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ABSTRACT

Modular Forms Representable As Eta Products

Wissam Raji
DOCTOR OF PHILOSOPHY

Temple University, August, 2006

Professor Marvin Knopp, Chair

In this dissertation, we discuss modular forms that are representable as
eta products and generalized eta products . Eta products appear in many
areas of mathematics in which algebra and analysis overlap. M. Newman
[15, 16] published a pair of well-known papers aimed at using eta-product to
construct forms on the group I'g(n) with the trivial multiplier system. Our
work here divides into three related areas. The first builds upon the work
of Siegel [23] and Rademacher [19] to derive modular transformation laws for
functions defined as eta products (and related products). The second continues
work of Kohnen and Mason [9] that shows that, under suitable conditions, a
generalized modular form is an eta product or generalized eta product and thus
a classical modular form. The third part of the dissertation applies generalized

eta-products to rederive some arithmetic identities of H. Farkas [5, 6].
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CHAPTER 1

Introduction

1.1 Basic Definitions

By SLy(Z) we mean the group of 2x2 matrices with integral entries and
determinant 1. We call SLy(Z) the modular group I'(1). We define the action
of an element A € SLy(Z) on the upper half plane H by

az+b
z=—"
cz+d
a b L
where A = ( ) . For a positive integer N, we define a subgroup of I'(1);
c d

b
F(N)z{( ¢ d) cab,e,d€Z,b=c=0 mod Nya=d=1 modN,ad—bc:l}.
c

We call this subgroup the principal congruence subgroup of level N. For any
other subgroup I' C I'(1), if I'(N) C I' for some N € Z, then we call ' a

congruence subgroup.

Definition 1.1 Let ' be a subgroup of T'(1). A fundamental region for T' is
an open subset R of H such that

1. no two distinct points of R are equivalent with respect to I', and

2. every point of H is equivalent to some point in the closure of R.
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Proposition 1.1 The full modular group is generated by S = ( ) and

01
0 -1
T —

Definition 1.2 We say that v is a multiplier system for the group I and
weight k provided v(M), M € T, is a complez-valued function of absolute

value 1, satisfying the following equation

V(M Ms)(esm + ds)* = v(My)v(Ma)(er Mo + d)*(cor + da)",

x % x % x %
where M, = , My = and Ms = MM, = )
c dy cy do c3 ds

Definition 1.3 Let R be a fundamental region of T'. A parabolic point (or
parabolic vertex or parabolic cusp) of I' is any real point q, or ¢ = 0o, such

that q € closure(R), in the topology of the Riemann sphere.

Definition 1.4 Suppose I' C I'(1) such that [I'(1) : I'] = p. Let Ay, As, ..., A,
be a set of right coset representatives of I' in I'(1). The width of I' at ¢; = oo
is the smallest positive integer \ such that S» € T'. Also, the width of T

at any other cusp q; = Aj;(c0) is the smallest positive integer X\ such that
A;S*AT el

Definition 1.5 Let k € R and v(M) a multiplier system for I' and of weight
k. A function F(7) defined and meromorphic in H is a modular form (MF)
of weight k, with multiplier system (MS) v, with respect to T, provided

1. F(M7) = v(M)(cr + d)*F(7)
for every M € T';

2. The Fourier expansion of F' at every cusp q; has the form

F(r)=0y(7) 32 an()em 0 i,

n=-—ng



where
oi(t)=1 if ¢; = 00
oj(r) = (1 —q)7" if q; s finite.
Here \; is the width at g;
and 0 < k; <1 is determined by

I/(AS)\J‘A71> — e27ri/1j7

if ¢; is finite and

V(S/\j) — 627ij,
if q; is infinity.

If the first nonzero a,(j) occurs for n = —ny < 0, we say F has a pole at g,
of order ng — x;. If the first nonzero a,(j) occurs for n = ng > 0, we say F is
regular at ¢; with a zero of order ng + x;.

To decide whether a given function is a modular form on I, it is essential
to determine how this function transforms under the action of I'. With respect
to the full modular group, it will be enough to determine how the function
transforms under the generators S and T'. Usually, it is easier to see how the
function transforms under the action of S. In Chapter 2 of this thesis, we de-
termine the transformation law of 05(w, 7) under the action of T using Siegel’s
method [23]. Notice that f3(w, ) is not a modular form but 65(0,7) = 05(7)
is. We will see in the (2.1.1) that 05(7) is a modular form of weight 2. We then
generalize Siegel’s method to determine the transformation laws for an entire
class of modular forms under I'o(N). Here I'o(N) is a congruence subgroup
to be defined later. This class of functions is a product of eta functions with
very important properties to be used in the later chapters. We then impose
some conditions to derive a class of functions which is invariant under I'y(N).
These kinds of invariant functions were first constructed by Newman [15, 16].

In Chapter 3, we define generalized modular forms and present some theo-

rems derived by Kohnen and Mason. In [9], they impose some conditions upon



the order of the function at the cusps and prove that the generalized modu-
lar form is representable as an eta product in the form described in Chapter
3. I present another class of functions which generalizes the class presented
in Chapter 3. These well-known functions are called generalized eta products
20, 21]. We relax the condition of Kohnen and Mason from a condition on the
order of the function at the cusps to a condition on the level of the congruence
subgroup. We then deduce some results on other congruence subgroups. As a
result, we represent generalized modular forms as generalized eta products.
In Chapter 4, we use the fact that the logarithmic derivative of the gen-
eralized eta products will span the space of My(I'g(4)) and determine some
arithmetic identities modulo 4 by relating the logarithmic derivative of the
generalized eta functions to Eisenstein series of weight 2. We also determine

arithmetic identities modulo the primes 3 and 7.



CHAPTER 2

Transformation Laws Of Classes

Of Functions

2.1 Transformation Law of Jacobi 603(w, 7)

Let w be a complex number. The function 65(w, 7) is defined by

O5(w, T) = H(l — ) (14 2¢*"  cos 2w + ¢*"?) (2.1)

n=1

where ¢ = €™ and 7 is in the upper half plane [25]. The transformation law
is given by

0, (E, _—1) — (—ir)he o Oy(w, 7) | (2.2)

T T

We give a new, detailed proof using Residue Calculus inspired by Siegel’s proof

of the transformation law of the Dedekind eta function [23]. First, we prove
20|

(2.2) for 7 = 4y, where w = o 4 it and y > =, and then extend the result to
all 7 in the upper half plane by analytic continuation.

We use the logarithmic expansion to prove (2.2). In proving the transfor-
mation law of the logarithmic derivative, we will encounter some problems
with the zeroes of the theta function. The zeroes of #3(w, T) are the points
w= 45+ +mmr+nr7 , formne Z.

To solve this problem, we first fix w such that Rew # & + nm, and prove the



transformation law for 7 = iy. We then extend the result by analytic continu-
ation to the whole 7 plane. Once we have it for all w such that Rew # 5 +nm,

we use analytic continuation in the w plane to extend the result to all w.

