) Z > Z C+m Z/+d| (3.28)

c=1 d mod ¢ m=—o0

We now apply Lemma 1.1 to obtain
12

e/ +m) +d* > <$||2) (¢ + (em +d)?)

> —C2y/2 .
— \1+4]7)?

Thus ) ,
/ Qx / Qy
¢ < (1+4,|Z| ) e A (3.29)
Y Yy
Therefore,
DD (@A) D D) |Gz S weaS™ )| (3.30)
c=1 d mod ¢ m=—0co Nn=—00

/a ay

< K"C(0,6,K) H',i;' axi 3 Z

c=1 d mod ¢ m=—00

[(c+m)z + d|*)

The last series converges uniformly on compact domains for o > a, + 1 see
(19, pp. 638-639].

Proposition 3.2 For Re(s) > a,+1, K(2,2'; x) has the following properties:
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(a) Ky(z,2ix) = Ko(', 2:x71)

(b) K;(Vz, 2 x) = x(V)Ks(z, 2'sx) for V € I'(1)
(c) Ks(2,V2'5x) = Ks(2, 25 x)x(V™)

(d) (Ky)ij(z,2;x) = %logt + 0(1), as u — 0.

Properties (a) — (¢) follow directly from the definition. For (d) , fix z € F.
We have I', = I. Since I'(1) acts properly discontinuously, there exists § > 0
and U, = {w : u(z,w) < 0} such that 2’ € U, and vz’ ¢ U,, i.e. u(z,v2") > 9,
Vy € I'(1),v # I. Therefore

(Ks)ij(za Z/; X) = Gs(zv Zl)Xij(I) + Z Gs(z7 VZ/)Xij (’7) (331)

I#v€eT (1)
The second term is bounded near z, thus from the properties of G4(z, 2),

(K)ij(z, Z,; X) — XZLJ_L—;')ZOQE + 0(1), as u—0
|
= i—zloga +0(1), as —0.

3.2 Double Coset Expansion of K(z,2'; x)

In this section we apply the double coset decomposition to the kernel K(z, 2’; x)
to obtain its Fourier expansion. This is done for the scalar case in [19] and [7].

The Fourier expansion affords us growth estimates for the kernel K(z, 2’; x).

(2,25 x) Z Gs(z, 2 +n)x(S™) (3.32)

n=—oo

3 S Y Y G S eSS " weaS ™)

c=1d mod cm=—0c0on=—o0
= KJ(2,250) + ) Ki(2,25x).
c=1
We have

co N-1

K%(z,2;x) Z ZGS 2,2 4+ Nn + k) (SN, (3.33)

n=—o00 k=0



35

By (1.21), we have

00 N-1

KY(z,2:x) = Z e~ 2miknN T Z Gy(2z,2 4+ Nn + k)x(S%). (3.34)
n=—o0 k=0
Therefore
(K% = i —2miknN Z Xij(S¥)Gy(z, 2 4+ Nn + k). (3.35)
Let
() = x55(S¥)Galz, 2 + Nn+ k) (3.36)
= xi;(S")G,(u(z, 2/ + Nn +k)). (3.37)
Now

(x—2'— Nn—k)?+ (y—vy)?

uw(z, 2 + Nn+k) = oy (3.38)
Therefore
i L (x—2' — Nn—k)?+ (y—vy)?
Let
N-1
fHn) =) [’ (n). (3.40)
k=0
Then -
(K;))” _ Z 6—2m’f~mei,j (n) (341)
We apply the Poisson Summation Formula to obtain
(K= > [P (n+kN) (3.42)
oo_ N-1

> i (n+kN). (3.43)

n=—oo k=0
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Next we calculate f,ij . We have

9 (n) = ]O e 13 ) dy (3.44)
_ 7’ O ke N“[y;ﬁ)z YOV’ b )
— \is(5Y) 7 g, (= =N “4; 5)2 PO (3a6)
Let —¢ =x — 2’ — Nu — k, then
() = ey (8 7 VG iy i) ds. (347)
Following [7], we define P,(y,y’) by
Pu(y,y) = 7 ™G (iy + €, iy') dE. (3.48)

Finally, we obtain

2mi(nt+rN)k 2mi(nt+rN)(z—z')
—ly (z g xij<sk>) R ).
N (3.49)
Now develop the expansion for (K¢);(z, 2" x).

(KS)ij (2,25 x) Z Z Z Go(2, 8 "weaS™ ™2 ) Xij (S weaS™™)

d mod ¢ m=—00 n=—00

DY Gz STV g S TN ) X (SN S R weg SLSTMY). - (3.50)
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Thus, using (3.14), we have

(KC)ZJ 2, o X Z Z 2mi(n+m)Nk

m=—00 N=—00

N-1N-1

Z Z Z Xii (S FweaSHNGs(z + N+ k,wea(2 — Nn —1)). (3.51)

dmod ¢ k=0 (=0
Let
f,i’j"d(m, n) = Xij(S_kwcdSl)Gs(u(z + Nn+k,wea(z' — Nn—1))). (3.52)
Now

w(z + Nn+k,weq(z' — Nn —1))

—x! n4l—4 2 ’ 2
(“NH’f—%— T )+(y— L )

c2|a! = Nn—I+$ 4y’ |2 02|ar:’—Nn—l—|—%—i—zy’|2

dyy’
cz\x’—Nn—H—%—&-iy’P
(3.53)
Let
N-1N-1
15 (m,n) Z fr1a(m;n). (3.54)
dmod ¢ k=0 [=0
Then

(KS)ij (2,25 x) Z Z it mING £ (1 ). (3.55)

m=—0o0 N=—0o0
Again, we apply Poisson summation formula to obtain

o0 o0

(K)u(=250 = 3 S falm+rNon+aN).  (3.56)

m=—0o0 N=—00

Here

fkld m,n) / / 2mi(mutno) ¢ (u v) dudv. (3.57)

—00 —O0
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Thus

f;id(m’ n) _ Xz‘j(SichdSl) / / e27ri(mu+m;) x

—00 —00
2 2
a (—x’-i—Nn—&—l—%) o Y’
(l‘ + Nn+k c 2|z’ —Nn—I+<+iy/|2 ¥ 2|2/ —Nn—I+<+iy'|2
Gy o dudv.
02|x’7anl+%+iy’|2
(3.58)

Let =24+ Nu+k—2and n=—2'+ Nv+1— 2. Then

pij ! (m( Theh) ynte fv"))
fk,l,d(mv n) = Xm(S wcdS) X

1 2 - (Entnm) . —1
i N G + & ———)d&dn. (3.59
N2 / /e (iy +¢ Ay —7])) S ( )

