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ABSTRACT

Stochastic Differential Equations: Some Risk and Insurance Applications

Sheng Xiong
DOCTOR OF PHILOSOPHY

Temple University, May 2011

Professor Wei-Shih Yang, Chair

In this dissertation, we have studied diffusion models and their applica-
tions in risk theory and insurance. Let X; be a d-dimensional diffusion process
satisfying a system of Stochastic Differential Equations defined on an open set
G C R? and let U, be a utility function of X, with Uy = ug. Let T be the
first time that U; reaches a level u*. We study the Laplace transform of the
distribution of T', as well as the probability of ruin, ¢ (ug) = Pr{T < oo},
and other important probabilities. A class of exponential martingales is con-
structed to analyze the asymptotic properties of all probabilities. In addition,
we prove that the expected discounted penalty function, a generalization of
the probability of ultimate ruin, satisfies an elliptic partial differential equa-
tion, subject to some initial boundary conditions. Two examples from areas
of actuarial work to which martingales have been applied are given to illus-
trate our methods and results: 1. Insurer’s insolvency. 2. Terrorism risk. In
particular, we study insurer’s insolvency for the Cramér-Lundberg model with
investments whose price follows a geometric Brownian motion. We prove the

conjecture proposed by Constantinescu and Thommann [1].

Keywords: Stochastic differential equation, Ruin theory, Martingale, Diffu-

sion processes, Point processes, Terrorism risk.

MSC: 91B30, 60H30, 60H10
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CHAPTER 1

INTRODUCTION

In actuarial risk management it is an important issue to estimate the per-
formance of the portfolio of an insurer. Ruin theory, as a branch of actuarial
science that examines an insurer’s vulnerability to insolvency, is used to an-
alyze the insurer’s surplus and ruin probability which can be interpreted as
the probability of insurer’s surplus drops bellow a specified lower bond. Most
of the techniques and methodologies adopted in ruin theory are based on the
application of stochastic processes. In particular, diffusion processes have been
of great interest in modeling an insurer’s surplus. In this dissertation, we have
studied diffusion models and their applications in risk theory and insurance.

Let X; be a d-dimensional diffusion process satisfying a system of Stochas-
tic Differential Equations defined on an open set G C R?, and let U, be a utility
function of X; with Uy = ug. Let T be the first time that U; reaches a level u*.
We study the Laplace transform of the distribution of T', as well as the prob-
ability of ruin, v (uy) = Pr{T < oo}, and other important probabilities. A
class of exponential martingales is constructed to analyze the asymptotic prop-
erties of all probabilities. In addition, we prove that the expected discounted
penalty function, a generalization of the probability of ultimate ruin, satis-
fies an elliptic partial differential equation, subject to some initial boundary
conditions. Two examples from areas of actuarial work to which martingales

have been applied are given to illustrate our methods and results: 1. Insurer’s



insolvency. 2. Terrorism risk. In particular, we study insurer’s insolvency for
the Cramér-Lundberg model with investments whose price follows a geometric
Brownian motion. We prove the conjecture proposed by Constantinescu and

Thommann [1].

The thesis is organized as follow: in chapter 3 and 4, we study the in-
surer’s surplus and terrorism risk based on continuous stochastic processes.
We construct a class of exponential martingales to analyze the asymptotic
properties of ruin probability and other important probabilities. Moreover, we
show the Laplace transform of the distribution of T satisfies an elliptic partial
differential equation subject to some boundary condition.

In chapter 5, we study a conjecture in the Cramér-Lundberg model with
investments. By assuming there is a cap on the claim sizes, we prove that the
probability of ruin has at least an algebraic decay rate if 2a/0? > 1. More
importantly, we show that the probability of ruin is certain for all initial capital

u, if 2a/0? < 1.



CHAPTER 2

PRELIMINARY

This chapter provides a minimal amount of basic theory of Stochastic Cal-
culus and Risk Theory & Insurance necessary to describe and prove our results.
Almost all of the results recorded here are either well known or are easily de-

duced from well known results.

2.1 Martingale theory

Definition 2.1.1. Let (2;F;P) be a probability space and let G be a sub-
sigma field of F. If X is an integrable random variable, then the conditional
expectation of X given G is any random variable Z which satisfies the following
two properties:

(1) Z is G-measurable;

(2) if A € G, then

/ZdP:/XdP
A A

Remark 2.1.1. [t is implicit in (2) that Z must be integrable.

We denote Z by E[X | G].

Theorem 2.1.1. Let X and Y be integrable random variables, a and b real

numbers. Then

(i) EIE[X | 6] = E[X].



(i) If X is G-measurable, E[X | G] = X a.e.

(1ii) ElaX +bY | G] = aE[X | G] + bE[Y | G].

(v) If X >0 a.e., E[X | G] >0 a.e.

(vi) If X <Y a.e., E[X |G] < E[Y |G| a.e.

(vii)Suppose Y is G-measurable and XY is integrable. Then

E[X |G =YE[X |G ae.

(viit) If X, and X are integrable, and if either X,, T X, or X,, | X, then

E[X, |Gl — E[X | G| a.e.
Jensen’s inequality for expectations:

Theorem 2.1.2. Let X be a r.v. and ¢ a conver function. If both X and
¢(X) are integrable, then

P(E[X]) < E[p(X)].
Jensen’s inequality for conditional expectations:

Theorem 2.1.3. Let X be a r.v. and ¢ a convex function on R. If both X
and ¢(X) are integrable, then

P(E[X | G]) < E[6(X) Gl ae.

Definition 2.1.2. A filtration on the probability space (2; F;P) is a sequence
{Fn;n=0,1,2,...} of sub-sigma fields of F such that for all n,F,, C Fpyi1.

Definition 2.1.3. Given a probability space (2; F;P), a stochastic process is

a collection of random variables {F;}i>0 with ‘time’ index.

That is a fairly general definition—it is almost hard to think of something
numerical which is not a stochastic process. However, we have something more

specific in mind.



Definition 2.1.4. A stochastic process X = {X,;n=0,1,2,...} , is adapted
to the filtration (F,) if for all n, X,, is F,-measurable.

Definition 2.1.5. A process X = {X,,; F,,n =0,1,2,...} , is a martingale
if for eachmn =0,1,2,...,

(i) Fnyn=0,1,2,...14s a filtration and X is adapted to F,;

(i) for each n, X, is integrable;

(i11) for each n, E[ X, 41 |Fn] = X.

The process X is called a submartingale if (iii) is replaced by for each n,
E[X, 1 |F] = X,

It is called a supermartingale if (iii) is replaced by for each n,
E[X, 1 |F) < X,

Example 2.1.1. Let Z,;n =0,1,2,... be a sequence of independent random
variables with mean 0. Let X,, = Z1 + Zy 4+ ---+ Zn and Xy = 0. Let
Fn=0(Xo, X1,...,X,), Then

(a) X ={X,; Fn,n=0,1,2,...} is a martingale.

(b) If E[Zy11 |Fu] = Zp, then X is a submatingale.

(c) If E|Zni1 |Fn] < Z,, then X is a supermatingale.

Proof
E[Xui1 |Fu) = B[ X0 + Zoy |Fol = E[ X | Fut + ElZn |Fal-

Since X, is Fp-measurable, E[X, |F,] = X, . Since Z,1 and F,, are inde-
pendent, E|Z, 1 |Fn] = E[Zn11] = 0. Therefore E[ X1 |Fn] = Xon.

Example 2.1.2. Let X = {X,;F,,n = 0,1,2,...} be a martingale. Let
W, < Wyiibe a sequence of F, adapted random variable. Then {X, +
Wy Fuyn = 0,1,2,...} is a submartingale. In short, a martingale plus an

increasing adapted sequence is a submartingale.



Proof
EYa]] = EIEY [Fa}]] < EE[Y][Fa}] = E[IY]] < o0,
where the inequality follows from Jensen’s inequality. Hence
ElYar1 |F) = BIEY |Fuid] |F] = EY | 5] = Ya.

Definition 2.1.6. (X,,) is called uniformly integrable (Ul) if

lim Sup/ | X, |dP = 0.
A—co o JIx,|>A

Note that

(1) Suppose E|X| < oco. Then limg_ fIX\>A | X |dP = 0., by the Dominated
Convergence Theorem.

(2) Suppose E|X| < oco. Then for all ¢ > 0, there exists § > 0 such that
J41X|dP < € whenever P(A) < 4.

The martingale in the following example is uniformly integrable.

Example 2.1.3. Let F,,n =0,1,2,... be a filtration. Let E[|Y|] < co. Let
Y, =E[Y |F.). ThenY ={Y,; F.,,n=0,1,2,...} is a martingale.

The above examples are very important because we will see all the sub-
martingales must be of Example 2.1.2 (Doob’s Decomposition Theorem) and

all Ul martingales must be of Example 2.1.3.

Theorem 2.1.4. Suppose X = {X,; Fn,n =0,1,2,...} is a martingale (su-

permartingale, submartingale). Then for all m < n, we have
E[X,11 |Fn] = Xa, a.s.(martingale),
E[ X1 |Fa] < X, a.s.(supermartingale),
E[X,1 |Fn] = X, a.s.(submartingale).

Theorem 2.1.5. Suppose X = {X,,; F,,,n=0,1,2,...} is a martingale. Let ¢
be a convex function such that E[¢p(X,)] < oo. Then for alln, {$(X,,); Fn,n =

0,1,2,...} is a submartingale.



Definition 2.1.7. Let F,,n = 0,1,2,... is a filtration. A random wvariable
7:Q — (0,1,2,...,00) is called a stopping time (with respect to F,,n =
0,1,2,...) if {fw € Q7(w) <i} € Fp, foralli=0,1,....

Example 2.1.4. Let Xy, X1,... be a sequence of random variables. Let F, =
o(Xo, X1,...,X,). Let B be a Borel subset of R. The first hitting time of B
by (X,.) is defined by 75 = min(0 < n, X,, € B). Since

{Tlg:i} = {Xo eB X,€B,...,X;1 gB,XZ S B} e F;.
Therefore, 15 is a stopping time with respected to {F,,n =0,1,2,...}.

It is clear that the event that the first hitting time of B by (X,,) occurs at
1 only depends on the outcomes of Xg, X1,...,X;. This is the property that

motivates the definition of general stopping times.

Theorem 2.1.6. Let X = {X,;F,,n = 0,1,2,...} be a martingale (sub-
martingale, supermartingale). Let 0 <13 <15 < ... <7, < N be a sequence
of stopping times. Then { X, ; F. ,n=0,1,2,...} is a martingale (submartin-

gale, supermartingale).

Consider stochastic processes indexed by closed half-line R, = {t;¢ > 0}.
Let (Q; F;P) be a probability space and (F;)cr, be a filtration of . Assume
that the probability space is complete, and that each o—field F; contains all
of the P-null sets. Let Fy; = Ngsy Fs and Fy— = 0(Nsy Fs).

Definition 2.1.8. (F;) is said to be right-continuous if (Fi) = (Fz), for all
t € Ry. A process (X;) is right-continuous if Xy(w) is right-continuous as a

function of t, for P-a.e. w.

Definition 2.1.9. A filtration on the probability space (; F;P) is a collection
{Fi;0 <t < oo} of sub-sigma fields of F such that s < t, implies Fy C F;.

Definition 2.1.10. Let {F;;0 < t < oo} is a filtration. A random variable
T : Q — RJ{oo} is called a stopping time (with respect to F;) if {w €
O, 7(w) <t} € F, forallt > 0.



Definition 2.1.11. (Martingale in continuous time)
Let (Q2; F; P) be a probability space and {F;}1>o be a filtration of F. An adapted
family {X;}+>0 of random variables on this space with E[|X|] < oo for allt > 0

18 a martingale if, for any s <,
E[Xi| Fs] = X.