Theorem 2.1 Ift =iy andy > %, where w = o +it, then 03(w, T) satisfies
b0 (2.5) = e aw.in) (23)
5| —,— ) = (y)2em03(w,1y) . .
Wy

Proof Fix w such that Rew # 5 + nm. Then it is sufficient to prove

. 2 1
log 63(w, iy) — log 03 (E, i) + 2= logy . (2.4)
Wy Y 2
If we simplify 05(w, 7), we get
93(11),7') _ H(l _ q2n)(€2iw + q2n71)(672iw _'_q2n71)
n=1

O 2n—1 2n—1

= JTa-ama+ T+,

n=1




Since y > 2'“ qj;wl < 1. Thus the expansion of log 03(w, iy) is
log O3(w,iy) = Y log(1—¢*)+ Y log( 2w,)
n=1 n=1
g eg iy
m m e2imw
n=1 m=1 n=1 m=1
© o0 (_1)m—1 <q2n—1)m
+ ZZ m 6—21mw
n=1 m=1
> 1 q2m o (_1)m—1 . q2m
- _mz_la<1_q2m>+mZ:1 m€2zqu 1_q2m
> (_1>m71 . q2m
+ mz_l m€—2iqu 1 — q2m
B i 1 e—27rym N i (_1>m—1 e™my e—27rym
- — m 1 — 6727rym — m €2imw 1— 6727rym
N 0 (_1)m71 emmy e—2mym
— m e—?imw 1 — e—27rym
= 1 1 = (_1)m —2iwm emvm
= X () XS ()
= (_1)m 2iwm emsm
+ mzzl m © 1 — e2mym
Thus
w i =1 1 = (=)™ emm/Yy
loghs(2. Ly = ST (—— mfy (€
og 3(Z~yay) mz_:lm (1_627'rm/y> +ﬂ; m € 1_627rm/y

- (_1)m 2wm/y eﬂm/y
+Z_1 m o 1 —e2mm/y |-

So we have to prove that

— 1 1 - (=)™ om emvm
mz::lm(l—e?”ym>+m§::1 m ¢ 1 — e2mym

NE

(_1)m 2iwm e = 1 1
m € 1 — e2mym o Z E 1 — e2mm/y

1 =1

3
[
8

N

3
Il

1

_1)m amuw/y ﬁm/y 2 Iy 67rm/y w2
mw wm - — - _2] )
m 1— e2mm/y m 1 — e2mm/y + Y g &Y



To prove this, consider

1 — e 2miNz/y 1 — e2m=N

1 1 [ e iNz(r/y+2w/y+2w) eV z(m+2iw)

Fo(z) = ——cot miNzcot TN z/y + — < ) ( ) |
8z >

where N =n + 1.

We will calculate the residues of F,(z) at the poles z = 0, z = % and
=% for k=%1,£2,..., £n.
We start by calculating the residue of F,(z) at z = 0. We use Bernoulli
numbers to calculate the residue of the second part of the function. The
residue at 0 of the first summand of the function is ﬁ (y — i) Now for the
second summand of the function we will use the fact that

ezz_ > an—!, (2.5)
where By =1, By = _71 and By = %.
Notice that
1 [ e iNz(n/y+2w/y+2w) elN#(m+2iw) —y —2miNz/y 2rNz
e ( 1 _ ¢ 2miNz/y ) (1 _ eznzN) T Un2iN23 (eQﬁiNz/y _ 1) (€2mN _ 1)
x  eNz(=im/y=2iw/y+m)

Using (2.5) and the Taylor expansion of the exponential function, we see easily

that the residue at z = 0 of the second summand of the function is

-y {N2 7 dw? o drw  27% Amiw
— —_—— — —_—., . /7"' —_— —_— —_—
Am2iN2 " 2 2 y? y? Yy Yy
mN?*  w*N? m*N? miN? 9 i 20w
+ | = -5t + — 7N -———-——+7)}
y 3y 3 y y oy

Simplifying the above result, we conclude that the residue of the second sum-
w? i 1
vy )
2my 24 Y

w2

mand at z =0 is

As a result we obtain

Res[F,(2), 0]

B 2m2iy’



We note that

ik 1 mik  (=1)F ek /y
Res[F,(2), —| = — cot — — ~———e?kw/v__— ____
syl = gr ot T T T
Thus,
> R R0 = 03 e ™y D e
n\%)), 7= = 51 - = € PR
N 8k Yy 2mik 1 — e2mk/y
k:—n;l k#0 k=1 k=1
=4
n -1 k —7k/y
. Z( ) 672kw/y €
2mik 1 — e2mk/y
k=1
I 1 1 1
= w2k 2w 2 k()
— L i (_1>k€2kw/y eWkJ/y
2mi — k 1 — e27k/y
IR o G e i
270 k 1 — e2mk/y
k=1
The residue of F,,(z) at z = %’ is
ky . (_ ) —2ikw eﬂky
Res[Fn(z),N] =3 kcotmk;y—l— ik T
Thus,
- ky - - (_1) —2ikw € Y
Z Res [Fn(z),ﬁ] = QZ——kcotmky~|—2 ik T
k=—n; k#0 k=1 =
iy
- (_1) 2ikw eﬂ-ky
+ Z 2mik 1 — e2mhy
1 1 1 1
B _RZE 2mi k(1 — e*mhv)
4 1 - (_1)k672ikw ey —i—i — ( 1)k621kw
271 k 1 —e?ky 21 k
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Thus,
- - 1 1 . (_1>k —2iwk eﬂ-yk
2714 Z ResF,(z) = z (1 627ryk’> + ’ T ook
k=—n k=1 k=1
p=ky =ik
’ N
+ - (_1>k€22wk et _ - l 1
k 1 — e2myk k \1— e2mk/y
k=1 k=1

It remains to prove that

1
lim ¢ F,(2)dz = ) log v,

n—oo
C

where C is the parallelogram of vertices y, ¢, —y and —i taken counterclockwise.

Now it is easy to see that lim, ., 2F,(2) is % on the edges connecting y
to i and -y to -1 and the limit —% on the other two edges. Moreover, F,,(z) is
uniformly bounded on C' for all n. Hence by the bounded convergence theorem

we have

lim ¢ F,(z)dz = j{an(z)?

1 /y dz / /y dz / dz}
= - g —~ 4 g

8| i 2 z iz —y 2
1] /yalz+/Z
B 41 i ? y %
= oy ™) (T
= 1 ogy 5 ogy

1

= —510 Y.

This completes the proof.
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2.1.1 The Jacobi function 65(7)

At w = 0, we have

oo

O5(r) = (1 = M (@ + ¢ )?

n=1
The transformation law is given by

0 (_—1> = (—ir)205(7) . (2.6)

T

To obtain (2.6) simply set w = 0 in (2.3).

2.1.2 The Function w(z,7)

Let

w(z, 1) =e 12 H(l +2¢*" * cos 22 + ¢*"7?).
n=1
Using the same technique but with different F,(z), we will be able to prove that
w(7) is invariant under the transformation 7 — =*. In other words, by defining
a suitable F),(z), we will be able to prove that w(2, =) = w(z,7). Following
exactly the same steps in proving the transformation law for Rez # 7 + n7
where 7 = 4y and then using analytic continuation to extend the result, we
find that it is sufficient to prove that logw(z,7) —logw(2, =) = 0 for 7 = iy

and Rez # 7 + nm. Using logarithmic expansion we see that

N S S Gy — (=" p2imz_ €

1 E—— ) 2imz imz__©
ogw(z, i) 12 * mzzl m 62”@"” * mZ:1 m 1 — e2mym
So we have to prove that
™ 1 - (_l)m 2imz emym - m —Qimz emym
12 (y y> + 7nZ:1 m ¢ 1 — e2mym + mZ=1 m 1 — e2mym
0 1™ _ ™m/y —1)m ] ™m/y
N Z ( ) 6szz € _ Z ( ) 6_2””3 € —
m 1 — e2mm/y m 1 — e2mm/y

m=1

1 efiNz(Tr/y+2w/y+2w) 6Nz(7r+2'iw)
Fn(Z) - ; ( 1 — e—2miNz/y ) (1 _ 627er)

3
1§

Consider
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where N :n—i—%.

