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We give an analytic continuation of a vector-valued nonanalytic Eisenstein
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from the representation ρ associated to a holomorphic vector-valued modular
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CHAPTER 1

Introduction

1.1 Background

Let f(z) be a modular cusp form of weight k, k > 0, on a subgroup Γ′ ⊆
Γ = SL(2,Z). Let f(z) =

∑∞
n+κ>0 ane

2πi
(n+κ)z

λ . The classical (scalar) Rankin-

Selberg method provides the estimate

an = O(n
k
2
− 1

5 ) (1.1)

for Γ′ a congruence subgroup. In [18] Selberg observes that by extending the

Rankin-Selberg method to vector-valued modular cusp forms, defined below,

with unitary representation, one obtains the estimate (1.1) for f(z) a modular

cusp form on an arbitrary subgroup Γ′ ⊆ Γ of finite index. Details are provided

in the appendix.

In the Rankin-Selberg method, the zeta function, ζ−→
F

(s) associated to the

vector-valued form (
−→
F , ρ) of level N, has the integral representation

(
4π

N

)−(s+k−1)

Γ(s+ k − 1)ζ−→
F

(s) =

∫

F

∑

V ∈<SN>\Γ
=(V z)syk

−→
F (z)ρt(V )ρ(V )

−→
F

t
(z)

dxdy

y2
. (1.2)
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If ρ is unitary, then (1.2) becomes

(
4π

N

)−(s+k−1)

Γ(s+ k − 1)ζ−→
F

(s) =

∫

F

E(z, s)yk‖−→F (z)‖2 dxdy

y2
. (1.3)

Here E(z, s) = 1
2

∑
(c,d)=1

ys

|cz+d|2s is the (scalar) nonanalytic Eisenstein series.

The Eisenstein series is nonanalytic in the variable z. The series defines an

analytic function in the s variable for <s > 1. It admits an analytic continua-

tion (we use the expression analytic continuation even when the continuation

is meromorphic) to the whole s-plane and satisfies the functional equation

E(z, s) = φ(s)E(z, 1− s), where φ(s) = π
1
2

Γ(s− 1
2
)

Γ(s)
ζ(2s−1)

ζ(2s)
, see [4]. The analytic

continuation and functional equation for ζ−→
F

(s) follow from the corresponding

properties of the Eisenstein series. Thus the Rankin-Selberg method works

if (
−→
F , ρ) is a vector-valued modular form with unitary representation. The

question arises: Can the Rankin-Selberg method can be extended to (
−→
F , ρ)

with arbitrary representation?

For arbitrary ρ satisfying ρ(SN) unitary, we are led to study the matrix-valued

Eisenstein series

Es(z, ρ) =
∑

V ∈<SN>\Γ
=(V z)sρt(V )ρ(V ). (1.4)

If we establish an analytic continuation and functional equation for the Eisen-

stein series (1.4) then the Rankin-Selberg method will work. We make as-

sumptions on the representation ρ in order to handle the series (1.4). We

consider representations ρ for which ρtρ is diagonal. In fact we will assume ρ

is monomial, a class of representations for which ρtρ is diagonal.

Definition 1.1 A representation ρ : Γ −→ GL(p,C) is called monomial if

ρ(V ) has exactly one non-zero entry in each column and row.

The assumption that ρ is monomial leads to a vector-valued nonanalytic Eisen-

stein series
−→
E (z, s;χρ) where χρ is a representation induced by ρ. The Rankin-

Selberg method suggests we prove that
−→
E (z, s;χρ) admits an analytic contin-

uation to the whole s-plane and that it satisfies a functional equation. In
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this thesis we modify a method due to Selberg [19] to obtain the analytic

continuation of
−→
E (z, s;χρ).

This thesis is organized as follows. In chapter 2, we introduce a vector-valued

Eisenstein series with representation induced from a monomial representation.

We prove its basic properties and give its Fourier expansion. We also introduce

a generalized Ramanujan sum and corresponding zeta function. In chapter 3

we discus the matrix resolvent kernel. We develop its Fourier expansion via

the double coset decomposition. We also prove estimates needed in the sequel.

In chapter 4 we prove
−→
E (z, s;χρ) has an analytic continuation to the whole

s-plane. The appendix gives a proof of the Rankin-Selberg estimates in the

unitary case.

1.2 Definitions

1.2.1 The Hyperbolic Plane

Let H denote the upper half-plane in the complex variable z = x+ iy, y > 0.

The invariant area element on H, denoted dµ(z), is

dµ(z) =
dxdy

y2
.

The invariant line element is dl = |dz|
y
. Let Γ denote the group of fractional

linear transformations

g : H −→ H

z −→ az + b

cz + d
; a, b, c, d ∈ Z ad− bc = 1.

We have Γ ≡ SL(2,Z)\{±I}. Since ( a b
c d ) and

( −a −b
−c −d

)
represent the same

fractional linear transformation, we use the convention

c ≥ 0 and if c = 0 then d = +1. (1.5)
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We use S = ( 1 1
0 1 ) , T = ( 0 −1

1 0 ) for the standard generators of Γ. A funda-

mental domain for Γ is given by

F = {z ∈ H : |z| > 1 |x| < 1

2
}. (1.6)

Next for Y large we decompose F = F(Y )
⋃

F∞(Y ), where F(Y ) = {z ∈
F : y ≤ Y } is a compact region and F∞(Y ) = {z ∈ F : y > Y } is called the

cuspidal zone. In the analysis of the kernel we must handle summation over all

of Γ. This is accomplished through the Bruhat or double coset decomposition

[7] of Γ:

Γ = Γ∞ ∪
⋃
c>0

⋃

d mod c

Ωcd. (1.7)

The union is disjoint. Here Γ∞ = {( 1 b
0 1 ) : b ∈ Z}, Ωcd = Γ∞ωcdΓ∞ and

ωcd = ( ∗ ∗c d ) Therefore we can further decompose (1.7) as

Γ = Γ∞ ∪
⋃
c>0

⋃

d mod c

∞⋃
n=−∞

∞⋃
m=−∞

SnωcdS
m. (1.8)

The hyperbolic laplacian is ∆ = y2
(

∂2

∂x2 + ∂2

∂y2

)
. In what follows, we use the

point-pair invariant function

u(z, z′) =
|z − z′|2

4yy′
. (1.9)

A point-pair invariant function u(z, z′) satisfies u(γz, γz′) = u(z, z′) ∀ γ ∈ G
[17].

Remark 1.1 Given g : R+ −→ C, we form the kernel function g̃(z, z′) defined

on H ×H by g̃(z, z′) = g(u(z, z′)). By abuse of notation we denote g̃(z, z′) by

g(z, z′) or, for emphasis, by g(u(z, z′)).

The function u(z, z′) is related to the hyperbolic distance d(z, z′) by the for-

mula [7]

cosh d(z, z′) = 1 + 2u(z, z′). (1.10)
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1.2.2 Vector-Valued Modular Forms

Let k ∈ R. Let Γ′ ⊂ Γ be a subgroup of finite index p in Γ. We let A1, · · · , Ap

denote a complete set of right coset representatives of Γ′ in Γ. Let v be a

multiplier system for the group Γ′ and weight k. A function, f(z), holomorphic

on H is a modular cusp form with respect to (Γ′, k, v) if, see [8],

i) f(V z) = v(V )(cz + d)kf(z) ∀ V = ( ∗ ∗c d ) ∈ Γ′;

ii) at each cusp qj = Aj(∞), f(z) has the expansion

f(z) = σj(z)
∑

n+κj>µj

an(j)e
2πi(n+κj)

(A−1
j

z)

Nj µj > 0. (1.11)

Here

σj(z) =





1, if qj = ∞;

1
z−qj

, if qj <∞.
(1.12)

Also κj is defined by v(AjS
NjA−1

j ) = e2πiκj 0 ≤ κj < 1; Nj is the smallest

positive integer such that AjS
NjA−1

j ∈ Γ′.

In a series of papers [10],[11], and [12] Knopp and Mason developed a general

theory of vector-valued modular forms analogous to the classical (scalar) case.

The following definition is given in [12].

Definition 1.2 A vector-valued modular cusp form (
−→
F , ρ) of real weight k

on the modular group Γ is a p-tuple
−→
F (z) = (F1(z), . . . , Fp(z)) of functions

holomorphic in the complex upper half-plane H, together with a p-dimensional

complex representation ρ : Γ −→ GL(p,C) satisfying the following:

(a) For all V = ( a b
c d ) ∈ Γ we have

(F1(z), . . . , Fp(z))
t|kV (z) = ρ(V )(F1(z), . . . , Fp(z))

t. (1.13)

(b) Each component function Fj(z) has a convergent q-expansion meromor-

phic at infinity:

Fj(z) =
∑

n≥hj

an(j)e
2πinz

Nj , (1.14)
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with hj, Nj ∈ Z+, and q = e2πiz.

The slash operator |kV in (1.13) is defined by

Fj|kV (z) = v(V )(cz + d)−kFj(V z) (1.15)

with v a multiplier system with respect to Γ. It is assumed that v satisfies the

nontriviality condition

v(−I) = (−1)−k. (1.16)

The space of vector-valued modular cusp forms is denoted by S(k.ρ, v). The

level, N , of
−→
F is defined by

N = lcm{N1, . . . , Np} N = Njmj. (1.17)

Thus we can write,

Fj(z) =
∑
n≥1

an(j)e
2πimjnz

N . (1.18)

If we allow hj ∈ Z in (1.14) then we get the space of vector-valued modular

forms denoted M(k, ρ, v). If (
−→
F (z), ρ) is a nontrivial element of M(k, ρ, v) of

level N, then (1.13) and (1.18) imply

−→
F t(z) =

−→
F t(SNz) (1.19)

= v(SN)ρ(SN)
−→
F t(z).

Therefore

[v(S)ρ(S)]N = I. (1.20)

In other words,

ρ(SN) =




e−2πiκN 0 . . . 0

0 e−2πiκN . . . 0
...

...
. . .

...

0 0 . . . e−2πiκN



. (1.21)



7

Remark 1.2 If k ∈ Q, then there exist nontrivial nonunitary monomial rep-

resentations of Γ. Let Γ′ ⊂ Γ be a subgroup of finite index with positive genus.

Then one can construct a parabolic multiplier system v on Γ′. That is, a mul-

tiplier system where |v(M)| is not identically 1, M ∈ Γ′, and v(P ) = 1 for P

parabolic with trace 2. Knopp and Mason in [10] prove there exists a nontrivial

f(z) satisfying i), above, with v a parabolic multiplier system and ii), above,

with µj ∈ R. This nontrivial parabolic generalized modular form can then be

lifted to a nontrivial (
−→
F (z), ρ) on Γ with ρ monomial and nonunitary.

Next we define vector-valued automorphic forms of Maass type. Fix a p-

dimensional complex representation ρ.

Definition 1.3 The p-tuple
−→
F (z) = (F1(z), ..., Fp(z)) is said to be a vector-

valued automorphic function with respect to (Γ, ρ) if

−→
F t(V z) = ρ(V )

−→
F t(z) ∀ V ∈ Γ. (1.22)

We denote the space of
−→
F (z) satisfying (1.22) by A(Γ\H, ρ).

Definition 1.4
−→
F (z) ∈ A(Γ\H, ρ) is called a vector-valued automorphic form

if each Fj(z) is an eigenfunction of the laplacian

(∆− s(s− 1))Fj(z) = 0. (1.23)

We denote this space by As(Γ\H, ρ), thus

As(Γ\H, ρ) =

{−→F (z) ∈ A(Γ\H, ρ) : (∆− s(s− 1))Fj(z) = 0 1 ≤ j ≤ p}. (1.24)

Remark 1.3 By the general theory of the laplacian,
−→
F (z) ∈ As(Γ\H, ρ) im-

plies each Fj(z) is real analytic.

We need a subspace with growth conditions, thus we define

B′µ(Γ\H, ρ) = {−→F (z) ∈ A(Γ\H, ρ) : Fj(z) ∈ C∞(H)and

Fj(z) = O(yµ) and
∂Fj(z)

∂y
= O(yµ) for y sufficiently large}. (1.25)
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1.3 Eichler’s Estimate

Unitary representations have bounded entries. For nonunitary representations

we rely on the Eichler estimate to bound the entries. For the modular group,

Eichler’s theorem is stated [9]:

Theorem 1.1 If V ∈ Γ consider a factorization of V into sections, V =

C1 · · ·Cl. Each section Ci is either a nonparabolic generator of Γ, i.e. T , or a

power of a parabolic generator of Γ, i.e. Sk k ∈ Z. Then for any V ∈ Γ the

factorization can be carried out so that

l ≤ n1logµ(V ) + n2, (1.26)

where n1, n2 > 0 are independent of V and

µ(V ) = a2 + b2 + c2 + d2 if V = ( a b
c d ) . (1.27)

The following Lemma proved in [9] is extremely useful in the sequel.

Lemma 1.1 For real numbers c, d and z = x+ iy, we have

(
y2

1 + 4|z|2
)

(c2 + d2) ≤ |cz + d|2 ≤ 2(|z|2 + y−2)(c2 + d2). (1.28)

The next estimate allows us to bound the Eichler length by a value which

depends only on the values in the last row.

Lemma 1.2 Given ( a b
m n ) ∈ Γ and N ∈ Z+ there exists q ∈ Z such that

SqN ( a b
m n ) = ( a′ b′

m n ) and

a′2 + b′2 ≤ N2(m2 + n2). (1.29)

In particular

a′2 + b′2 +m2 + n2 ≤ (N2 + 1)(m2 + n2). (1.30)

Proof: Given ( a b
m n ) ∈ Γ , we have

an− bm = 1. (1.31)
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Using the division algorithm, we write

a = mNqa + la, qa ∈ Z 0 ≤ la < mN ; (1.32)

b = mNqb + lb, qb ∈ Z 0 ≤ lb < mN.

Substitute (1.32) into (1.31) to get

(mNqa + la)n− (mNqb + lb)m = 1,

therefore

mNqb + lb =
(mNqa + la)n− 1

m
. (1.33)

Now consider (
1 −Nqa
0 1

)
( a b

m n ) = ( a−mNqa b−nNqa
m n ) . (1.34)

Then by (1.32)

(1.34) = ( la mNqb+lb−nNqa
m n ) ,

and by (1.33)

(1.34) =
(

la
(mNqa+la)n−1

m
−nNqa

m n

)

=
(

la
lan−1

m
m n

)

= ( a′ b′
m n ) .

We obtain

a′2 + b′2 = l2a + (
lan− 1

m
)2 0 ≤ la < Nm (1.35)

≤ (N)m2 +
[(la + 1)|n|)]2

m2

≤ (Nm)2 +
(Nm)2n2

m2

= N2(m2 + n2).

Theorem 1.1 implies the following:

Proposition 1.1 Let ωcd ∈ Γ satisfy

µ(ωcd) ≤ (N2 + 1)(c2 + d2). (1.36)
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Then there exists αχ and K ′
χ such that

|χij(ωcd)| ≤ (N2 + 1)αχK ′
χ(c2 + d2)αχ . (1.37)

Proof: Define

Kχ = max
1≤l,m≤p,0≤k≤N−1

{|χlm(T )|, |χlm(Sk)|}. (1.38)

Let

ωcd = V1 · · ·Vl

be the factorization in Theorem 1.1. We have

χij(ωcd) = χij(V1 · · ·Vl)

=

p∑

k1

χik1(V1)χk1j(V2 · · ·Vl)

=

p∑

k1

p∑

k2

· · ·
p∑

kl−1

χik1(V1)χk1k2(V2) · · ·χkl−1j(Vl).

Now if

V = Sn

= SqN+k 0 ≤ k ≤ N − 1,

then

χ(SqN+k) = χ(SqN)χ(Sk).

If χ satisfies (1.21), then

|χij(S
qN+k)| = |χij(S

k)|.

