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ABSTRACT

SUFFICIENT CONDITIONS FOR LOCAL MINIMIZERS IN CALCULUS
OF VARIATIONS

Tadele A. Mengesha
DOCTOR OF PHILOSOPHY

Temple University, May, 2007

Professor Yury Grabovsky, Chair

In this thesis we prove that uniform quasiconvexity and uniform positivity of
second variation are sufficient for a continuous Young measure to be a local
minimizer of a variational integral. Results corresponding to classical strong
local minimizers are also given. The variational problems considered are mul-
tiple integrals with Lagrangian behaving as a power function at infinity. Our
approach is direct. We evaluate the increment of the variational functional
corresponding to a strong variation. The sufficient conditions and growth as-

sumptions on the Lagrangian guarantee that the increment is always positive.
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CHAPTER 1

INTRODUCTION

1.1 Motivation and background

In this thesis we consider the class of integral functionals of the form

Ely) = / Wz, Vy(z))d (L1)

defined on the set of admissible maps
A={y e W>(Q;R™) : y(x) = g(x), z € 0}

where g € C1(99;R™) and Q is a smooth (i.e. C') bounded domain in R?
with 0€2; and 0€2, smooth, disjoint and relatively open subsets of 9€2 such that
00 = 0Q; U 0Qy. The Lagragian W : Q x M — R is a continuous function,
where M denotes the space of m X d real matrices.

The problem of sufficient conditions for a smooth extremal of a variational
functional to be a strong local minimizer is an old one. It has been solved
completely by Weierstrass for the case of one independent variable by the
methods of field theory. His method was applied by Morrey [32] to address
the problem of multiple integrals for the case of one dependent variable. Non-
field theory approaches were also developed by Levi [28] (see also [37]) and

Hestenes [22] (see also [41]) to treat variational problems.



The aim of this thesis is to present a sufficiency result for variational prob-
lems with multiple integrals, where the unknown is a vector field. It generalizes
the result proved in [19]. We will extend sufficient conditions of local minimiz-
ers to problems with no classical minimizers, where Young measures are used
to account the oscillatory properties of minimizing sequences. Applications
include models of shape memory materials that are characterized by nonexis-
tence of solutions and where Young measure describes the observed fine-scale
microstructure, [7], [4].

For classical variational problems with one independent variable the suffi-
cient conditions consist, beyond Euler’s equation, of the positivity of second
variation and positivity of the Weierstrass excess function. It has been under-
stood (see for example [3]) that the vectorial analog of the Weierstrass condi-
tion is the quasiconvexity condition [31]. The vectorial analog of the classical
sufficiency theorem, the one, where the Weierstrass condition is replaced with
the quasiconvexity condition, was conjectured by Ball [3, Section 6.2].

The method in the thesis is close in spirit to the expansion method of Levi
[28] and the directional convergence method of Hestense [22]. Applying these
methods one estimates the normalized functional increment corresponding to
a given strong variation. Taheri [41] used the method of Hestenes to treat
problems of L"—local minima and remarked that the results hold in the vecto-
rial case as well to yield a sufficiency result that is based on convexity, rather
than quasiconvexity. Zhang [45] has also succeeded in proving the “local” suf-
ficiency theorem (i.e. a sufficiency theorem that holds for domains that are
contained in a sufficiently small ball). In this work we present sufficient condi-
tions without restrictions on the size of the domain. The approach undertaken
is the result of the insights achieved in [20], where the necessary conditions for
strong local minima are examined in greater generality.

Our method allows us to study the effect of all possible strong variations on
a given Lagrangian. Using Young’s idea of duality [43] we fix a strong variation
and consider its action on a functional space of all admissible Lagrangians. The

key technical tool in our analysis is a new version of the decomposition lemma



[15, 26] that permits us to split a given variation into its strong and weak part
while simultaneously controlling their growth. Using analytical techniques
from [15], we show that the actions of the two parts of the variation on the
Lagrangian are independent. We then show that each part contributes a non-
negative increment to the variational functional, the weak part—because of the
positivity of second variation, the strong part—because of the quasiconvexity
conditions.

The same strategy has been used in [19] to obtain sufficiency result for
strong local minimizers. As an extension of the work to Young measure local
minimizers we follow [19] in allowing all strong variations and show how Stone-
Cech compactification method of DiPerna and Majda [10] enables us to handle
variations with unbounded gradients, when the Lagrangian has power growth
at infinity.

The classical minimizers analyzed in the thesis are of class C! and the
smoothness assumption is very important. For the W' non-smooth ex-
tremals, our sufficiency theorems are false, as shown in [27, Corollary 7.3]
for the quasiconvex integrands and in [39] for the polyconvex ones. In fact, if
the gradient of the extremal vector field has a jump discontinuity, then there
are additional necessary conditions (see e.g. [21, Section 4]).