We repeat the process, calculating the residues of the poles of F,(z) at z =0,

z= % and at z = kﬁy As a result, we get
27Ti§n:Res[Fn(z) ﬁ] + QWiZn:ReS[Fn(Z) @]
"N "N
k=1 k=1
T 1 (D gy, e
- 5 (1) 2
—(—DF g, e™ (D gy, e
+ ) L C 1_62nyk_z L ¢ 1 genkly
k=1 k=1
(DF g €™
B EC 1 — e2mk/y’
k=1
It is also easy to show that
lim zF,(z) = 0.

on all the edges of the parallelogram connecting y to i, ¢ to —y, —y to —1
and —i to y. We also see that F),z is uniformly bounded on C, then by the
bounded convergence theorem, we get

lim ¢ F,(2)dz =0.

n—oo
Cc

By the Residue Theorem, we get

T 1 - (=D g €™ - (=D* . ™
12<y_y) * ; kC 1—62“9’“+; R T
— i (_1>k62ikz ety _ io: <_1)ke—2ikz ey —0.
k 1 — e2nk/y k 1 — e2nk/y

k=1 k=1

As a result, we get w(Z, =) = w(z, )

The Function w(7)

Letting z = 0 in w(z, 7), we get

[e.o]

w(r)=e 12 H(l + ¢

n=1
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Define wy (1) = /w(r) = e % []>,(1 + ¢>1). Notice that w; () # 0 in
the upper half plane. Thus by the transformation law,wl(}l) = 4wy (7). By
setting 7 = 7, we obtain

-1
o

) = wi(7).

wy (

2.2 Transformation Laws of a Class of Eta Prod-

ucts

Let 7 be in the upper half plane and n € Z. The Dedekind eta function is
defined by,

Consider

b
Fo(n):{( ¢ d>2a,b,c,d€Z,CEO modn,ad—bc:l},
c

a congruence subgroup of the full modular group.
Suppose n > 1, and let {rs} and {r§} be two sequences of positive integers
indexed by the positive divisors ¢ of n and suppose that n has g divisors.

Consider the function

G

g =g9(7) = >
=1 1)

We prove the transformation law of this function which is given by
—id* . lZg 5 —% s
(V) = {ier + T S g (1),

where
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c=¢qd, and V € T'y(n).

A special case of the above product is given by

28 CON

=1 N
if we set rs = rj for every § dividing n in g(7).

Imposing certain conditions on rs’s and r5’s will make f(7) a modular function

on ['g(n). Another interesting special case of this product is given by

fi) =] n@m)

=1

if we put > 5,5 = 0 in g(7).
By imposing different conditions, this time on 75’s and rj’s, we will deduce a

transformation law of fi(7).

2.2.1 The Transformation law of ¢;(7) under ['y(n)

We give a new, detailed proof using residue calculus of the transformation

law under I'g(n).
9 (Vr) = e {ifer - d)y i R g, (),

where

a(m=]] n(0ir)"

=1 U(T)rgl .
Consider V' € Ty(n). Let a = I/, ¢ = k and d = —h, hence k = k;0; where
(hyk) =1,k > 0,1 = 1,2,...,g and hh' = —1( mod k). We will write
7= (h+1iz)/k and as aresult V7 = (I +iz7')/k.
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We have to prove

o h + 2512 oh + 16,2 . 7 ,
_ Z] ( > 5Z+ZI ( 7”5Z+Z:—12kl(h — h)r,
, h 41z~ h4iz\ &
+ st(h, ki)rs, +logn (T) ZT& logn ( ) Zr 5,
=1 =1

: g
— %(h’—h)er;l mis(h, k) Zr(;l

1 g g
N YA
=1 =1

The logarithm here is everywhere taken with its principal branch.

Now, from the definition of n(7),

h+iz Ti(h +i2) .

m=1

_ h + iz) milh +iz) | Z Z log(1 o2mihu/k 2wz(qk+u)/k‘)

pn=1 q=0

. k oo o0
_ mih nz 1 2mihpr [k —2mz(qgk+p)r/k
= oEioE 222 ‘

p=1 q=0 r=1

. k fe'e)
_ wmih 7wz L orinpr i e~ maur/k
12k 12k 2.2 r° 1— e-2ner”

p=1 r=1
Thus we have to prove that
9 oo 2rvr [k z 9 oo —2mzur [k
E E E rlsl 27rzh’l/7"/kl e E E E rlsl 27rzh/m”/kl
1— 2nr/z 2mzr
=1 v=1 r=1 € =1 p=1 r=1 -c
g g g k —2nvr /kz
mrs, (1 . 5 / e
+ L o Tél h kl l 27rzh vr/k >
Z 12k, 2 -2 Z 1 — e—2n/z
=1 =1 v=1 r=1
g k o r! 27rz;u‘/k 9 / 9
s mrs (1 .
+ E § E iy 27Tzhur/k _ E [ e 7TZS<h, k) E ,r.:s
1 — e—2mzr 12 z l
I=1 p=1 r= =1 =1

[\DI»—t

9
ngl Z rs, ) log z.
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We will define a function and calculate the residues of the function at
the poles and prove that the sum of the residues is equal to the left side of
the above equation. A sort of symmetry is needed between p and hyp. We

introduce therefore

p* = hp (modk), (2.7)
1< <k-1
Consider the function
1 Nz g k-1 rs eszx/kl e—2mip N /kiz
Fo(x)= — @cotthxcot Z T — Tal )+ Z Z : _ 27Nz | _ g—2miNz/z
=1 p=1

g k-1 ’ 27’I’/,LN{E/]€ —2mip* Nz /kz

€
Z Z — e2nNz | _ g—2miNz/2’

=1 p=1

where N = n + 5. We will integrate F,,(z) along the parallelogram with the
vertices z,7,—z,—i and then calculate the residues of this function at its poles
and then compare the two answers using the Residue Theorem.

The function F,(z) has poles at x = 0, © = ir/N and © = —zr/N for r =
+1,4+2, 43, ..., +n.

The function .

1 TNz ,
_mcotthxcot . ;(7’51 —15)

has the residue

2 la(rs —7g) (z B 1)

12

The residue at x=0 of
Ts, e%r,uNa:/kl e—QWiu*Nm/kZz

? 1 — e2mNz | _ g—2miNz/z
=1

18

J 1 L 12 J w1 1pf“2 Ts
- = - ; z _Z - _ = LA )
;(12 le+2k2>r'zz+;(kl 2)( )”lJFZ(lQ ok kf)zz'
The sum above has to be summed over p from 1 to k; — 1. Observe also

that p* runs from 1 to k; — 1 for all [ = 1,2, ..., ¢ in the view of (2.7). Also the
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first and the third summation are not difficult to calculate. For the middle
term, observe from (2.7) that
b b [y
k; k; k;

forl=1,2,3,...,9,
so that

ki—1 2ruNz/k —2mip* Nz /kz

g
22 L )
— 2Nz | _ o—2miNz/z

g _ g k-1 2T [z g k=1 2mptr/kz
Zl:l(r‘sl 7'51 7TZT . § § T(Sl 27rz,m’/kl / + 1 E § 7'51 27r'L,ur/k €
47r z 27?2 1—e2m/= " omg r 1 — e2mr/z
p= =1 p=1

forl=1,2,3,...,9,
and

h'p=hh'yn = —p (modk).
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As a result we get

g / g ki—1 2 k
EZ:I(T& - T&l ) Cothﬁ . ral _27T7’hl;u*7'/kl T ’I’/ 12
4mir z 2ri Z Z 1— e2mr/z
+ § E 51 2mih/'wrr/k ~
271-2 — “ 1 — e2m"/z
n=

The parallelogram contains the poles x = % for n<r<-landl1l<r<n.