Therefore

|χij(ωcd)| ≤ pl(ωcd)−1K l(ωcd)
χ

≤ (Kχp)
n1µ(ωcd)+n2p−1 by (1.26).
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Thus

|χij(ωcd)| = µ(ωcd)
αχ

(Kχp)
n2

p

where

αχ = n1 logKχp.

Using (1.36), we have

|χij(ωcd)| ≤ (N2 + 1)αχK ′
χ(c2 + d2)αχ , (1.39)

where K ′
χ = (Kχp)n2

p
.
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CHAPTER 2

Eisenstein Series

In this chapter we define the vector-valued nonanalytic Eisenstein series
−→
E (z, s;χρ).

2.1 Preliminaries

Proposition 2.1 Let ρ be a monomial p dimensional representation, then ρtρ

is diagonal.

Proof: ρ(V ) monomial implies there exists σV ∈ Sp, Sp is the symmetric group

on p letters, and α1(V ), . . . , αp(V ) ∈ C such that

ρ(V ) = α1(V )E1σV (1) + α2(V )E2σV (2) + . . .+ αp(V )EpσV (p), (2.1)
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where Eij = (δij(k, l))1≤k,l≤p . Then

ρt(V )ρ(V )

=
(
α1(V )E1σV (1) + . . .+ αp(V )EpσV (p)

)t (
α1(V )E1σV (1) + . . .+ αp(V )EpσV (p)

)

=

p∑
i,j=1

αi(V )αj(V )EσV (i)iEσV (j)j

=

p∑
i,j=1

αi(V )αj(V )δijEσV (i)σV (j)

=

p∑
i=1

|αi(V )|2EσV (i)σV (i).

Thus

ρt(V )ρ(V ) =




|ασ−1(1)(V )|2
|ασ−1(2)(V )|2

. . .

|ασ−1(p)(V )|2



.

Proposition 2.2 Let ρ be a monomial representation. Let αi(V ) and σV (i)

be defined by (2.1). We have

σV W (i) = σW (σV (i)) (2.2)

and the cocycle condition αi(VW ) = αi(V )ασV (i)(W ). (2.3)
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Proof:

ρ(VW ) =

p∑
i

αi(VW )EiσV W (i)

= ρ(V )ρ(W )

=

p∑
i,j=1

αi(V )αj(W )EiσV (i)EjσW (j)

=

p∑
i,j=1

αi(V )αj(W )δσV (i)jEiσW (j)

=

p∑
i=1

αi(V )ασV (i)(W )EiσW (σV (i)).

Thus αi(VW )EiσV W (i) = αi(V )ασV (i)(W )EiσW (σV (i)) and the result follows.

[v(S)ρ(S)]N = I implies

|αi(S
N)| = 1 (2.4)

σN
S (i) = i.

Relations (2.2) and (2.3) imply

i = σI(i) = σγ◦ γ−1(i) = σγ−1 ◦ σγ(i)

= σγ−1γ(i) = σγ ◦ σγ−1(i).

Therefore

σ−1
γ = σγ−1 . (2.5)

Also,

1 = αi(I) = αi(γγ
−1)

= αi(γ)ασγ(i)(γ
−1) by (2.3).

Therefore

ασγ(i)(γ
−1) =

1

αi(γ)
. (2.6)

Remark 2.1 ρ a representation of SL(2,Z) which restricts to Γ implies ρ(−I) =

ρ(I). This, in turn, implies σ−V = σV and αi(−V ) = αi(V ).
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2.2 Eisenstein Series

We define the Eisenstein Series
−→
E (z, s;χρ) = (E1(z, s;χρ), · · · , Ep(z, s;χρ)) by

Ei(z, s;χρ) =
∑

M∈<SN>\Γ
|ασ−1

M (i)(M)|2=(Mz)s. (2.7)

We have

Ei(z, s;χρ) =
∑

V ∈Γ∞\Γ

N−1∑

k=0

|ασ−1

SkV
(i)(S

kV )|2=(SkV z)
s

(2.8)

=
∑

V ∈Γ∞\Γ

N−1∑

k=0

|ασ−1

Sk σ−1
V (i)(S

k)ασ−1
V (i)(V )|2=(V z)s

=
1

2

∑

(c,d)=1

N−1∑

k=0

|ασ−1

Sk σ−1
V (i)(S

k)ασ−1
V (i)(V )|2ys

|cz + d|2s
.

Here V = ( a b
c d ).

Remark 2.2 (2.7) is well defined since

|ασ−1

SjN M
(i)(S

jNM)|2 = |ασ−1

SjN ◦σ−1
M (i)(S

jNM)|2

= |ασ−1

SjN ◦σ−1
M (i)(S

jN)ασ
SjN ◦σ−1

SjN ◦σ−1
M (i)(M)|2

= |ασ−1
M (i)(M)|2.

Introduce the p× p matrix

χρ(γ) =

p∑
i=1

|ασγ(i)(γ
−1)|2Eiσγ(i). (2.9)

Using (2.6), we have

χρ(γ) =

p∑
i=1

1

|αi(γ)|2Eiσγ(i). (2.10)

Proposition 2.3 Let χρ(γ) =
∑p

i=1
1

|αi(γ)|2Eiσγ(i). Then χρ is a representa-

tion.
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Proof:

We have χρ(VW ) =

p∑
i=1

1

|αi(VW )|2EiσV W (i)

=

p∑
i=1

1

|αi(V )|2|ασV (i)(W )|2EiσW ◦σV (i).

Also,

(2.11)

χρ(V )χρ(W ) =

(
p∑

i=1

1

|αi(V )|2EiσV (i)

)(
p∑

j=1

1

|αj(W )|2EjσW (j)

)

=

p∑
i,j=1

1

|αi(V )|2
1

|αj(W )|2EiσV (i)EjσW (j)

=

p∑
i

1

|αi(V )|2
1

|αj(W )|2 δσV (i)jEiσV (i)EjσW (j)

=

p∑
i

1

|αi(V )|2
1

|ασV (i)(W )|2EiσW ◦σV (i).

Therefore χρ(VW ) = χρ(V )χρ(W ). We call χρ the representation induced by

ρ.

Proposition 2.4 Ei(z, s;χρ) is absolutely convergent for <s > 1 + α.

Proof:

Let qV = tr
(
ρt(V )ρ(V )

)

=

p∑
i=1

|ασ−1
V (i)(V )|2

=

p∑
i=1

|αi(V )|2.
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Thus, for σ = <s,

Ei(z, σ;χρ) ≤
∑

V ∈<SN>\Γ
qV=(V z)σ (2.12)

=
∑

V ∈Γ∞\Γ

N−1∑

k=0

qSkV=(SkV z)
σ

(2.13)

=
∑

V ∈Γ∞\Γ

N−1∑

k=0

qSkV=(V z)σ (2.14)

Now,

qV W =

p∑
i=1

|αi(VW )|2 =

p∑
i=1

|αi(V )|2|ασV (i)(W )|2 (2.15)

by (2.2). Let V = V1V2 · · ·Vl be the factorization given in Theorem 1.1. We

have

qSkV = qSkV1V2···Vl
(2.16)

=

p∑
i=1

|αi(S
k)||ασ

Sk (i)(V1)|2|ασV1
◦σ

Sk (i)(V2)|2 · · · |ασVl−1
◦σVl−2

◦···◦σV1
◦σ

Sk (i)(Vl)|2.

Let

Kχρ = max
(|αj(T )|2, |αj(S

k)|2)
1≤k≤N, 1≤j≤p

. (2.17)

We have

qSkV ≤ K l+1
χρ
p

≤ Kn1logµ(SkV )
χρ

Kn2+1
χρ

p by (1.26)

= µ(SkV )αKn2+1
χρ

p where αχρ = n1logKχρ .

The proof of Lemma 1.2 implies we can choose a set M of left coset represen-

tatives of Γ∞ in Γ such that

a2 + b2 ≤ N2(c2 + d2) ∀ V = ( a b
c d ) ∈ M.

This implies

µ(SkV ) ≤ 2(k2 +N2)(c2 + d2) (2.18)

≤ 4N2(c2 + d2) for 0 ≤ k ≤ N − 1 (2.19)



18

Thus

∑

V ∈Γ∞\Γ

N−1∑

k=0

qSkV=(V z)σ

=
∑

V ∈M

N−1∑

k=0

qSkV y
σ

|cz + d|2σ

≤
∑

V ∈M

N−1∑

k=0

µ(SkV )αKn2+1
χρ

pyσ

|cz + d|2σ

≤(4N2)αKn2+1
χρ

pN
∑

V ∈M

(c2 + d2)αyσ

|cz + d|2σ

From Lemma 1.1, we have c2 + d2 ≤ 1+4|z|2
y2 |cz + d|2. It follows that

Ei(z, σ;χρ) ≤ (4N2)αKn2+1
χρ

pN(
1 + 4|z|2

y
)α

∑

V ∈M

yσ−α

|cz + d|2σ−2α
(2.20)

which converges uniformly on compact subsets for σ > 1 + α. Therefore the

series (2.7) converges absolutely-uniformly for <s > 1 + α.

Proposition 2.5

−→
E (γz, s;χρ) = χρ(γ)

−→
E (z, s;χρ) ∀γ ∈ Γ. (2.21)

Proof: We must show

Ei(γz, s;χρ) = |ασγ(i)(γ
−1)|2Eσγ(i)(z, s;χρ) ∀γ ∈ Γ. (2.22)

We have by (2.8) Ei(γz, s;χρ)

=
∑

V ∈Γ∞\Γ

N−1∑

k=0

|ασ−1

Sk ◦σ−1
V (i)(S

k)ασ−1
V (i)(V )|2(=(V γz))s.

Let W = V γ. Then V = Wγ−1, so that Ei(γz, s;χρ) is , by (2.2),

=
∑

Wγ−1∈Γ∞\Γ

N−1∑

k=0

|ασ−1

Sk ◦σ−1
W ◦σγ(i)(S

k)ασ−1
W ◦σγ(i)(Wγ−1)|2(=(Wz))s.
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Therefore, using (2.3), we have Ei(γz, s;χρ)

=
∑

Wγ−1∈Γ∞\Γ

N−1∑

k=0

|ασ−1

Sk ◦σ−1
W

(Sk)ασ−1
W ◦σγ(i)(W )ασγ(i)(γ

−1)|2(=(Wz))s

= |ασγ(i)(γ
−1)|2

∑

Wγ−1∈Γ∞\Γ

N−1∑

k=0

|ασ−1

Sk ◦σ−1
W ◦σγ(i)(S

k)ασ−1
W ◦σγ(i)(W )|2(=(Wz))s

= |ασγ−1 (i)(γ
−1)|2Eσγ(i)(z, s;χρ).

Remark 2.3 In particular,

Ei(z +N, s;χρ) = Ei(S
Nz, s;χρ)

= |ασ
SN (i)(S

−N)|2Eσ
SN (i)(z, s;χρ)

= Ei(z, s;χρ), by (2.4).

Therefore Ei(z, s;χρ) is periodic, with period N.

2.3 Fourier Expansion

Since Ej(z +N, s;χρ) = Ej(z, s;χρ), it has a real Fourier expansion

Ej(z, s;χρ) =
1

2

∑

(m.n)=1

N−1∑

k=0

|ασ−1

Sk ◦σ−1
V

(j)ασ−1
V (j)(V )|2ys

|mz + n|2s

=
∞∑
−∞

aj
l (y, s;χρ)e

2πilx
N .

The derivation of the aj
l (y, s;χρ) follows Bump [2]. We have

aj
l (y, s;χρ) =

1

2

∑

(m.n)=1

N−1∑

k=0

|ασ−1

Sk ◦σ−1
V

(j)ασ−1
V (j)(V )|2ys

N∫

0

e−
2πilx

N

[(mx+ n)2 +m2y2]s
dx

(2.23)
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Next we use αi(V ) = αi(−V ) to get

aj
l (y, s;χρ) =

(
N−1∑

k=0

|ασ−1

Sk
(j)(Sk)|2

)
ysδ0(l)

+
∞∑

m=1
(m,n)=1

∞∑
n=−∞

N−1∑

k=0

|ασ−1

Sk ◦σ−1
V

(j)ασ−1
V (j)(V )|2ys

N∫

0

e−
2πilx

N

[(mx+ n)2 +m2y2]s
dx.

(2.24)

Write n = mNq + r, 0 ≤ r < mN ; then (n,m) = 1 ⇔ (r,m) = 1. Therefore

∞∑
m=1

(m,n)=1

∞∑
n=−∞

N−1∑

k=0

|ασ−1

Sk ◦σ−1
V (j)(S

k)ασ−1
V (j)(V )|2ys

N∫

0

e−
2πilx

N

[(mx+ n)2 +m2y2]s
dx

=
∞∑

m=1

∞∑
q=−∞

mN−1∑
r=0

(r,m)=1

N−1∑

k=0

|ασ−1

Sk ◦σ−1

( ∗ ∗
m mq+r )

(j)(S
k)ασ−1

( ∗ ∗
m mq+r )

( ∗ ∗
m mq+r ) |2

× ys

1∫

0

e−
2πilx

N

[(m(x+ q) + r)2 +m2y2]s
dx. (2.25)

Since ( ∗ ∗
m mNq+r ) = ( ∗ ∗

m r )
(

1 Nq
0 1

)
, (2.25) becomes

∞∑
m=1

∞∑
q=−∞

mN−1∑
r=0

(r,m)=1

N−1∑

k=0

|ασ−1

Sk ◦σ−1

[( ∗ ∗
m r )SNq]

(j)(S
k)ασ−1

[( ∗ ∗
m r )SNq]

[
( ∗ ∗

m r )SNq
] |2

× ys

(N+1)q∫

Nq

e−
2πilx

N

[(m(x+ q) + r)2 +m2y2]s
dx. (2.26)

On the other hand,

|ασ−1

[( ∗ ∗
m r )SNq]

(j)((
∗ ∗
m r )SNq)|2

=|ασ−1

( ∗ ∗
m r )

◦σ−1

SNq (j)((
∗ ∗
m r )SNq)|2

=|ασ−1

( ∗ ∗
m r )

◦σ−1

SNq (j)((
∗ ∗
m r ))ασ

( ∗ ∗
m r )

◦σ−1

( ∗ ∗
m r )

◦σ−1

SNq (j)(S
Nq)|2

=|ασ−1

( ∗ ∗
m r )

(j) ( ∗ ∗
m r ) |2.
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We have shown

|ασ−1

[( ∗ ∗
m r )SNq]

(j)((
∗ ∗
m r )SNq)|2 = |ασ−1

( ∗ ∗
m r )

(j) ( ∗ ∗
m r ) |2. (2.27)

Therefore,

∞∑
m=1

∞∑
q=−∞

mN−1∑
r=0

(r,m)=1

N−1∑

k=0

|ασ−1

Sk ◦σ−1

[( ∗ ∗
m r )SNq]

(j)(S
k)ασ−1

[( ∗ ∗
m r )SNq]

[
( ∗ ∗

m r )SNq
] |2

× ys

(N+1)q∫

Nq

e−
2πilx

N

[(m(x+ q) + r)2 +m2y2]s
dx

=
∞∑

m=1

∞∑
q=−∞

mN−1∑
r=0

(r,m)=1

N−1∑

k=0

|ασ−1

Sk ◦σ−1

( ∗ ∗
m r )

(j)(S
k)ασ−1

( ∗ ∗
m r )

( ∗ ∗
m r ) |2

× ys

(N+1)q∫

Nq

e−
2πilx

N

[(m(x+ q) + r)2 +m2y2]s
dx

=
∞∑

m=1

mN−1∑
r=0

(r,m)=1

N−1∑

k=0

|ασ−1

Sk ◦σ−1

( ∗ ∗
m r )

(j)(S
k)ασ−1

( ∗ ∗
m r )

( ∗ ∗
m r ) |2

× ys

∞∫

−∞

e−
2πilx

N

[(m(x+ q) + r)2 +m2y2]s
dx.