—00 —O0

Again following [7], we define

ORYS / / GG, iy +, ) dedy, (3.60)
Therefore,
(KOi(z.25x) = Y. Y. f9(m+sN,n+rN) (3.61)

m=—0o0 N=—00

00 00 N—1N-—

Z Z Z A,z{dm—kmNn—l—/{N)

m=—o0 n=—00d mod ¢ k=0 [=0

._\
._\

Thus

(K70 = g 2 D

m=—0o0 N=—0o0

N-1N-1 (<m+nN)(— 2+2-k) | (n+rN)(@/+2-1)

X D0 DD x5 FweaS)e T >Pm

d mod ¢ k=0 [=0

(3.62)

We introduce a generalized Kloosterman sum associated to y.
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Definition 3.2

N-1

Sij(m,n, c; x) Z Z X (S deSl)

dmod ¢ k=0 [

2

((m-s-nN)(@—k) n (n+rN)(4-1) )
N N

Il
=)

(3.63)

Lemma 1.2, Proposition 1.1 and d < ¢ imply the Kloosterman sums have the
bound
|Si;(m + kN, n + kN, ¢; x)| < 2T (3.64)

Using the Kloosterman sums (3.63), we have

[e.e] o0

1
(K$)ij(z, 2" x) Z ZSU’)TL—FKNH—FKNCX)

m=—00 N=—00

((m+KN)(—z) , (n+&N)(z')
27”( N + N )Pn+f<;N m+rN . (365)

N 2N

We use the following results found in [7]: For Re(s) > 1 and ¢/ >y

1 —s
Po(y.y) = 5" " and (3.66)
1
47 |n|
For 3/ > i
1
7z I(s—32) .
PO,O(ya Yy ) 2¢ — 1 F(S)Q (yy,)l ) (368)
Bonoot) = = (Y i imy), m 0 (3.69)
om\Y, Y (28 N ].)F(S) |m| s ) ) .
s y/ 1-s
P = my' .
n,O(ya Yy ) (23 — 1)F(S) (| |) Ws(lny )7 n 7& 07 (3 70)
and
1 . ' Jos—1(4my/mn) for mn > 0
Pon(y,y') = ——— Wi(iny) W (imy')
2[mn|2 Irs_1(4my/|mn|) for mn < 0.

(3.71)
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Where
Wa(2) = 22 K, 1 (2my)e?™ (3.72)

is the Whittaker function. The definition is extended to the lower half plane
by
Wy(z) = W(Z). (3.73)

K(y) is the K-Bessel function given by

(e 9]

/e 5Dl gr oy > 0. (3.74)

0

K (y) =

[\Dlr—t

where Rs > —1. K,(y) satisfies the estimate, see [2],
K, (y)] < Coe™2 y >4 (3.75)

Also,
Vi(z) = QWy%IS_%(Qﬂy)egmw (3.76)

extends as Wy(z). We use the following estimates found in [7], n # 0

(nz << |n|y%6_”|”|y 2y >4 (3.77)

nz) << n %e”‘”“’
Yy

123 1

)
)

y) << min{y* 1y 2 }ev
) 20—1

(
Jos— 1(y

<< min{y* !,y 2}

Next, we plug in (3.66) and (3.67) into (3.49), to get for ®s > 1, ¥/ > y and

N-1 -
1 ysy/
N)ij = k
(K)ij = do(n + KN)N ]?0 Xi;(S*) o (378)
SO: omiltHe ) (giery 1 : . :
+ 2 e N m‘@(z(n—i—fiN)y)WS(Z(n_i_ﬂN)y)'
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Also, using (3.63),(3.68)-(3.71),and (3.61), we get for Rs > a,, + 1
y >y andy > i

c W% F(S - %) 1—s SU(0,0,C, X)
(K$)ij(2,2'5x) = do(n+rKN)do(m~+kN) 25 —1 T(s) (vy) a2
s,,1—s o
™Yy S’L](m + HN? 07 ) X) 27rz27rz(m+/iN ’W ( (m + ﬁN) )
0 N)—————
ool N) S T mX_:OO 2 [+ RN
m+xNA0
1-s 00
Ty’ Sii (0,1 + KN, ¢ X) aritnnny () Wsli(n + £N)y)
5 N mTINTK. —T
ool +vN) S ) n;o 2 ‘ 4 RN
n+xNA0

+ Z Z lJ m + KN, n+ kN, ¢ X) 27ri(7l+liN)(—I)+(m+HN);B/

23

m=—00 n=—oo

m+KkN#0 n+kN#0
o Wsli(n + & N)y)Wi(i(m + £N)y')
2|(n + kN)(m + kN)|2

Jos—1(*Zy/(n+ kN)(m + kN)) for (n+ xN)(m+&N) >0

Ls—1(2+/|n+ &N|lm + &N|) for (n+ kN)(m+ xkN) < 0.
We introduce the following functions:

Definition 3.3 Let

1
R D) &N 84000, x)
17 — 2 1] 9 ]
R N (3.79)
i o 1 Sii(0,n + kN, ¢; x)
Spn—l-riN(S) T S) ’n + HNP*S El 25 )
Zu(m + 5N, n + 5N) 1 iSij(m—i—nN,n—l—/ﬁN,c;X)
s(m+KkN,n+ rkN) =
\/|m+f£NHn—i—/1N| — ¢

Jos—1(2Z\/(n+ kN)(m+ &N)) for (n+&N)(m+ r&N) >0
Ls—1(22+\/In+ N|lm + &N|) for (n+ &N)(m+ kN) <0,
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and the ”Eisenstein series”
Eij(2,8) = 6;j00(n + £N)y* + do(m + £N)do(n + £N) " (s)y' * (3.80)

+ 0p(n 4+ &N) Z 0 NS Ws((n+ kN)z).

n=—oo

n+kN#0

The bound (3.64) implies ¢ (s) and gonJmN( s) are analytic for o > o, +1. We

have the bounds

()] < C, (3.81)
Cs

1j <
’gpn+nN(S)| — |n+I€N|1_U

and
|Zs(m + kN, n + /{N)| < CS€4W [n+&N|[m+kN|

Zs(m+ kN,n+ kN) is entire and E;;(z, s) is analytic for o > a, + 1.
Therefore for Rs >1 ' >y,

[Ks]w (Z7 Z/; X) =
11—s

Lttt N ol £ N+ N )y

+ do(n + KN) Z cpn%N( s$)\Ws((n + kN)z)}

n=—0o0

n+rkNF#Q
00 1 o /
n+n]750
+ 6o Z 01 v (Wal((m + kN)Z')

n Z Z (m+ &N, n + kN)Ws((n + kN)2)W,((m + £N)2').

m=—00 Nn=—0o0

m+kN n+rN#0

(3.82)
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3.3 The Resolvent

Let x be an irreducible representation and

s(2, 25 %) ZGzyz v)

~vel'(1
the corresponding matrix kernel. We define a matrix integral operator, — R

with kernel K(z,2';x), as

- / Ky(z,#5) F () du(2). (3.83)
F

Looking at the i'* entry, we have

p

(R, F)i(z) = = Y (R Fy(=)

j=1
-3 [ 0500 (),
Theorem 3.1 [fﬁ> € B,(I'\H, x), then
(A+s(1—8)RF(2)=F(2) o>p+L (3.84)

Thus R, inverts (A+s(s—1)) on the space B, (I'\H, x) We assume the following

lemma which [7] proves using the invariance of the laplacian.