We sum then over the poles and we get

ki—1 n —2mp*r/kz
Zl 1(’[“5l 7‘5/) Zl ﬂ 1 i ZZ Z T5z 2mh’u*7“/k12u—/kl
2mi r \1-— 6—27”“/2 27m r 1 —em2mr/z

r=1 =1 p*=1r=1

g k-l n 2 (ky—p*)r/kyz

_ 27” Z Z Z T‘SZ 27mh’ (ki—n )r/kl — o1

llu—lrl

—2mp*r/kz

g
o 27TZ Z Z Z 51 27rzh u*r/kﬁ

llu* 1r=1

2w (k—p*)r/kz

g9
5 wih' r/k€
+ QWZZZZ - 2 R e—2nr/z _ 1

I=1 p*=1r=1

In the third and fifth sum we replace k; — u* and k — p* by p* and combine it
with the other sum. As a result the residue of F,(z) at = = % is given by

g _ n 9 —2mvr [k 2

=1 (T(Sz T!%) l + i § : 2 : § : r's, szh’ur/k’l € l
. § : 1— 2mr/z

27TZ r=1 r ij =1 v=1 r=1 e
g k —2mvr /kz
i i § : § { E 51 27rzh/1/'r/k €
i 1 — e 2nr/z"
=1 v=1 r=1

Similarly, we find the sum of the residues of F},(x) at v = =57, 7 = £1,4£2,£3, ..., +n

is given by
. g o n g n 727r1/rz k
ZZZ=1<7"61 r5z) 2 :1 + i 2 : 2 § T5l 27mh1/r/kl Tk
1— 6—27r7"z
2m r=1 r T =1 v=1 r=1
E - n —27vrz/k

g 7”
. 12 E § o 2mhur/k e
T r 1 —e2mr=
=1

v=1 r=1
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Thus the sum of all the residues of F,,(x) within the parallelogram is

< 12k s o 1_com/z
! Tél 27rzh,ur/k murz/k ¢ T5l ? ’
_ Ez;z 11—6—27”"2 _2121{:2 (——z) _;s(h,k;)r&l
1 9 . 2mvr [kz 1 g k n ! o 27Tm“z/k
_ ; Zl Zl 51 2 ih'vr [k 16_ 6_2WT/Z ; Zl Zl ;fz 2 ih i /k et
v T p=1r

What remains to prove is that

g

lim [ F,(x)dx = —(Z s, —15,)log 2,

nmeelJe =1
where C is the parallelogram of vertices z,i,—z,—1.
Now on the four sides of C, except at the vertices, the second and the third
summands in F,(x) goes to zero as n goes to infinity. Now regarding the first
part of the function, it is easy to see that

T
lim cothmNaxcot
n—oo z

=1

on the sides ¢ to —z and —7 to z and that

TNz
lim cothm Nzcot

n—oo A

= —i

on the sides 7 to z and —i to —=z.

Therefore
r
hm F( ) Zl 176 — o

n—o0 4

on the sides 7 to z and on —i to —z, and

g rs —rh
lim F,(z) = _Zimn Ty Z’ 2

on the sides ¢ to —z and on —i to z. The convergence of F,,(x) is not uniform

but it is bounded since the denominators of the three summands are bounded
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away from zero and this is because N = n + % is not an integer. We then have

g ) z 7
i [ Fu(oyie = S w{_ [l [l e
n—oo [~ i
Xt Ty lm { / dx /d:v}
DT 7’51 i
= =5 logz+2 + 7—10gz

= Z s — 175,) 1log 2.

2.2.2 A Special Case of ¢i(7)

Let

T 77(517))“”
ﬂT)_E(??(T) '
Also suppose that

1 g
— (86— )y, (2.8)
24 —
is an integer and
1 g
o1 —n)rs, (2.9)

z=1
is an integer,

where n = 9,0},
g
[Is" (2.10)
1=1

is a rational square, and r; = 0.

It is easy to see that f(7) is the special case of ¢g;(7) in which rs = rj§ for
all 4 dividing n. We then have

f(Vr)=e ™" f(r),
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Suppose now that (a,6) = 1 and ¢ > 0. M. Newman [15] using (2.8), (2.9)
and (2.10) showed that

ST (T L )

=1

is an even integer. Hence,
fVr) = f(7)
where V' € I'y(n).

In [15], M. Newman mentioned that since S = 7+ 1 is in 'y(n) for every

n, 'o(n) can be generated by the elements

a b

ne d )’
where (a,6) = 1. Thus it is necessary to show the invariance of a function
only with respect to these transformations in order to show its invariance for

I'o(n). Also, it suffices to consider only these substitutions for which both a

and nc are positive.

2.2.3 Another Special Case of g;(7)

Let .
A =]y,
=1
where
g
> " Girs, = 0 (mod 24) (2.11)
=1
and
g n
> <75 =0 (mod 24). (2.12)
!
=1

Let k =+ 37 75 € Z. It is easy to see that fi(7) is a special case of g(7)
where 7 75 = 0. We then have

AVT) = e ™ {—iler + d)Y fi(7),
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where

g
P E {— o0 — s(—d, cl)}r(;l.

=1

We have to prove now that the transformation law above is the same as

A(VT) = x(d)(er +d)* fi(7),

x(d) = <(_1) dfl d l) .

Since k is an integer, we get

where V' € I'y(n) and

AVT) =™ (=) (et + d)* fu(T)

What remains to prove is that
¥(d) = (—i)fe ™",

Notice that —ad = —1 (modc). Thus s(—d, c¢) = —s(a,c).

We have that

a b a ob
OMT =19 T= 0T = My,
ne; d de; d

where M € I'g(n).
Thus n(dM 1) = n(M;67) and so

g g
= H?? 51MT " = H?] M15l7'
=1 =1
Assume now that (a,6) =1, ¢ > 0 and n = ¢;6;. In [15], Newman proved that

s(a,c) — (a+d)/12c = %a(c—b—?)) — % {1 — (g)} (mod 2),
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where (E) is the generalized Legendre-Jacobi symbol of the quadratic reci-

procity. Write ¢ = ¢yn. Thus

9
Rk / (CL + d)
J = ZEI {s(a,dlcl) 12970, Ts,

acl J 3a & 1<
= Z(Sl rs, — Z(Slml—EZml—§Z{1—(
=1 =1

=1

6l61) } s, (mod 2)

a

2a01 2517“61 20 2517"61 - ko1 Z{ ( )}ml (mod 2).

But we are given that > 7 d/rs;, = 0 (mod 24) and > 7, &5, = 0 (mod 24).

Thus
ac
) Z oirs
and
ab <
15 20
=1
are even integers. Therefore, we get

e—wiﬁ*** — Wilk 7”%2 {1 (fl)}rél

~ et (@)

Now,

() ] <5_> |

(_i>k€—m’6*** _ <(_1)k lg:I 5;%) )
a

But ad — bc = 1, as a result we get
rs
ok —mistr (DI, 6

[i(VT) = x(d)(er +d)* f1(7)
where x(d) = (M).

Thus

and hence
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2.3 Comments on Generalizing the Proof of

Section (2.1)

In this section, we define f5(w, 7) in several variables. We call it G(w, 7).
We give several steps in a process that allows us to generalize the proof of the
transformation law of 03(w, 7) to G(w, 7). So we let w = (wy, wy, w3, ..., ws) €

C be a complex s-tuple. The function G(w, 7) is defined by,

Glw,r) = [T - ) [T TI0 + 26 P eos2uw +4™%) . (213)
n=1 r=1n=1

T

where ¢ = €™ and 7 is in the upper half plane. The transformation law is

given by,

—1 ’w2 —s)mi(T T
o (E’_) _ (—Z'T)%e_lm"f e%G(w,ﬂ ' (2.14)
T T

First, we prove (2.14) for 7 = iy, where y > %, where w = o +1it, then extend
the result to all 7 in the upper half plane by analytic continuation. In proving
the transformation law of the logarithmic derivative, we will encounter some
problems with the zeroes of the theta function. The zeroes of G(w, ) are at
w, =5 + 5 +mn +nn7 , for m,n € Z for any r .

To solve this problem, we first fix w, such that Rew, # 5 +nx for every r and
prove the transformation law for 7 = iy and prove (2.14) using the logarithmic
derivative. We then deduce (2.14) and extend the result by analytic continua-
tion to the whole 7 plane. Once we have it for all w such that Rew, # § +nw
for all » we use analytic continuation in the w space to extend the result to all

w.