Under the substitution x −→ x+
r

m
, the above becomes

∞∑
m=1

1

m2s

mN−1∑
r=0

(r,m)=1

e
2πilr
mN

N−1∑

k=0

|ασ−1

Sk ◦σ−1

( ∗ ∗
m r )

(j)(S
k)ασ−1

( ∗ ∗
m r )

( ∗ ∗
m r ) |2

× ys

∞∫

−∞

e−
2πilx

N

(x2 + y2)s dx. (2.28)

Now, see [2], for <s > 1
2

ys

∞∫

−∞

e−
2πilx

N

(x2 + y2)s dx =




π

1
2

Γ(s− 1
2
)

Γ(s)
y1−s, if l = 0;

πs

Γ(s)
| l
N
|s− 1

2
√
yKs− 1

2
(2π|l|y

N
), if l 6= 0.

(2.29)
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Here Ks(y) is the K-Bessel function defined by, see[2],

Ks(y) =
1

2

∞∫

0

e−
y
2
(t+t−1)ts

dt

t
. (2.30)

Ks(y) satisfies the estimate

|Ks(y)| ≤ e−
y
2Kσ(2) if y > 4; σ = <s. (2.31)

Therefore

∞∑
m=1

1

m2s

mN−1∑
r=0

(r,m)=1

e
2πilr
mN

N−1∑

k=0

|ασ−1

Sk ◦σ−1

( ∗ ∗
m r )

(j)(S
k)ασ−1

( ∗ ∗
m r )

( ∗ ∗
m r ) |2

× ys

∞∫

−∞

e−
2πilx

N

(x2 + y2)s dx

=
∞∑

m=1

∑mN−1
r=0

(r,m)=1

∑N−1
k=0 |ασ−1

Sk ◦σ−1

( ∗ ∗
m r )

(j)(S
k)ασ−1

( ∗ ∗
m r )

( ∗ ∗
m r ) |2

m2s
π

1
2
Γ(s− 1

2
)

Γ(s)
y1−sδ0(l)

+ 2
∞∑

m=1

∑mN−1
r=0

(r,m)=1
e

2πilr
mN

∑N−1
k=0 |ασ−1

Sk ◦σ−1

( ∗ ∗
m r )

(j)(S
k)ασ−1

( ∗ ∗
m r )

( ∗ ∗
m r ) |2

m2s

× πs

Γ(s)

( |l|
N

)s− 1
2 √

yKs− 1
2
(
2π|l|y
N

).

We have shown

aj
0(y, s, χρ) =

(
N−1∑

k=0

|ασ−1

Sk
(j)(Sk)|2

)
ys

+
∞∑

m=1

∑mN−1
r=0

(r,m)=1

∑N−1
k=0 |ασ−1

Sk ◦σ−1

( ∗ ∗
m r )

(j)(S
k)ασ−1

( ∗ ∗
m r )

( ∗ ∗
m r ) |2

m2s
π

1
2
Γ(s− 1

2
)

Γ(s)
y1−s

(2.32)
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and

aj
l (y, s, χρ) =

2
∞∑

m=1

∑mN−1
r=0

(r,m)=1
e

2πilr
mN

∑N−1
k=0 |ασ−1

Sk ◦σ−1

( ∗ ∗
m r )

(j)(S
k)ασ−1

( ∗ ∗
m r )

( ∗ ∗
m r ) |2

m2s

× πs

Γ(s)

( |l|
N

)s− 1
2 √

yKs− 1
2
(
2π|l|y
N

). (2.33)

Let

Sj(l, χρ;m) =
mN−1∑

r=0
(r,m)=1

e
2πilr
mN

N−1∑

k=0

|ασ−1

Sk ◦σ−1

( ∗ ∗
m r )

(j)(S
k)ασ−1

( ∗ ∗
m r )

( ∗ ∗
m r ) |2.

Sj(l, χρ;m) is a type of generalized Ramanujan sum. Let

Zj(l, χρ; s) =
∞∑

m=1

S(l, χρ;m)

m2s

be the associated zeta function.

Thus we have

Ej(z, s;χρ) =
∞∑

l=−∞
aj

l (y, s, χρ)e
2πilx

N ,

where

aj
0(y, s;χρ) =

(
N−1∑

k=0

|ασ−1

Sk
(j)(Sk)|2

)
ys + Zj(0, χρ; s)π

1
2
Γ(s− 1

2
)

Γ(s)
y1−s (2.34)

and

aj
l (y, s;χρ) = 2

πs

Γ(s)
Zj(l, χρ; s)

( |l|
N

)s− 1
2 √

yKs− 1
2
(
2π|l|y
N

), for l 6= 0. (2.35)

Next we estimate

Sj(l, χρ;m) =
mN−1∑

r=0
(r,m)=1

e
2πilr
mN

N−1∑

k=0

|ασ−1

Sk ◦σ−1

( ∗ ∗
m r )

(j)(S
k)ασ−1

( ∗ ∗
m r )

( ∗ ∗
m r ) |2. (2.36)
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With q ∈ Z as in Lemma 1.1 and by (2.27), we have

|ασ−1

( ∗ ∗
m r )

( ∗ ∗
m r ) |2 = |ασ−1

SqN( ∗ ∗
m r )

(
SqN ( ∗ ∗

m r )
) |2

= |ασ−1

( a′ b′
m r )

( a′ b′
m r ) |2

≤ q( a′ b′
m r ), where qV =

p∑
j=1

|αj(V )|2.

Thus, by an argument similar to that found in the proof of Proposition 2.4,

|ασ−1

( ∗ ∗
m r )

( ∗ ∗
m r ) |2 ≤ K

L( a′ b′
m r )

χρ p

≤ µ ( a′ b′
m r )

α
Kn2

χρ
p

≤ (N2 + 1)α(m2 + r2)αKn2
χρ
p, by Lemma 1.1.

Thus, since r < m,

|ασ−1

( ∗ ∗
m r )

( ∗ ∗
m r ) |2 ≤ [2(N2 + 1)]

α
m2αKn2

χρ
p. (2.37)

Therefore

|Sj(l, χρ;m)| = |
mN−1∑

r=0
(r,m)=1

e
2πilr
mN

N−1∑

k=0

|ασ−1

Sk ◦σ−1

( ∗ ∗
m r )

(j)(S
k)ασ−1

( ∗ ∗
m r )

( ∗ ∗
m r ) |2|

≤ Kχρ

mN−1∑
r=0

(r,m)=1

N−1∑

k=0

|ασ−1

( ∗ ∗
m r )

( ∗ ∗
m r ) |2 by (2.17).

Then, by (2.37)

|
mN−1∑

r=0
(r,m)=1

e
2πilr
mN

N−1∑

k=0

|ασ−1

Sk ◦σ−1

( ∗ ∗
m r )

(j)(S
k)ασ−1

( ∗ ∗
m r )

( ∗ ∗
m r ) |2|

≤ N2[2(N2 + 1)]
α
Kn2

χρ
pm2α+1, a bound independent of l and j. (2.38)
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Therefore,

|Zj(l, χρ; s)| = |
∞∑

m=1

Sj(l, χρ;m)

m2s
|

≤ N2[2(N2 + 1)]
α
Kn2

χρ
p

∞∑
m=1

1

m2(Re(s)−α)−1
.

Thus Zj(l, χρ; s) converges absolutely for <s > 1 + α.
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CHAPTER 3

The Matrix Resolvent Kernel

3.1 Preliminaries

The following facts about the laplacian acting on automorphic functions can

be found in [7] ,[14]. Let Gs(z, z
′) denote the free space Green’s function for

∆ on H. We have

Gs(z, z
′) =

1

4π

∫ 1

0

(ξ(1− ξ))s−1(ξ + u)−s dξ. (3.1)

Gs(z, z
′) satisfies Gs(u) = 1

4π
log 1

u
+O(1), as u −→ 0.More precisely Gs(z, w) =

−1
2π

log |z − w| +Hs(z, w), where Hs(z, w) ∈ C∞(H ×H). From Gs(z, z
′), the

automorphic kernel, Ks(z, z
′), is constructed by summing over all of Γ:

Ks(z, z
′) =

∑
γ∈Γ

Gs(z, γz
′). (3.2)

Let H0 = H × H − diag (mod Γ) where diag (mod Γ) = {(z, z′) ∈ H × H :

z′ ≡ z (mod Γ)}. The series (3.2) converges absolutely-uniformly on compact

subsets of H0 for <s > 1. Let −Rs be the integral operator with kernel

Ks(z, z
′), that is

(−Rsf)(z) =

∫

F

Ks(z, z
′)f(z′) dµ(z′). (3.3)

−Rs is called the resolvent of ∆. It inverts ∆− s(s− 1) on the space

Bµ(Γ\H) = {f ∈ A(Γ\H) : f ∈ C∞(H) and f = O(yµ) as y −→∞}. (3.4)
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Hejhal [6] generalizes the above to the laplacian acting on A(Γ\H,χ) with χ

unitary. In this chapter, we construct a matrix kernel and matrix resolvent for

arbitrary χ satisfying (1.21). We prove in Section 3.3 the following theorem.

Theorem 3.1 If
−→
F ∈ Bµ(Γ\H,χ), then

(∆− s(s− 1))Rs
−→
F

t
(z) =

−→
F

t
(z) σ ≥ µ+ 1. (3.5)

We define the matrix kernel in the same manner as Hejhal [6].

Definition 3.1

Ks(z, z
′;χ) =

∑
γ∈Γ

Gs(z, γz
′)χ(γ) (3.6)

where χ is an arbitrary p× p representation satisfying (1.21).

Proposition 3.1 The series (3.6) converges absolutely-uniformly on compact

subsets of H0 for <s > 1 + αχ.

Proof: Let K = E1 × E2 ⊂ H0 be compact. Here E1 and E2 are compact

subsets of H such that γ(E1) ∩ E2 = Ø, ∀γ ∈ Γ. Let w = (z, z′) ∈ H × H

and wo = (zo, z
′
o) ∈ H ×H. Consider f(w,wo) = u(z, z′) + u(zo, z

′
o). We have

f(w,wo) > 0 for w ∈ E1 × E2 and wo ∈ diag (mod Γ). Since E1 × E2 is

compact and diag (mod Γ) is closed there exists δ > 0 such that

u(z, zo) + u(z′, γzo) ≥ δ ∀(z, z′) ∈ E × E ′ (3.7)

and ∀(zo, γzo) ∈ H0.

Given (z, z′) ∈ E1 × E2, set zo = z then (3.7) becomes

u(z, γz′) > δ ∀(z, z′) ∈ E1 × E2 γ ∈ Γ. (3.8)

We may assume for some A > 0

−A ≤ x, x′ ≤ A ,
1

A
≤ y, y′ ≤ A (3.9)

for all (z, z′) ∈ E1 × E2. It follows from (3.1) that there exists Aσ,δ such that

|Gs(u(z, z
′))| ≤ Aσ,δ

(2
4

+ u(z, z′))σ
u(z, z′) > δ. (3.10)
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Following [19], we write

Ks(z, z
′;χ) =

∞∑
n=−∞

Gs(z, S
nx′)χn(S) +

∑′

M∈Γ

Gs(z,Mz′)χ(M) (3.11)

=
∞∑

n=−∞

N−1∑

k=0

Gs(z, S
Nn+kx′)χNn+k(S) +

∑′

M∈Γ

Gs(z,Mz′)χ(M).

Using (1.21), we have

Ks(z, z
′;χ) =

∞∑
n=−∞

e−2πiNnκ

N−1∑

k=0

Gs(z, S
Nn+kx′)χk(S) +

∑′

M∈Γ

Gs(z,Mz′)χ(M).

where
∑′

M∈Γ means all powers of S are missing.

The ij entry is

(Ks)ij(z, z
′;χ) =

∞∑
n=−∞

N−1∑

k=0

Gs(z, S
Nn+kz′)e−2πiNnκχij(S

k)

+
∑
M∈Γ

′
Gs(z,Mz′)χij(M). (3.12)

Now,by the definition of Kχ, (1.38),

∣∣∣∣∣
∞∑

n=−∞
e−2πiNnκ

N−1∑

k=0

Gs(z, S
Nn+kx′)χk(S)

∣∣∣∣∣ (3.13)

≤ Kχ

∞∑
n=−∞

|Gs(z, S
nz′)| .

Therefore
∑∞

n=−∞ e
−2πiNnκ

∑N−1
k=0 Gs(z, S

Nn+kx′)χk(S) converges absolutely-

uniformly on K ⊂ H0 compact since
∑

γ∈ΓGs(z, γz
′) does.

In the second term we use the fact that u(z,Mz′) > δ ∀M ∈ Γ for (z, z′) ∈ K.

We have

∑′

M∈Γ

Gs(z,Mz′)χij(M)

=
∞∑

c=1

∑

d mod c

∞∑
m=−∞

∞∑
n=−∞

Gs(z, S
nωcdS

mz′)χij(S
nωcdS

m).
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Here we used the double coset decomposition (1.8). Using the division algo-

rithm, we write

∑′

M∈Γ

Gs(z,Mz′)χij(M)

=
∞∑

c=1

∑

d mod c

N−1∑

k=0

N−1∑

l=0

∞∑
m=−∞

∞∑
n=−∞

Gs(z, S
Nn+kωcdS

Nm+lz′)χij(S
nNSkωcdS

lSmN).

Since χ is a representation satisfying (1.21)

χij(S
nNSkωcdS

lSmN)) = e−2πi(n+m)Nκχij(S
kωcdS

l). (3.14)

Therefore

∑′

M∈Γ

Gs(z,Mz′)χij(M)

=
∞∑

c=1

∑

d mod c

N−1∑

k=0

N−1∑

l=0

χij(S
kωcdS

l)
∞∑

m=−∞

∞∑
n=−∞

e−2πi(n+m)NκGs(z, S
Nn+kωcdS

Nm+lz′)

We have to estimate

∞∑
c=1

∑

d mod c

N−1∑

k=0

N−1∑

l=0

∣∣χij(S
kωcdS

l)
∣∣

∞∑
m=−∞

∞∑
n=−∞

|Gs(z, S
n(ωcdS

m)z′)| . (3.15)

Now

χ(SkωcdS
l) = χ(Sk)χ(ωcd)χ(Sl), (3.16)

therefore

χij(S
kωcdS

l) =

p∑
t1,t2=1

χit1(S
k)χt1t2(ωcd)χt2j(S

l). (3.17)

Using the definition of Kχ, (1.38), we have

∣∣χij(S
kωcdS

l)
∣∣ ≤ K2

χ

p∑
t1,t2=1

|χt1t2(ωcd)| . (3.18)

We now use the Eichler estimate to bound |χt1t2(ωcd)|. We may assume, by

Lemma 1.2 and (1.21), that

µ(ωcd) ≤ (N2 + 1)(c2 + d2).



30

Therefore by Proposition 1.1

|χij(S
kωcdS

l)| ≤ K ′′
χ(c2 + d2)αχ , (3.19)

where

K ′′
χ = p2K2

χK
′
χ(N2 + 1)αχ . (3.20)

Therefore

∞∑
c=1

∑

d mod c

N−1∑

k=0

N−1∑

l=0

∣∣χij(S
kωcdS

l)
∣∣

∞∑
m=−∞

∞∑
n=−∞

∣∣Gs(z, S
Nn+kωcdS

Nm+lz′)
∣∣

≤ K ′′
χ

∞∑
c=1

∑

d mod c

(c2 + d2)αχ

N−1∑

k=0

N−1∑

l=0

∞∑
m=−∞

∞∑
n=−∞

∣∣Gs(z, S
Nn+kωcdS

Nm+lz′)
∣∣

= K ′′
χ

∞∑
c=1

∑

d mod c

(c2 + d2)αχ

∞∑
m=−∞

∞∑
n=−∞

|Gs(z, S
nωcdS

mz′)| . (3.21)

Thus, we have to estimate

∞∑
c=1

∑

d mod c

(c2 + d2)αχ

∞∑
m=−∞

∞∑
n=−∞

|Gs(z, S
nωcdS

mz′)| .