Lemma 3.1 If? € B,(I'\H, x), then
—(A+ s(1—s))Rs F /K 2,2 (A + s(1 — s))?(z’)du(z’). (3.85)

Proof of Theorem 3.1: Given z € F and € > 0, write F = (F — B.(z)) | Be(2).
We have,

[ Ee 008+ 1= ) F ()

/ Ko(z, 2/00(A + 5(1— 8)) F () dpu(2)

F=Be(2)

n / Koz, #53)(A + 5(1 — ) F()du(="). (3.86)
Be(z)
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In the first integral use Green’s Formula to write

/ (Kuleo /0B + 501 = ) F () = (A + (1 = ) K, 25 ) F () du(2)
F—B(z)

— / (Ks(z, 2 X)Ae?(z’) — A K (z,2; X)?(z')) dx dy

F—Bc(z)

OF ()  0K.(z2:Y)=
— . o /
= / (Ks(z,z,x) . o L&) )d
0(F—Bc(2))

OF () 0K.,(z7;x) f(zf)> a (3.87)

= / (Ks(z,Z;x)y 5, Y o )

(F—Be(2))

Here dl denotes euclidean arc length and A, the euclidean laplacian. In the
last line we have rewritten the integrand for convenience since y% and % are

invariant under I'. Since (A —s(1 —s))K(z,2',x) =0, |z —2'| > ¢, we have

/ Ko(2,#5)(A + 5(1 — ) F ()du(2)

mathscr F—Be(z)

:/ (KS(Z’ Z,;X)aF(Z’) B 8Ks(z,z’;x)]7(z,)> dl

on on
oF

- / (KS(Z,Z,;X)aFu') - a&(z,zex)m,)> .

on on

|z—z'|=€

We shall show

1) lime_)OB{) K(z,2';x) (A +s(1 — s))?(z’)du(z’) =0,

2) j‘ (KS(Z, Z,; X)@F&(j’) _ 8K5§7;ZI;X)F>(Z,)> dl = 0,
0F

3) —lime [ (Ks(z, 2 X)azgglz') — angj“”?(%)) dl = F}(z)

|z—2'|=€
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Figure 3.1: Path of integration

For 2) we have

/ (Ks(z,z’;x)8F<Z/) _ 9Kz, X)?(z’)> dl

on on
o0F
L . 8?(2’) 0K (z,2';x)=,
= Jlim <KS(Z7Z7X) B o L&) )d
oF

(3.88)

g (o fo fo fo f) (e 20 5E
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Note that
[ e OF () ) (3.59)
/K 2,82 x)( aa >S?<5z>df§§jf)
[ e s Fise) T2
[ e s 2 ey
[ K0 S a)
Therefore

/ / ( (2,2 y) a’gff,) - aKs(;;j/;X)?(z’)) dl = 0.

Similarly,

/ / ( (z,2'5%) agff,) - aKS(;;j/;X)?(z’)) dl = 0.

Therefore
ﬁ
, (OF(?) O0Kyz,27x)=,,
/(Ks(z,z,x) e o F (') ] dl (3.90)
oF

1

—
/ Y / .
. (KS(Z’Q:,HY;X)aF(x +Y) 9K (z2 +Y;x)

oy’ oy’

Y —oo
0

F + m) dl.
Now F € B, (T\H, x) implies |Fj(z')| < y" and \ )] < y™. Also by (3.82),

we have |(K,)i(z,2';x)] <¢'' ™7 and |%yz’zx)| < y'~7, therefore [ — 0



as Y — oo if 0 > p. Next, for any (Kj);; and any Fj,

| / K iy (2 25 0) (A + s(1 — 8)) Fo()du( )|

B.(2)

if i+ j

< CO|B(2)] — as e€—0

if § = j

C/l0g|z—z’\ — 0 ase — 0.
B.(2)

Finally, we have

k=p —
_ OFc(2))  0K4(z,2;x)=
/. y 2 /
i | > ([Ks]jmz,m Me) OREENR ) a
|z—z'|=e "
Ok Olog|z — 7| ,
L B e L
|z—z'|=€
L Ojk Ologr 0 .
_11_{% o / o lr=eFi(z + €e )dQ—i—ll_I% |Z_lezeO(l)dl
|z—z'=¢|
2
_ - 0
_113(1]2%/}7;9(2—1—66 ) do
0
=F;(2)

Thus we have proved Theorem 3.1.

47

(3.91)

(3.92)
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CHAPTER 4
Analytic Continuation

Let ﬁ(z, s; X,») be the Eisenstein series defined in (2.7). In this section we prove
the analytic continuation of ﬁ(z, s;Xp); we follow [7] closely. ﬁ(z, S;Xp) €
B, (I'\H, p) follows from (2.34), (2.35) and (2.21). Fix a > o+ 1. Apply (3.84)

to

F(2)=(A+a(l—a)E (25, (4.1)
=(a(l—a)—s(1— s))ﬁ(z, 3 Xp)-

We have

—

~E(z55x,) = (a(l - a) — s(1 - s)) / Ka(2, 2 ) E (2, 55 x,)du(). (4.2)
F

Thus ﬁ(z,s; X,). is the solution to homogeneous singular Fredholm system
of the second kind with parameter. The goal is to modify the kernel K so
that a modified E solves a Fredholm equation with a constructable resolvent
kernel. In this case the modified E has an integral representation which gives
the analytic continuation. We modify the kernel in steps. First we eliminate

the singularities on the diagonal by taking the difference

Kab(z> Z/; Xp) = Ka(z7 Z/; Xp) - Kb(27 Z/; Xp)
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for fixed @ > b > 2a + 1. Using (4.2), we get a new Fredholm system

— —
E (Zu S Xp) = Aab / Kab(Z7 2,5 Xp) E(z/, S Xp)dﬂ(zl)' (43)
F

Here M\, = (a_s)(‘z:_s;;(ﬁ;f)l(f +5=1 and K, is continuous in F x F. Next we

define the truncated kernel on F x J:

Ku(z,2'5x,) 2 € FY);
Koy (2,25X0) = { Ka(2, 25 X,) — gy’ [E)(2.: X) (4.4)
y’l_b[E](z7b; x) 2 €FY)

+ (2b 1)