Theorem 2.1.7. (Doob’s continuous Stopping Theorem)
Let My be a continuous martingale with respect to a filtration (Fi)wer, . If T is

a stopping time for F;. Then the process defined by

Xt - Mt/\T

1s also a martingale relative to F;.

Definition 2.1.12. The continuous-time stochastic process {W;: 0 <t < T}
is called a Standard Brownian Motion (or Wiener Process) on [0,T') if

1. Wy =0;

2. Wy 1is almost surely continuous;

3. Wy has independent increments with Gaussian distribution
Wy — Wy ~N(0,t—3s) for 0<s<t<T.

Example 2.1.5. If {W;}1>0 is a Standard Brownian Motion generating the
filtration {F; }i>o, then

1. Wy is an Fy-martingale.

2. W2 is an F;-martingale.

3. exp (O’Wt — §t> is Fy-martingale. (called an exponential martingale).

Definition 2.1.13. (Local Martingale)

Let (2, F;P) be a probability space and {F;}i>o be a filtration of F. Let
X [0, 00) x Q — § be an {F;}1>0-adapted stochastic process. Then X is
called an {F; }+>o0-local Martingale if there exists a sequence of {F; }i>o-stopping

times 7, : 2 — [0,00) such that



1. the 1, are almost surely increasing: P(1p < Try1) = 1;
2. the T diverge almost surely: P(1, — oo as k — 00) = 1;

3. the stopped process
Lns0y Xe ™ i= 17,50} Ximin{t,m )
is an {Fi hi>o-martingale for every k.

Theorem 2.1.8. Let M, be a local martingale with respect to a filtration

(Fi)ier, - If T is a stopping time for F,. Then the process defined by

Xt = Mt/\T
s also a local martingale relative to F;.

Remark 2.1.2. In mathematics, a local martingale is a type of stochastic
process, satisfying the localized version of the martingale property. FEvery mar-
tingale is a local martingale; every bounded local martingale is a martingale;
however, in general a local martingale is not a martingale, because its expec-
tation can be distorted by large values of small probability. In particular, a
diffusion process without drift is a local martingale, but not necessarily a mar-

tingale.

Theorem 2.1.9. (The Optional Stopping Theorem)[22]

Let (Xy)ter, be a right-continuous supermartingale relative to a right-continuous
filtration (Fy)icr, . Suppose there exits an integrable random variable Y such
that X; > E[Y|F, for allt € R,. Let S and T be stopping times such that
S <T. Then (Xg, X7) is a two-term supermartingale relative to Fg, Fr.

2.2 The Ito integral

The It6 calculus is about systems driven by white noise, which is the deriva-
tive of Brownian motion. To find the response of the system, we integrate the
forcing, which leads to the Ito integral, of a function against the derivative of

Brownian motion.
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Definition 2.2.1. Let F; be the filtration generated by Brownian motion up
to time t, and let F(t) € F; be an adapted stochastic process. we define the

following approximations to the Ito integral

Yar(t) =Y F(ty) AW, (2.2.1)

<t
with the usual notions t, = kAt, and AW, = W (tg1) — W(te). If the limit
exists, the Ito integral is

Y(t) = lim Ya(t). (2.2.2)

=1
At—0

Example 2.2.1. The simplest interesting integral is

Y(T) = / CWaw ),
The correct Ito answer s
/ ' W (t)dW (t) = Jim Yar(t)=2 (W(t)*=T). (2.2.3)

Lemma 2.2.1. [t6’s Formula with Space and Time Variable

For any function f(w,t) € CY*(RT x R), we have the following representation
AF (W (£),1) = Ouf (W (), )W (2) + 202 F(W (1), £)dt + D f(W (1), D). (2.2.4)
or written as the Ito differential form

JW(T),T) = f(W(0),0) :/0 O f(W (L), 1)dW (1)

T
+ [ @rove.n+osov.v) d
0
Suppose X (t) is an adapted stochastic process with
dX (t) = a(t)dW (t) + b(t)dt.

Then X is a martingale if and only if b(¢) = 0. We call a(¢)dW (t) the martin-
gale part and b(t)dt drift term. For the martingale part, we have the following

(

[t0 isometry formula:

E

/ - a(t)dW(t)>2] = / - Ela(t)?]dt. (2.2.5)

T
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2.3 Stochastic differential equations

The theory of stochastic differential equations (SDE) is a framework for
expressing dynamical models that include both random and non random forces.
Solutions to Ito SDEs are Markov processes in that the future depends on the

past only through the present.

Definition 2.3.1. An [to stochastic differential equation takes the form
dX(t) = a(X(t),t)dt + o(X(t),t)dW (). (2.3.1)
Remark 2.3.1. A solution is an adapted process that satisfies (2.5.1) in the

sense that

X(T) - X(0) :/OTa(X(t),t)dt+/OTJ(X(t),t)dW(t), (2.3.2)

where the first integral on the right is a Riemann integral and the second is an

1to integral.

Asin the general It6 differential, a(X (t), t)dt is the drift term, and o (X (t), t)dW (t)

is the martingale term. We often call o(z,t) the volatility.

Definition 2.3.2. a geometric Brownian motion is a stochastic process that
satisfies the SDE
dX(t) = pX(t)dt + o X (t)dW (), (2.3.3)

with initial data X (0) = 1.

Since

X(t) — ep,t—cht/Q-I—ch(t) (234)

satisfies (2.3.3), which implies that a geometric Brownian motion has the above

representation.

Remark 2.3.2. Steele [15] pointed out a paradoz of risk without possibility
of rewards for the geometric Brownian motion: if %,% < 1, then X(t) — 0 as
t — 00 a.s., despite the fact that the expected value of X(t) goes to positive
nfinity.
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Definition 2.3.3. a diffusion process is a solution to a stochastic differential

equation. It is a continuous-time Markov process with continuous sample paths.

Definition 2.3.4. The backward equation is

o?(z,t)

O f(x,t) 4+ alz, )0 f(x,t) + Taif(:v, t)=0. (2.3.5)

Definition 2.3.5. The Forward equation is

Owu(z,t) = =0, (a(z, t)u(z, t) + 307 (o*(z, t)u(z,t)) . (2.3.6)

2

Definition 2.3.6. The generator of an Ito process is the operator containing

the spatial part of the backward equation

L(t) = a(z,t)0, + 10*(z,1)02.

For a general continuous time Markov process, the generator is defined by
the requirement that
d
5 Elg(X(0). )] = E[(L()g)(X (1), 1) + 9.(X (), )], (2.3.7)

for a sufficiently rich (dense) family of functions g.

This applies not only to diffusion processes, but also to jump diffusions,

continuous time birth/death processes, continuous time Markov chains, etc.

Definition 2.3.7. Let (X, Bx) be a measurable space. By a point function
p on X we mean a mapping p : D, C (0,00) — X, where the domain D,
is a countable subset of (0,00). p defines a counting measure Ny(dtdx) on

(0,00) x X by
N,((0,t] x U) =t{s € D,; s <t, p(s) e U}, t >0, U € By.

A point process is obtained by randomizing the notion of point function.
Let IIx be the totality of point functions on X and B(Ilx) be the smallest
o-field on IIx with respect to which all p — N,((0,t] x U), t > 0, U € By,

are measurable.

'Some people include the time derivative in the definition of the generator.
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Definition 2.3.8. A point process p on X is a (Ilx, B(Ilx))-valued ran-
dom wvariable, that is, a mapping p : 2 — Ilx defined on a probability space
(Q; F; P) which is F|B(Ilx)-measurable.

A point process is called Poisson if N,(dtdz) is a Poisson random measure

n (0,00) x X.

Definition 2.3.9. Let (2; F;P) be a probability space and (F)i>o be a filtra-
tion. A point process p = (p(t)) on X defined on Q is called Fi-adapted if
every t > 0 and U € B(X), Np(t,U) = > .cp o<; lu(p(s)) is Fy-measurable.
p is called o-finite, if there exist U, € B(X),n = 1,2,..., such that U, T X
and E[N,(t,U,)] < oo, for allt >0 andn =1,2,....

For a given F;-adapted, o-finite point process p, let
I, ={U € B(X), E[N,(t,U)] < oo, forallt>0andn=1,2,...}.
We define

Definition 2.3.10. An F;-adapted point process p on (;F;P) is said to
be of the class (QL) (Quasi left-continuous) if it is o-finite and there exists
N, = (N,(t,U)) such that

(i) for U € Tp,t — N,(t,U) is a continuous (F),-adapted increasing process,
(ii) for each t and a.e. w € Q,t — N,(t,U) is a o-finite measure on (X, Bx),
(iii) for U € Ty, t +— Ny(t,U) = N,(t,U) — N,(t,U) is a F;-martingale.

we introduce the following classes:
tt
F, ={f(t,z,w); f is Fy—predictable and for each ¢ > 0,/ /|f1(3, z,-)|Ny(dsdz) < oo}
0 T
E? = {f(t,z,w); fisF; — predictable and for each ¢ > 0,

/ /|f1 5.1, (dsd:r)] < o0}

E%le = [f(t,2,w); fis F, — predictable and there exist a sequence of

Fi—stopping times o, such that o, T 0o a.s. and Ijg4.1(t) f(t,z,w) € EAn=12. .}
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Definition 2.3.11. An F;-adapted stochastic process X; defined on (§2; F;P)

1s called a semi-martingale if it is expressed as
tt
Xy =Xo+ M+ Ay + / /fl(s, x, - )Ny(dsdz)
0 x

v ! | s, (s

Where

(i) Xo is an Fo-measurable random variable.

(i) My is a local martingale.

(iii) Ay is a continuous Fy-adapted process such that a.s. Ag =0 and t — Ay
1s of bounded variation on each finite interval.

(iv) p is an Fi-adapted point process of the class (QL) on some state space
(X,Bx), fi € F, and f> € Fp2’1°C such that fifs = 0.

Define a d-dimensional semi-martingale X; = (th, X2 ... ,Xtd) by

t+
Xi=Xo+ M, + A + / /f(s,a:, )N, (dsdzx)
0 x

N /Ot+ /a;g(s,:lf, )N, (dsde)

Where f = (f%, f2,..., f%) and g = (¢*, ¢%,...,9%). Then

Theorem 2.3.1. (It6’s formula). Let F be a function of class C* on R?
and X (t) a d—dimentional semi-martingale given above. Then the stochastic

process F(X(t)) is also a semi-martingale (with respect to (Fi)i>0) and the
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following formula holds:

d d

t
F(X;) — F(X,) = Z / F/(X,) dM'(s)+ ) / F/(X,) dA(s)
1 d
// % J
+2§:1/0 F"(X,) d(M*, M7)(s)

n / [ 1K+ 1(52,) = F(X00) Ny(ds)
n / [ IF(X 4 gls,2,) = P(X,0)] Ny(dsd)

+/0 X{[F(Xs— +yg(s,2,-)) = F(Xs-)]

- Zgl s, x, X,)} N,(dsdz).

2.4 Ruin theory and risk models

Ruin theory studies an insurer’s vulnerability to insolvency based on stochas-
tic models of the insurer’s surplus. The most important questions are the time
of ruin at which the surplus becomes negative for the first time, the surplus
immediately before the time of ruin and the deficit at the time of ruin. In
most cases, the principal objective of the classical model and its extensions
was to calculate the probability of ultimate ruin.

Ruin theory was first introduced in 1903 by the Swedish actuary Filip
Lundberg [2], then it received a substantial boost with the articles of Powers
[3] in 1995 and Gerber and Shiu [4] in 1998, which introduced the expected
discounted penalty function, a generalization of the probability of ultimate
ruin. This fundamental work was followed by a large number of papers in
the ruin literature deriving related quantities in a variety of risk models. The
interested reader can read more in Asmussen [5], Embrechts et al. [7], Gerber
et al. [16] and Ren [17].