Let M = ωcdS
m, xM = <Mz, and yM = =Mz. We have

Gs(z, S
nMz′) = Gs(z,Mz′ + n).

By the Remark 1.1 this is

= Gs(u(z,Mz′ + n)).

Now

u(z,Mz′ + n) =
(x− x′M − n)2 + (y − y′M)2

4yy′M

=
1

4

(
y

y′m
+
y′M
y
− 2 +

(x− x′M − n)2

yy′M

)
.

Therefore

Gs(z, S
nMz′) = Gs(

1

4

(
y

y′m
+
y′M
y
− 2 +

(x− x′M − n)2

yy′M

)
). (3.22)
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Thus, by (3.10) and (3.7),

|Gs(z, S
nMz′)| ≤ 4σAσ,δ

( y
y′M

+
y′M
y

+
(x−x′M−n)2

yyM
)σ

≤ 4σAσ,δ(y
′
M)σ

(y +
(x−x′M−n)2

y
)σ
. (3.23)

Now (
y +

(x− x′M − n)2

y

)σ

= yσ

(
1 +

∣∣∣∣
x− x′M − n

y

∣∣∣∣
2
)σ

.

Next we apply Peetre’s inequality, [3]: ∀ξ, η ∈ Rn and σ ∈ R,

(1 + |ξ|2)σ(1 + |η|2)−σ ≤ 2|σ|(1 + |ξ − η|2)|σ|. (3.24)

We obtain

2σ

(
1 +

∣∣∣∣
n

y
− (x− x′M)

y

∣∣∣∣
2
)σ

≥
(1 + (n

y
)2)σ

(1 +
(x−x′M )2

y
)σ

, note σ > 1.

Therefore

∞∑
n=−∞

4σAσ,δ(y
′
M)σ

(y +
(x−x′M−n)2

y
)σ
≤ 2σAσ,δ(y

′
M)σ

∞∑
n=−∞

(1 +
(x−x′M )2

y2 )σ

yσ(1 + (n
y
)2)σ

< 22σAσ,δ(y
′
M)σ

∞∑
n=0

(1 +
(x−x′M )2

y2 )σ

(y + n2

y
)σ

.

Now

|x− x′M | = |x− x′ωcdSm|
= |x− (x′ +m)ωcd

|

= |x− a

c
+

1

c2
x′ +m+ d

c

(x′ +m+ d
c
)2 + (y′)2

|

≤ |x|+ |a
c
|+max(1,

1

y′2
),

since

|x′ +m+ d
c
|

|x′ +m+ d
c
|2 + y′2

≤




1
y′2 , if |x′ +m+ d

c
| ≤ 1

1, if |x′ +m+ d
c
| ≥ 1.
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Our choice of representative ωcd satisfies |a
c
| ≤ 1, see the proof of Lemma 1.2.

Therefore,

∞∑
n=−∞

4σAσ,δ(y
′
M)σ

(y +
(x−x′M−n)2

y
)σ

< 22σAσ,δy
′
M

σ

(
1 +

|x|+ 1 +max(1, 1
y′2 )

y2

)σ ∞∑
n=0

1

1 + (n
y
)2)σ

. (3.25)

Further, we have

∞∑
n=0

(
1

y + n2

y

)σ

=
1

yσ
+

∞∑
n=1

(
1

y + n2

y

)σ

≤ 1

yσ
+

∞∫

0

(
1

y + x2

y

)σ

dx

=
1

yσ−1


1

y
+

∞∫

0

1

(1 + u2)σ du




=
1

yσ−1

(
1

y
+ A3,σ

)
.

Hence,

∞∑
n=−∞

4σAσ,δ(y
′
M)σ

(y +
(x−x′M−n)2

y
)σ

< 22σAσ,δy
′
M

σ

(
1 +

|x|+ 1 +max(1, 1
y′2 )

y2

)σ
1

yσ−1

(
1

y
+ A3,σ

)
.

Therefore there exists a constant C(σ, δ,K), where K is our compact set, such

that

∞∑
n=−∞

4σAσ,δ(y
′
M)σ

(y +
(x−x′M−n)2

y
)σ
< C(σ, δ,K)y′M

σ

= C(σ, δ,K)
y′σ

|(c+m)z′ + d|2σ . (3.26)
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Therefore,

∞∑
c=1

∑

d mod c

(c2 + d2)αχ

∞∑
m=−∞

∞∑
n=−∞

|Gs(z, S
nωcdS

mz′)|

≤ K ′′
χ

∞∑
c=1

∑

d mod c

(c2 + d2)αχ

∞∑
m=−∞

∞∑
n=−∞

|Gs(z, S
nωcdS

mz′)| by (3.21)

≤ K ′′
χ

∞∑
c=1

∑

d mod c

(c2 + d2)αχ

∞∑
m=−∞

∞∑
n=−∞

4σAσ,δ(y
′
M)σ

(y +
(x−x′M−n)2

y
)σ

by (3.23)

≤ K ′′
χC(σ, δ,K)

∞∑
c=1

∑

d mod c

(c2 + d2)αχ

∞∑
m=−∞

y′σ

|(c+m)z′ + d|σ . (3.27)

Since d ≤ c, we have

∞∑
n=−∞

4σAσ,δ(y
′
M)σ

(y +
(x−x′M−n)2

y
)σ

≤ K ′′′
χ C(σ, δ,K)

∞∑
c=1

∑

d mod c

c2αχ

∞∑
m=−∞

y′σ

|(c+m)z′ + d|σ . (3.28)

We now apply Lemma 1.1 to obtain

|c(z′ +m) + d|2 ≥
(

y′2

1 + 4|z′|2
)

(c2 + (cm+ d)2)

≥
(

c2y′2

1 + 4|z′|2
)
.

Thus

c2αχ ≤
(

1 + 4|z′|2
y′

)αχ |c(z′ +m) + d|2αχ

y′αχ
. (3.29)

Therefore,

∞∑
c=1

∑

d mod c

(c2 + d2)αχ

∞∑
m=−∞

∞∑
n=−∞

|Gs(z, S
nωcdS

mz′)| (3.30)

≤ K ′′′
χ C(σ, δ,K)

(1 + |z′|2)αχ

y′αχ

∞∑
c=1

∑

d mod c

∞∑
m=−∞

y′σ−αχ

|(c+m)z′ + d|2(σ−αχ)
.

The last series converges uniformly on compact domains for σ > αχ + 1 see

[19, pp. 638-639].

Proposition 3.2 For Re(s) > αχ+1, Ks(z, z
′;χ) has the following properties:
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(a) Ks(z, z
′;χ) = Ks(z

′, z;χ−1)

(b) Ks(V z, z
′;χ) = χ(V )Ks(z, z

′;χ) for V ∈ Γ(1)

(c) Ks(z, V z
′;χ) = Ks(z, z

′;χ)χ(V −1)

(d) (Ks)ij(z, z
′;χ) =

δij

4π
log 1

u
+O(1), as u −→ 0.

Properties (a) − (c) follow directly from the definition. For (d) , fix z ∈ F.

We have Γz = I. Since Γ(1) acts properly discontinuously, there exists δ > 0

and Uz = {w : u(z, w) < δ} such that z′ ∈ Uz and γz′ /∈ Uz, i.e. u(z, γz′) > δ,

∀γ ∈ Γ(1), γ 6= I. Therefore

(Ks)ij(z, z
′;χ) = Gs(z, z

′)χij(I) +
∑

I 6=γ∈Γ(1)

Gs(z, γz
′)χij(γ). (3.31)

The second term is bounded near z, thus from the properties of Gs(z, z
′),

(K)ij(z, z
′;χ) =

χij(I)

4π
log

1

u
+O(1), as u −→ 0

=
δij
4π
log

1

u
+O(1), as −→ 0.

3.2 Double Coset Expansion of Ks(z, z
′;χ)

In this section we apply the double coset decomposition to the kernelKs(z, z
′;χ)

to obtain its Fourier expansion. This is done for the scalar case in [19] and [7].

The Fourier expansion affords us growth estimates for the kernel Ks(z, z
′;χ).

Ks(z, z
′;χ) =

∞∑
n=−∞

Gs(z, z
′ + n)χ(Sn) (3.32)

+
∞∑

c=1

∑

d mod c

∞∑
m=−∞

∞∑
n=−∞

Gs(z, S
−nωcdS

−mz′)χ(S−nωcdS
−m)

= K0
s (z, z′;χ) +

∞∑
c=1

Kc
s(z, z

′;χ).

We have

K0
s (z, z′;χ) =

∞∑
n=−∞

N−1∑

k=0

Gs(z, z
′ +Nn+ k)χ(SNn+k). (3.33)
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By (1.21), we have

K0
s (z, z′;χ) =

∞∑
n=−∞

e−2πiκnNI

N−1∑

k=0

Gs(z, z
′ +Nn+ k)χ(Sk). (3.34)

Therefore

(K0
s )ij =

∞∑
n=−∞

e−2πiκnN

N−1∑

k=0

χij(S
k)Gs(z, z

′ +Nn+ k). (3.35)

Let

f i,j
k (n) = χij(S

k)Gs(z, z
′ +Nn+ k) (3.36)

= χij(S
k)Gs(u(z, z

′ +Nn+ k)). (3.37)

Now

u(z, z′ +Nn+ k) =
(x− x′ −Nn− k)2 + (y − y′)2

4yy′
. (3.38)

Therefore

f i,j
k (n) = χij(S

k)Gs(
(x− x′ −Nn− k)2 + (y − y′)2

4yy′
). (3.39)

Let

f i,j(n) =
N−1∑

k=0

f i,j
k (n). (3.40)

Then

(K0
s )ij =

∞∑
n=−∞

e−2πiκnNf i,j(n). (3.41)

We apply the Poisson Summation Formula to obtain

(K0
s )ij =

∞∑
n=−∞

f̂ i,j(n+ κN) (3.42)

∞∑
n=−∞

N−1∑

k=0

f̂ i,j
k (n+ κN). (3.43)
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Next we calculate f̂ i,j
k . We have

f̂ i,j
k (n) =

∞∫

−∞

e2πinuf̂ i,j
k (u) du (3.44)

=

∞∫

−∞

e2πinuχij(S
k)Gs(

(x− x′ −Nu− k)2 + (y − y′)2

4yy′
) du (3.45)

= χij(S
k)

∞∫

−∞

e2πinuGs(
(x− x′ −Nu− k)2 + (y − y′)2

4yy′
) du (3.46)

Let −ξ = x− x′ −Nu− k, then

f̂ i,j
k (n) =

1

N
e−

2πink
N χij(S

k)e
2πin(x−x′)

N

∞∫

−∞

e
2πinξ

N Gs(ξ + iy, iy′) dξ. (3.47)

Following [7], we define Pn(y, y′) by

Pn(y, y′) =

∞∫

−∞

e2πiξηGs(iy + ξ, iy′) dξ. (3.48)

Finally, we obtain

(K0
s )ij =

1

N

∞∑
n=−∞

(
N−1∑

k=0

e−
2πi(n+κN)k

N χij(S
k)

)
e

2πi(n+κN)(x−x′)
N Pn+κN

N
(y, y′).

(3.49)

Now develop the expansion for (Kc
s)ij(z, z

′;χ).

(Kc
s)ij(z, z

′;χ) =
∑

d mod c

∞∑
m=−∞

∞∑
n=−∞

Gs(z, S
−nωcdS

−mz′)χij(S
−nωcdS

−m)

=
∑

d mod c

N−1∑

k=0

N−1∑

l=0
∞∑

m=−∞

∞∑
n=−∞

Gs(z, S
−Nn−kωcdS

−Nm−lz′)χij(S
−nNS−kωcdS

lS−mN). (3.50)
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Thus, using (3.14), we have

(Kc
s)ij(z, z

′;χ) =
∞∑

m=−∞

∞∑
n=−∞

e2πi(n+m)Nκ

∑

d mod c

N−1∑

k=0

N−1∑

l=0

χij(S
−kωcdS

l)Gs(z +Nn+ k, ωcd(z
′ −Nn− l)). (3.51)

Let

f i,j
k,l,d(m,n) = χij(S

−kωcdS
l)Gs(u(z +Nn+ k, ωcd(z

′ −Nn− l))). (3.52)

Now

u(z +Nn+ k, ωcd(z
′ −Nn− l))

=

(
x+Nn+ k − a

c
− (−x′+Nn+l− d

c
)

c2|x′−Nn−l+ d
c
+iy′|2

)2

+
(
y − y′

c2|x′−Nn−l+ d
c
+iy′|2

)2

4yy′
c2|x′−Nn−l+ d

c
+iy′|2

.

(3.53)

Let

f i,j(m,n) =
∑

d mod c

N−1∑

k=0

N−1∑

l=0

f i,j
k,l,d(m,n). (3.54)

Then

(Kc
s)ij(z, z

′;χ) =
∞∑

m=−∞

∞∑
n=−∞

e2πi(n+m)Nκf i,j(m,n). (3.55)

Again, we apply Poisson summation formula to obtain

(Kc
s)ij(z, z

′;χ) =
∞∑

m=−∞

∞∑
n=−∞

f̂ i,j(m+ κN, n+ κN). (3.56)

Here

f̂ i,j
k,l,d(m,n) =

∞∫

−∞

∞∫

−∞

e2πi(mu+nv)f i,j
k,l,d(u, v) dudv. (3.57)
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Thus

f̂ i,j
k,l,d(m,n) = χij(S

−kωcdS
l)

∞∫

−∞

∞∫

−∞

e2πi(mu+nv)×

Gs




(
x+Nn+ k − a

c
− (−x′+Nn+l− d

c
)

c2|x′−Nn−l+ d
c
+iy′|2

)2

+
(
y − y′

c2|x′−Nn−l+ d
c
+iy′|2

)2

4yy′
c2|x′−Nn−l+ d

c
+iy′|2


 dudv.

(3.58)

Let ξ = x+Nu+ k − a
c

and η = −x′ +Nv + l − d
c
. Then

f̂ i,j
k,l,d(m,n) = χij(S

−kωcdS
l)e

2πi

„
m(−x+ a

c−k)

N
+

n(x′+ d
c−l)

N

«

×
1

N2

∞∫

−∞

∞∫

−∞

e2πi
(ξn+ηm)

N Gs(iy + ξ,
−1

c2(iy′ − η)
) dξdη. (3.59)

Again following [7], we define

Pn,m(y, y′) =

∞∫

−∞

∞∫

−∞

e2πi(ξn+ηm)Gs(iy + ξ,
−1

iy′ − η
) dξdη. (3.60)

Therefore,

(Kc
s)ij(z, z

′;χ) =
∞∑

m=−∞

∞∑
n=−∞

f̂ i,j(m+ κN, n+ κN) (3.61)

=
∞∑

m=−∞

∞∑
n=−∞

∑

d mod c

N−1∑

k=0

N−1∑

l=0

f̂ i,j
k,l,d(m+ κN, n+ κN).

Thus

(Kc
s)ij(z, z

′;χ) =
1

N2c2

∞∑
m=−∞

∞∑
n=−∞

×
∑

d mod c

N−1∑

k=0

N−1∑

l=0

χij(S
−kωcdS

l)e
2πi

„
(m+κN)(−x+ a

c−k)

N
+

(n+κN)(x′+ d
c−l)

N

«

Pn+κN
N

, m+κN

c2N
.