[E](z, s; x) is defined by (3.80). Therefore we have
= / = / !/
_VabE(ZwS;Xp :/Kab Z, 2, Xp)E(z 73;Xp)dM(Z) (45)
_) / /
/ Kap(2, 25 Xp) E (2, 51 X0)dp(2)
_> /
Kap(2, 2 Xp) E (2, 8 Xp)dpa(2)

Foo (V)

/K av(2, 25 X)) ﬁ(z’,s;xp)d,u(z’)

a —
/y’l [E](z,a,x,) E(2, 83 xp)du(2")
Fo(Y)
1

- —
_2b —1 yll b[EK'Z?Z% Xp)E(Z/,S;Xp)d,u(Z,).
Fo (Y)

+2a—1

Remark 4.1 Here —v,, = )% [E](z,s,x) is a matriz defined for any repre-

sentation x by (3.80). E(z s;Xp) s defined by (2.7); it is vector valued with

representation x,.
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a —
7y | VG EC ) (4.6)
J
P
E a
- k(2 alx” / g E(Z, s;x,)du(z")
k=1 2a — 5.7
p 1 oo
Ei(z a s dx'dy'
= Erlz,0 x,) //y v+ en(s)y’! +> -
2a — 1 Y
k=1 0 Y
p s—a 1—-s—a
Ejx(z,a,x,) [Y Y
— E— 4.7
— 20 — 1 a— +(pk 3+a—1 ( )

Therefore

=/ ' e /
— v B (7, S;Xp) = /Kab(Z,Z ;Xp)E(Za SQXp)dM(Z)

Ys—a — yl-s—a .
+ 2a— 1)(a—s) [E](z,a;x,) + Pur— [El(z,a,x,) ¢ ()
- G B+ s Bl B (08)
where
> he1 B2, 55 x,)
— b Eor(z, 8%,
ey = | 20 B 49
Zi:l Epk(z, 53 Xp)
and
e1(s)
FE=1 |- (4.10)
©p(8)

Next choose Ay, Aoy, Asy such that E}(s) is eliminated in the Fredholm equa-
tion with kernel Ay K, + Aoy K% + Ay K2, After simplification we get the

equation
—

H(z) = f(2)+ A / [H](2, 2, x,) B (2)dp(2) (4.11)

F
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where

A= Aap(s), (4.12)
(z) ﬁ(z s,a,b)
—v(2 T - 1 -1 E (z,5x)
22371 —1 ’
[H](2, %', x,) = [H|(2,2; X, 5, 0, D)
B K;;(Z, Z/) _ (2a+5—1 + 2b+s_1)K§g/(Z, Z/) + 28+a_128+b_1K2%/(Z, Z/>
- (2sta=1 — 1)(2s+0-1 — 1) ’

and
F(2) =T (z5.a,0)
_ (22s—a+b—1 )Ys aﬁ(zchaXp)
(2a = 1)(a —s)
B (225+a7b71 )Ys b[ ](Z,b, Xp)
(2b—1)(b—s) '
Now
fi(z) << Cey® (4.13)

by (3.80) and CY is bounded on 1 — ¢ < fs < ¢ so

fi(z) <<y (4.14)
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uniformly for s such that 1 —c¢ < Rs < c. To estimate H;; we note that for
R(s)>a+1landy >y >Y,

[e.9]

1 _
(K2 )ii(2,2") = 6y n_z_:oo 47T|n—+mj|va((” +m;)2)Wa((n +my)2')
n-‘r_mj;éO
l1—a o0
Yy ij
+ Omity — mz_oo 08, (@) Wa((m = my)2)
m—m;#0

+ Z Z Za(m —mj,n —m)Wa((n —m;)2)Wa((m —m;)z")

Mm=—00 N=—00
m—mj; n—m;7#0

1
8ij nz_: pram. mj|V5((n +my)2)Wi((n +m;)z')
7L+Mj760
yl—b > .
1) /
+ Omity m:Z_oo Prm—m, (O)Ws((m — m;)2")
m—m;#0

+ Z Z Zy(m —mj,n — m)Wi((n —m;)2)Wy((m —m;)2').

Therefore for iy >y > Y,
KY)ii(z,2) << e 2}, 4.15
abl)

For R(s) >a+1 y>y' >Y

Ky (2,25 X) (4.16)
y/lfa yllfb
- ) — E)(z,a; E)(z,b:
ab<z727X) 2@—1[ ](Z,CMX)‘F% 1[ ](27 aX)
. y/lfa y/l*b
= i) — E 1) b
Kap(2',2x7) = 5 —7[El(z,a5x) + 5, — [B](2, b5 X)
Y 1 yllia 1 yllib 1
= Kab(’z/? Z5 X_ ) + % — 1 [E](Zv a;’x ) - o — 1 [E](Za b) X )
l1—a 11-b
y , y .
5a 1 Bz a5 x) + 5 — [El(z, by x).

Therefore for y >y’ > Y
[Kopis(z,2) << y". (4.17)
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Therefore, for y,y’ > 4Y
[H]i;(2,2') << yoe 2 max{y'—v0} (4.18)

uniformly for 1 — ¢ < Rs < ¢. To get a bounded kernel we multiply (4.11) by

n(z) = e where 0 <7 < 7 :

n(2) W (2) = n(z) T (2) + A / n(2)[H(z, 2, x,) B (2)dp() (4.19)
— ()T () A / n(2)H)(2, 2 xo)n(2) " n(2) B () du()

The jth equation in the above system is

n@%ﬂ@=n@ﬁﬂd+A§;/M@ﬁmd%/wﬁm5)W@W%WMMX)

(4.20)
This is a Fredholm system with bounded kernel n(2)[H](z, ', x,)n(z") .

4.1 Fredholm Theory

Plemelj ,[15], solves the Fredholm system (4.20) by lifting it to a scalar
J
equation on @,_; C. Let F; = {0} @ ---®F @& --- {0}, and FT* = J}_, ;.
Define A!, f!, and H” on 3% and F* x F* as follows:

W(2) =n
f1=) =
77

1l ) =

)

(2j)hj(z5)
() fi(2)
(2j)hj(z;) = Hij(z,2").

We can now write the system (4.20) in the scalar form

K2 = fi( +)\/HL(zl,z’l)hl(z’l)dz’. (4.21)
FL

We have

1) HL(z,2') is continuous on F* x F* since H;;(z, ) is continuous on F x F.
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2) HE(z,2') is bounded on F* x F* uniformly in s on compact subsets of

§={seC:—c+1<Rs<c}.

3) A(s) is an entire function of s.

4) hl(z) is meromorphic in s for R(s) > a + 1;its poles,if any, occur at the

roots of A(s).

5) f!is meromorhpic with at most simple poles at s = a and s = b.

6) HL(z,2') is meromorphic in s with at most simple poles at s = 1 — a

and s =1 —b.