Theorem 2.2 If7 =iy andy > %ﬂ, where w = (01 +ity, 09 + ila, ..., 05 + ily)

and |t |=(>20_, t2)2, the transformation formula is

w 1 Lo s)ml1/9) o 5
o (5 = ke e Glw, ) (215)
iy'y
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So we follow the same steps as in the proof of #3(w, 7), by expanding (2.15) in
terms of its Taylor series. As before, we will use residue calculus to prove the

transformation law. To prove this, consider

1
F.(2) = ~% cotmiNzcotmNz/y + — Z (

r=1

szz(Tr/erZwr/erZwr) ) (eNz(ﬂ’+2in) )

— e—2miNz/y 1 — e2mN

where N:n—i-%.

We then calculate the residues of F,,(z) at the poles z = 0, z = Nk and
2= for k=41,+2,....

So we get
) n R , B n 1 s n 72’iwrk eﬂ.yk
m Z s n(Z) E 1— e27ryk + Z k 1— 627ryk
k=—-n k=1 r=1 k=1
p=ky =ik
N N

n ~ (_1)k62iw,~k et _ Y 1f 1
k 1 — e2myk P k 1 — e271'k/y

1)ke—2kwr/y eﬂk/y

k 1 — e2mk/y

(_1)k62wrk/y ( GWk/y ) 4 | w |2
1

— e2mk/y

\3
I
—_
>
Il
—

WE
¥y

%
Il
—_
o~
—

Sl

|
~—~ 3
HIIM&:
=
I
w

~(1/y))

S~— =
A
—_
oS

Note also that
1
lim ¢ F,(2)dz = —5 log y,

n—oo
C
where C'is the parallelogram of vertices y, 7, —y and —i taken counterclockwise.

As a result, we get Theorem 2.2 using residue calculus.
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CHAPTER 3

Generalized Modular Forms

Representable As Eta-Products

3.1 Introduction

Let 7 be in the upper half plane and n € Z. The Dedekind eta function is
defined by

n(r) =% [ (1 —em)

and the Generalized Dedekind n-function is defined by

og(r) =™ T @-am) I -2,

m>0 m>0
m=g (mod 9) m=—g (mod 9)

where z = ™, 7 € H, Py(t) = {t}*—{t} +3 is the second Bernoulli function,
and {t} =t — [t] is the fractional part of ¢. Note that ns0(7) = n(d7)? and
that 1s,6/2(7) = %.

Consider

b
FO(N):{< ¢ d):a,b,c,dGZ,CEO modN,ad—bc:l},
c
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b
Fl(N)—{< ¢ d>:a,b,c,dEZ,CEO mod N,a=d=1 modN,ad—bc—l},
c

b
F(N)z{( ¢ d):a,b,c,dGZ,aEdzl mod N,b=c=0 modN,ad—bc:l},
c

which are congruence subgroups of the full modular group.

Definition 3.1 A generalized modular form (GMF) of weight k on T' is a
function f(1) meromorphic throughout the complex upper plane H, which is

also meromorphic at the cusps and satisfies the transformation law
fF(MT) = v(M)(er + d)* f(7),
for all M € T'. Here we allow the possibility that | v(M) |# 1.

In [9], Kohnen and Mason presented the proof of the following theorem.

Theorem 3.1 Let f be a GMF of weight 0. Assume that f has no poles or
zeroes in HUQ U oo. Assume furthermore that T is a congruence subgroup
and that the Fourier coefficients at 100 are rational and are p-integral for all

but a finite number of primes p. Then f is constant.

Afterwards, they considered the subgroup I'y(/N) and proved that a GMF with
its zeroes and poles supported at the cusps, and such that the order of the
function at the cusp is independent of the numerator of that cusp with the
above conditions on the Fourier coefficients, is a classical eta-product. Their
result is given in Theorem 3.2 below. In this chapter we replace the condition
imposed by Kohnen and Mason on the order of the function at the cusp by a
condition on N. We then prove a theorem with conditions at the cusps which

are similar to those of Kohnen and Mason, but on I';(N) instead of T'g(N).
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It will turn out that functions with such conditions upon the order of the
function at the cusps are also representable as eta products on I'; (N). Finally,
we deduce a similar theorem on I'(N).

The theorem of Kohnen and Mason on the subgroup I'o(V) is as follows.
Note that a complete set of representatives of the cusps of I'o(NV) [9] is given
by

a

(3.1)

where ¢ divides N and a is taken modulo N, with (a, N) = 1 and the a’s are
N )

inequivalent modulo (c, 7
Theorem 3.2 Let f be a GMF of integral weight k on T'y(N). Suppose that
the poles and zeroes of f are supported at the cusps. Suppose that the Fourier
coefficients at 100 are rational and are p-integral for all but a finite number
of primes p. Suppose further that the order of the function f at each cusp of

Lo(N) is independent of a. Then f is an eta-quotient, i.e. there are integers

M # 0 and my(t | N) such that

M)y =c]]Aawr)™.

tIN

where A(T) = n(1)%.

Notice that f™/ [I;;n A(¢T)™ has Fourier coefficients at ioo which are rational
and p integral. This is due to the fact that the product in the denominator
has integer coefficients with 1 as a leading coefficient. Theorem 3.2 then easily
follows from Theorem 3.1.

We can now present special cases of this theorem. If N = p, where p is
a prime, we have two cusps for I'g(p), one with denominator 1 and one with
denominator p, so the condition on the order of the function at the cusps
is automatic. For N square free, this condition is automatic, since for each
divisor of N, we have only one cusp whose denominator is this divisor. To
modify the condition at the order of the cusps we define a class of functions

which is a form on T'; (V) and then lift it by applying a coset operator.
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We now present another class of functions called the Generalized Dedekind

n-Products. Consider
1) =TTy () 32)

S|N

g
where 0 < g < 4 and r;, are integers and may be half integers only if g = 0 or
g= g (we allow half integers in order to include the ordinary eta products).
In [20], S. Robins proved that (3.2) is a modular function on I'; (V) by imposing
certain conditions on the rs,’s. It will be sufficient for our purposes to note
that the above function is a classical modular form on I'y (V) with a multiplier

system. For A € T';(N), the transformation law of the f(7) is given by
f(A7) = fr)em s,

where

da _ g od _ ag c g

_ P (Z P -9 e Z
/“L679 c 2(5)+ c 2( 5 ) S(a757075)
and s(h, k,z,y) is the Meyer sum, a generalized Dedekind Sum, defined by

wnen= 5, ((502)) (1)

w mod k

As usual ((z)) =z — [z] — § if z is not an integer and 0 otherwise.

3.2 GMPF’s on [')(N) Representable as Gener-
alized Eta-Products

As we have already pointed out, a complete set of representatives of the
cusps of ['o(V) is given by

a

- (3.3)

where c is a positive divisor of N and a runs through integers with 1 < a < N,

(a,N)=1 that are inequivalent modulo (¢, 2) . The width of the cusp ¢ in (3.3)

is given by
N

U)a/c = m
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Theorem 3.3 Let f be a GMF of rational weight k' on T'o(N). Suppose that
the poles and zeroes of f are supported at the cusps. Suppose further that the
Fourier coefficients at 100 are rational and are p-integral for all but a finite

number of primes p and that the rank of

((6, c)*Py(ag/ (0, C))) (8|N,0<g<6),(c|N,a) (3.4)

15 equal to the number of cusps, where the coloumns of the matrix corresponds

to the cusps a/c of T'o(N). Then f is a classical modular form.

Remark: Note that the rank of the above matrix is less than or equal to the
number of cusps.
Proof

For given integers 5, put

F(r) =] I ms(r)>.