The following is a brief introduction of ruin models that relate to my dis-
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sertation.
(1) The Cramér Lundberg model

Gerber, H.U. and Shiu in [4] studied the Cramér Lundberg ruin model.
Let u denote the insurer’s initial surplus, assume the premium received in a
continuous constant rate ¢, per unit time, and the aggregate claims constitute

a compound Poisson process:

N(t)
S(t) =Y,
=1

where N(t) is a Poisson process with parameter A, and z;’s are i.i.d with pdf
p(z) and cdf P(x). Then the insurer’s surplus, u(t), at time ¢, is modeled by

the following stochastic process:
N(t)
u(t) =u+ct—S(t) =u+ct— Y ;.
j=1

Definition 2.4.1. The time of ruin is defined to be T = inf{t|u(t) < 0}.

As mentioned previously, technical ruin of the insurance company occurs when
the surplus becomes negative (or below a given threshold). Therefore, the

definition of the infinite time probability of ruin is
(u) =Pr{T < co|u}

Definition 2.4.2. The adjustment coefficient is defined as the smallest strictly

positive solution (if it exists) of the Lundberg fundamental equation

A+0—cE=Mp(&) = )\/ e "p(x) d.
0
The main result related to my work is

Theorem 2.4.1. (Lundburg’s asympototic formula)

c— A\ fooo ap(x)de o
~ 0 € 5
Ay yeRup(y) dy —c

as u — oo. Where —R is the negative root of Lundberg foundamental equation.

(u)
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(2) Powers’ Diffusion Model

Powers in [3] studied a diffusion model. Let u* € (0,ug) be the infimum of
the set of capitalization levels at which the insurer is considered solvent, L(t)
be cumulative incurred losses to time ¢, Y (¢) be cumulative investment income
to time ¢, P(t) be cumulative earned premium to time ¢, X (¢) be cumulative
earned losses to time ¢, T = inf{t | u(t) < u*} be the time of insolvency, ug be
the initial net worth, u(t) be the net worth at time ¢, W (¢) be the interrupted
net worth at time ¢, b7 (-) and by (-) be positive nondecreasing functions. Under
the following assumptions
o P(t) = (14 m)L(t)

o X(t) =¢erL(t) +¢,P(t)
o dS(t) = g(S()dt + H(S(t)[dZ, (1), dZy (B)]"
e The process S(t) satisfies the Lipschitz condition.

where
S(t) = [L(t), Y ()]
g(S(t)) = [u(t), vu(t)]"
br(u(t)) 0
H(S(t)) =
S0 [ 0 by<u<t>>]

Then Power proposed a diffusion model
du(t) = au(t)dt + b(u(t))dZ(t)
where Z(t) is a standard Brownian motion and
a=cp\+ cyr

b(u(t)) = /312 (u(t)) + G (u(t).

The main result related to my work are

Theorem 2.4.2. Define
u(t), if t<T
Wi(t) =
0 if t>T.
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Then the Laplace transform of the probability distribution of T, ¢.(ug) =

Ele™T |ug], for z > 0, may be expressed as

11(+00)n2 (1) — Ma(+00)m1 (o)
M1 (+00)n2(u*) — na2(+00)m (u*)

¢:(uo) =

where n1(u) and ny(u) are two linearly independent solutions of the second

order linear differential equation

/ 1 1
2. (u) — aup’ (u) — §b2(U)%(U) = 0.
and

Corollary 2.4.1. Let the net worth process be given by W(t). If b(-)? is
concave downward, then the probability of ruin, ¥ (ug) = Pr{T < +oo| up} ,
1s bounded above as follows:

gut 4 1 [ 62—(3y)dy

\II < 0 uO}k Y
(uo) < (1— 42

uo

Remark 2.4.1. This corollary shows that the decay rate of ruin probability is
polynomial. Later in my dissertation, we can show the decay rate is exponential

by martingale approach.

(3) Jiandong Ren’s Model

Ren in [17] studied a six dimensional diffusion model. Let D(t) cumulative
paid losses to time ¢, and R(t) be cumulative earned premium to time ¢. Let
L(t), P(t),Y(t), X (t) be as above. Set

dZ(t) = [dZ(t),dZp(t),dZg(t), dZy (1)]"

Define
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[0 0 0 0 0 A ]
1) -0 0 0 0 0
L]0 o 0 0 0 (14m)A
0 0 p —p 0 0
v —v v —v 0 v
| YV —CyV cyV+CRp —CyV—CRp 0 cyv+cpA+cepA(l+m) |

(o) 0 0 0
0 O’D(') 0 0
0 0 0 0
S =
0 0 or(") 0
0 0 0 oy (")
| cror() 0 cror() eyoy() |

Then Jingdong’s model can be written as
dV(t) = AV (t)dt + SdZ(t).

His main results are

Theorem 2.4.3. If let
L(t) = D(t) — P(t) — R(t)

T(t) =

and

and assume
71 (t) = 71 and y2(t) — 2 where v1,v2 are constants, if we denote the implied

net worth process by u(t) then
du(t) = au(t)dt + o(a(t))dZ(t) (2.4.1)

where

a=cyv(l+y) 4+ cp A+ cpA(1 + ) + crpya
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and

a(u(t)) = \/C%U%W(t)) + o (1+ m)ilt)) + cgog(2i(t)).

Theorem 2.4.4. If o.(-) = /B, op(:) = /Bp, or(-) = VBr, ov(-) = VBy

are constants, then the stochastic differential equations :
dV(t) = AV (t)dt + SdZ(t)

posses solution:
t
V(t) = et {C’ —I—/ e_ATSdZ(T)}
0

where C' =V (0) = [0,0,0,0,0,u0)”, and

N/ 0 0
0 V3, O 0
S = 0 0 0 0
0 0 VBn 0
I cvBr 0 crVBr cyViBy |

Theorem 2.4.5. If the ISDs (infinitesimal standard deviation) o* are propor-

tional to the infinitesimal drifts, then
da(t) = aa(t)dt + /B(a(t))dZ(t)

where

a=cyv(l+7)+cpA+ cpA(1 +7) + crpye

and

VB =80+ By ((1+7)? + b

The interested reader can read more on these subjects in [24] by Klugman et
al. (2004); [25] by Gerber (1979); [26] by Denuit and Charpentier (2004); [27]
by Kaas et al. (2001), among others.



21

2.5 Lanchester equations

This section and the following section are quoted from [30] written by
Powers. Because my work on terrorism risk (chapter 4) partially was advised
by Powers.

During the First World War F. W. Lanchester described one of the simplest,
and most enduring, mathematical attrition models of force-on-force combat in
[18] in 1916, which may be described by a system of differential equations of
the form

dA = —k A D*'dt (2.5.1)
dD = —ky A2 D% dt (2.5.2)

where A = A(t) > 0 and D = D(t) > 0 denote, respectively, the sizes of
the attackers and defenders forces at time t > 0; A(0) = Ay and D(0) =
Dy are known boundary conditions; ki, ks are positive real-valued parameters
denoting, respectively, the defender and attacker effective destruction rates;
and ki, ky and 61,0, are real-valued parameters reflecting the fundamental
nature of the combat under study. In his original formulation, Lanchester
(1916) considered two cases one for ancient-warfare, in which o; = 1,0; =
1,as = 1,65 = 1, and one for modern-warfare, in which a; = 0,6, = 1,9 =
1,05 = 0. The principal conclusion to be drawn from Lanchester’s original
analysis is that the ratio of the opposing armies’ initial forces (i.e., g—g) plays
a greater role in modern combat (with unaimed fire). The results are stated

as the Lanchester’s linear law and square law respectively.

2.6 Ad Hoc models for terrorism risk

Following the terrorist attacks of September 11, 2001, the United States
Congress passed the Terrorism Risk Insurance Act (TRIA) of 2002 to “es-
tablish a temporary Federal program that provides for a transparent system

of shared public and private compensation for insured losses resulting from
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acts of terrorism”. In return for requiring U.S. property-liability insurers to
include terrorism coverage in certain critical lines of business, the legislation
supplemented private reinsurance coverage for terrorism-related losses through
the end of 2005. Two subsequent extensions of TRIA have carved out a far
from “temporary” role for the U.S. federal government in financing terrorism
risk. As Powers noted in [31], a necessary condition for private insurers and
reinsurers to remain in the terrorism-risk market is the industry’s confidence

that total losses can be forecast with sufficient accuracy.

Major in [29] proposed that the conditional probability of destruction of a
target 7, given that target i is selected for attack by terrorists, can be expressed

as
AD; A2

where A; denotes the size of the forces assigned by the terrorists to attack

(2.6.1)

i, D; denotes the size of the forces assigned by government (and possibility
private security) to defend i, and W; denotes the value of i as a target (which is
assumed to have a square-root relationship to the target’s physical presence).
In this formulation, the first factor on the right-hand side of equation (2.6.1)
represents the probability that the terrorists avoid detection prior to their
attack (derived from a simple search model), and the second factor represents
the probability that the terrorists are then successful in destroying the target
(derived from a dose-response model).

Powers and Shen in [32] replaced the above formula with
AiD; Y A
Ve VAT Ds

where V; denotes the (three-dimensional) physical volume of target i, and

pi = exp(— ) (2.6.2)

s > 1,c € (0,1) are scale parameters. The biggest conceptual difference
between equations (2.6.1) and (2.6.2) is the substitution of a power of D;
for a power of W; in the denominator of the second factor (representing the
terrorists’ probability of success in destroying the target once they have avoided

detection).
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CHAPTER 3

RUIN ON DIFFUSION
MODELS

3.1 Ruin on generalized Powers model

In this section, we reinvestigate Corollary 2.1 in [3] by using martingale
approach, and obtain a better upper bound on the probability of ruin. Our
result shows that the probability of ruin exponentially decay as the initial net

worth uy — oo.

Let n be a positive integer. We will use u* to denote the infimum of the

set of capitalization levels at which the insurer is considered solvent. Set
7, = inf{t > 0; U; € (u*,n)}

be the first time for the net worth process U; going out of the interval (u*,n).
Set
T=inf{t >0, U, <u"}

be the time of the insolvency, and
W(ug) = Pry,{T < oo}

be the probability of ruin. These notation will be fixed throughout this chap-

ter. Also, we will keep the assumptions and notation in [3] regarding the
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stochastic differential equation

Instead of working directly on Powers Model, we will work on the generalized

Powers Model:

AU, = aUldt 4 b(U,)dZ,, (3.1.2)
where 3 > 1.

Lemma 3.1.1. Let 0 be any positive real number, « > 0, f > 1 and b(x), a

nonnegative continuous function, defined as in SDE (3.1.2). Set
t
Xt:Ut—UO—/ aUP ds,
0

and
1
Y, = exp <—9Xt - §<—QX),5) )

Then Xiny, and Yipr, are L?>-martingales.

Proof. Integrating SDE (3.1.2), we have

t t
Ut=U0+/ aU? ds+/ b(U,) dZ,. (3.1.3)
0 0

Then . ,
X, =U, — U, —/ aUP ds = / b(U,) dZ,
0 0

is a local martingale, and so
1 t
Y, = exp (—QXt — 592/ v?(Uy) d3>
0
t 1 t
= exp (—QUt + 60Uy + 9/ osz ds — §92/ b (U,) ds)
0 0

is also a local martingale. The L?-norm of X;,,, can be computed as follows:

( /0 o b(US)dZS)

2
[XerrllZ2 = £

—E UOM b2(Us)ds] . (3.1.4)
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Note that Uja,, is bounded by n and that the function b(x) is continuous. It
follows that b*(Us) is bounded for 0 < s < t A 7,,. Hence the integral on the
right hand side of (3.1.4) is bounded for each ¢, and so X;,,, is a L?-martingale.