The equation (4.21) means given f!(2!) solve for h!(z!). The solution is obtained

by constructing the resolvent kernel, Ry (z, 2’); the solution is given by

W) = fi2Y) + A / Ry(Z, 2 fl(2") d2.
FL
When the following conditions are satisfied
1) Vol(F*) < oo;

2) HL(z,2') is continuous and bounded on F* x F*.

(4.22)

then the Fredholm construction produces the resolvent kernel in the form

Dy(#, 2"
Uy A )
Ry\(z',2") = Dy

Here D, (2!, 2") and D()\) are given by power series in \ :

0 )™
D()) = 1+Z( ,) Crn
el m!
D)\(ZI,ZIZ) -1+ Z (_,n)l\') Cm(Zl, /l)
m=1 '

Here Cyy(s) and C,, (2!, 2" s) are defined by

o= [oe [0 )i -

(4.23)

(4.24)

(4.25)

(4.26)
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and

Here

HE (Tl Tm) = det (H:(r;,w;)) . (4.28)

Wy ... Wy

We show that D(\) and D, (2!, 2"") are entire in A and analytic in s for s € 8.
We observe that A is a polynomial in s hence entire in s. We also observe that
Cpn(s) and C,, (2, 2 s) are analytic for s € S, see Remark 4.2 below. Let K
be a compact subset of S. Let M and Ay be the uniform bound of HZ(z, z')
and ||, respectively, on K.

To bound det (H L, wj)) apply Hadamard’s inequality

| det(ai;)* < [ ] (Z |%’|2) (4.29)

j=1 \i=1
to obtain
2 m m
L T e Tm L 9
i ) <H(Smeer)  am
Wy ... Wy j=1 i=1
< m™M*™, (4.31)
Therefore
w1 ... Wnpy
Hence
1Cn(s)] < (VmMVol(F*)™  Vol(F*) = pVol(F) < oo. (4.33)

Similarly, we have

m+1
G (2, 2" 8)] < <\/m—|— 1M) Vol (F)™. (4.34)
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We use the inequality, derived from Stirling’s formula,
n! >n"e " (4.35)

to obtain the bound

(4.36)

m) fogm 1)

(Vm|Ao|MpV)™ < ( Ao Mp )m

e(=3

Pick mg such that ‘l);‘;'—m]v[pl) < %, m > mg. Therefore, by the Weierstrass
2

M-test, Cy,,(s) is analytic for s € S.

Remark 4.2 C,,(s) is analytic for s € S. To see this, consider m = 1,by
(4.26),

:/w@mmmy (4.37)

Then, by (4.12) and the definition of F*,

:Zﬂmmwwa (4.38)

p

1
- (28+a*1 25+b 1 _ Z/ (lb 0 Z Z d:u( ) (439)

(2a+s 1+2b+s 1
_(25+a 1_1 25+b1 Z ab“ ZZd’u()

S
Lq

S
t.q

25+a71 2$+b7 1

+ (25+a_1 _ 1)(25+b—1 — 1) ;/[Kab]?iy(z,z’)du(z).

Thus C1(s) is meromorphic with at most simple poles at s = 1—a and s = 1—0.

If

1
Wi = (25a—1 — 1)(25+0-1 — 1)’
B <2a+s—1 + 2b+s—1)
W2 = (25Fa—T — 1)(2+0—1 — 1Y’ and
25+a—125+b—1
w3 =

(23+a—1 _ 1)(23+b—1 _ 1)’
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then Chy(s) is a polynomial in wy,ws, and ws. Thus Cp,(s) is meromorphic with
at most poles of order m at s =1 —a and s = 1 —b. In particular C,,(s)
is analytic for s € S. Cp (2, 2 s) has a similar form except the order of the

poles is at most m + 1.

It follows that Ry(z',2"") is meromorphic for s € S. Thus the RHS of (4.22)
gives the meromorphic continuation of h! to s € S. Since c is arbitrary, we
have a meromorphic continuation of A, to the whole s-plane. Thus n(z)(hs);(z)
has a meromorphic continuation to the whole s-plane. Therefore

Ei(z,s,x,) = (22:4:11:_1)1)\)77((2251(?81)]_(?) (4.40)

s-plane. We have proved the following

Theorem 4.1 ﬁ(z, s, Xp) admits an analytic continuation to the whole s-

plane.
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APPENDIX A

Rankin-Selberg for Unitary
Vector-Valued Modular Forms

In the introduction, we noted that Selberg [18] introduced vector-valued mod-
ular forms with unitary representation to extend the O(ng_%) estimate on
cusp forms to arbitrary subgroups of finite index in I'(1). However no de-
tails are given. Here we will extend Rankin’s method [16] to get estimates of
Fourier coefficients of vector-valued modular cusp forms. (The detailed proof

we present is in the nature of a public service.)

A.1 Definitions

Let £ € R. Let I C T'(1) be a subgroup of finite index p in I'(1). We let
Ay, -+ A, denote a complete set of right coset representatives of I in I'(1).
Let v be a multiplier system for the group I and weight k. A function, f(z),

meromorphic on H is a modular form with respect to (I, k,v) if, see [8],

i) f(V2)=v(V)(cz+d)f(z) ¥V V=(13) el
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ii) at each cusp g; = A;(00), f(z) has the expansion

(a71lz)

N 2mi(ntk;) —4—
1) = 05(2) 3 an ()TN (A1)
n>h;
Here
1, if ¢; = o0;
0j(z) = (A.2)
Z+qj’ lf qJ' < 0.

Also k; is defined by v(A4;SMAY) = €™ 0 < k; < 1; N; is the smallest
positive integer such that AjSNJ'Aj_l € I". f(z) is a modular cusp form if
hj+/'ij>0 1§]§ﬂ

Let (?, p) be a vector-valued modular form of real weight k on the modular
group I'(1) with respect to a unitary representation. That is (F'), p) is a p-tuple
?(2) = (Fi(2),...,Fy(2)) of functions holomorphic in the complex upper
half-plane H, together with a p-dimensional unitary complex representation

p:T(1) — GL(p, C) satisfying the following;
(a) Forall V = (2t) € I'(1) we have
(Fi(2), -, Fp(2) 16V (2) = p(V)(Fi(2), - -, Fy(2))", (A3)
ie F(Vz) = v(V)(cz +d)* mi pim(V) Fon(2).