8|N 0<g<6

F is a modular form on I'; (V) of weight k = ) 150 and by [20],

 Wa/e (8, c)? ag
Orda/CF = T Z Z 5 P2 (67 C) Ts,g-

S5|N 0<g<$

We now consider the cosets of I';(N) in I'o(N). By applying the operator

defined below, we lift the above generalized eta product from a modular form

aj bj :
and F' a function

on I'; (N) to a modular form on I'g(V). For §8; = ( .
G 4y

on H, we define the following operator
F s B = (¢ + d;)*F(B;7).
Let
H(F)=[1F x5
J

where {;} are coset representatives. We see that

F(7) | B; = (¢;7 +d;) 7" H H Moo (B;7)759.

8| N 0<g<é
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Recall that F'is a modular form on I'; (V) of weight k. It follows that H(F')
is a modular form on the larger group ['o(IV) of weight k; =| I'y (V)\o(V) | &.
We have to determine the order of H(F) at any cusp of I'o(N). We have to show
first that after we apply the operator we again get an eta product and that the
operator will not affect the order of the function at the cusps as calculated in

20]. Recall that Robins presented the transformation of 75, under A € I'o(V).

b
Forg#OandA:< ¢ d) € I'g(N) we have,
c

M5.g(AT) = €™109105 44(7) (3.5)

where

oa od c g
Hs,g = _PZ((S) _P2( S )—28(@,5,0,5)

and s(h, k,z,y) is the Meyer Sum, a generalized Dedekind sum.

b

Thus if 8; = ( “ dj ) and for a given ¢ where (a;,6) =1, 0 < g <6,
G4y

then a;g will run through a complete set of representatives modulo ¢ and also

for a given 4, if gy = —g» mod ¢, then

I - I a-=m= 1] a-2m I @a-=m

m>0 m>0 m>0 m>0

m=g1 (mod §) m=—g1 (mod ¢) m=ga (mod 9) m=—g2 (mod ¢)
and
) ké — go 92 92
P. P =Pl — =) = P(=
(9 = B8y pa - ) = gy %)
by (3.5). Hence
Ns,g1 = 6,92+

Recall also that 3; € T'g(N). Also 150 and 75,5/, are forms on I'y(d) and hence

on ['h(N). As a result, we have

F(r) e B; = vilem+d) ™ [ 1] mee(Bim)™

SN 0<g<é
= wyleym ) Do) 11 11 mso(8im)
S|IN 5|N 0<g<6

= v [Imso™) > I T mes()

5|N S|N 0<g<$
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where the exponents 75, are renamed according to the new values of g and v

is a constant depending on ;. Thus we have

Fy=v]] I] ma(r)s

8|N 0<g<s

where again r§, =754, are new exponents and v is a constant depending
on f3; for all j. Using the condition (3.4), we have to solve now for rj . To do
this we have to determine the order of H(F) at the cusps. In [20], it is given
that

r5.g wa/c (d,c)? ag
orda/CHnéfg = Z 5 b 0.0 T5.-

5N 5N
Thus

onde (1) = e 30 3 ((?i))rg’g'

5|N 0<g<s
Notice now that the product of two expressions whose Fourier coefficients
are rational and p-integral for all but a finite number of primes has rational
Fourier coefficients that are p-integral for all but a finite number of primes
p. 7Ms4(7) has Fourier coefficients that are rational and p-integral for all but
a finite number of primes. Thus the Fourier coefficients of H(F') are rational
and p-integral for all but a finite number of primes since H(F’) turned to be a

generalized eta product. We still want to show that 75, can be chosen so that
ordy H(F) = mhgye, (3.6)

for all cusps a/c of I'y(IN). Here hgj. is the order of f at a/c and m is an
appropriate non-zero integer depending only on f. By hypothesis, the rank of

((& c)2P2(ag/(5, C))) (6| N,0<g<5),(c|N,a)

is equal to the number of cusps. Therefore we can choose rs , so that (3.6) is

satisfied, with an appropriate m. Since 1 does not vanish on H, we find from
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the valence formula applied to H(F') that the sum of the orders of H(F') at
the different cusps of I'g(N) is equal to
il
12
On the other hand, the valence formula is also valid for the GMF f of weight
k' [8]. We then deduce from (3.6) that

[C(1) : To(N)].

k’l = mk’.

We see that f/H(F) is a GMF satisfying all the assumptions of Theorem
3.1. We conclude that f™ = cH(F'), as required.

Note that for N = pyps...p, square-free, the cusps of I'o(IV) are 1/1,1/pq, 1/pa,
and 1/N. Hence I'o(N) satisfies the condition at the order of the cusps given
in the paper of Kohnen and Mason.

For N = p?, the condition of Kohnen and Mason fails and the condition of
Thereom 3.3 fails too. This happens because Py(a19/(6,¢)) = Pa(azg/(6,¢))

for ¢ = p and for all a; = —ay mod p for all g and thus

(6, ) P2(ag (8. 9)) g1 0< <8 (e

has a rank smaller than the number of cusps.

..1/py

3.3 GMF’son(N)Representable as Eta-Products

Every cusp of I';(N) is equivalent to
a
it 3.7
‘ (3.7)

where ¢ is taken modulo N and a is taken modulo d = (N, ¢) and (a,d) = 1.
Moreover, for every cusp of I';(N) there exist precisely two fractions a/c of
the above form that are equivalent to that cusp. The width of the every cusp

in (3.7) is given by
N

Wq /e = (C, N)
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Theorem 3.4 Let f be a GMF of integral weight k on I'y(N). Suppose that
the poles and zeroes of f are supported at the cusps and that the Fourier co-
efficients at 100 are rational and are p-integral for all but a finite number of
primes p. Suppose further that the order of the function f at each cusp of
['1(N) is independent of a and for the cusps ay/c; whose denominator does
not divide N, the function will have the same order at ai/cq as at those cusps

whose denominators are (¢, N). Then f is an eta quotient, i.e., there are

integers M # 0 and my(t | N) such that
M(r) = CH A(tr)™.
HN
Proof We have
Afr)=q]J—a"™

For given integers m; put
P(r)=[]Awr)™.
tN
Then F' is a modular form on I';(N) and

t 2
ordg /e F' = Wq/e Z ( ,tc) my

t{N

Note that the order at every cusp a/c is independent of a and hence F itself
satisfies the order condition given by Theorem 3.4. Moreover the conditions
imposed in the theorem are important since » e the above expression for
ord,/. runs only over the divisors of N. We want to show that m; can be
chosen so that

ordg/ F' = mhg. (3.8)

for all cusps a/c of I'y(N). Here hy. is the order of f'* at a/c and m is an
appropriate non-zero integer depending only on f. Note that by assumption
ha/c is independent of a. Note that in our case for I'y(V), the denominator of

the cusp is taken modulo NV, not as a divisor of N as in the case of I'y(N). Since
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we are given that the order of the function at the cusp a/c whose denominator
doesn’t divide N is equal to the order of the function at the cusp whose
denominator is (¢, N), there are o¢(IN) equations. So as in the proof of Mason

and Kohnen, it will be sufficient to prove that the square matrix

AN = ((t, 0)2)t|N,c\N

of size 0o(N) X 0¢(N) is invertible. Now using [2], we see that

Ay = ((t, ))yN.e|N

is positive definite and hence invertible. The Oppenheim Inequality [9] states

that if two matrices A and B are positive definite matrices, then

|AoB|>|B|]]aa

where o denotes the Hadamard product of matrices. As a result
| Ay o Ay |=| An | > | Ay | Haii-

Thus our matrix is invertible. We then have established formula (3.8), with

an appropriate m.