Next, since b(Uy) is bounded for 0 < s <t A 7,,, moreover, t A 1, < t, we have

tATh t
| Xinr, | = |Uinr, —Ug— / aU? ds| < |Uipr, | +Us+| / aU? ds| < n+Uy+an®t
0 0

for each t. So |Yiar,| < c(t,n), where ¢(t,n) is a constant depending on ¢ and

n. It now follows that Y;,,, is also a L:-martingale.

Lemma 3.1.2. Suppose that b(x) is increasing and continuous twice differen-

tiable, and that g(z) = b*(x) is concave down on [u*,00) and ¢'(u*) > 0. Then

there exists a positive real number 6y = min {290(‘3:;3, 2a§?;f)71} such that

Tn 1
K(9) := lim E,, [exp (/ {6aUP — 592b2(U5) }ds) | U, = u*} > 1(3.1.5)
n—oo 0
for any 6 € [0, 6,).

Proof. Set h(z) = az” — 10g(x). Then N(z) = afz’' — 10¢'(x). Now

solve the following inequality system:
h'(u*) >0
h(u*) > 0.

We get the solution: 6 € [0, 6p]. Since g(z) is concave down on [u*, c0) and
B > 1, so h'(x) is nonnegative and h'(x) is increasing on [u*, 00). Hence for

any 6 € [0, 6p], we have
h'(x) > W(u*) >0, Vo > u*.

It follows that h(x) is increasing on [u*, 00). Hence for any 6 € [0, 6], we have
h(z) > h(u*) > 0, Yo > u*.

Now since Us > u* on [0, 7,,], hence the integrand

1 1
0aU? — 59252(U5) = 0{aU’ — §9b2(Us)} = 0h(Uy) >0, V0 € [0, ).
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It now follows that

n—oo 0

Tn 1
K(0):= lim E,, {exp </ (904U§ — 592[)2(U$)) ds) | U,, = u*}
=1

Z EUO [1 | UTn - *]
for any 6 € [0, ).

Theorem 3.1.1. Let « > 0, § > 1 and b(x), a nonnegative continuous
function, defined as in SDE (3.1.2). Suppose further that b(x) is increas-
ing and continuous twice differentiable, and that g(x) = b*(x) is concave

down on [u*,00), and ¢'(u*) > 0. Then there exists a positive real number

0y = min {29‘?3;3, 2a§?;f)_1} such that the probability of ruin

P(ug) < exp (—0(uyg — u™)) (3.1.6)
for any 6 € [0, 6,).

Proof. If t(ug) = 0, then (3.1.6) holds for any 6. It is sufficient to show
(3.1.6) assuming ¥ (ug) > 0. It follows from Lemma (3.1.1) that 1 = E[Y] =
E[Yiar, ], for each t > 0. Hence

t].lm E[}/t/\,,—n] =1.
On the other hand, it follows from Fatou’s lemma that

E[Y,

n

| < Jim B[, )

Therefore

T

" 1
B, {exp (—HUTn + 06U, + / {6aU? — §921>2(U5) }dsﬂ =EY, <1.
0

However, since

E.,, {exp (—QUTn + 06Uy + / n{QOsz - %szQ(Us) }ds)}
0
:PT{UTn = u*}69(u07u*)Eu0 [exp (/ n{@aUsﬁ _ %02[72([]3) }ds) ‘ U, = u*:|
0

+ Pr{U,, = n}eomp, {exp </ n{HozUSB — %9262([]3) }ds) ‘ U, = n} ,
0
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and the second term is nonegative, we have
* n ]_
Pr(v, =), [oxp ([ 1000 - Jevw yas) | v, o] <1
0

By lemma (3.1.2),

Tn 1
K(#) := lim E,, {exp (/ {6aUP — 592[)2(U5) }ds> ‘ U, = u*] > 1,
n—oo 0

for any 6 € [0, 6.

Therefore we have
Y(ug) = lim Pr{U,, =u"} <exp(—0(up—u")).
The proof is completed.

Remark 3.1.1. In the case of 0 < 3 < 1, if we assume g(-) = b*(-) is a
function of utﬂ, then it can be reduced to the above case where 3 = 1, that

is, the probability of ruin 1 (ug) also exponentially decays in the case where

0<pB<1.

3.2 Laplace transform of PDF of the first exit
time

In this section, we introduce a general system of m dimensional stochas-
tic differential equations and use its infinitesimal operator to form a partial
differential equation. Then we show that the Laplace transform E,, [e=*T] of
the probability distribution of ruin time 7" is the unique solution that satisfies
the partial differential equation. Also we discuss under what conditions the

solution exists.

We consider the following stochastic differential equations:

t t
X = X +/ b(X,) ds +/ o(X;) dBs,
0 0
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or namely,
t m t
Xg:X5+/ bi(X.) ds+Z/ 0ij(X;) dB,,
0 =170

where B; = (B}, B2, ..., B™)" is a standard m dimensional Brownian Motion,
where 0 = (0)axm is a d x m matrix. and where b = (by, ba, ..., bq) ", X; are
column vectors.

T

Let a = (ajj)axm = oo and A be the infinitesimal operator w.r.t the

stochastic differential equations above. namely,
1
Af(z) = 5 Z aij(z)Dij f(x) + Z bi(z)D; f(z),
Y] i

and let V(z) = E, [e7*"], where T = inf{t > 0|X; ¢ G}. We will show that
V(z) = E, [e~*T] is the unique solution that satisfies

(a) AV (z) — 2V (x) = 0,Vx € G.

(b) V(y) =1,Vy € 0G.

Remark 3.2.1. The definition of T is equivalent to T' = inf{t > 0| X; ¢ G}
forVz € G, since G is open. If y € 0G, then Py(T' =0) =1 and V(y) =1 is

always true.

This proof is essentially taken from section 4.6. in [23]. Since the proof for
general case in [23] is far more complicated, we put a simplified proof in our

case for reader’s convenience.

Theorem 3.2.1. If U(z) satisfies (a), then M, = U(X;)e " is a local mar-
tingale on [0,T).

Proof: Applying It6’s formula gives
t t
U(Xy)e ™ —U(Xy) = / e ** Z bi(Xs)D;U(Xs) ds — z/ e *U(Xs) ds
0 ; 0
.|
- / e = Z a;;(Xs)D;;U(Xy) ds + local mart.
0 2 v

t
= / e (AU (X;) — 2U(Xy)) ds + local mart.
0
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for t < T. Tt follows from (a) that M; = U(X;)e *" is a local martingale on
[0, 7).

Assume G is a bounded connected open set from now on.

Theorem 3.2.2. If there is a solution satisfying both (a) and (b) that is
bounded, then it must be V(x) = E, [e=*T].

Proof: By Theorem 3.2.1, My = U(Xs)e ** is a local martingale on [0, 7).

Let s /T'At and using the bounded convergence theorem gives
U(z) = EMy = EMrpn = B, [G_ZT; T < t} + B, [G_Zt; T > t} .

As t — oo, the first term approaches to V(z) = E,[e™*T]. Since {T >t} € F;,

the definition of conditional expectation and Markov property imply

E, [UXy)e ™", T >t] = E,E, [U(Xy)e*"|Fy; T > 1]
= E, [UXy)e ™ E, [e*T]; T > t].

For all y € GG, since G is a bounded, open connected set, we have
E, [e*ZT} >e *P(T <1)>e>0.
Hence replace E, [e_ZT] by € in the equation above, we have

E, (|UXy)]e™™ T >t] <e'E, [|[UXy)|e™"; T > t]
< e NU ||y [e7*; T > t] — 0.

as t — 00, by Dominated Convergence Theorem, since P, (T < oco) = 1. Going
back to the first equation in the proof, we have shown the solution must be
V(x).

Theorem 3.2.3. If V(z) € C?, then it satisfies (a) in G.
Proof: The Markov property implies that

Ex |:6sz | fs/\T} _ efz(s/\T)EX [esz] _ efz(s/\T)V(Xs/\T)'

(sAT)
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Since the left-hand side is a bounded local martingale on [0, T") and hence is a
UI (uniformly integrable) martingale. So is e >V (X a7). Applying Itd’s

formula to e=*"DV (X, 1) gives
de " "DV (X ar) = [AV (Xonr) — 2V (Xorr)] e *"Dd(s AT) + local mart.

However, the first term is continuous and locally of bounded variation, it must

be zero, that is,
tAT
/ AV (Xonr) — 2V(Xopz)] €D d(s AT) = 0.
0
Since V(z) € C?, it follows that
AV(XS/\T) — ZV(XS/\T) = 0, PXO a.S.

For if it were # 0 at some point Xy, by continuity, then it would be > 0 (< 0)
on an open ball D(Xy, ) for some r > 0. If we choose s(w) to be the first exit
time from the ball D(Xy,r), then the integral would be positive(or negative),

a contradiction.

Theorem 3.2.4. If G is a bounded connected open set, then V(z) € C* hence
satisfies (a).

Proof: Follows from theorem (3.6) in [23].

3.3 Applications

Let
T, = inf{t > 0; U; € (u*,n)}

be the first time for the net worth process U, going out of the interval (u*,n).
Let
T=inf{t >0, U, <u"}

be the time of the insolvency. We apply the theorem (3.2.2) to the following

three examples.
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Example 3.3.1. Powers’ one dimensional Diffusion Model.

Powers proved in [3] that Uy is the homogeneous diffusion process specified by

the unique solutions of the SDE
dUt = OéUtdt + b(Ut)dZt

It is a one dimensional diffusion model. In Theorem 1 in [3], Powers proved

that v, (ug) = Ey, [e’ZT] can be expressed as two linear independent solutions
of the following ODE:

2, (u) — aupl,(u) — %b%u)cpllz(u) =0 (3.3.1)

He referred Darling and Siegert’s (1953) proof. However, Applying our Theo-
rem (3.2.2) to Powers’ model on the open set G, = (u*,n), E,, [e*™] satisfies
(3.3.1). Let n go to infinity, then ¢.(up) = lim, o Fy, [e*™] by Bounded
Convergence Theorem. It is not hard to prove the Powers’ result about ¢, (uy)

on G = (u*,0).

Remark 3.3.1. For the generalized powers’ model, p,(ug) = Ey, [e*ZT} can

be expressed as two linear independent solutions of the following ODE:
5 1,
zp,(u) — au’ ol (u) — Qb (w)rt,(u) = 0.

Example 3.3.2. Powers’ two dimensional Diffusion Model.

Powers constructed a two dimensional SDE’s Model in [3]:

dS, = g(S,)dt + H(S,) [dz*, dzY]"

where
St - [Ltay;f]—ra g(St) - [)‘Uta VUt]T
by (Uy) 0

HE)I =1 by (U3)

Based on some further assumptions, he successfully converted it into the one
dimensional diffusion model in example (3.3.1). However, if apply our The-

orem (3.2.2) to this model on the open set G = {(x1,22) € R* | n > ug =
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crrytceyry > u*, x> 0,29 > 0}, we can conclude that V (x1, x4) = E,, [e7*™]

satisfies the following partial differential equation
L, Ly
2V (xq,x9) — AuV,, —vuV,, — ébL(u)me — §by(u)Vm2 =0 (3.3.2)

on G. Note that V(x1,22) only depends on g, not the point (xq,x2). So if
we put p,(u) = V(z1,x2), where u = cxy + cyxs, then the equation (3.3.2)
implies the equation (3.3.1).

Similarly, we can apply our Theorem (3.2.2) to Ren’s multi-dimensional

model [17] as well.

Example 3.3.3. Ren’s siz-dimensional Diffusion Model.