(b) Each component function Fj(z) has an expansion convergent in H and

meromorphic at oo:

2minz

Fi2)= Y au(i)e ™ . (A.4)

n>h;
with h; € Z and N; € Z7 .
H
We assume F'(z) is cuspidal, i.e. h; >0 1< j <p. Let

N = lcm{Nl, ce ,Np} N = ijj (A5)
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Thus we can write,

2wim;inz

Fi(2) = Y ani)e 7 (A.6)

n>1

. —
Also we write || F ()] = /57, 15 ()]

Remark A.1 Let f(z) be a modular form with respect to (I, k,v), I'" a sub-
group of finite index p in I'(1). We attach to f(z) a vector-valued modular

form,
Fl(Z)
Ft=| : |, (A7)
Fu(z)

on all of I'(1). Here Fj(z) is defined be

Fy(2) = (fled)) (2) = (32 + 0;) " f(4;2). (A.8)

If w is any multiplier system on I'(1), then (?ﬂ}f‘/) (2) = p(V)?t(z) where
p 1S both unitary and monomial.

We prove the following

Theorem A.1 . Let (?, p) be a vector-valued modular form of real weight k
on the modular group I'(1) = SL(2, Z) with respect to a unitary representation.

If

Fi() = aiijle ~ (A.9)

then
=3). (A.10)

Corollary A.1 If f(z) is a modular form with respect to (I k,v), I" C T of
finite index, then

). (A.11)
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A.2 Basic Estimates

The a,(j) are the Fourier coeflicients of the given F;(z). In the sequel there
arises b,(j) and c,(j) related to a,(j) as follows:

= lax (j)d* 2 (A.12)

d2|n

cn(j) = ba( = Y lan(j) . (A.13)

d?m=n
In this section we prove basic estimates for the asymptotics Y . lan(j)|?,

anx bn (]>7 and anx Cn (])

Proposition A.1 Let (Z?,p) be a unitary vector-valued cusp form of weight
k. Then we have the Hecke estimate

- k
IF ()] < Cy>. (A.14)
Proof:
= (e
n>1
implies

—27y

Fi(:)| <0 ™ y>y, (A.15)

Let p(z) = ngZ?(z)H, then ¢(z) is continuous on H and invariant, since p is
unitary, under I'(1). We show that ¢(z) is bounded on &F. (A.15) implies there
exists y; such that y*|F;(z)
y§||?(z)|\ < 1on Fo(Yp). Let M = sup,cqpy,) ¢(2) and C = max{M, 1}, then
lp(2)] < C, for z € F. This implies |p(z)| < C, for z € H, since ¢ is invariant
under T(1). Thus || (2)|| < Cy~5, for = € H. Tt follows that |F;(z)| < Cy~5.

‘2 < Il? Yy > y;- Let Yy = m@x{ylw"ayp}a then

N 2y — k
Remark A.2 ||F(2)|]| = O(e %) as y — oo and || F (z + iy)|| = O(y~2)

uniformly as y — 0 implies

sk dzdy
//y RIE ()2 " < oo, for Re(s) > 1.
s

Here S ={z € H : |Rz| < 3}.
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INIES

Proposition A.2 a,(j) = O(n2)
Proposition A.3 Y _ |a.(j)* = O(a").
Remark A.3 Proposition A.2 follows immediately from Proposition A.3.

Proof of Proposition A.3: We have the Hecke estimate

k

[F5(2)| < Cy~=2.
Now, since n < x,
4rxy _4mny
D lan()Pe 0 < Jan(h)e
n<lx n<lx
o Ty
< an(f)Pe
n=1
Ny
2
1

.

=— / |Fj(x + iy)|* dx by Parseval’s theorem.
Ny
2

Applying the Hecke estimate, then we obtain

D lan(i)Pe N < O (A.16)

n<x

Set y = < to derive the desired estimate > n<a lan(7)]* = O(2*). Next we apply

Abel’s partial summation [1]:

Theorem A.2 Let {g,} be a sequence of real numbers. For x > 0, define
G(z) = anxgn = Zf]zlgn = G([z]). Let f € CY([1,z]), then the following

formulas hold:

() 3o gaf () = Xy G0) (f(0) — F(n+ 1)) + G(La])(F(2] + 1)),
(0) e guf () = — f GW)f (v) dy + C(a) f (x).
Proposition A.4 If b,(j) = 32, laz (7)*d** 72, then

> ba(j) = O(a*). (A.17)

n<x
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Proof:

an(]) :Z Z |lam(4) d% 2

n<z n<x md2=n

— Z ’am d2k2

md2<z

where Zmdzgx is a sum over all lattice points under the hyperbola md? = z.
Thus 3 ey = Dacyz ngd% and we have

an Z ’am d2k’ 2

n<z md2<z

=3 Y )

d<\/z m< ;2

2k—2 L
<C ) P
A<z

1
d<\/xz
§C:Ck((2)

=0(2").

Proposition A.5 Let c,(5) = > 2,0, [am(G)Pm' %, Then

ch(j) =O0(x

n<x

Proof: Apply Abel’s summation with g, = b,(j) and f(z) = 2*7*:

Y oeli) =) balGn' ™

n<x n<z
- / (Zb ) ) |y dy + (an(j)) gtF
n<y n<z
Therefore
\ch |<C/yy Fdy + CaFatF (A.18)
n<x

<Cux.
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Therefore »_, ., cu(j) = O(x).

Remark A.4 Note also that ¢, (j) = O(x).

A.3 Functional Equation

Let
o= o (50" [[HIF @RS
F
Let I .
G0 =3 ol (219

where the m/;s are defined in (A.5). (3(s) is the Rankin-Selberg zeta function

corresponding to F. As in the scalar case, [16], we prove
Theorem A.3 . The function (%(s) defined by (A.19) has the properties:

i) The series (A.19) is absolutely convergent for Re(s) > 1 and absolutely-

uniformly convergent for Re(s) > 14¢€, €> 0.
i) (z(s) may be continued as a meromorphic function over the whole plane.
i11) (z(s) has a simple pole of residue ka at s = 1.

w) (z(s) satisfies the functional equation

U(s) = (1 —s),

where
47

W(s) =7 () TN (s + k= 1)((25)Cx(s).

v) (s) is reqular over the whole plane except for simple poles at the points

s=1and s =0.
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Proof: Let

() = Y (A.20)

n=1

As before, we have for y > 0,

|EFj(z + iy) | dx (A.21)

L-Z \ N"\;.Z

OO _4dmny 1
2 : -\ |2 N,

‘an(])‘ € 7= Nj
n=1

\w\z N

1 :
=< [ 1BG )P
N
2
since N = m;N;. But,
7 4 i __4mn d
L(s+k—1) = /e_“u5+k_1 du _ (Ln)”k_1 /e N g s TRl —y, for Re(s) > 1—k.
u Nj Yy

0 0

Therefore, for Re(s) > 1 —k,

4, e dy
(N')(+k 1F(5—|—k—lgj Z|a” |2/ Ny stk 2
J
— s+k— S 2*%dy
[ S tre

0
N

o 2

s , dy
/ y +k\Fj(x+zy)]2d:cE,
0

2=

vz

by (A.21). Therefore,

4m n
(s+k=1)1 8—|—k‘ Z ﬂLans+k1_N// s+k|F x+zy)|2dx—

()
(A.22)
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for Re(s) > 1 — k. Now sum over j to obtain