(3.62)

We introduce a generalized Kloosterman sum associated to χ.
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Definition 3.2

Sij(m,n, c;χ) =
∑

d mod c

N−1∑

k=0

N−1∑

l=0

χij(S
−kωcdS

l)e
2πi

„
(m+κN)( a

c−k)

N
+

(n+κN)( d
c−l)

N

«

(3.63)

Lemma 1.2, Proposition 1.1 and d ≤ c imply the Kloosterman sums have the

bound

|Sij(m+ κN, n+ κN, c;χ)| ≤ c2αχ+1. (3.64)

Using the Kloosterman sums (3.63), we have

(Kc
s)ij(z, z

′;χ) =
1

c2

∞∑
m=−∞

∞∑
n=−∞

Sij(m+ κN, n+ κN, c;χ)

× e
2πi
“

(m+κN)(−x)
N

+
(n+κN)(x′)

N

”
Pn+κN

N
, m+κN

c2N
. (3.65)

We use the following results found in [7]: For Re(s) > 1 and y′ > y

P0(y, y
′) =

1

2s− 1
ysy′1−s

and (3.66)

Pn(y, y′) =
1

4π|n|Vs(iny)Ws(iny
′) n 6= 0. (3.67)

For y′ > 1
y

P0,0(y, y
′) =

π
1
2

2s− 1

Γ(s− 1
2
)

Γ(s)
(yy′)1−s, (3.68)

P0,m(y, y′) =
πs

(2s− 1)Γ(s)

(
y

|m|
)1−s

Ws(imy
′), m 6= 0, (3.69)

Pn,0(y, y
′) =

πs

(2s− 1)Γ(s)

(
y′

|n|
)1−s

Ws(iny
′), n 6= 0, (3.70)

and

Pn,m(y, y′) =
1

2|mn| 12
Ws(iny)Ws(imy

′)




J2s−1(4π

√
mn) for mn > 0

I2s−1(4π
√
|mn|) for mn < 0.

(3.71)
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Where

Ws(z) = 2y
1
2Ks− 1

2
(2πy)e2πix (3.72)

is the Whittaker function. The definition is extended to the lower half plane

by

Ws(z) = Ws(z). (3.73)

Ks(y) is the K-Bessel function given by

Ks(y) =
1

2

∞∫

0

e−
y
2
(t+ 1

t
)t−s−1 dt y > 0. (3.74)

where <s > −1
2
. Ks(y) satisfies the estimate, see [2],

|Ks(y)| ≤ Cse
− y

2 y > 4. (3.75)

Also,

Vs(z) = 2πy
1
2 Is− 1

2
(2πy)e2πix (3.76)

extends as Ws(z). We use the following estimates found in [7], n 6= 0

Ws(nz) << |n|y 1
2 e−π|n|y 2πy > 4 (3.77)

Vs(nz) << |n|y 1
2 eπ|n|y

I2s−1(y) << min{y2σ−1, y−
1
2}ey

J2s−1(y) << min{y2σ−1, y−
1
2}

Next, we plug in (3.66) and (3.67) into (3.49), to get for <s > 1, y′ > y and

y′ > 1
y

(K0
s )ij = δ0(n+ κN)

1

N

N−1∑

k=0

χij(S
k)
ysy′1−s

2s− 1
(3.78)

+
∞∑

n=−∞
n+κN 6=0

e2πi
(n+κN)

N
(−x+x′) 1

4π|n+ κN |Vs(i(n+ κN)y)Ws(i(n+ κN)y′).
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Also, using (3.63),(3.68)-(3.71),and (3.61), we get for <s > αχ + 1

y′ > y and y′ > 1
y

(Kc
s)ij(z, z

′;χ) = δ0(n+κN)δ0(m+κN)
π

1
2

2s− 1

Γ(s− 1
2
)

Γ(s)
(yy′)1−sSij(0, 0, c;χ)

c2

+δ0(n+κN)
πsy1−s

(2s− 1)Γ(s)

∞∑
m=−∞

m+κN 6=0

Sij(m+ κN, 0, c;χ)

c2s
e2πi2πi(m+κN)x′Ws(i(m+ κN)y′)

|m+ κN |1−s

+δ0(n+κN)
πsy′1−s

(2s− 1)Γ(s)

∞∑
n=−∞

n+κN 6=0

Sij(0, n+ κN, c;χ)

c2s
e2πi(n+κN)(−x)Ws(i(n+ κN)y)

|n+ κN |1−s

+
∞∑

m=−∞
m+κN 6=0

∞∑
n=−∞

n+κN 6=0

Sij(m+ κN, n+ κN, c;χ)

c2s
e2πi(n+κN)(−x)+(m+κN)x′

× Ws(i(n+ κN)y)Ws(i(m+ κN)y′)

2|(n+ κN)(m+ κN)| 12

×



J2s−1(

4π
c

√
(n+ κN)(m+ κN)) for (n+ κN)(m+ κN) > 0

I2s−1(
4π
c

√
|n+ κN ||m+ κN |) for (n+ κN)(m+ κN) < 0.

We introduce the following functions:

Definition 3.3 Let

ϕij(s) =
π

1
2 Γ(s− 1

2
)

Γ(s)

∞∑
c=1

Sij(0, 0, c;χ)

c2s
, (3.79)

ϕij
n+κN(s) =

πs

Γ(s)

1

|n+ κN |1−s

∞∑
c=1

Sij(0, n+ κN, c;χ)

c2s
,

Zs(m+ κN, n+ κN) =
1√

|m+ κN ||n+ κN |
∞∑

c=1

Sij(m+ κN, n+ κN, c;χ)

c

×



J2s−1(

4π
c

√
(n+ κN)(m+ κN)) for (n+ κN)(m+ κN) > 0

I2s−1(
4π
c

√
|n+ κN ||m+ κN |) for (n+ κN)(m+ κN) < 0,
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and the ”Eisenstein series”

Eij(z, s) = δijδ0(n+ κN)ys + δ0(m+ κN)δ0(n+ κN)ϕij(s)y1−s (3.80)

+ δ0(n+ κN)
∞∑

n=−∞
n+κN 6=0

ϕij
n+κN(s)W s((n+ κN)z).

The bound (3.64) implies ϕij(s) and ϕij
n+κN(s) are analytic for σ > αχ +1. We

have the bounds

|ϕij(s)| ≤ Cs, (3.81)

|ϕij
n+κN(s)| ≤ Cs

|n+ κN |1−σ

and

|Zs(m+ κN, n+ κN)| ≤ Cse
4π
√
|n+κN ||m+κN |.

Zs(m+ κN, n+ κN) is entire and Eij(z, s) is analytic for σ > αχ + 1.

Therefore for <s > 1 y′ > y ,

[Ks]ij (z, z′;χ) =

y′1−s

2s− 1
{δijδ0(n+ κN)ys + δ0(m+ κN)δ0(n+ κN)ϕij(s)y1−s

+ δ0(n+ κN)
∞∑

n=−∞
n+κN 6=0

ϕij
n+κN(s)W s((n+ κN)z)}

+ δij

∞∑
n=−∞
n+nj 6=0

1

4π|n+ nj|V s((n+ nj)z)Ws((n+ nj)z
′)

+ δ0(m+ κN)
y1−s

2s− 1

∞∑
m=−∞

m+κN 6=0

ϕij
m+κN(s)Ws((m+ κN)z′)

+
∞∑

m=−∞
m+κN

∞∑
n=−∞

n+κN 6=0

Zs(m+ κN, n+ κN)W s((n+ κN)z)Ws((m+ κN)z′).

(3.82)
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3.3 The Resolvent

Let χ be an irreducible representation and

Ks(z, z
′;χ) =

∑

γ∈Γ(1)

Gs(z, γz
′)χ(γ)

the corresponding matrix kernel. We define a matrix integral operator, −Rs

with kernel Ks(z, z
′;χ), as

−(Rs
−→
F )(z) =

∫

F

Ks(z, z
′;χ)

−→
F (z′)dµ(z′). (3.83)

Looking at the ith entry, we have

−(Rs
−→
F )i(z) = −

p∑
j=1

(Rs)ijFj(z)

= −
p∑

i=1

∫

F

(Kj)ij(z, z
′;χ)Fj(z

′)dµ(z′).

Theorem 3.1 If
−→
F ∈ B′µ(Γ\H,χ), then

(∆ + s(1− s))Rs
−→
F (z) =

−→
F (z) σ ≥ µ+ 1. (3.84)

Thus Rs inverts (∆+s(s−1)) on the space B′µ(Γ\H,χ) We assume the following

lemma which [7] proves using the invariance of the laplacian.

Lemma 3.1 If
−→
F ∈ Bµ(Γ\H,χ), then

−(∆ + s(1− s))Rs
−→
F (z) =

∫

F

Ks(z, z
′;χ)(∆ + s(1− s))

−→
F (z′)dµ(z′). (3.85)

Proof of Theorem 3.1: Given z ∈ F and ε > 0, write F = (F−Bε(z))
⋃
Bε(z).

We have,
∫

F

Ks(z, z
′;χ)(∆ + s(1− s))

−→
F (z′)dµ(z′)

=

∫

F−Bε(z)

Ks(z, z
′;χ)(∆ + s(1− s))

−→
F (z′)dµ(z′)

+

∫

Bε(z)

Ks(z, z
′;χ)(∆ + s(1− s))

−→
F (z′)dµ(z′). (3.86)
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In the first integral use Green’s Formula to write

∫

F−Bε(z)

(
Ks(z, z

′;χ)(∆ + s(1− s))
−→
F (z′)− (∆ + s(1− s))Ks(z, z

′;χ)
−→
F (z′)

)
dµ(z′)

=

∫

F−Bε(z)

(
Ks(z, z

′;χ)∆e
−→
F (z′)−∆eKs(z, z

′;χ)
−→
F (z′)

)
dx dy

=

∫

∂(F−Bε(z))

(
Ks(z, z

′;χ)
∂
−→
F (z′)
∂n

− ∂Ks(z, z
′;χ)

∂n

−→
F (z′)

)
dl

=

∫

∂(F−Bε(z))

(
Ks(z, z

′;χ)y
∂
−→
F (z′)
∂n

− y
∂Ks(z, z

′;χ)

∂n

−→
F (z′)

)
dl

y
. (3.87)

Here dl denotes euclidean arc length and ∆e the euclidean laplacian. In the

last line we have rewritten the integrand for convenience since y ∂
∂n

and dl
y

are

invariant under Γ. Since (∆− s(1− s))Ks(z, z
′, χ) = 0, |z− z′| ≥ ε, we have

∫

mathscrF−Bε(z)

Ks(z, z
′;χ)(∆ + s(1− s))

−→
F (z′)dµ(z′)

=

∫

∂F

(
Ks(z, z

′;χ)
∂
−→
F (z′)
∂n

− ∂Ks(z, z
′;χ)

∂n

−→
F (z′)

)
dl

−
∫

|z−z′|=ε

(
Ks(z, z

′;χ)
∂
−→
F (z′)
∂n

− ∂Ks(z, z
′;χ)

∂n

−→
F (z′)

)
dl.

We shall show

1) limε→0

∫
Bε(z)

Ks(z, z
′;χ)(∆ + s(1− s))

−→
F (z′)dµ(z′) = 0,

2)
∫
∂F

(
Ks(z, z

′;χ)∂
−→
F (z′)
∂n

− ∂Ks(z,z′;χ)
∂n

−→
F (z′)

)
dl = 0,

3) − limε→0

∫
|z−z′|=ε

(
Ks(z, z

′;χ)∂
−→
F (z′)
∂n

− ∂Ks(z,z′;χ)
∂n

−→
F (z′)

)
dl =

−→
F (z).
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c1 c4

c2 c3

c5

i

−1 1 

Figure 3.1: Path of integration

For 2) we have

∫

∂F

(
Ks(z, z

′;χ)
∂
−→
F (z′)
∂n

− ∂Ks(z, z
′;χ)

∂n

−→
F (z′)

)
dl (3.88)

= lim
Y→∞

∫

∂F

(
Ks(z, z

′;χ)
∂
−→
F (z′)
∂n

− ∂Ks(z, z
′;χ)

∂n

−→
F (z′)

)
dl

= lim
Y→∞

(∫

c1

+

∫

c2

+

∫

c3

+

∫

c4

+

∫

c5

) (
Ks(z, z

′;χ)
∂
−→
F (z′)
∂n

− ∂Ks(z, z
′;χ)

∂n

−→
F (z′)

)
dl.
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Note that

∫

c4

Ks(z, z
′;χ)y′

∂
−→
F (z′)
∂n

dl(z′)
y′

(3.89)

= −
∫

c1

Ks(z, Sz
′;χ)(y

∂

∂n
)S−→F (Sz′)

dl(Sz′)
=Sz′

= −
∫

c1

Ks(z, z
′;χ)χ(S−1)(

∂

∂n
)
−→
F (Sz′)

dl(z′)
y′

= −
∫

c1

Ks(z, z
′;χ)χ(S−1)χ(S)

∂
−→
F (z′)
∂n

dl(z′)

−
∫

c1

Ks(z, z
′;χ)

∂
−→
F (z′)
∂n

dl(z′).

Therefore

∫

c1

+

∫

c4

(
Ks(z, z

′;χ)
∂
−→
F (z′)
∂n

− ∂Ks(z, z
′;χ)

∂n

−→
F (z′)

)
dl = 0.

Similarly,

∫

c2

+

∫

c3

(
Ks(z, z

′;χ)
∂
−→
F (z′)
∂n

− ∂Ks(z, z
′;χ)

∂n

−→
F (z′)

)
dl = 0.

Therefore

∫

∂F

(
Ks(z, z

′;χ)
∂
−→
F (z′)
∂n

− ∂Ks(z, z
′;χ)

∂n

−→
F (z′)

)
dl (3.90)

= lim
Y→∞

1∫

0

(
Ks(z, x

′ + iY ;χ)
∂
−→
F (x′ + Y )

∂y′
− ∂Ks(z, x

′ + Y ;χ)

∂y′
−→
F (x′ + iY )

)
dl.

Now
−→
F ∈ B′µ(Γ\H,χ) implies |Fj(z

′)| ≤ y′µ and |∂Fj(z
′)

∂y′ | ≤ y′µ. Also by (3.82),

we have |(Ks)ij(z, z
′;χ)| ≤ y′1−σ and |∂(Ks)ij(z,z′;χ)

∂y′ | ≤ y′−σ, therefore
∫

c5
−→ 0
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as Y −→∞ if σ > µ. Next, for any (Ks)ij and any Fk

|
∫

Bε(z)

[Ks]ij(z, z
′;χ)(∆ + s(1− s))Fk(z

′)dµ(z′)| (3.91)

if i 6= j

≤ C|Bε(z)| −→ as ε −→ 0

if i = j

C

∫

Bε(z)

log|z − z′| −→ 0 asε −→ 0.

Finally, we have

lim
ε→0

∫

|z−z′|=ε

k=p∑

k=1

(
[Ks]jk(z, z

′;χ)
∂
−→
Fk(z

′)
∂n

− ∂Ks(z, z
′;χ)

∂n

−→
F (z′)

)
dl (3.92)

= lim
ε→0

−δjk
2π

∫

|z−z′|=ε

∂log|z − z′|
∂n

Fk(z
′) dl

= lim
ε→0

−δjk
2π

∫

|z−z′=ε|

∂logr

∂r
|r=εFk(z + εeiθ) dθ + lim

ε→0

∫

|z−z′|=ε

O(1) dl

= lim
ε→0

1

2πε

2π∫

0

Fk(z + εeiθ) dθ

=Fj(z).

Thus we have proved Theorem 3.1.
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CHAPTER 4

Analytic Continuation

Let
−→
E (z, s;χρ) be the Eisenstein series defined in (2.7). In this section we prove

the analytic continuation of
−→
E (z, s;χρ); we follow [7] closely.