Let V(ug) = Ey, [e7*™], then it satisfies the following partial differential equa-

tion:

2V(x) — AxgVy, — 0(xy — x9) Ve — A1 4+ MgV — plas — x4) Vo,
—v(ry — 2o+ w3 — x4 + 26) Ve — [eyv(a) — 20 + 13 — T4 + T6)

1
+ cpp(ws — x4) — cpA(1 + m)xg — cpAwg] Vi — 5(1 +cA)orVi
1 1 1
— QUZD‘/QQ — 5(1 + C%)UéVgg — 5(1 + C%)O’%VM + CLCRULURVLO,

+cpeyopoyViy — cycroyorVay =0
on any open bounded domain such that 0 < u* < uy < n.

Remark 3.3.2. Note that Ren obtained (2.4.1) by assuming that the ratios

%?371:4 — i, B — o, as the time t — oo. In turn, (2.4.1) holds only

for large t in his paper.

Although our theorem only applies to the bounded domain, it is good
enough for industry practices if n is large enough. In some cases, see example

1, the conclusion can be extended to unbounded domains.
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CHAPTER 4

TERRORISM RISK

4.1 Stochastic formulation

For terrorism combat, the choice of a Lanchester approach might seem
somewhat ill-advised. The conflict is far from deterministic; terrain plays a
major role; and the asymmetries of objectives (instilling fear vs. maintaining
stability), information (surprise attacks vs. constant vigilance), and weaponry
(suicide bombers, airplanes, etc. vs. a more conventional arsenal) are extreme.
However, one crucial aspect of terrorist attacks tends to offset many of these
apparent difficulties: the fact that such attacks are extremely localized in
both space and time. These limitations-to both a small physical domain and
a short time duration-tend to homogenize various complex characteristics of

the problem, permitting more effective modeling.

Lemma 4.1.1. If0 < a; < 1,0 < 05 < 1, then the Lanchester equations are

equivalent to the following system
dA = —K,D%dt (4.1.1)

dD = —K,A’dt (4.1.2)

where a« > 0 and § > 0 are constants.
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Remark 4.1.1. The Lanchester equations can be always reduced to a simpler
form. If ay = 1 or 8, = 1, then the only difference is that D* or A® will be

replaced by an exponential function form.

Proof: Divid (2.5.1) by A®* on both sides, then combine A~ with dA, we

have
dAY™ = —ky (1 — ay) D% dt.
Similarly, we divid (2.5.2) by D% on both sides, then combine D% with
dD, we have

dD'%2 = —ky(1 — 6,) A%2dt

Now let A = Alial, [) = D1762, K, = k’l(]_ — Ozl) and Ky = k’Q(]_ — 52),

then the above two equations can be rewritten as:
dA = —K,D~dt

dD = —K,A%dt

where v =

01 _ _oo
5 and § = j—

Based on the lemma (4.1.1), We propose the following SDE model
dA = —K,D“dt + 01(A, D)dZ,(t) (4.1.3)

dD = —K,A%dt + 05(A, D)dZ,(t) (4.1.4)

on the open set S = {(x,y) € R? |z > 0,y > 0}, where o,(A, D), 04(A, D)
are nonnegative continuous functions, Z;(t) and Z,(t) are standard Brownian

motions. «a and ¢ are parameters in (0, c0).

Let
T = inf{t > 0; min{A(t), D(t)} < 0}
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be the first time that the stochastic process A(t) or D(t) exits from domain S

and

be the probability that Defender or Attacker will win the combat respectively.

In this chapter, we will study the Laplace transform of the probability
distribution of the first passage time T, ruin probability and the asymptotic
behavior of the probabilty of target destruction.

4.2 Laplace transform of the PDF of first pas-
sage time
Let n be a positive integer. Set
D, ={(z,y) € R*| 2> +y* <n’, x>0,y >0}

T, = inf{t > 0; U; € (D,)°}
be the first time for the process U; going out of the region D,,.

Theorem 4.2.1. For the above Lanchester SDEs, V™(Ay, Dy) = Ez, 5, €],

satisfies the following partial differential equation in D, :

1 1
2V (2, 12) + K125V + Kgvagg; — 50%(:131,@)\/;1351 — 503(:51,172)\@;@ =0,
(4.2.1)
subject to the boundary condition V*(y) = 1 for Yy € 0D. Furthermore, if
let V(flo,[)o) = Ej,.p, [e_ZT | T < o0 ], then V”(AO,DO) — V(AO,DO) as

n — OQ.

Proof: Apply theorem (3.2.2), we have (4.2.1). By Dominated Convergence
Theorem, we have V"(Ay, Do) — V(Ag, Do) as n — oo.
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Corollary 4.2.1. Let u = /Koxy + VKyxe , if we further assume that
o1(x1,z2) and oo(wy,x2) are functions of u, and o = 6 = 1, then the PDE

(4.2.1) implies the folloing ODE:
1
2V (u) + /K1 Kou(V™) (u) — Q{Kgaf(u) + Ko (u) H (V™) (u) =0, (4.2.2)
subject to the boundary condition above.

Proof: Note that

Vo = (Y () = VRV (W), Ve = (V) (1) = (V) ()

VI, = Ka(VY' (), V0, = K (V") (u).

T1T1 T2T2

Plug in (4.2.1), we have
2V™u)+ K1/ Kowo (V™) (u)+ Ko/ Ky21(V ——{Kgal( )+ Ko (w)} (V™) (u) =0

Combination of the second and third terms gives us (4.2.2).

4.3 Ruin is for certain

In this section, it is shown that the ruin is certain almost surely.

We rewrite the above stochastic differential equations as follow:
AU, = GVidt + HdZ, (4.3.1)

where

0 —K |

G = ,
Ky, 0 |
H= [ oi() 0]
O 02(') i
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Recall that
Dy ={(z,y) € R*| 2* +y* <n® x>0,y >0},
T, = 1inf{t > 0; U; € (D,)°}.

Lemma 4.3.1. Let 0 = [0y, QQ]T, where 61,0y are real numbers. Set
¢
Xt:Ut—UO—/ GV, ds,
0

and

1
Y, = eap(—0" X, — §<—9TX>t)-

Then Yins, is a L2-martingale which implies that E[Y,,] < 1.

Proof. Integrating SDE (4.3.1), we have

t t
Ut:Ung/ GV, ds+/ Hdz,. (4.3.2)
0 0

Then , .
Xt:Ut—Uo—/GVsds:/HdZs
0 0

and so

1
Y; = exp(—@TXt — §<—6TX>15)
t 1 t
= exp(—0"U, + 0" Uy +/ 0'GV, ds — 5/ (0"H)T (0" H) ds)
0 0
is a local martingale. The expectation of L?>-norm of X;,,, can be computed
as follows:

tATh

2 tATh
B\ Xinr, 32 = ||E ( H dZ, > |1 = E/ |H"H||1 ds. (4.3.3)
0

0

Note that ||Uiar, || is bounded by n and that the function oy (x), oo(x) are
continuous. It follows that 0%, 03 are bounded for 0 < s < ¢ A 7,,. Hence the

integral on the right hand side of (4.3.3) is bounded for each t.
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Next, since o1 (x), 02(x) are bounded for 0 < s < tAT,, moreover, t AT, < t,

we have

tATh
|| Xtnry oo = 1Usar, — Up — / GV ds||o
0

t
< [Usnn oo + 1[0l + H/ GV, ds|)
0
< n +max{Ay, Do} + max{K;, K,}tn*+

for each t. So |Yiar, | < c(t,n), where ¢(t,n) is a constant depending on ¢ and

n. It now follows that Y;,, is a L?-martingale.

It then follows that 1 = E[Yy] = E[Yiar,], for each ¢ > 0. Hence

t—o0

On the other hand, it follows from Fatou’s lemma that

ElY,

n

] S tllm E[}/t/\Tn] =1.

Theorem 4.3.1. Let G and H be defined as in SDE (4.3.1). Suppose that
o1(-) and o5(-) are functions of AY and DY, denote g;(x,y) = 0:2(-),i =1, 2.
If lgi(x,y)/y] < C,Va,y >0, i =1, 2. Then we have

i) Pr{||U, || =n} < exp(—g{—cl(c;n — max(flo, DO))) for large n,

i) Prj, pAT < oo} =1,

where 6, = 7

Proof. It follows from Lemma (4.3.1) that

Tn 1
Biy, |exp(=07Us, + 07U+ [ {076V, = S(6TH)T(0TH)} ds) | = EIY.,] <
0

Notes that

1 >E[Y,,]
=Pr{A, <0}-r-E[M|A,, <0, D,, >0]
+ Pr{D,, <0}-r-EM| A, >0, D, <0]
+ Pri{|Ur, | =n}-r- EIM||U,[=n]

1.
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.
where r = ¢/ U0, and where

M = exp(—0"U,, + / n{QTGVS - %(QTH)T(HTH)} ds)

0

and since all terms are nonegative, we have
Pr{|U.,|=n}-r-EM| |U,|=n]<1 (4.3.4)
Let
so o~ 1
Fle,y) = F(3°, D) = 67GV, — (0 H)T (67 H)
Lo Lo
= —01K1y — 0hFox — S0191(2,y) — 50302(2,y)
1 1
= =0 Kow + y{ =01 K1 — S0101(2,9) /y — 50200(,y) [y},

if we pick 6; = 6y = —%, then

1 1
F(.I',y) Z _62K2x -+ y{—91K1 — 5(0% -+ 9%)0} Z —QQKQLC — 591K1y Z O,

for any x > 0,y > 0.

Now pick n such that ¢,, > max(flg, DO) in D,,. Denote the part of 0D, in
the 1st quadrant by C,, let A; = {C,,|A,, — Ay > 6,}, Ay = {C,,|D,, — Dy >
8n}, since (4.3.4) holds for any 6 = [0, 6,] T, especially holds for §; = 6, = —£2

2C"
n]

Hence we have

n =

{exp 0" Uy —0"U, +/ F(z,y) ds)
0

Tn

pexp(0TUy —0"U,, +/ F(z,y) ds)
0

|

Tn =

{ _a,exp(0T Uy —0"U,, +/ F(z,y) ds)
0
[ 620 (Gn=Do) 4 7, A€20(5" A0 |0, |—n]

> e 51 (8 —max(Ao, Do))E[lA1 Y laa,| U= 0] > %(5 —max(Ao,Do))

Hence

1 1 o
Pr{’UTn’ = n} S m S e*%((snfmax(AO’DO))
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for large n, which is part 7). Now let n — oo, we have
nh_)nolo Pr{|U,,| =n}=0.
and since
PTAO,DO{T < oo} < pTAO,[)O{’Um’ =n}, Vn.
Therefore
Prz p AT <o} =1—Prz p{T =00} >1— JLH;OPT{|UTn| =n}=1.

Remark 4.3.1. The above theorem shows that Pr{|U,,| =n} exponentially
decays, and the ruin probability for terrorism risk is equal to 1. That is, the

terrorism combat will end within finite time.

4.4 Asymptotical behavior of ruin probability

In this section, by using martingale approach, we obtain an upper bound
on the probability of ruin. Our result shows that the probability of ruin of

each side exponentially decay as the initial Ay or (f)o) — 00.