N
—(s+k-1) 2 %0
4T 1 dxdy
— r — 1)(z(s) == 2 A2
<N) e+ Aﬂ// o y? (4.23)
N0
%
s dxdy
yyWF(WQyQ‘
10

[N

—
The last equality uses the fact that, while each F; has period N, y*| F(z)|?
has period 1, since p(S) is unitary. Therefore,

—(s+k—-1)
4
(WW) s+ k — 1)¢= // | F (2 ||2d””"dy (A.24)

I

—_—
Continuing, we apply the unfolding trick and use the invariance of y*||F(z)

under all of I'(1), to obtain

4m. o dxdy
() (s + k= )¢ }: Y IF (@)=
N y
o€l \I'(1
dxdy
// > ressmet A O]
(mn) 1

- 4 [ B IF @R 5

where E(z,s5) = mnez |mz+n‘25. That is
)=

(m,n

dm ., dxdy
(N) (st+k— 1)F(3+k—1 // zsyHF (2)|1? . (A.25)

At this point,we want to use the functional equation for
_ 1
E(z,8)=m SF(S)((2S)§E(2,S).

In fact, we need the following found in Bump [2]
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Theorem A.4 &(z,s), originally defined for Re(s) > 1, has meromorphic

continuation to all s; it is analytic except at s = 1 and s = 0, where it has

simple poles. The residue at s = 1 is the constant function z = % The

FEisenstein series satisfies the functional equation
E(z,8) =&(z,1—s).

We have
E((r +1iy),s) = O(y") asy — oo,

where 0 = max(Re(s), 1 — Re(s)).

Multiply both sides of (A.25) by s7*T'(s)((2s), we get

o (%)() LD (s-+ k- 1)¢( / [HIF IR 2.

(A.26)

Therefore

0(s) = 7 (o)D) + K — DE(25)C() (A.27)

47r dxd
//qu ez ) 5.

It follows from Theorem A.4 that (A.27) defines a meromorphic continuation

of ¥(s) to all of s; it is analytic except for simple poles at s = 1 and s = 0.
Furthermore the functional equation (A.4) implies that (z(s) satisfies the

function equation

¥(s) = 91— 5). (A.28)
Let us see what (A.27) tell us about the analytic continuation of ((s). Solving,
we have
28 (4x)s ket dxdy
C(28)62(9) = i — / [ ot IF G (429

Therefore ((2s)(3(s) is analytic in the whole plane except for at most a simple

pole at and s = 1;% cancels the pole of ¢(s) at s = 0. It follows that (3 (s)
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is a meromorphic function having a simple pole at s = 1 with residue

47r dxdy
o= / / FIF )P

Also, (%(s) may have poles at the complex zeros of ((2s).

A.4 Landau’s Theorem

Let {¢,} be a sequence of non-negative numbers. In this section we use
Landau’s Theorem [13] to estimate the asymptotic B(z) = »_ .. We use

the following abbreviated form of Landau’s theorem.

Theorem A.5 (Landau’s Theorem) Let (3,31, 32, 01,09 > 0 be such that
Bi 4 P2 = 01 + 02. (A.30)

Let aq, a9, 71,72 € R be such that

. 1
77:’71+’Yz—041—042>§- (A.31)

Let {e,}, e, € C and {\,}, 0 < A\, < Auq1 be infinite sequences. If the

following conditions are satisfied:

i) Z(s) =Y .- ¢ is absolutely convergent for Re(s) > (3 for our purposes
¢, > 0.

ii) Z(s) admits a meromorphic continuation to the entire plane, with finitely

many poles in each vertical strip.
i) The series Yy e, N5 is absolutely convergent for Re(s) < 0.

iv) For Re(s) <0

[e.9]

[ + Bis)l(ag + B25)Z(s) = I'(y1 — 618)[ (72 — d25) Z Eny-

n=1

v) Z(s) = O(e™) in vertical strips,  for some vy > 0.
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vi) There exists A > 0, such that

Z len| A\ = O(2Plog™x).

An<z

Then if x = 62 DS the order of the pole of Z(s) at s = 1 and g =
max(A,p — 1), then it follows that

B(z) = ch = R(z) + O(aXlog ).

n<x

Here R(z) = 3_, Res{ ,,0} , where the p are the poles of Z(s) such that,
X < Re(p) < 0.

A.4.1 Verification of Hypotheses

In this section, we use the results of Theorem A.3 to verify the hypotheses of

Landau’s theorem. Define Z(s) by

Z(s) = ((25)¢z(s). (A.32)

Z(s) is the product of the Dirichlet series ((2s) and (%(s) which converge
absolutely for s > % and s > 1 respectively. Therefore Z(s) can be represented

by a Dirichlet series

oo

Z(s) = Z—” (A.33)

n=1
absolutely convergent for Re(s) > 1. The sequence {c,} is defined be (A.33).
Next, we calculate the ¢,,. We have for s > 1

e.¢]
C?’L

ns
n=1

= ((25)Cz(s)

|an ()
_ZZ mns+k 1

jlnl

= Z e C(29)G(5). (A.34)



Now
C(2s) = Z Z
nfl
where
; 1, if n =m? for some m;
0, otherwise.
Also,
_ Z 9n(J)
n=1 n
where 0P
. an\J
9n(J) = S

Thus if we define ¢, (j) by

— cn(j
(s = 3 =L,
n=1

then ¢,(j) is given by the Dirichlet convolution

() =Y _ fag= ()

din

=Sl (&)

d?|n

= 3 lan()Fmt

d?m=n

Continuing the calculation of ¢, we have, by (A.34) and (A.39),

ch Z s+k IZ ng)

Here

cn (f) if myln;

0 otherwise.
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(A.35)

(A.36)

(A.37)

(A.38)

(A.39)

(A.40)

(A.41)
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Finally, we have

Ly el (A12)

Therefore

where ¢,(j) is given in (A.40). We have shown that condition i) is satisfied
with g = 1.