−→
E (z, s;χρ) ∈

B′µ(Γ\H, ρ) follows from (2.34), (2.35) and (2.21). Fix a ≥ σ+1. Apply (3.84)

to

−→
F (z) = (∆ + a(1− a))

−→
E (z, s;χρ) (4.1)

= (a(1− a)− s(1− s))
−→
E (z, s;χρ).

We have

−−→E (z, s;χρ) = (a(1− a)− s(1− s))

∫

F

Ka(z, z
′;χρ)

−→
E (z′, s;χρ)dµ(z′). (4.2)

Thus
−→
E (z, s;χρ). is the solution to homogeneous singular Fredholm system

of the second kind with parameter. The goal is to modify the kernel K so

that a modified E solves a Fredholm equation with a constructable resolvent

kernel. In this case the modified E has an integral representation which gives

the analytic continuation. We modify the kernel in steps. First we eliminate

the singularities on the diagonal by taking the difference

Kab(z, z
′;χρ) = Ka(z, z

′;χρ)−Kb(z, z
′;χρ)
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for fixed a > b > 2α + 1. Using (4.2), we get a new Fredholm system

−→
E (z, s;χρ) = λab

∫

F

Kab(z, z
′;χρ)

−→
E (z′, s;χρ)dµ(z′). (4.3)

Here λab = (a−s)(a+s−1)(b−s)(b+s−1)
(b−a)(a+s−1)

and Kab is continuous in F × F. Next we

define the truncated kernel on F × F:

Kab
Y (z, z′;χ′) =





Kab(z, z
′;χρ) z′ ∈ F(Y );

Kab(z, z
′;χρ)− 1

(2a−1)
y′1−a[E](z, a;χ)

+ 1
(2b−1)

y′1−b[E](z, b;χ) z′ ∈ F(Y )

(4.4)

[E](z, s;χ) is defined by (3.80). Therefore we have

−νab
−→
E (z, s;χρ) =

∫

F

Kab(z, z
′;χρ)

−→
E (z′, s;χρ)dµ(z′) (4.5)

=

∫

F(Y )

Kab(z, z
′;χρ)

−→
E (z′, s;χρ)dµ(z′)

+

∫

F∞(Y )

Kab(z, z
′;χρ)

−→
E (z, s;χρ)dµ(z′)

=

∫

F

KY
ab(z, z

′;χρ)
−→
E (z′, s;χρ)dµ(z′)

+
1

2a− 1

∫

F∞(Y )

y′1−a
[E](z, a, χρ)

−→
E (z′, s;χρ)dµ(z′)

− 1

2b− 1

∫

F∞(Y )

y′1−b
[E](z, b, χρ)

−→
E (z′, s;χρ)dµ(z′).

Remark 4.1 Here −νab = 1
λab

. [E](z, s, χ) is a matrix defined for any repre-

sentation χ by (3.80).
−→
E (z, s;χρ) is defined by (2.7); it is vector valued with

representation χρ.
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Now 
 1

2a− 1

∫

F∞(Y )

y′1−a
[E](z, a, χρ)

−→
E (z′, s;χρ)dµ(z′)




j

(4.6)

=

p∑

k=1

Ejk(z, a, χρ)

2a− 1

∫

F∞(Y )

y′1−a
Ek(z

′, s;χρ)dµ(z′)

=

p∑

k=1

Ejk(z, a, χρ)

2a− 1

1∫

0

∞∫

Y

y′1−a
(
y′s + ϕk(s)y

′1−s
+ · · ·

) dx′dy′
y′2

=

p∑

k=1

Ejk(z, a, χρ)

2a− 1

{
Y s−a

a− s
+ ϕk(s)

Y 1−s−a

s+ a− 1

}
. (4.7)

Therefore

− νab
−→
E (z′, s;χρ) =

∫

F

Kab(z, z
′;χρ)

−→
E (z, s;χρ)dµ(z′)

+
Y s−a

(2a− 1)(a− s)

−→
[E](z, a;χρ) +

Y 1−s−a

s+ a− 1
[E](z, a, χρ)

−→ϕ (s)

− Y s−b

(2b− 1)(b− s)

−→
[E](z, b;χρ) +

Y 1−s−b

s+ b− 1
[E](z, b, χρ)

−→ϕ (s); (4.8)

where

−→
[E](z, s, χρ) =




∑p
k=1E1k(z, s;χρ)∑p
k=1E2k(z, s;χρ)

...
∑p

k=1Epk(z, s;χρ)




(4.9)

and

−→ϕ (s) =



ϕ1(s)

...

ϕp(s)


 . (4.10)

Next choose AY , A2Y , A4Y such that −→ϕ (s) is eliminated in the Fredholm equa-

tion with kernel AYK
Y
ab +A2YK

2Y
ab +A4YK

4Y
ab . After simplification we get the

equation
−→
h (z) =

−→
f (z) + λ

∫

F

[H](z, z′, χρ)
−→
h (z′)dµ(z′) (4.11)
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where

λ = λab(s), (4.12)
−→
h (z) =

−→
h (z; s, a, b)

=
−νab(2

s+a−1 − 1)(2s+b−1 − 1)
−→
E (z, s, χρ)

22s−1 − 1
,

[H](z, z′, χρ) = [H](z, z′;χρ, s, a, b)

=
KY

ab(z, z
′)− (2a+s−1 + 2b+s−1)K2Y

ab (z, z′) + 2s+a−12s+b−1K4Y
ab (z, z′)

(2s+a−1 − 1)(2s+b−1 − 1)
,

and

−→
f (z) =

−→
f (z; s, a, b)

=
(22s−a+b−1 − 1)Y s−a

−→
[E](z, a, χρ)

(2a− 1)(a− s)

− (22s+a−b−1 − 1)Y s−b
−→
[E](z, b, χρ)

(2b− 1)(b− s)
.

Now

fj(z) << Csy
a (4.13)

by (3.80) and Cs is bounded on 1− c ≤ <s ≤ c so

fj(z) << ya (4.14)
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uniformly for s such that 1 − c ≤ <s ≤ c. To estimate Hij we note that for

<(s) > α + 1 and y′ > y > Y,

[KY
ab]ij(z, z

′) = δij

∞∑
n=−∞

n+mj 6=0

1

4π|n+mj|V a((n+mj)z)Wa((n+mj)z
′)

+ δmi1
y1−a

2s− 1

∞∑
m=−∞

m−mj 6=0

ϕij
m−mj

(a)Wa((m−mj)z
′)

+
∞∑

m=−∞
m−mj

∞∑
n=−∞

n−mi 6=0

Za(m−mj, n−mi)W a((n−mi)z)Wa((m−mj)z
′)

− δij

∞∑
n=−∞

n+mj 6=0

1

4π|n+mj|V b((n+mj)z)Wb((n+mj)z
′)

+ δmi1
y1−b

2s− 1

∞∑
m=−∞

m−mj 6=0

ϕij
m−mj

(b)Wb((m−mj)z
′)

+
∞∑

m=−∞
m−mj

∞∑
n=−∞

n−mi 6=0

Zb(m−mj, n−mi)W b((n−mi)z)Wb((m−mj)z
′).

Therefore for y′ > y > Y,

[KY
ab]ij(z, z

′) << e−
π
2
{y′−y}. (4.15)

For <(s) > α + 1 y > y′ > Y

KY
ab(z, z

′;χ) (4.16)

= Kab(z, z
′;χ)− y′1−a

2a− 1
[E](z, a;χ) +

y′1−b

2b− 1
[E](z, b;χ)

= Kab(z
′, z;χ−1)− y′1−a

2a− 1
[E](z, a;χ) +

y′1−b

2b− 1
[E](z, b;χ)

= KY
ab(z

′, z;χ−1) +
y′1−a

2a− 1
[E](z, a;χ−1)− y′1−b

2b− 1
[E](z, b;χ−1)

− y′1−a

2a− 1
[E](z, a;χ) +

y′1−b

2b− 1
[E](z, b;χ).

Therefore for y > y′ > Y

[KY
ab]ij(z, z

′) << ya. (4.17)
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Therefore, for y, y′ > 4Y

[H]ij(z, z
′) << yae−

π
2

max{y′−y,0} (4.18)

uniformly for 1− c ≤ <s ≤ c. To get a bounded kernel we multiply (4.11) by

η(z) = e−ηy where 0 < η < π
2

:

η(z)
−→
h (z) = η(z)

−→
f (z) + λ

∫

F

η(z)[H](z, z′, χρ)
−→
h (z′)dµ(z′) (4.19)

= η(z)
−→
f (z) + λ

∫

F

η(z)[H](z, z′, χρ)η(z
′)−1

η(z′)
−→
h (z′)dµ(z′)

The jth equation in the above system is

η(z)hj(z) = η(z)fj(z) + λ

p∑

k=1

∫

F

η(z)[H]jk(z, z
′, χρ)η(z

′)−1
η(z′)hk(z

′)dµ(z′).

(4.20)

This is a Fredholm system with bounded kernel η(z)[H](z, z′, χρ)η(z
′)−1.

4.1 Fredholm Theory

Plemelj ,[15], solves the Fredholm system (4.20) by lifting it to a scalar

equation on
⊕p

k=1C. Let Fj = {0} ⊕ · · · ⊕
j

F ⊕ · · · {0}, and FL =
⋃p

j=1 Fj.

Define hl, f l, and HL on FL and FL × FL as follows:

hl(zl
j) = η(zj)hj(zj)

f l(zl
j) = η(zj)fj(zj)

HL(zl
i, z

′l
i) = η(zj)hj(zj) = Hij(z, z

′).

We can now write the system (4.20) in the scalar form

hl(zl) = f l(zl) + λ

∫

FL

HL(zl, z′l)hl(z′l) dz′. (4.21)

We have

1) HL(z, z′) is continuous on FL×FL since Hij(z, z
′) is continuous on F×F.
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2) HL
s (z, z′) is bounded on FL × FL uniformly in s on compact subsets of

S = {s ∈ C : −c+ 1 < <s < c}.

3) λ(s) is an entire function of s.

4) hl
s(z) is meromorphic in s for <(s) > α + 1;its poles,if any, occur at the

roots of λ(s).

5) f l
s is meromorhpic with at most simple poles at s = a and s = b.

6) HL
s (z, z′) is meromorphic in s with at most simple poles at s = 1 − a

and s = 1− b.

The equation (4.21) means given f l(zl) solve for hl(zl). The solution is obtained

by constructing the resolvent kernel,Rλ(z, z
′); the solution is given by

hl(zl) = f l(zl) + λ

∫

FL

Rλ(z
l, z′l)f l(z′l) dz′. (4.22)

When the following conditions are satisfied

1) V ol(FL) <∞;

2) HL(z, z′) is continuous and bounded on FL × FL.

then the Fredholm construction produces the resolvent kernel in the form

Rλ(z
l, z′l) =

Dλ(z
l, z′l)

D(λ)
. (4.23)

Here Dλ(z
l, z′l) and D(λ) are given by power series in λ :

D(λ) = 1 +
∞∑

m=1

(−λ)m

m!
Cm (4.24)

Dλ(z
l, z′l) = 1 +

∞∑
m=1

(−λ)m

m!
Cm(zl, z′l). (4.25)

Here Cm(s) and Cm(zl, z′l; s) are defined by

Cm(s) =

∫

D

· · ·
∫

D

HL

(
τ1 . . . τm

τ1 . . . τm

)
dµ(τ1) · · · dµ(τm) τj = zlj (4.26)
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and

Cm(zl, z′l; s) =

∫

D

· · ·
∫

D

HL
s

(
z τ1 . . . τm

z′ τ1 . . . τm

)
dµ(τ1) · · · dµ(τm). (4.27)

Here

HL
s

(
τ1 . . . τm

ω1 . . . ωm

)
= det

(
HL

s (τi, ωj)
)
. (4.28)

We show that D(λ) and Dλ(z
l, z′l) are entire in λ and analytic in s for s ∈ S.

We observe that λ is a polynomial in s hence entire in s. We also observe that

Cm(s) and Cm(zl, z′l; s) are analytic for s ∈ S, see Remark 4.2 below. Let K

be a compact subset of S. Let M and λ0 be the uniform bound of HL
s (z, z′)

and |λ|, respectively, on K.

To bound det
(
HL

s (τi, ωj)
)

apply Hadamard’s inequality

|det(aij)|2 ≤
m∏

j=1

(
m∑

i=1

|aij|2
)

(4.29)

to obtain

HL
s

(
τ1 . . . τm

ω1 . . . ωm

)2

≤
m∏

j=1

(
m∑

i=1

|HL
s (τi, ωj)|2

)
(4.30)

≤ mmM2m. (4.31)

Therefore

|HL

(
τ1 . . . τm

ω1 . . . ωm

)
| ≤ (

√
mM)m. (4.32)

Hence

|Cm(s)| ≤ (√
mMV ol(FL)

)m
V ol(FL) = pV ol(F) <∞. (4.33)

Similarly, we have

|Cm(zl, z′l; s)| ≤
(√

m+ 1M
)m+1

V ol(FL)m. (4.34)
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We use the inequality, derived from Stirling’s formula,

n! > nne−n (4.35)

to obtain the bound

(
√
m|λ0|MpV )m

m!
≤

( |λ0|Mp

e( logm
2
−1)

)m

. (4.36)

Pick m0 such that |λ0|Mp

e(
logm

2 −1)
< 1

2
, m > m0. Therefore, by the Weierstrass

M-test, Cm(s) is analytic for s ∈ S.

Remark 4.2 Cm(s) is analytic for s ∈ S. To see this, consider m = 1,by

(4.26),

C1(s) =

∫

FL

HL
s (τ1, τ1)dµ(τ). (4.37)

Then, by (4.12) and the definition of FL,

C1(s) =

p∑
i=1

∫

F

[Hs]ii(z, z)dµ(z) (4.38)

=
1

(2s+a−1 − 1)(2s+b−1 − 1)

p∑
i=1

∫

F

[Kab]
Y
ii (z, z

′)dµ(z) (4.39)

− (2a+s−1 + 2b+s−1)

(2s+a−1 − 1)(2s+b−1 − 1)

p∑
i=1

∫

F

[Kab]
2Y
ii (z, z′)dµ(z)

+
2s+a−12s+b−1

(2s+a−1 − 1)(2s+b−1 − 1)

p∑
i=1

∫

F

[Kab]
4Y
ii (z, z′)dµ(z).

Thus C1(s) is meromorphic with at most simple poles at s = 1−a and s = 1−b.
If

ω1 =
1

(2s+a−1 − 1)(2s+b−1 − 1)
,

ω2 =
(2a+s−1 + 2b+s−1)

(2s+a−1 − 1)(2s+b−1 − 1)
, and

ω3 =
2s+a−12s+b−1

(2s+a−1 − 1)(2s+b−1 − 1)
,
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then Cm(s) is a polynomial in ω1, ω2, and ω3. Thus Cm(s) is meromorphic with

at most poles of order m at s = 1 − a and s = 1 − b. In particular Cm(s)

is analytic for s ∈ S. Cm(zl, z′l; s) has a similar form except the order of the

poles is at most m+ 1.

It follows that Rλ(z
l, z′l) is meromorphic for s ∈ S. Thus the RHS of (4.22)

gives the meromorphic continuation of hl
s to s ∈ S. Since c is arbitrary, we

have a meromorphic continuation of hl
s to the whole s-plane. Thus η(z)(hs)j(z)

has a meromorphic continuation to the whole s-plane. Therefore

Ej(z, s, χρ) =
22s−1 − 1)λη(z)(hs)j(z)

(2s+a−1 − 1)(2s+b−1 − 1)
(4.40)

s-plane. We have proved the following

Theorem 4.1
−→
E (z, s, χρ) admits an analytic continuation to the whole s-

plane.
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F, 4
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APPENDIX A

Rankin-Selberg for Unitary

Vector-Valued Modular Forms

In the introduction, we noted that Selberg [18] introduced vector-valued mod-

ular forms with unitary representation to extend the O(n
k
2
− 1

5 ) estimate on

cusp forms to arbitrary subgroups of finite index in Γ(1). However no de-

tails are given. Here we will extend Rankin’s method [16] to get estimates of

Fourier coefficients of vector-valued modular cusp forms. (The detailed proof

we present is in the nature of a public service.)