Theorem 4.4.1. Let G and H be defined as in SDE (4.5.1). Suppose that o1 ()
and o5(-) are functions of AY and D$, denote g;(x,y) = 0;(-),i =1, 2,then
la) If |gi(z,y)| < Cmin(l,y), VYV z,y >0, i =1, 2, § > «, then there exist
0, > 0,0, <0, such that

—014g —014g

Up <e v 0Dyl e (4.4.1)

for large Ay and fized Dy > 0.
10)If |gi(z,y)| < Cmin(l,y), Y z,y >0, i =1, 2, 6 < «, then there exist
0, > 0,0, <0, such that

—07Ag <649

p < e r Do g oAy (4.4.2)
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for large Ay and fized Dy > 0. Where A = # >0, and Cy = (ggf;{(f)%l
2a) If |gi(z,y)| < Cmin(l,z), YV x,y >0, i =1, 2, 0 < «, then there exist
01 < 0,05 >0, such that

—02Dg —02Dg

ha<e B oAl e E Y (4.4.3)

for large Dy and fized Ay > 0.
20)If gi(x,y)| < Cmin(l,y), V z,y >0, i =1, 2, § > «, then there exist
0, < 0,0y > 0, such that

—62Dq Ata

Y <e 3 hA g o AD T (4.4.4)

for large Dy and fized Ay > 0. Where \ = % >0, and Cy = (M)%.

02‘“% 202 K2

Proof. Part 1). By the above assumption, we have

1 1
F(x,y) = =01 K1y — 03 Kyx — 59%91(%9) - 59392(%9)
1

Denote Li(x,y) = —01 K1y — 0o Kox and Lo(z,y) = —01 Ky — O Kox — %(9% +
62)C. Then we have Ly(x,y) < F(z,y) < Li(x,y), hence the curve F(z,y) = 0
will be governed by the curves L (z,y) = 0 and Lo(z,y) = 0. Pick 6; > 0,05 <

0, we will divide into two cases to prove the theorem.

Case I, assume § > a.

Let Ay = {(A,D) | A=%40< D < 84 A, = {(AD)]| A+ 6D =

0
2 —202

0,n>A>%} Ay ={(AD)|A=n0<D<} A ={(A4D)|A>
%, D = 0} and Let E, be the region bounded by A;, Ay, A3 and A4 (See figure
1). Define

v, =inf{t > 0; U; € (E,)},

Ft:={(A,D)| F(z,y) >0,A>0,D > 0}.

Then E, C Ft if AO is large enough. We will assume E,, C F'* from now on.

A similar argument as Lemma (4.3.1) will yield that E[Y,,] < 1. That is,
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Figure 4.1: Case I-—Ruin probability

1> Ej b, [exp(—GTUl,n +0"Uy + / n F(z,y) ds)]
0

=Pr{U, hits A1}€91A0+92D0E [exp(—@TU,,n +/ F(z,y) ds)
0

+ Pr{U, hits A2}691A0+92D°E
+ Pr{U, hits Ay}erAo+02Do
+ Pr{U, hits A, }e1Ao+02D0

Notes that

E [exp(—@TUyn +/ F(z,y) ds)
0

and

E [exp(—HTU,,n —|—/ nF(a:,y) ds)
0

=F [exp/ F(z,y) ds
0

> 1.

Un

exp(_eTUun + F(Jf,y) dS)

exp(—0'U,, +

Un

F(x,y) ds)

Un

o— o S—

exp(—07U,, + | Fla,y) ds)

Ut hits Al :|

Ut hits A2 :|

Ut hits A2 :|

Ut hits A1 :|
Ut hits A2 :|

Ut hits Ag :|

U, hits A4} .

—014¢

>e 2

Y
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We have
Pr{U; hits A;} < et ~62Do
and

Pr{U,; hits Ay} < =1 Ao=62D0,

Let n — oo, then the above inequality still holds, we have
PT{Ut hits AQ} < 6791;10792[)0’

where Ay = {(A,D) | 4A+6,D =0, A > %}
Since U, has to hits either A; or Ag first before it hits D—axis, hence

—014g —014g

wp < PriU, hits Ay} + PriU, hits Ay} < e 2 %2D0(1 4 75 "). (4.4.5)

Case II, assume 0 < a.

Let E, denote the region in 1% quadrant surrounded by

A= %, Ly(z,y) =0, A2 4+ D? =1 and ¢ = 0. Let Ay, Ay, A3, Ay denote the
boundary of E,, corresponding to the four curves (see figure 2). Let v, and

F* be defined as case I, then E, C F'*.

(AoDy)

Figure 4.2: Case II-—Ruin probability

Similarly to case I, we have

—01 A ~
Pr{U, hits A,} < e > Do,



44

and

Pr{U, hits A,}E |exp(0 Uy —0"U,, + / F(z,y) ds)
0

Ut hits AQ :| S 1
However, since the above inequality holds for any 6; and 65, we have

. 58 ~
Lemma 4.4.1. For fized 01, 05, Pr{U; hits Ay} < 6_,\Ag+a for large Ao, where
Ay ={(A,D) | = 1K1y — 0,z — L(63 + 63)C =0, A > 40},

We will prove this lemma later.

Since U; has to hits either A4; or Ag first before it hits D—axis, hence

S

~ ~&
Yp < Pr{U; hits A,} + Pr{U, hits Ay} < e 5002 + e Mo - (4.4.6)

Now let’s complete the proof of the above lemma.

Fixed él = —4)\1216+g < 0 and 82 = 612 C’OA1 g < 0, then we have
) D= <—92K2A691g12+92)0/2) > Aa > c% 277140 ,on Ay;

b) E(z,y) > —0. K1y — s Koz — 5(91 +0,)C > —0,Kyw — (6, +6,7)C > 0,
on E,;
¢)—02(D,, — Do)
d)—01(A,, — Ay)
for large A,.

cQ\oq

é(CA 2% Ay —

—f, =

) > 91140 + 92D0, on En,

>
>

b

Ey;

Notes that F' (z,y) denotes the integrand associated with 9A1,9A2. Hence for

large Ay, we have

~ ~

- < < A e <A
—05(D,,, — Dg) — 01(A,,, — Ag) > —9170 + 02D > _91?0.

The second inequality holds because —91% dominated the summation

Therefore on E,,, we have

Pr{U, hits Ay} < e140/4,
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Let n — oo, we have
. . 548
Pr{U, hits Ay} < e/140/4 < ¢=2Mo %

The lemma follows.
Proof of Part 2). By symmetry of A and D, Part ii) is also true.

Case I: Assume 6 < a. Pick 6; < 0, 65 > 0. The proof of this case is similar

to case I in Part i):

Case II: Assume 6 > «. Pick 6, < 0, 6, > 0. The proof of this case is similar

to case IT in Part 1).

Remark 4.4.1. g;(z,y) can be functions like C arctan ay arctan bz, Cyarctan(az/y),
Cye~% arctanbr, Cze * arctanby and so on, where C' > 0,a > 0,b > 0.

Remark 4.4.2. If there exists a 0 < v < 0§ such that gi(x,y) < CA", or

gi(x,y) < CAY, but C < Z?fgg , the theorem still holds. The idea is that

—02 K, A° has to dominate —05 Ky A — (029, (z,y)+03g2(z,y)) for large A > 0.
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CHAPTER 5

THE CRAMER LUNDBERG
MODEL WITH RISKY
INVESTMENTS

In this chapter, we consider the same model as that in [14]. In the case
of p := 2a/0? > 1, we provided an upper bound for the ruin probability.
In the case of large volatility, i.e. p := 2a/0? < 1. We combine a martingale
argument and a reduction argument to prove that the ruin probability is equal
to 1 without any assumption on the distribution of the claim size as long as it

is not identically zero.

5.1 Cramer Lundberg model with risky invest-
ments

When an insurance company invests in a risky asset whose price follows a

geometric Brownian motion, the risk process is given by

t t t N(t)
Xt:XoJr/ aXsder/ aXSdWSJr/ cds — > &, (5.1.1)
0 0 0 =1
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or
dX, = (aX; + ¢)dt + 0 X,dW; — dP,, (5.1.2)

where W; is the Wiener process (standard Brownian motion), N(t) is a Pois-
son process with intensity A, and the claim sizes &;; ¢+ = 1,2,3,..., are in-
dependent, identically distributed positive random variables, having the den-
sity function p(z), with positive mean p and finite variance. Moreover, we
assume that W;, N(t), & are independent and the filtration is defined as
Fi = o{We, Ny, SN 6,0 < s < t}. Furthermore, ¢, = ¢(t, X) is a bounded
nonnegative (F;)-adapted process (i.e. 0 < ¢ < ¢) such that (5.1.1) has a
unique strong solution, see e.g., Chapter 14 [11]. X is the initial capital and
P, = Z;V:(? &;. The capital X; is continuously invested in a risky asset, with
relative price increments dX; = aX;dt + o X;dW,, where a > 0 and o > 0 are
the drift and volatility of the returns of the asset.

We will assume that the claim size is bounded by a constant M > 0
throughout the entire section. In insurance, M can be understood as the limit
or cap of a policy. We will drop this assumption in the next section. Let

T, = inf{t > 0; X; < u*} be the first time that X, < u*, and let
Yy (u) = P(Tyx < 00 | Xog = u)

be the probability of ruin at level u*, where 0 < u* < u. If u* = 0, we denote
the probability of ruin by ¥ (u). We will discuss the probability of ruin on the
Cramér-Lundberg model with investments based on (1) p=1and (2) p < 1.
We first prove the following

Lemma 5.1.1. Let X; be a stochastic process that satisfies (5.1.2). If ¢, =

¢ >0 is a constant for allt and 0 < v < u, then

P(v) = Y (u).

Proof. We first derive a closed form of the strong solution for (5.1.2).

Let V; = exp{("—22 —a)t — oW}, By Itd’s formula [10], dX,Y; = XidY; +
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Y, dX; + dX,dY;, and simple calculation yields dX;Y; = dV;", where V" =
u+ fot Y.cs ds — f(f Y, dP,. Integrating both sides, we have X,;Y; = V;*. Hence

X, =Yy 'y (5.1.3)

is a strong solution of (5.1.1) and (5.1.2) with initial condition Xy = u.
Now suppose ¢; = ¢ > 0 is a constant for all ¢. Let Z, = Y, 'V;", then
Zy < X;, Vit >0, since 0 < v < u. Hence

Y(u) = P(X; <0, for some 0<t< oo |Xy=u)

< P(Z; <0, for some 0<t< o0 |Zy=0).
Note that Z; also satisfies (5.1.2) with initial condition Z, = v. Hence
P(Z; <0, for some 0 <t < oo |Zy=v)=1(v).

Therefore
() = P(u).

Our main tool is It6’s formula for semimartingales with a jump part. Let
ty < ty < t3 < ... be the times where the Poisson process N(t) has a jump
discontinuity. Then the jump discontinuities for P, are also at t; with jump
size ;. Following the notations on P. 43 [10], for ¢ > 0, and a Borel subset U
of R, we let

Ny((0,t] x U) = #{z;t; < t,& € UL

Then N,((0,¢] x U) defines a random measure N,(dtdx) on the Borel o-algebra
on [0,00) x R. Note that

N, (dtdz) = i 5., (dt)de. (dx), (5.1.4)

i=1
where §;, is the Dirac d-function centered at ¢; (probability measure concen-

trated at one point ¢;). It follows that

/Ot /OOO f(s, )N, (dsdz) = 3 f(t &), (5.1.5)

i3t <t
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and therefore
t 00
| [ atdsan = 3 ¢ = p. (5.1.6)
0 Jo it <t
It is well-known, see e.g. P. 60 and P. 65 [10], that there exists a continuous

process N,((0,¢] x U) such that
N,((0,8] x U) = N,((0,t] x U) = N,((0,] x U), (5.1.7)

is a martingale. In our case

~

N,((0,t] x U) = E[N,((0,t] x U)].

E[N,((0,t] x U)] defines a measure, n,(dtdz), called the mean (intensity) mea-
sure of N,(dtdz) and it is given by n,(dtdx) = Ap(z)dtdx.