Let ki be the weight of F. Since A does not vanish on H, we find from the
valence formula applied to F' that the sum of the orders of F' at the different
cusps of I'(IV) is equal to

R () n)),
On the other hand, the valence formula is also valid for the GMF f!2 of weight
12k [8]. We then deduce from (3.8) that

Letting M = 12m we see that f™/F is a GMF satisfying all the assumptions
of Theorem 3.1. We conclude that fM = cF, as required.
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We now change one of the conditions in the above theorem from a condition
on the order of the function at the cusps to a condition on the level N of the

congruence subgroup.

Theorem 3.5 Let f be a GMF of integral weight k on I'y(N), and suppose
that the poles and zeroes of f are supported at the cusps. Suppose that the
Fourier coefficients at 100 are rational and are p-integral for all but a finite
number of primes p. Suppose further that for the cusps a/c whose denominator
does not divide N, the function will have the same order at a/c as any of those

cusps whose denominators are (¢, N) and that the rank of

(((5, 0)2P2(ag/(5, C))) (3|N,0<g<6),(c|N,a) (3.9)

1s equal to the number of cusps whose denominator divides N. Then f is a

classical modular form.

Proof For given integers r;, put
- H H 7]6’9(7—)"'6,97
5|N 0<g<

We want to find r;, such that f™ = cF' for some constant c. F'is a modular
form on I'1 (V) of weight k1 = > 150 and by [20],

ordg e F = wa/c > Z 5 = ( 5, c)> e

SN 0<g<d

Using the condition (3.9), we have to solve now for r5,. Notice now that
the product of two expressions whose Fourier coefficients are rational and p-
integral for all but a finite number of primes has its Fourier coefficients to
be rational and p-integral for all but a finite number of primes. 7;,(7) has
rational Fourier coefficients that are p-integral for all but a finite number of
primes. Thus the Fourier coefficients of F' are rational and p-integral for all
but a finite number of primes since F' is a generalized eta product. We still

want to show that r5, can be chosen so that

ord,/.F' = mhyg., 3.10
/ /
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for all cusps a/c of I'y(N). Here hgj. is the order of f at a/c and m is an
appropriate non-zero integer depending only on f. It is given that the rank
of (3.9) is equal to the number of cusps whose denominator divides N. Thus
we have a non trivial solution. Thus we have established formula (3.10), with
an appropriate m. Since 1 does not vanish on H, we find from the valence
formula applied to F' that the sum of the orders of F' at the different cusps of

['1(N) is equal to
ki

12
On the other hand, the valence formula is also valid for the GMF f of weight
k [8]. We then deduce from (3.10) that

[C(1) : T (N)].

k?l = mk.

We see that f™/F is a GMF satisfying all the assumptions of theorem 3.1.
We conclude that f™ = cF', as required.

3.4 GMPF’son'(N)Representable as Eta-Products

A complete set of representatives of the cusps of I'(N) is given by:
a
z 3.11
‘ (3.11)

where ¢ is taken modulo N and «a is taken modulo N and (a,d = (N, c)) = 1.
In this set of representatives, the cusps pair up. The width of the every cusp

%in (3.11) is given by
Wy /e = N.

In the case of I'(IV), we can also derive a theorem with strong restrictions at
the order of the function at the cusps and then in a following theorem, we

relax those conditions by imposing a condition on N as in the case of I'1 (V).

Theorem 3.6 Let f be a GMF of integral weight k on I'(N). Suppose that the

poles and zeroes of f are supported at the cusps and that the Fourier coefficients
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at 100 are rational and are p-integral for all but a finite number of primes p.
Suppose further that the order of the function f at each cusp a/c of T'(N) is
independent of a and for the cusps ay/c; whose denominator does not divide
N, the function will have the same order as those cusps whose denominators
are (¢, N). Then f is an eta quotient, i.e. there are integers M # 0 and

my (t| N) such that

M) =c]]Awn)™.

N
Proof We have
Alr)=q]Ja—qm*

n>1

For given integers m; put
F(r) = H A(tr)™.
N

Then F' is a modular form on I'(NV) and

t 2
ordg/cF' = wq/e Z ( ,tc) my

t|N

Note that the order at every cusp a/c is independent of a. We want to

show that m; can be chosen so that
orda/cF = mha/c (3.12)

for all cusps a/c of T'y(N). Here h,. is the order of f* at a/c and m is an
appropriate non-zero integer depending only on f. Note that by assumption
hqsc is independent of a. It will also be sufficient to prove that the square

matrix
2
Ay = ((t7c) )t|N7c\N

of size 0y(N) is invertible. The above matrix is exactly the same matrix that
appeared in the case of I'1(/V). Hence we have established formula (3.12), with

an appropriate m.
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Let k; be the weight of F. Since A does not vanish on H, we find from the
valence formula applied to F' that the sum of the orders of F' at the different
cusps of I'(IV) is equal to .

L0 T(V))
On the other hand, the valence formula is also valid for the GMF 2 of weight
12k [8]. We then deduce from (3.12) that

Letting M = 12m we see that f™/F is a GMF satisfying all the assumptions
of Theorem 3.1. We conclude that fM = cF, as required. We now change one
of the conditions in the above theorem from a condition on the order of the

function at the cusps to a condition on the level NV of the congruence subgroup.

Theorem 3.7 Let f be a GMF of integral weight k on T'(N), and suppose that
the poles and zeroes of f are supported at the cusps. Suppose that the Fourier
coefficients at ico are rational and are p-integral for all but a finite number of
primes p. Suppose further that for the cusps a/c whose denominator does not
divide N, the function will have the same order at a/c as at any of those cusps

whose denominators are (¢, N) and that the rank of

((0,¢)* Pa(ag/ (8, ¢))) s x.02g<8).(clva) (3.13)

15 equal to the number of cusps whose denominator divides N. Then f is a

classical modular form.

Proof Follow exactly the proof of Theorem 3.5.
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CHAPTER 4

Arithmetic Identities

4.1 Introduction

In this chapter, we determine arithmetic identities modulo 3, 7 and 4.
The groups associated to the arithmetic identities are I'y(3), I'o(7) and I'g(4).
Notice that the three groups in question all have a fundamental region whose
closure has genus 0, so there exists no nontrivial cusp forms of weight 2 and
trivial multiplier system, i.e., So(I'g(n)) = {0} for n = 3,4,7. Notice also that
each of T'g(3) and T'y(7) has two cusps, so My(I'¢(3)) and Ms(I'g(7)) have a
basis consisting of one Fisenstein series while My(I'g(4)) has three cusps and
hence dimM,(I'y(4)) = 2 (2 Eisenstein series). To determine the arithmetic

identities, we need to define the following function

)= > 1= > 1= x(d

dln dln d|N
d=QR (mod p) d#QR (mod p)

where p is a prime and x(d) = (g) is the quadratic character mod p, and QR
stands for a quadratic residue mod p. d,(n) will appear naturally in the Fourier
coefficients of Eisenstein series of weight 1. Then we square Eisenstein series
of weight 1 to get an Eisenstein series of weight 2 which span M(Iy(p)) for
p = 3,7. For n = 4, Vestal [24] determined the basis of My(I'g(4)) explicitly.

It turned out that the basis of this vector space is spanned by the logarithmic
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derivative of the generalized Dedekind eta function for certain values of ¢ and
g. By squaring the Eisenstein series of weight 1 on I'g(4) and comparing its
coefficients to the coefficients of the logarithmic derivative of the generalized

eta function, we will be able to obtain some arithmetic identities modulo 4.

4.2 Arithmetic Identities Modulo 3

To determine the arithmetic identities modulo 3, notice that the space
M5(T'9(3)) has no cusp forms. As a result, the space My(I'g(3)) is generated
by Eisenstein series.

Eisenstein series of weight 1 [11] is defined by
Grx = S X(m)Gim

where y is a non trivial Dirichlet character on (Z/NZ)* and G, is given by

o B m 1 qm N io: quN—m qz/N+m
Lm — N 92 1— qm 1— ql/me 1 — quN+m

v=1
For our purposes, we need Eisenstein series of weight 1 in the following

form and it is given by the following theorem [11].