A.1 Definitions

Let k ∈ R. Let Γ′ ⊂ Γ(1) be a subgroup of finite index µ in Γ(1). We let

A1, · · · , Aq denote a complete set of right coset representatives of Γ′ in Γ(1).

Let v be a multiplier system for the group Γ′ and weight k. A function, f(z),

meromorphic on H is a modular form with respect to (Γ′, k, v) if, see [8],

i) f(V z) = v(V )(cz + d)kf(z) ∀ V = ( ∗ ∗c d ) ∈ Γ′;
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ii) at each cusp qj = Aj(∞), f(z) has the expansion

f(z) = σj(z)
∑

n≥hj

an(j)e
2πi(n+κj)

(A−1
j

z)

Nj . (A.1)

Here

σj(z) =





1, if qj = ∞;

1
z−qj

, if qj <∞.
(A.2)

Also κj is defined by v(AjS
NjA−1

j ) = e2πiκj 0 ≤ κj < 1; Nj is the smallest

positive integer such that AjS
NjA−1

j ∈ Γ′. f(z) is a modular cusp form if

hj + κj > 0 1 ≤ j ≤ µ.

Let (
−→
F , ρ) be a vector-valued modular form of real weight k on the modular

group Γ(1) with respect to a unitary representation. That is (
−→
F , ρ) is a p-tuple

−→
F (z) = (F1(z), . . . , Fp(z)) of functions holomorphic in the complex upper

half-plane H, together with a p-dimensional unitary complex representation

ρ : Γ(1) −→ GL(p, C) satisfying the following;

(a) For all V = ( a b
c d ) ∈ Γ(1) we have

(F1(z), . . . , Fp(z))
t|kV (z) = ρ(V )(F1(z), . . . , Fp(z))

t, (A.3)

i.e Fj(V z) = v(V )(cz + d)k

p∑
m=1

ρjm(V )Fm(z).

(b) Each component function Fj(z) has an expansion convergent in H and

meromorphic at ∞:

Fj(z) =
∑

n≥hj

an(j)e
2πinz

Nj , (A.4)

with hj ∈ Z and Nj ∈ Z+ .

We assume
−→
F (z) is cuspidal, i.e. hj > 0 1 ≤ j ≤ p. Let

N = lcm{N1, . . . , Np} N = Njmj (A.5)
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Thus we can write,

Fj(z) =
∑
n≥1

an(j)e
2πimjnz

N . (A.6)

Also we write ‖−→F (z)‖ =
√∑p

j=1 ‖Fj(z)‖2.

Remark A.1 Let f(z) be a modular form with respect to (Γ′, k, v), Γ′ a sub-

group of finite index µ in Γ(1). We attach to f(z) a vector-valued modular

form,

−→
F t =



F1(z)

...

Fµ(z)


 , (A.7)

on all of Γ(1). Here Fj(z) is defined be

Fj(z) = (f |kAj) (z) = (γjz + δj)
−kf(Ajz). (A.8)

If w is any multiplier system on Γ(1), then
(−→
F t|wk V

)
(z) = ρ(V )

−→
F t(z) where

ρ is both unitary and monomial.

We prove the following

Theorem A.1 . Let (
−→
F , ρ) be a vector-valued modular form of real weight k

on the modular group Γ(1) = SL(2, Z) with respect to a unitary representation.

If

Fj(z) =
∑
n≥1

an(j)e
2πimjnz

N , (A.9)

then

an(j) = O(n
k
2
− 1

5 ). (A.10)

Corollary A.1 If f(z) is a modular form with respect to (Γ′, k, v), Γ′ ⊂ Γ of

finite index, then

an = O(n
k
2
− 1

5 ). (A.11)
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A.2 Basic Estimates

The an(j) are the Fourier coefficients of the given Fj(z). In the sequel there

arises bn(j) and cn(j) related to an(j) as follows:

bn(j) =
∑

d2|n
|a n

d2
(j)|2d2k−2 (A.12)

cn(j) = bn(j)n1−k =
∑

d2m=n

|am(j)|2m1−k. (A.13)

In this section we prove basic estimates for the asymptotics
∑

n≤x |an(j)|2,
∑

n≤x bn(j), and
∑

n≤x cn(j).

Proposition A.1 Let (
−→
F , ρ) be a unitary vector-valued cusp form of weight

k. Then we have the Hecke estimate

‖−→F (z)‖ ≤ Cy−
k
2 . (A.14)

Proof:

Fj(z) =
∑
n≥1

an(j)e
2πinz

Nj .

implies

|Fj(z)| ≤ Ce
−2πy

Nj y > yj. (A.15)

Let ϕ(z) = y
k
2 ‖−→F (z)‖; then ϕ(z) is continuous on H and invariant, since ρ is

unitary, under Γ(1). We show that ϕ(z) is bounded on F. (A.15) implies there

exists yj such that yk|Fj(z)|2 < 1
p

y > yj. Let Y0 = max{y1, . . . , yp}, then

y
k
2 ‖−→F (z)‖ ≤ 1 on F∞(Y0). Let M = supz∈F(Y0) ϕ(z) and C = max{M, 1}, then

|ϕ(z)| ≤ C, for z ∈ F. This implies |ϕ(z)| ≤ C, for z ∈ H, since ϕ is invariant

under Γ(1). Thus ‖−→F (z)‖ ≤ Cy−
k
2 , for z ∈ H. It follows that |Fj(z)| ≤ Cy−

k
2 .

Remark A.2 ‖−→F (z)‖ = O(e
−2πy

N ) as y −→ ∞ and ‖−→F (x + iy)‖ = O(y−
k
2 )

uniformly as y −→ 0 implies
∫∫

S

ys+k‖−→F (z)‖2 dxdy

y2
<∞, for Re(s) > 1.

Here S = {z ∈ H : |<z| < 1
2
}.
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Proposition A.2 an(j) = O(n
k
2 )

Proposition A.3
∑

n≤x |an(j)|2 = O(xk).

Remark A.3 Proposition A.2 follows immediately from Proposition A.3.

Proof of Proposition A.3: We have the Hecke estimate

|Fj(z)| ≤ Cy−
k
2 .

Now, since n ≤ x,

∑
n≤x

|an(j)|2e−
4πxy
Nj ≤

∑
n≤x

|an(j)|2e−
4πny
Nj

≤
∞∑

n=1

|an(j)|2e−
4πny
Nj

=
1

Nj

Nj
2∫

−Nj
2

|Fj(x+ iy)|2 dx by Parseval’s theorem.

Applying the Hecke estimate, then we obtain

∑
n≤x

|an(j)|2e−
4πxy
Nj ≤ C2yk. (A.16)

Set y = 1
x

to derive the desired estimate
∑

n≤x |an(j)|2 = O(xk). Next we apply

Abel’s partial summation [1]:

Theorem A.2 Let {gn} be a sequence of real numbers. For x ≥ 0, define

G(x) =
∑

n≤x gn =
∑[x]

n=1 gn = G([x]). Let f ∈ C1([1, x]), then the following

formulas hold:

(a)
∑

n≤x gnf(n) =
∑

n≤xG(n)(f(n)− f(n+ 1)) +G([x])(f([x] + 1)),

(b)
∑

n≤x gnf(n) = −
x∫
1

G(y)f
′
(y) dy +G(x)f(x).

Proposition A.4 If bn(j) =
∑

d2|n |a n
d2

(j)|2d2k−2, then

∑
n≤x

bn(j) = O(xk). (A.17)
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Proof:

∑
n≤x

bn(j) =
∑
n≤x

∑

md2=n

|am(j)|2d2k−2

=
∑

md2≤x

|am(j)|2d2k−2,

where
∑

md2≤x is a sum over all lattice points under the hyperbola md2 = x.

Thus
∑

md2≤x =
∑

d≤√x

∑
m≤ x

d2
and we have

∑
n≤x

bn(j) =
∑

md2≤x

|am(j)|2d2k−2

=
∑

d≤√x

d2k−2
∑

m≤ x
d2

|am(j)|2

≤C
∑

d≤√x

d2k−2 x
k

d2k

=Cxk
∑

d≤√x

1

d2

≤Cxkζ(2)

=O(xk).

Proposition A.5 Let cn(j) =
∑

d2m=n |am(j)|2m1−k. Then

∑
n≤x

cn(j) = O(x).

Proof: Apply Abel’s summation with gn = bn(j) and f(x) = x1−k :

∑
n≤x

cn(j) =
∑
n≤x

bn(j)n1−k

=− (1− k)

x∫

1

(∑
n≤y

bn(j)

)
y−k dy +

(∑
n≤x

bn(j)

)
x1−k.

Therefore

|
∑
n≤x

cn(j)| ≤C
x∫

1

yky−k dy + Cxkx1−k (A.18)

≤Cx.
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Therefore
∑

n≤x cn(j) = O(x).

Remark A.4 Note also that cn(j) = O(x).

A.3 Functional Equation

Let

kα =
3

Γ(k)
(
4π

N
)k

∫∫

F

yk‖−→F (z)‖2 dxdy

y2
.

Let

ζ−→
F

(s) =

p∑
j=1

∞∑
n=1

|an(j)|2
(mjn)s+k−1

(A.19)

where the m′
js are defined in (A.5). ζ−→

F
(s) is the Rankin-Selberg zeta function

corresponding to
−→
F . As in the scalar case, [16], we prove

Theorem A.3 . The function ζ−→
F

(s) defined by (A.19) has the properties:

i) The series (A.19) is absolutely convergent for Re(s) > 1 and absolutely-

uniformly convergent for Re(s) > 1 + ε, ε > 0.

ii) ζ−→
F

(s) may be continued as a meromorphic function over the whole plane.

iii) ζ−→
F

(s) has a simple pole of residue kα at s = 1.

iv) ζ−→
F

(s) satisfies the functional equation

ψ(s) = ψ(1− s),

where

ψ(s) = π−s(
4π

N
)1−sΓ(s)Γ(s+ k − 1)ζ(2s)ζ−→

F
(s).

v) ψ(s) is regular over the whole plane except for simple poles at the points

s = 1 and s = 0.
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Proof: Let

ζj(s) =
∞∑

n=1

|an(j)|2
ns+k−1

, (A.20)

As before, we have for y > 0,

∞∑
n=1

|an(j)|2e−
4πny
Nj =

1

Nj

Nj
2∫

−Nj
2

|Fj(x+ iy)|2 dx (A.21)

=
1

N

N
2∫

−N
2

|Fj(x+ iy)|2 dx,

since N = mjNj. But,

Γ(s+k−1) =

∞∫

0

e−uus+k−1 du

u
= (

4πn

Nj

)s+k−1

∞∫

0

e
− 4πny

Nj ys+k−1 dy

y
, for Re(s) > 1−k.

Therefore, for Re(s) > 1− k,

(
4π

Nj

)−(s+k−1)Γ(s+ k − 1)ζj(s) =
∞∑

n=1

|an(j)|2
∞∫

0

e
− 4πny

Nj ys+k−1 dy

y

=

∞∫

0

ys+k−1

∞∑
n=1

|an(j)|2e−
4πny
Nj

dy

y

=
1

N

∞∫

0

N
2∫

−N
2

ys+k|Fj(x+ iy)|2 dx dy
y2
,

by (A.21). Therefore,

(
4π

N
)−(s+k−1)Γ(s+ k − 1)

∞∑
n=1

|an(j)|2
(mjn)s+k−1

=
1

N

∞∫

0

N
2∫

−N
2

ys+k|Fj(x+ iy)|2 dx dy
y2
,

(A.22)
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for Re(s) > 1− k. Now sum over j to obtain

(
4π

N

)−(s+k−1)

Γ(s+ k − 1)ζ−→
F

(s) =
1

N

N
2∫

−N
2

∞∫

0

ysyk‖−→F (z)‖2 dxdy

y2
(A.23)

=

1
2∫

− 1
2

∞∫

0

ysyk‖−→F (z)‖2 dxdy

y2
.

The last equality uses the fact that, while each Fj has period N, yk‖−−→F (z)‖2

has period 1, since ρ(S) is unitary. Therefore,

(
4π

N

)−(s+k−1)

Γ(s+ k − 1)ζ−→
F

(s) =

∫∫

S

ys+k‖−→F (z)‖2 dxdy

y2
, (A.24)

Continuing, we apply the unfolding trick and use the invariance of yk‖−−→F (z)‖2

under all of Γ(1), to obtain

(
4π

N
)−(s+k−1)Γ(s+ k − 1)ζ−→

F
(s) =

∫∫

F

∑

σ∈Γ∞\Γ(1)

=(σz)syk‖−→F (z)‖2 dxdy

y2

=

∫∫

F

∑
m,n∈Z
(m,n)=1

ys

|mz + n|2s
yk‖−→F (z)‖2 dxdy

y2

=

∫∫

F

E(z, s)yk‖−→F (z)‖2 dxdy

y2

where E(z, s) =
∑

m,n∈Z
(m,n)=1

ys

|mz+n|2s . That is

(
4π

N
)−(s+k−1)Γ(s+ k − 1)ζ−→

F
(s) =

∫∫

F

E(z, s)yk‖−→F (z)‖2 dxdy

y2
. (A.25)

At this point,we want to use the functional equation for

E(z, s) = π−sΓ(s)ζ(2s)
1

2
E(z, s).

In fact, we need the following found in Bump [2]
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Theorem A.4 E(z, s), originally defined for Re(s) > 1, has meromorphic

continuation to all s; it is analytic except at s = 1 and s = 0, where it has

simple poles. The residue at s = 1 is the constant function z = 1
2
. The

Eisenstein series satisfies the functional equation

E(z, s) = E(z, 1− s).

We have

E((x+ iy), s) = O(yσ) as y −→∞,

where σ = max(Re(s), 1−Re(s)).

Multiply both sides of (A.25) by 1
2
π−sΓ(s)ζ(2s), we get

π−s

(
4π

N

)−(s+k−1)
1

2
Γ(s)Γ(s+k−1)ζ(2s)ζ−→

F
(s) =

∫∫

F

yk‖−→F (z)‖2E(z, s)
dxdy

y2
.

(A.26)

Therefore

ψ(s) = π−s(
4π

N
)1−sΓ(s)Γ(s+ k − 1)ζ(2s)ζ−→

F
(s) (A.27)

= 2(
4π

N
)k

∫∫

F

yk‖−→F (z)‖2E(z, s)
dxdy

y2
.

It follows from Theorem A.4 that (A.27) defines a meromorphic continuation

of ψ(s) to all of s; it is analytic except for simple poles at s = 1 and s = 0.

Furthermore the functional equation (A.4) implies that ζ−→
F

(s) satisfies the

function equation

ψ(s) = ψ(1− s). (A.28)

Let us see what (A.27) tell us about the analytic continuation of ζ−→
F

(s). Solving,

we have

ζ(2s)ζ−→
F

(s) =
2πs(4π

N
)s+k−1

Γ(s)Γ(s+ k − 1)

∫∫

F

E(z, s)yk‖−→F (z)‖2 dxdy

y2
. (A.29)

Therefore ζ(2s)ζ−→
F

(s) is analytic in the whole plane except for at most a simple

pole at and s = 1; 1
Γ(s)

cancels the pole of ψ(s) at s = 0. It follows that ζ−→
F

(s)
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is a meromorphic function having a simple pole at s = 1 with residue

kα =
3

Γ(k)
(
4π

N
)k

∫∫

F

yk‖−→F (z)‖2 dxdy

y2
.

Also, ζ−→
F

(s) may have poles at the complex zeros of ζ(2s).