Assume that ¢; = ¢ is a constant, then equation (5.1.1) can be written as

t t t poo
X=Xy + / aXyds + / o X dWy + ct — / / xNy(dsdz). (5.1.8)
0 0 0o Jo

By (5.1.3), equation (5.1.8) has a strong solution for each fixed initial condition
(see Chapter 14 in [11]) and it is a semimartingale by Definition 4.1, P. 64 [10].
By (5.1.3) and direct calculation, we have

t t
Xt+s = Y/t_le + Y;_l / CYudU - Y/t_l / Yudpu, (519)

0 0

where
_ -2 -

Y, = e lemp)moWe (5.1.10)
Wy = Wi — W, (5.1.11)
pt = IDt+s_Ps' (5112)

Note that W; and P; are independent of {X,;0 < v < s} and therefore
given {X,;0 < v < s}, Xyys depends on X, only. This implies that X, is
a Markov process. Moreover, since W, = W,,, — W, and W, have the same

distribution, and P, = P,., — P, and P, have the same distribution, we have

P(X,1s € UIX, = 2) = P(X, € U|X, = 2), (5.1.13)
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for all t > 0, and all Borel sets U. Therefore, X;,t > 0 is a Markov process with
a stationary transition function. By (5.1.3) and the Dominated Convergence
Theorem, X;,t > 0 is a Feller process (see e.g. P. 52 [6]). Moreover, since the
sample paths of X, are right continuous with left limits, X;,¢ > 0 is a strong

Markov process, see e.g. Theorem 3.10 [6].

5.2 An upper bound for ruin probability when
p>1

From now on, we assume ¢; = ¢ throughout the chapter unless otherwise
specified. In the following lemma, we first prove that X, exits from any finite
interval [0, n) with probability one. This result will be used in the next three

lemmas.

Lemma 5.2.1. Consider the process X, on [0,n), where n is a positive integer,
and let

T, =inf{t >0: X; ¢[0,n)}
be the first exit time from the interval [0,n). Then T, is finite a.s. for any

X():U.

Proof. Let P, denote the probability measure given the initial condition
Xo = u. Since 7, = 0 for u & [0,n), it is sufficient to consider the case
0 < u < n. Our first step is to show that P,({X; < 0}) > 0. By (5.1.3), it is

equivalent to show that

1 1
P(/ stPs—/ chds>L) >0,
0 0

Let 6 > 0, and consider the event

for any L > 0.

670'2/270/2 1
As={ s W= Wl < S sup (Wi < 5},
g

0<s,s'<1,|s—s'|<d 0<s<1
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By the uniform continuity of the path (W;,0 <t < 1), there exists dy > 0 such
that P(As) > 0, for any 0 < 0 < 6. We also consider the event

As={0<s1<sp<---<sy<L|IT|| <§N > Iglir}vfi>c5+7l}a

ne=o/271<i<
where I' = {0, s1, S, -+, Sy, 1}, 8;’s are jump times of Ny uptot =1, N = Ny,

IIT'|| = max;—2__n{s1,8 — Si—1,1 — sy} denotes the norm of the partition I'

77777

on [0,1] and n > 0 is a constant. Since & is not identically zero, there exist

01 > 0 and n > 0 such that

P(§>C($1+77) > 0.
Then for all § < d;, we have
P(A/(;) > 0.
Since {Wy,t > 0} and {N,,t > 0,¢;,7 = 1,2,3...} are independent, As and Aj
are independent, and therefore P(A; N A’s) > 0, for all 0 < 6 < min{dy, 01 }.
Let 0, = min{dy, 0y, e 7 /2792 /(0% — 2a),e 7/279/2} If 0 < § < &, and
As N A's occurs, then

sup |YS - Y;’| S ]-7
0<s,s’'<1,|s—s'|<8

1 N
/ cYsds < CZY;i(Si — s5i-1) + 2c,
0 1

and
odaf, Yoz "
Hence
1 1 N N
/ Y,dP, — / Yids > Yo&—c> Vi(si—si) =2
0 0 1 1

N
> V(& - ed) — 2
1

> e’”/2nN —2c> L — 2¢c.
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Since L is arbitrary, we have thus proved P,({X; < 0}) = C; > 0. By the
Markov property at X, Xs,...X}, we have

P,0<X;<n0< Xy<m,...,0 <Xy, <n})
= Eu[L,n)(X1)1j0,0)(X2)--. 1jo.0) (Xi)]
= Eu[Eu[Lo,0) (X1)Lj0,0) (X2)- Ljon) (Xi) [ X1, oo Xia]]
[Lo.m (X1)1 (XZ) Lo (Xe—1) Ex,_y [Ljony (X1)]]
< Eu[l[o,n)(Xl)lon (X2)--Lom) (Xi—1) Ex,_, [1j0,00) (X1)]]-

[
I
[

By the comparison of the initial conditions using (5.1.3) , the above

< Eu1j0.0)(X1)1j0.0) (X2)-+- 1j0.n) (X—1) B [1]0,00) (X1)]]
< (1= C1)Eu[1om) (X1)1om)(X2) .- Tjo.n) (Xg-1)]
< (1-Cy)F, vk,

by repeating the same argument. This implies P,(N32,{0 < X} < n}) =
and therefore P, (U2 {Xs & [0,n)}) = 1. Therefore 7, is finite P,-a.s.

Theorem 5.2.1. Consider the model given by (5.1.8), assume that p > 1 and

Y(u) < (£>p_l Vu>L,

where L = M(55)7 ((5)r — 1),

c> M. Then

Remark 5.2.1. This theorem shows that the probability of ruin has at least an
algebraic decay rate if 2a/0® > 1. In fact, we obtain a slightly stronger result

in the proof below:
L\
U (u) < (—> Vu>L.

u
Proof. Let F'(z) = ' P¢(x), and ¢(z) is a C* function such that ¢(x) =1

for L—e<x<n+eand ¢(x) =0 for x < L —2corx>n+ 2. Heree

is chosen so small that L — 2e¢ > 0. The function F' is a C*° function with
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compact support C [L — 2¢,n + 2¢]. Applying 1t6’s formula [10], we have
t t
F(X,) — F(X,) = / F/(X,)(aX, +c) ds + / FI(X,)o X, dW,
10 t 0
4= / F"(X,)o%X,2 ds

/ / F(X,- — ) — F(X,-) Ny(dsdz).

Note that since F is a C* function with compact support C [L — 2¢,n + 2¢,
fg F'(X)o XdWy is a martingale. We consider the process X; on [L,n), where

n is an integer (> L), and let
=inf{t >0: X; &[L,n)}
be the first exit time from the interval [L,n). Then

F(Xun) = X0 = [ (0= p)X) 70X+ o) ds+ [ (1= p)(X) oW,

5 [ =i as
+ /0 " /0 (X, — 2)'° — (X, )] N, (dsdz).

Hence
F(Xipnn,) = F(Xo) + mart. + /Ot/wn(l — p)(Xs)P(aXs +¢) ds
+3 / "1 p) (=) (X)X, ds
/ ! / X, =)' = (X, )\ Ny (dsd)

F(Xy) + mart. + /OtATn(l — p)(X4- — M)7P(—z)\p(x)ds.

Here, and through-out this chapter, mart. denotes a martingale at time t.

The above inequality holds because
(X =)' "= (X )77 < (1=p)(Xo-—2) *(=2) < (1=p)(Xo- —M) " (—2), VX~ > M.

Notes that
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(Xoo — M) < (X, )P-—, ¥V X, > L.

Hence
F(Xinr,) < F(Xo) + mart. + /OtATn(l — p)(Xs- — M)"P(—x)\p(x)ds
< F(X,) + mart. + /O /O (1- p)ﬁ(XS—)p(—x))\p(x)dxds
= F(Xp) + mart. (5.2.1)

for any t > 0 and X,- > L. Taking expectation on both sides of the above
inequality, and by the Optional Stopping Theorem, we have

E[F(X.,)] < E[F(X,)]. (5.2.2)

Since & > 0 for all j = 1,2,..., we have X, =n or X, < L. Moreover, since
F(z) is decreasing. By Lemma 5.2.1, P(7, < c0) =1 a.s. Let t — oo, and by

the Dominated Convergence Theorem, we have

1
E[F(XTR)] 2 Lp_l P(XTn < L ’XO = ’LL) —|— np_l P(XTn =N ’XO — u)
Hence
1 1
Lp—lP(XTn <L |Xo=u)+ o P(X;, =n|Xg=u) < o

Therefore

L\*"!
P(X. <L|Xo=u)< (—) .

u

Let n go to infinity, we have
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5.3 Ruin at certain level of u* > 0

By using a martingale argument, we prove that the price of the risky asset
will drop below a threshold with probability one for all initial capital u, if
p < 1 and the distribution of the claim size has a bounded support.

Lemma 5.3.1. Consider the model given by (5.1.8) and assume that p < 1.
Then there exists u* > 2M, such that

Yy (u) =1, Yu>u"

Proof. Let F(z) = 2%¢(x), where 0 < ae < 1—p, and ¢(z) is a C* function
such that ¢(z) =1 for M —e <z <n+eand ¢(x) =0 for < M — 2¢ or
x > n—+2¢e. Here € is chosen so small that M —2¢e > 0. The function F'is a C*
function with compact support C [M — 2¢,n + 2¢]. Applying [t6’s formula, we

have

F(X;) — F(Xg) = /Ot F'(X,)(aX, +¢) ds + /Ot F'(X)o X, dW,

1 t
+ —/ F'"(X,)o* X2 ds

2 Jo
. t/M F(X,- —x) — F(X,-) N,(dsdz).

Note that since F'is a C*° function with compact support C [M — 2¢, n + 2¢,
fg F'(X,)o X, dWj is a martingale. Let u* = max(2M,2c/0?(1 — p — «)). We

consider the process X; on [u*,n), where n is an integer (> u*), and let
T, =1inf{t >0: X; & [u",n)}
be the first exit time from the interval [u*,n). Then
tATn tATR
F(Xinn,) — F(Xo) = / a(X,)* HaX, +c) ds +/ a(X,)* o X dW,
0 0

tATh
+ / ala — 1)(X,)* 202X 2 ds

1
2 Jo
tATh M
+/ / (Xs- —2)® — (Xs-)* Np(dsdx).
0 0
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Hence
tATn
F(Xiar,) = F(Xo) + mart. +/ a(X)* HaX, +c) ds

1 tATh °

/ ala—1)(X,)* 0% X,? ds

tATn R
/ / — (X, ) Ny(dsda)

F(Xy) + mart. +a/0tATn(Xs)a(

< F(Xp) + mart.

[\3|q[\3

V¢t > 0. The above inequality holds because (X~ —2)* < (X-)®, VX,- > M.

Hence
F(Xinr,) < F(Xo) + mart. (5.3.1)

Taking expectation on both sides of the above inequality, and by the Optional

Stopping Theorem, we have
E[F(Xinm,)] < u.