Theorem 4.1 Let x be an odd character, i.e., x(—1) = —1. Then

Gix = Biy =2 Z Z x(d)q"

n=1 d|n

where By, (m € Z,m > 0) is defined by

te” o B {n i1
IR Sy e (41)

q=e" r¢cH.

Let us define our character here:
1 n=1 mod3
x3(n) = -1 n=-1 mod3 ,
0 n=0 mod3
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From (4.1) and the Taylor expansion of e”, it will be easy to see that By ,, =
—3. Thus G1,, can be written as:

o0

1
Gixs = T3 2253(n)qn

n=1
Now G, is a modular form of weight 1 also the multiplier system of G ,, is
+1 [11]. When we square it, we get a modular form of weight 2 with a trivial
multiplier system, since G ,, has a multiplier system of values 1. As we
mentioned before, dimM;(I'y(3)) = 1 so the basis consists of one Eisenstein

series. It was shown by Hecke in 1927 that
2 oo
FEy(z) = —g + 7%(1 — 2420(71)627””'2),
n=1

has the same transformation law as modular forms of weight 2 and trivial
character under elements of My(I'(1)) [7]. Ea(z) is not holomorphic in H.

However, we have the following theorem [14].

Theorem 4.2 Fy(z) —pEy(pz) is a holomorphic modular form of weight 2 on
H with respect to T'y(p) for any prime p.

Now applying Theorem 4.2, we see that
Go(2) = Ea(z) — 3F5(32) = 7r_2 - 3—7T2 — 872 i o(n)e*™* + 247? i o(n)e?™sne
2 2 2 3 3 2 2

2 e} o0
= 37T — 87 ; o(n)e*™* 4 247 ; o(n)e?™3n=,

(G5 is a basis for modular forms of weight 2 since there are no cusp forms of

weight 2 on Ty(3). Thus G?

1xs = ¢Ga where ¢ is a complex number. Looking

at the constant term of G ,, and G9, we find out that

Thus
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Lemma 4.1 Forn=3"m, r #0 and (3,m) =1, we have

4 4
§J(n) —40(3""'m) = ga(m). (4.3)

Proof

4 or r—1 _ 4 o r—1
50(3 m)—40(3""m) = 50(3 Jo(m) —40(3" " )o(m)

= o - a2
4

Expanding the above series on the left, we get the following equations that

Farkas obtained in [5].

Theorem 4.3 Let n be a positive integer. If n =1 or n = 2 modulo 3, we

have

n—1

03(n) + 3> 83(j)ds(n — j) = a(n).

j=1
If n =0 modulo 3, say n = 3"m with (3,m)=1, then

n—1

83(n) + 3> 83(j)ds(n — j) = o(m) = o'(n),

j=1
where
o'(n)= Y d
dln, 3td

Proof The first identity follows directly from (4.2) and the second from (4.2)
and (4.3).

4.3 Arithmetic Identities modulo 7

To determine arithmetic identities modulo 7, we repeat the same process
using the fact that the space My(I'o(7)) is also spanned by one Eisenstein

series. We have to define a character modulo 7 to deduce identities similar to
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the identities modulo 3. We now define our character to be Legendre symbol.

Define

1 n=QR mod?7
x7(n) = (E> = -1 n#QR mod?7 ,
0 7|n

Now, Gy, is given by

Giy, =—1-2 Z(%(n)q".
n=1
Similarly, we get
m  Tr 2 o2 2T
Ga(z) = Ba(2) = TEy(T2) = 5 — 5 —87°) o(n) TNz 4 5672 Z miTnz

— 972 _ 872 Z 0<n)62m’nz + 5672 Za(n)e%rﬁnz.
n=1 n=1

Now G, is a modular form of weight 1, so when we square it, we get a
modular form of weight 2 with a trivial multiplier system. Gy is a basis for
modular forms of weight 2 since there are no cusp forms of weight 2 on I'g(7).
Thus G, = cGy where c is a complex number. Looking at the constant term

of G1,, and Go, we find out that

1

G (2) = =5 5Gal2),

Thus we get

(—1—2%57(71)(1") _1+4Za n)q" —2820 (4.4)

Lemma 4.2 Forn ="7T"m, r # 0 where (7,m) = 1, we have

4o(n) — 280 (7" 'm) = 4o (m) (4.5)
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Proof

40(7"m) — 280(7" 'm) = 40(7")o(m) — 280 (7" 1)o(m)

71 T -1
—) — 28
6 ) ( 6

= o(m)[4(
= 4o(m).

)]

Theorem 4.4 Let n be a positive integer,n Z 0 modulo 7, we have

n—1
67(n) + 257(j)57(n —Jj) =oa(n).
j=1
If n =0 modulo 7, say n = T"m with (7,m)=1, then
n—1
07(n) + Y 6:(j)dz(n — j) = o(m) = o’(n)
j=1

where

o'(n) = Z d.

dln, 7d

This is another identity deduced by Farkas [5].

4.4 Arithmetic Identities Modulo 4

Let us define our character here.
1 n=1 mod4
—4
Xa(n) = (—) = —1 n=-1 mod4 ,

n
0 otherwise

Now we will consider the Eisenstein series of weight 1 on I'g(4), when we
square it we will get weight 2 Eisenstein series on I'g(4). But My(T'g(4)) is two
dimensional. In [24], Vestal determined the basis of My(I'¢(4)) explicitly. We
define now an arithmetic function which will appear in the Fourier expansion
of the logarithmic derivative of the generalized Dedekind eta function. Define
%9 by

dPNNy= > d+ > d

dN dN
d=g (mod §) d=—g(mod 9)
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and define d49 by

(5472(71) = Z 1-— Z 1.

d|n d|n
d=1 mod 4 d=—1 mod 4

To present the basis, we use generalized Dedekind n-function 75 ,(7) . Recall

that

mo(m) =D ] - [ a-am,
m>0 m>0
m=g (mod 9) m=—g (mod 9)
where z = ™, 7 € H, Py(t) = {t}*—{t} + 3 is the second Bernoulli function,
and {t} =t — [t] is the fractional part of ¢.

Vestal calculated the logarithmic derivative of 7;,(7):

—775’9(7—) = moP(g/0) — 2mi Z oI (N)g".

76,9(T) N1

For simplicity, let Héd’g ) denote the normalization of the above series.

Then H{?™ € My(To(6)). Note that My(To(4)) is two dimensional, so the
basis of T'g(4) [24] consists of

Y =1424Y " a4D(N)gY
N=1
and -
H =146 o®I(N)g".
N=1

Vestal proceeds to find that

1 2
0'(r) = g H;"(7) + SH (7).

where

0(7_) _ Z €2win27'

nez
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Notice that (1) € M/2(To(4),vp) and that v; = 1. We relate now the above

basis to our Eisenstein series of weight 1. With the character defined above,

Gy = —% -2 Z Z x(d)q".

n=1 d|n

we have

As a result, we get

1 o
Gux =5 =2 ol
where
012 = Z x(d)

Notice that d4 5 is the difference between the number of divisors of n congruent
to 1 mod 4 and the number of divisors of n congruent to -1 modulo 4. By a

classical result that goes back to Jacobi

92(2) =1+ 4 Z (5422”.
n=1

Hence
02(7') = —2G1 (7).
Therefore
1 2
AGE (1) = 1" (7) + SHY (7).

As a result, we get

2
1 > . I 2

This leads to the following identity

n—1
8042(n) + 16> 042(j)daa(n — j) = 8™ (n) + 454 (n).
j=1
Consequently,
n—1
2042(n) +4)  12(j)0az(n — j) = 200 (n) + o2 (),
j=1

This is a new proof of another identity due to Farkas [6].
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