A.4 Landau’s Theorem

Let {cn} be a sequence of non-negative numbers. In this section we use

Landau’s Theorem [13] to estimate the asymptotic B(x) =
∑

n≤x cn. We use

the following abbreviated form of Landau’s theorem.

Theorem A.5 (Landau’s Theorem) Let β, β1, β2, δ1, δ2 > 0 be such that

β1 + β2 = δ1 + δ2. (A.30)

Let α1, α2, γ1, γ2 ∈ R be such that

η
.
= γ1 + γ2 − α1 − α2 >

1

2
. (A.31)

Let {en}, en ∈ C and {λn}, 0 < λn < λn+1 be infinite sequences. If the

following conditions are satisfied:

i) Z(s) =
∑∞

n=1
cn

ns is absolutely convergent for Re(s) > β for our purposes

cn ≥ 0.

ii) Z(s) admits a meromorphic continuation to the entire plane, with finitely

many poles in each vertical strip.

iii) The series
∑∞

n=1 enλ
s
n is absolutely convergent for Re(s) < 0.

iv) For Re(s) < 0

Γ(α1 + β1s)Γ(α2 + β2s)Z(s) = Γ(γ1 − δ1s)Γ(γ2 − δ2s)
∞∑

n=1

enλ
s
n.

v) Z(s) = O(eγ|t|) in vertical strips, for some γ > 0.
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vi) There exists A ≥ 0, such that

∑

λn≤x

|en|λβ
n = O(xβlogAx).

Then if χ = β 2η−1
2η+1

, p is the order of the pole of Z(s) at s = 1 and g =

max(A, p− 1), then it follows that

B(x) =
∑
n≤x

cn = R(x) +O(xχloggx).

Here R(x) =
∑

ρRes
{

xsZ(s)
s

, ρ
}
, where the ρ are the poles of Z(s) such that,

χ ≤ Re(ρ) ≤ β.

A.4.1 Verification of Hypotheses

In this section, we use the results of Theorem A.3 to verify the hypotheses of

Landau’s theorem. Define Z(s) by

Z(s) = ζ(2s)ζ−→
F

(s). (A.32)

Z(s) is the product of the Dirichlet series ζ(2s) and ζ−→
F

(s) which converge

absolutely for s > 1
2

and s > 1 respectively. Therefore Z(s) can be represented

by a Dirichlet series

Z(s) =
∞∑

n=1

cn
ns
, (A.33)

absolutely convergent for Re(s) > 1. The sequence {cn} is defined be (A.33).

Next, we calculate the cn. We have for <s > 1

∞∑
n=1

cn
ns

= ζ(2s)ζ−→
F

(s)

=

p∑
j=1

∞∑
n=1

|an(j)|2
(mjn)s+k−1

=

p∑
j=1

1

ms+k−1
j

ζ(2s)ζj(s). (A.34)



75

Now

ζ(2s) =
∞∑

n=1

1

n2s
=

∞∑
n=1

fn

ns
(A.35)

where

fn =





1, if n = m2 for some m;

0, otherwise.
(A.36)

Also,

ζj(s) =
∞∑

n=1

gn(j)

ns
(A.37)

where

gn(j) =
|an(j)|2
nk−1

. (A.38)

Thus if we define cn(j) by

ζ(2s)ζj(s) =
∞∑

n=1

cn(j)

ns
, (A.39)

then cn(j) is given by the Dirichlet convolution

cn(j) =
∑

d|n
fdgn

d
(j)

=
∑

d2|n
|a n

d2
(j)|2

( n
d2

)1−k

=
∑

d2m=n

|am(j)|2m1−k. (A.40)

Continuing the calculation of cn we have, by (A.34) and (A.39),

∞∑
n=1

cn
ns

=

p∑
j=1

1

ms+k−1
j

∞∑
n=1

cn(j)

ns

=

p∑
j=1

1

mk−1
j

∞∑
n=1

cn(j)

(mjn)s

=

p∑
j=1

1

mk−1
j

∞∑
n=1

c̃n(j)

ns
.

Here

c̃n(j) =




c n

mj
(j) if mj|n;

0 otherwise.
(A.41)
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Finally, we have

∞∑
n=1

cn
ns

=

p∑
j=1

1

mk−1
j

∞∑
n=1

c̃n(j)

ns
(A.42)

=
∞∑

n=1

1

ns

p∑
j=1

c̃n(j)

mk−1
j

=
∞∑

n=1

1

ns

p∑
j=1
mj |n

c n
mj

(j)

mk−1
j

.

Therefore

cn =

p∑
j=1
mj |n

c n
mj

(j)

mk−1
j

,

where cn(j) is given in (A.40). We have shown that condition i) is satisfied

with β = 1.

For condition ii) we note that Z(s) has a meromorphic continuation, given

by (A.29), analytic in the whole plane except for simple poles at s = 1. The

residue at s = 1 is

Res{Z(s), 1} =
π2

6
kα. (A.43)

Next we want to define en, λn, α1, α2, β1, β2, γ1, γ2, δ1, and , δ2 which appear

in conditions iii) and iv). These are determined by the functional equation

satisfied by Z(s). (A.27),(A.28) and (A.32) imply

π−s(
4π

N
)1−sΓ(s)Γ(s+k−1)Z(s) = πs−1(

4π

N
)sΓ(1−s)Γ(k−s)Z(1−s). (A.44)

We want to put the above in the form

Γ(α1 + β1s)Γ(α2 + β2s)Z(s) = Γ(γ1 − δ1s)Γ(γ2 − δ2s)
∞∑

n=1

enλ
s
n.

Γ(s)Γ(s+ k − 1)Z(s) =

(
4π2

N

)2s−1

Γ(1− s)Γ(k − s)Z(1− s). (A.45)
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Therefore

α1 = 0 β1 = 1

α2 = k − 1 β2 = 1

γ1 = 1 δ1 = 1

γ2 = k δ2 = 1.

Note the above implies η = 2. Also, for <s < 0, Z(1-s) is represented by its

Dirichlet series, that is

Z(1− s) =
∞∑

n=1

cn
n1−s

. (A.46)

Therefore

∞∑
n=1

enλ
s
n =

(
4π2

N

)2s−1

Z(1− s) (A.47)

=
∞∑

n=1

4π2cn
Nn

(
(4π2)2n

N2
)s.

Thus en = 4π2cn

Nn
and λn = (4π2)2n

N2 . Hence conditions iii) and iv) are satisfied.

For condition v) we estimate Z(s). Let σ1 < σ2; we want to show Z(s) =

O(eγ|t|), uniformly in σ for σ1 ≤ σ ≤ σ2. By (A.29) we have,

Z(s) =
2πs(4π

N
)s+k−1

Γ(s)Γ(s+ k − 1)

∫∫

F

E(z, s)yk‖−→F (z)‖2 dxdy

y2
. (A.48)

Theorem A.4 gives the estimate

E((x+ iy), s) = O(yσ) as y −→∞,

where σ = max(Re(s), 1−Re(s)). Therefore if γ = max(1− σ1, σ2) then

E((x+ iy), s) = O(yγ) as y −→∞, (A.49)

uniformly in σ for σ1 ≤ σ ≤ σ2. We need the following lemma,
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Lemma A.1 Let (F, ρ) be a unitary cuspidal vector-valued modular form of

weight k on Γ(1). Then
∫∫

F

yγ‖−→F (z)‖2 dxdy <∞ for any γ ∈ R.

Proof:

|Fj(z)| = |
∞∑

n=1

an(j)e
2πinz

Nj |

≤
∞∑

n=1

|an(j)|e−
2πny
Nj .

By Proposition A.2, this is

≤ C

∞∑
n=1

n
k
2 e−

2πny
N

≤ Ck

∞∑
n=1

e(1−
2πy
N

)n.

For y > N , this

= Ck
e(1− 2πy

N
)

1− e(1− 2πy
N

)
,

≤ C ′ke
(1− 2πy

N
)

≤ C ′′ke
−πy

N .

Lemma A.1 follows.

Therefore we have

|Z(s)| = | 2πs(4π
N

)s+k−1

Γ(s)Γ(s+ k − 1)

∫∫

F

E(z, s)yk‖−→F (z)‖2 dxdy

y2
| (A.50)

≤ Cσ1,σ2,k

|Γ(s)Γ(s+ k − 1)|
∫∫

F

yγ+k−2‖−→F (z)‖2 dxdy. (A.51)

By the proof of Lemma A.1 this is

≤ Cγ,k

|Γ(s)Γ(s+ k − 1)| . (A.52)
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Now use Stirling’s formula:

|Γ(σ + it)| ∼
√

2πe−
π
2
|t||t|σ− 1

2 σ1 ≤ σ ≤ σ2 as |t| −→ ∞. (A.53)

Thus,

|Z(s)| ≤ Cσ1,σ2,k

|Γ(s)Γ(s+ k − 1)|
≤ C

1

e−
π
2
|t||t|σ− 1

2 e−
π
2
|t||t|σ+k− 3

2

≤ C|t|2|σ2|−k−2eπ|t|

≤ Ce2π|t|, for |t| sufficiently large.

Finally to verify condition vi), since β = 1 and en ≥ 0, we estimate
∑

λn≤x enλn.

We have ∑

λn≤x

enλn =
∑

(4π2)2n

N2 ≤x

4π2cn
Nn

(4π2)2n

N2
. (A.54)

Let x′ = N2

(4π2)2
, then

∑

λn≤x

enλn =

(
(4π2)2

N2

)3 ∑

n≤x′
cn (A.55)

=

(
(4π2)2

N2

)3 ∑

n≤x′

p∑
j=1
mj |n

c n
mj

(j)

mk−1
j

=

(
(4π2)2

N2

)3 ∑

n≤x′

p∑
j=1
mj |n

c n
mj

(j)

mk
j

mj.
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Since k > 0 and 1 ≤ mj ≤ N , this is

≤ (4π2)3

N2

∑

n≤x′

p∑
j=1
mj |n

c n
mj

(j)

=
(4π2)3

N2

∑

n≤x′

p∑
j=1

mjd=n

cd(j)

=
(4π2)3

N2

p∑
j=1

∑

1≤d≤ x′
mj

cd(j)

=
(4π2)3

N2

p∑
j=1

O(
x′

mj

) by Proposition A.5.

Condition vi) follows with A = 0.

Now η = 2 and β = 1; therefore χ = β 2η−1
2η+1

= 3
5
. Z(s) has a simple pole at

s = 1, so p = 1. Thus g = max(A, p− 1) = 0, and Landau’s theorem gives:

B(x) =
∑
n≤x

cn = R(x) +O(x
3
5 ), (A.56)

where R(x) =
∑

ρRes
{

xsZ(s)
s

, ρ
}

and ρ is a pole of Z(s), 3
5
< ρ ≤ 1. By the

comments above, s = 1 is the only pole of Z(s); the residue at s = 1 is given

by (A.43). Therefore

R(x) = Res{x
sZ(s)

s
, 1} =

π2

6
kαx.

Therefore we have the asymptotic estimate

∑
n≤x

cn =
∑
n≤x

p∑
j=1
mj |n

c n
mj

(j)

mk−1
j

=
π2

6
kαx+O(x

3
5 ).

A.4.2 Proof that an(j) = O(n
k
2− 1

5 )

We prove an(j) = O(n
k
2
− 1

5 ) in two steps. First we introduce auxiliary {an}
and prove these an satisfy an = O(n

k
2
− 1

5 ).Second we relate the an(j) to the an
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and deduce the estimate for the an(j) from this relationship. We define an by

the equation

|an|2 =
∑

d2|n
b n

d2
µ(d)d2k−2.

where

bn = cnn
1−k. (A.57)

Then, following Rankin [16], we deduce the estimate an = O(n
k
2
− 1

5 ) from the

estimate ∑
n≤x

cn =
∑
n≤x

bnn
1−k =

π2

6
kαx+O(x

3
5 ).

Note the following proof only holds for k ≥ 2
5
.

Proposition A.6
∑

n≤x bn = π2

6
αxk +O(xk− 2

5 )

Proof: ∑
n≤x

bn =
∑
n≤x

bnn
1−knk−1.

Apply Theorem A.2 (b) with gn = bnn
1−k and f(x) = xk−1. Therefore

∑
n≤x

bn =
∑
n≤x

bnn
1−knk−1 (A.58)

=

x∫

1

∑
n≤y

bnn
1−k(k − 1)yk−2 dy +

(∑
n≤x

bnn
1−k

)
xk−1

= −(k − 1)

x∫

1

(
π2

6
kαy +O(y

3
5 )

)
yk−2 dy +

(
π2

6
kαx+O(x

3
5 )

)
xk−1

= −(k − 1)
π2

6
kα

yk

k
|x1 +O(xk− 2

5 ) +
π2

6
kαxk +O(xk− 2

5 )

=
π2

6
αxk +O(1) +O(xk− 2

5 )

=
π2

6
αxk +O(xk− 2

5 ) for k ≥ 2

5
.

Proposition A.7
∑

n≤x |an|2 = αxk +O(xk− 2
5 ).
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Proof: We have

|an|2 =
∑

d2|n
b(
n

d2
)µ(d)d2k−2.

Therefore,

∑
n≤x

|an|2 =
∑
n≤x

∑

d2|n
b(
n

d2
)µ(d)d2k−2

=
∑

d≤√x

µ(d)d2k−2
∑

m≤ x
d2

b(m)

=
∑

d≤√x

µ(d)d2k−2

{
π2

6
α(

x

d2
)k +O((

x

d2
)k− 2

5 )

}

=
∑

d≤√x

µ(d)

{
π2

6
αxkd−2 +O(xk− 2

5d−
6
5 )

}

=
π2

6
α


 ∑

d≤√x

µ(d)

d2
xk +

∑

d≤√x

µ(d)O(xk− 2
5d−

6
5 )


 .

Now, ∑

d≤√x

µ(d)

d2
=

1

ζ(2)
+O(

1√
x

) [1, p61].

Therefore,

∑
n≤x

|an|2 = αxk +O(xk− 1
2 ) +

∑

d≤√x

µ(d)O(xk− 2
5d−

6
5 )

and

|
∑

d≤√x

µ(d)O(xk− 2
5d−

6
5 )| ≤ Cxk− 2

5

∞∑

d=1

1

d
6
5

= Cxk− 2
5 .

Therefore,

∑
n≤x

|an|2 = αx+O(xk− 1
2 ) +O(xk− 2

5 ) (A.59)

= αx+O(xk− 2
5 ).
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Finally, we have

|an|2 =
n∑

j=1

|aj|2 −
n−1∑
j=1

|aj|2 (A.60)

= α(nk − (n− 1)k) +O(nk− 2
5 )

= O(nk−1)(nk− 2
5 )

= O(nk− 2
5 ).

Therefore,

an = O(n
k
2
− 1

5 ).

Next we relate the an(j) to the an. We have

cn =

p∑
j=1
mj |n

c n
mj

(j)

mk−1
j

and

bn = cnn
k−1, (A.61)

therefore,

bn =

p∑
j=1
mj |n

b n
mj

(j).
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Therefore,

|an|2 =
∑

d2|n
b n

d2
µ(d)d2k−2 (A.62)

=
∑

d2|n

p∑
j=1

mj | n
d2

b n
mjd2

(j)µ(d)d2k−2

=

p∑
j=1
mj |n

∑

d2| n
mj

b n
mjd2

(j)µ(d)d2k−2

=

p∑
j=1
mj |n

|a n
mj

(j)|2.

Finally for the estimate

an(j) = O(n
k
2
− 1

5 ),

we note that

|an(j)|2 ≤
p∑

l=1
ml|nmj

|anmj
ml

(l)|2 = |anmj
|2, (A.63)

by (A.62). Therefore,

|an(j)|2 = O((nmj)
k− 2

5 ) = O(nk− 2
5 ). (A.64)