By Lemma 5.2.1, P(1, < o0) = 1 a.s. Let t — oo, and by the Dominated

Convergence Theorem, we have

E[F(X,,)] < u®

Note that by (5.1.3) with ¢, = ¢ for all t, X; — X, < 0. Therefore, for X, < n,
if X, > n then X, = n. Since F is increasing in [M,n) and v* — M > M,

we have
E[F(X,)] > (u"— M)*P(X,, <u"|Xo=u)+n"P(X,, =n|Xo=u).
Hence
(u* — M)*P(X,, <u" |Xo=u)+n"P(X,, =n|Xo=1u) <u”
Therefore

P(X, =n|Xo=u) < (E)Q.
n
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Let n go to infinity, we have

y(u)=1— lim P(X, =n|Xo=u)>1— lim (E>a:1, YVou>u"

n—oo \ N

Lemma 5.3.2. Consider the model given by (5.1.8) and assume that p = 1.
Then there exists u* > 2M + 4, such that

Uy (u) =1 Vu>u"

Proof. Let F(z) = ¢(z)Inlnz, where ¢(x) is a C* function such that
¢plr) =1for M+4—ec <z <n+eand ¢(x) =0 forx < M +4—2¢ or
x > n + 2¢. Here € is chosen so small that M +4 — 2¢ > M + 3. The function
F is a C* function with compact support C [M + 4 — 2¢,n + 2¢]. Applying

Ito’s formula, we have

t t
F(X:) — F(Xo) =/ F'(X,)(aX, + c) ds+/ F'(X,)o X dW,
10 ! '
+ = / F'(X,)0*X,? ds
2 0
t M
+ / F(Xs,- —x) — F(Xs-) Ny(dsdz).
0 0

Note that since F'is a C* function with compact support C [M +4—2¢, n+2¢],
f(f F'(X,)o X dW, is a martingale. Let @ be the solution of o?x = 2cInz, and
u* = max(2M + 4,u1). We consider the process X; on [u*,n), where n is an

integer (> u*), and let
T, =1inf{t >0: X; & [u",n)}
be the first exit time from the interval [u*,n). Then we have

tATh tATh
F(Xinr,) — F(Xo) = / (XsIn X)) H(aX, +c) ds + / (X5 In X,) o X dW,
0 0

1 tATh
+ —/ (—In X, — 1)(X,In X,)%0%X,? ds

2.Jo
tATn M
- / Inln(Xs- —2) — Inln X,-] N,(dsdz).
0 0
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Hence

tATn
F(Xinn,) = F(Xg) + mart. —|—/ (X, In X,) " HaX, +c) ds
tATn ’
/ (-In X, — 1)(X,In X,) 202 X,? ds

tATh .
/ / Inln(Xs- —2) — Inln X ] N,(dsdz)

0.2

tATh
X t. X1 — In X, —ds.
F(Xo) + mar —i—/o (c A 2lnXs> (In X,)'ds

The above inequality holds because Inln(X,- — z) < Inln X, VX,- > M.

Hence
F(Xinm,) < F(Xp) + mart. (5.3.2)

Taking expectation on both sides of the above inequality, and by the Optional

Stopping Theorem, we have
E[F(Xiar,)] <Inlnw.

By Lemma 5.2.1, P(7, < o0) = 1 a.s. Let ¢ — oo, and by the Dominated

Convergence Theorem, we have
E[F(X,,)] <Inlnu.
Since F'(x) is increasing in (M +4 —e,n+¢€) and v* — M > M + 4, we have
E[F(X,)] > Inln(u* — M)P(X,, <u*—M | Xy =u)
+InlnnP(X,, =n|Xo=u).
Hence
Inln(u*—M)P(X,, <u"—M|Xo=u)+InlnnP(X,, =n|Xo=u) <Ilnlnu.

Therefore
Inlnwu

P(X,, =n|Xo=1u) <

“Inlnn

Let n go to infinity, we have

Py (u) =1— lim P(X,, =n|Xo=u) >1— lim

n— oo n—oo [N 111 n

=1, Yu>u".
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5.4 Ruin at the level of zero

From the last section, we have proved that the price of the risky asset will
drop below a threshold with probability one for all initial capital u, if p < 1
and the distribution of the claim size has a bounded support. In this section,
assuming that ¢; is a constant ¢ and using a reduction argument, we will prove
that the ruin probability is equal to one if p < 1 and the distribution of the
claim size has a bounded support. First we prove the following reduction

lemma.

Lemma 5.4.1. (Reduction Lemma) Let u* > 0 be any positive real number
and [0, M],0 < M < oo be the support of the distribution for & . Suppose
Wy (w) =1, for all u > u*. Then

Yr(u) =1, Vu> K =max(u" — %,O).

Remark 5.4.1. v* > 0 in the above Lemma is any positive real number, it

needs not be the one defined in Lemma 5.3.1 or Lemma 5.5.2.

Proof. Our first step is to show that for any 0 < € < 1, there exists a
Bo = Bo(M,C) such that P (X, <w* + 2%, V0O<t <G| Xo=u) >Ci >0,
for all u* > u > K.

Let Y;, V; be the same as in Lemma 5.1.1, and X; = Y[th“ the solution
of (5.1.8). Define Z,* =Y, (u* + chtY; ds). Since dZ,"" = (aZ* + c)dt +
o 2 dWy, Z,"" is a diffusion process. By continuity of Z;* , we have

lim sup |Z* —u*| =0,a.s.
B—0 0<s<p

Hence for all e > 0 and all 0 < C} < 1, 3 Gy = fo(e,Cy) > 0, s.t.
P( sup |Z,% —u*| <6> > C, > 0.
0<s<Bo

In particular, choose € = %, 36y = Bo(M,Cy) > 0, s.t.

* M
P(Ztu SU*+§,VOStSﬁo)ZCl>O
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Let 0 be the time that the first jump occurs. Our next step is to show that
there exists Cy = Cy(C, M) > 0 such that

P(Xs<K|Xo=u)>Cy>0,VK <u<u".

Note that V K < u < u*, by (5.1.3) with ¢; = ¢, we have ZY > 7t >
X, Vt >0, and therefore

M 3M
P(XtSU*+§,V0§t§50,5<50, 51>T|X02U>

. M 3M
ZP<Ztu SU*+§,V0§15§50,5<507 §1>T)-

Since Z*" depends on W, § depends on N(t) only, and W;, N(t) and &; are

assumed to be independent processes, the above probability is equal to

. M M
:P(Ztu SU*+§,V0§t§50>P<5<50)P(§1>37)

201P(5<ﬁ0>P<€1>¥) :CQ>0,

since [0, M] is the support of the distribution of £; and therefore P(¢&; > 23) >
0. On the other hand,

M 3M
P(XtSU*+§7VO§t§5075<607 §1>T|X0=U>

M 3M
SP(XtSU*+§,\V/0§t<5,5<ﬁ0,fl>T|X0:u)

M 3M 5M M
<PlXs<u'+———=u"—— < KX, = .
_(5_u+8 1 U 8<u 2_|0u)

Hence

PXs<K|Xo=u)>Cy>0,VK <u<u"
Our final step is to show that
Yr(u) =1, Vu> K = max(u" — %,O).
Define
inf{t >4, X; <u'}, if Xs> K

o, if Xs < K.
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Note that the infimum of an empty set is co. But by the assumption
Yy (u) = 1, for all u > u*, we have T} = oo if and only if X5 < K. Let
B={X;> K, V0 <t<oo}. Wewill apply the strong Markov property at
T} on B. To this end, we define the shift operator 6 as follows (see e.g. P. 99
[6]). For a sample path of X = (X;,t > 0), 6, maps a sample path to a sample
path defined by

(QSX)t - X5+t,t Z 0 (541)

Thus 6,X is the path that is obtained by cutting off the part of X before time
s and then shift the time so that the time s for X becomes time 0 for the new

path 6,X. For a random time S(X) with values in [0, co], we define
(QSX)t = (QS(X)X)t = XS(X)-i-t;t >0, if S(X) < 0Q. (542)

We also define the shift operator 85 which maps a function of path to a function

of path. Let F'(X) be a function of path. Define
(0sF)(X) = F(0:X), (5.4.3)
and
(0sF)(X) = F(0sX), if S(X) < 0. (5.4.4)
Now consider the event B, we have

P(B| Xo =u") = E[lplycoo | Xo = "] + E[lply oo | Xo = u]

E[lBlT1<oo | XO = u*]
E

(17 <ocbr [15] | Xo = u”],

since if 71 < oo, then 1p is invariant under the shift operator fr,. In what

follows, we denote F,[1g] = E[lg| Xo = z]. By the strong Markov property
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of X; (see e.g. Theorem 3.11 [6]), we have

Ellg<oofr [18] | Xo = "] = E[ln<coBx,, [1B] | Xo = u”]
< Elp<ooBu[18] | Xo = u’]
= Ellr<oo | Xo = u']Ey[1p]
<(1-=CyE[lp ]| Xo=u"]
= P(B| Xo =u")(1 —C5).
The first inequality holds since K < X7, < u* on {7} < oco}. Hence we have
P(B| Xo =u") < P(B| Xo =u")(1 - C3).
Therefore P(B| Xy = u*) = 0, i.e. Yg(u*) = 1. Since u < u*, by Lemma
5.1.1,
Vr(u) 2 Yr(u’) = 1.
The proof is completed.

Theorem 5.4.1. Consider the model given by (5.1.8) and assume that p < 1.
Suppose also the jump distribution has support [0, M], M > 0. Then

Y(u) =1, Yu>0.

Proof. By Lemma 5.3.1, Lemma 5.3.2 and the Reduction Lemma 5.4.1,
Vi (u) =1, Vu> K; = max(u* — ¥,0). Applying the Reduction Lemma
5.4.1 again, with u* replaced by K, we have

M
Vi, (u) =1, Vu> Ky =max(K; — M,0) = max(u* — 2?70)'

Repeating this argument N = [2] times, we have

M
Yry(u) =1, Yu> Ky =max(u" — N;,O) =0,
ie.,

Y(u) =1, Yu>0.

We have thus finished the ruin probability problem for the case of p < 1,
¢; = ¢ and the distribution of the claim size has a bounded support.

Finally, we prove our main theorem:
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Theorem 5.4.2. Let

t t t N(t)
Xt:XoJr/ aXsds—Ir/ aXdes—i—/ cds — > &, (5.4.5)
0 0 0 =

where Wy is the standard Brownian motion, a > 0, 0 > 0, N(t) is a Poisson
process with intensity A, and the claim sizes &; 1 =1,2,3, ..., are independent,
tdentically distributed non-negative random variables, with positive mean and
finite variance. We assume that Wy, N(t), & are independent processes. Let
the filtration F; = o{W, N, Zf\;l ;0 < s <t}. Let ¢, = c(t, X) be a bounded
nonnegative (F;)-adapted process. Suppose p := 3—‘2’ < 1. Then the ruin proba-
bility
Y(u)=1, Yu>0.

Proof. Our first step is to extend Theorem 5.4.1 to the case where the
same assumptions hold except that the claim size has an unbounded support.

Let M > 0 be a large constant, define

&, if& <M

M7 Zf§Z>M7

and pt = Z;V:(? éj . Let Y}, V; be the same as in Lemma 5.1.1, and X; = Yt_ll/;”
be the solution of (5.1.8). Define

¢ t
Zt:}/;_1<u+c/YSds—/stPs),
0 0
then Z;, > X,;, V¢ > 0. Hence

Y(u) = P(X; <0, for some 0<t<oo|Xy=u) (5.4.6)
> P(Z; <0, for some 0<t<o0|Zy=u). (5.4.7)

On the other hand, since dZ; = (aZ; + ¢)dt + o Z;dW; — dpt, 7, satisfies (5.1.8)

with bounded claim size distribution. Hence, by Theorem 5.4.1,

P(Z; <0, for some 0 <t<oo|Zy=u)=1, Vu>0.



64

Therefore
Y(u)=1, Yu>0.

Next we prove the general situation where ¢; is bounded but not necessarily

a constant.

Let X; = Y, 'V;* be the solution of (5.1.2) given by (5.1.3). Define
t t
Zt:Yt_1 (u+c/ Y;ds—/ YSdPS>,
0 0
where ¢; < c for all t. Then Z; > X;, Vt > 0. Hence

Y(u) = P(X; <0, for some 0<t<oo|Xy=u) (5.4.8)
> P(Z; <0, for some 0 <t<oo|Zy=u). (5.4.9)

On the other hand, by Ito’s formula, dZ; = (aZ; + ¢)dt + 0 Z,dW; — dPF,, i.e.,
Z, satisfies (5.1.8). Hence, by the result of the first step, we have

P(Z; <0, for some 0 <t<oo|Zy=u)=1, Vu>0.

Therefore
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