For condition ii) we note that Z(s) has a meromorphic continuation, given
by (A.29), analytic in the whole plane except for simple poles at s = 1. The

residue at s = 1 is
2

Res{Z(s),1} = %ka. (A.43)
Next we want to define e,, \,, aq, as, b1, B2, 71, V2, 01, and , 65 which appear
in conditions iii) and iv). These are determined by the functional equation

satisfied by Z(s). (A.27),(A.28) and (A.32) imply

7t () D)5+ k= D Z(s) = 7 (3T (1= s)T(k—5)Z(1—s). (A44)
We want to put the above in the form
Iy + Bis)l(ag + fas) Z(s) = T'(n — 615)I' (72 — 02) Z enAp-
n=1

I(s)N(s+k—-1)Z(s) = <4Ni2> i I'(1—s)T'(k—s)Z(1—s). (A.45)
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Therefore
ap = pr=1
OZQZI{?—]. 62:1
’)/1:1 (51:1
’)/2:/{3 5221

Note the above implies n = 2. Also, for Rs < 0, Z(1-s) is represented by its

Dirichlet series, that is

Z(l—s)—i & (A.46)

nl—s
n=1
Therefore
e 47T2 25—1
WAl = | — Z(1— A .47
Sexi= () 20 (A.47)
4r2c, (472)%n .,
=2 N, ol N2 -)
n=1
Thus e, = dr¥en and Ap = w Hence conditions iii) and iv) are satisfied.
Nn N

For condition v) we estimate Z(s). Let o1 < oy; we want to show Z(s) =

O(e"™), uniformly in o for o1 < o < 0y. By (A.29) we have,

o _7T s+k—1 dwdy
2(5) = §+k_1/7 G W IF I (A9

Theorem A.4 gives the estimate
E((x +1iy),s) = O(y?) asy— oo,

where 0 = max(Re(s),1 — Re(s)). Therefore if v = max(1 — 0y, 09) then
E((z+iy),s) =0(y") asy— oo, (A.49)

uniformly in o for 01 < o < 05. We need the following lemma,
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Lemma A.1 Let (F,p) be a unitary cuspidal vector-valued modular form of
weight k on I'(1). Then

// y”H?(z)\F dxdy < oo for any v € R.
F

Proof:

By Proposition A.2, this is

o0
<(C Z nse %
n=1
(o ¢]
< Cy Z 6(1_2%)71.
n=1

For y > N, this

(1-23)
e N

=C

kl — el )

< Ck 21ry)

< Cje N,
Lemma A.1 follows.
Therefore we have

s _7r s+k—1 dasdy
26) = [ // CIFER S (A5
001 o2,k y—i—k 2 2

By the proof of Lemma A.1 this is

Co
< - .
S DT+ k—1)]

(A.52)
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Now use Stirling’s formula:

|T(o + it)| ~ \/27re_§|t‘|t|a_% op<o<o0y as |[t| — oc. (A.53)
Thus,
Coyom k
Z s < 701,02,
2s)l = T'(s)I'(s + k—1)|
1

e—%\tl|t|a—%e—§|tl|t|o+k—%
S C‘t|2|02‘—k—26ﬂ'|t|

< Ce*l for |t| sufficiently large.

Finally to verify condition vi), since 8 = 1 and e,, > 0, we estimate Z/\n<x EnAn.

We have

e = Y reln)n (A.54)

Nn N2
An<x (47;5%% <z
Let o/ (47;)2, then
(47%)2\*
Az;xen/\n:( e n<x/cn (A.55)
(472)? 3 P CMLJ(J)
-(5) Zx s
n<z’ j=1 J
mjn
((47#)2)3 p cx(J)
== % mj.
N2 e m
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Since k > 0 and 1 < m; < N, this is

n<lz’ j=1
mj|n

n<x’
m]d n

=1 gzl
—_ — m

by Proposition A.5.

Condition vi) follows with A = 0.

Now 1 = 2 and 8 = 1; therefore y = ;—Z;—} = % Z(s) has a simple pole at

s =1,s0 p=1. Thus g = max(A,p — 1) = 0, and Landau’s theorem gives:

=Y e = R(x) + O(x), (A.56)
n<x
where R(z) =3_ Res{ }andplsapoleon() 3 < p<1. By the

comments above, s = 1 is the only pole of Z(s); the residue at s = 1 is given

by (A.43). Therefore

sy 2
R(z) = Res{m (S), 1} = %k&x.
Therefore we have the asymptotic estimate
P con (1 5
ch ZZ = ——k:om:+0( 5).
n<lz n<lz j=1 J
mjn

A.4.2 Proof that a,(j) = O(n? )

We prove a,(j) = O(n275) in two steps. First we introduce auxiliary {a,}

and prove these a,, satisfy a,, = O(n%’%).Second we relate the a,(j) to the a,
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and deduce the estimate for the a,(j) from this relationship. We define a,, by

|anP }E:b M d2k 2

d2|n

the equation

where

by = cyn' " (A.57)

Then, following Rankin [16], we deduce the estimate a, = O(n2~5) from the

ch an :—ka:c—i-O( 5).

n<x n<z

estimate

Note the following proof only holds for k£ > %

Proposition A.6 > %ank + O(l,k:—%)

n<x

Proof:

Z b, = Z bont Fnkt,

n<lx n<lx

Apply Theorem A.2 (b) with g, = b,n'™* and f(z) = 2*~1. Therefore

D by=Y byn'Fnk (A.58)

n<x n<z
:/ann k—1) kzdy—i—(ann )xk_l
1 n<y n<x
Yy
=—(k— 1)/ <%kay + O(y§)> Y 2 dy + ( 5 kax + O(x §)> kol
1
7T2 yk 2 71'2 2
=—(k— 1)Ekazl?f +O(z"75) + Ekaxk +O(2"73)
7T2 k fo 2
=5 +O(1) + O(z""5)
2
2
= %aazk + O(xk_%) for k > T

Proposition A.7 3 _ |a.|? = az® + O(a*"3).

n<x



Proof: We have
n —
Janf* = > b(5)u(d)d* 2.

d?n
Therefore,
n J—
Z lan|? = Zzb(ﬁ)“(d)d% 2
nsz n<z d2|n
= Z (u(d)d?2 Z b(m)
<z m<
L [Tz T 3
= > p(d)d* 2{ga<ﬁ)’“+o((ﬁ)k 5)}
d<\@
2 o
- Z () {%amkdz + O(ggk5d5)}
d<v/z
2 d .
= %O{ Z Mc(i2>xk+ Z M(d)O(l’kigd*g) .
d<vz d</z
Now, “
p(d 1 1
= TO(—=) [1, p61].
Therefore,
Yl =aat+ 0t + 37 pld)0lat )
n<x A<z
and .

—20-% _2 1 2
| )0t < CatE YD = CotE
d<ve d=1 &°

Therefore,
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Finally, we have

n n—1
janl® = lagl” = lagl?
j=1 j=1

= a(n* — (n— 1)*) + O(n*5)

Therefore,

Next we relate the a,(j) to the a,. We have

P con(j)
Cn = Z mjk—l
j=1 m;
mjn
and
by = cynt L,
therefore,
P
b= b2 (j):

S <.

s

: -
<.
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Therefore,

janl* =D b p(d)d* (A.62)

Finally for the estimate

we note that
an(NP < D !a%ﬁ(l)IQ = [nm, %, (A.63)

=1
my|nm;

by (A.62). Therefore,

an(§)2 = O((nm)*=%) = O(n*~3). (A.64)