The thesis is organized in the following way. In the remaining part of this
chapter we define some notations and discuss Young measures to make the
thesis self-contained. In Chapter 2 we will define the different notions of local
minimizers and extend the notion to problems that may have no classical min-
imizers but minimizing sequences. We will also formulate necessary conditions
for local minimizers. In Chapter 3 we present a sufficiency result for Young
measure local minimizers and show that the result can be specialized to strong
local minimizers. The last chapter, Chapter 4 is devoted to the proof of the

main result.



1.2 Weak convergence and compactness

We define some terminologies that will be used throughout the thesis. For
1 < p < o0, we say that {u,} converges weakly to u in LP(€2) and we write

u, — win LP(Q) if
/Qun(zt)g(a:)daj — /Qu(x)g(x)dx, Vg e LYQ), 1/p+1/q=1.

For p = oo, {u,} converges weakly * to v in L>®(Q) written u, — u in L>(f)
if
/un(x)g(x)dx — / u(z)g(z)dr, Vg€ L'(Q).
Q Q

We use the usual notation W'?(Q;R™) for Sobolev spaces and we say a se-
quence u,, € WHP(Q;R™) converges weakly to w, w, — w in WHP(Q;R™)
if u, — wand Vu, — Vwu in LP. For a weakly convergent sequence u,
in WhP(Q; R™) to w, u, — wu strongly in LP?(;R™), and Vu,, — Vu in
LP(Q; M).

The following proposition gives a criterion for weak relative compactness

in LP for 1 <p < 0.

Proposition 1 For 1 < p < oo, a sequence {u,} is weakly relatively compact
in LP (weak * relatively compact if p = oo) if and only if the sequence is
LP- bounded. i.e sup,, ||u,||r < 0o0. For p =1, the sequence {u,} is weakly

relatively compact in L' if and only if it is L'-bounded and equiintegrable.

Definition 1 We say that {u,} is equiintegrable if for all € > 0 there exists
d = 0(€) such that for every measurable set E, |E| < 0, we have

sup/ |un(x)|dz < e.
n JE

A failure of equiintegrability implies a concentration phenomenon in the lim-

iting behavior of the sequence, as can be seen on any Dirac delta sequence, for

example u, () = nX[o1/x)(T).



By Cy(R™) we denote the closure of continuous functions on R"™ with com-
pact support. The dual of Cy(R™) can be identified with the space M(R™) of
signed Radon measures with finite mass via the dual pairing

v, f)= [ fdv.

Rn

Given a sequence {v,} C M(R"), we say that v, — v in the sense of

measures if
(Vs f) = (v, )

for all f € Cy(R™). Applying the theorem of Banach-Alaoglue we have the

following compactness result for measures, [11].

Proposition 2 Suppose that the sequence {v,} is bounded in M(R™). Then
there evists a subsequence {v,, } and a measure v € M(R™) with v,, = v in

the sense of measures.

1.3 Young measures

Young measures (also known as parameterized measures or generalized
curves) were first introduced by L. C. Young in his study of the optimal control
theory. A discussion is found in his book [43]. Tartar([44]) also introduced
Young measures to study the oscillation effects as well as compactness and
existence questions in nonlinear partial differential equations. One of the many
application of Young measures is finding weak limits of continuous nonlinear
composition with sequences. Assume that u, — wu in L', and let ¢ be
a continuous function. It is definitely false that ¢(u,) converges weakly to
¢(u), as simple examples illustrate. Indeed if we take the sequence w, =
nX0,1/n2 (), then u, — 0in L'. However, for ¢(z) = 22, ¢(un) = n*x[,1/n2]
does not converge weakly in L'. Young measures will enable us to have a
measure-theoretic characterization of the incompatibility of weak convergence

and nonlinear composition.



We follow [33] in defining Young measures. More about Young measures
can be found in [43], [44] and [35].

A map v : Q — M(R") is called weak® measurable if the functions

= (v(z), f)
are measurable for all f € Cy(R"). We say that v(x) > 0 if (v(x), f) > 0, for

all f >0, and f € C§°. We write v, instead of v(x).

Theorem 1 (Fundamental theorem on Young measures) Letz, : ) —
R™ be a sequence of measurable functions. Then there exists a subsequence zy,

and a weak* measurable map v : Q@ — M(R™) such that the following holds.
(i) va >0, [[Vz||lm@m) = [gm dve <1, forae xeQ

(i1) For all f € Cy(R™)
f(zn) = F in L¥(Q)

where

@) =(ve. f) = | fdve.

Rm
(iii) Let K C R™ be compact. Then supp v, C K forae x € Q if

dist(z, , K) — 0 in measure.
(1v) Vg is a probability measure for a.e. © €  if

lim sup |[{|zn,| > M}| =0 (1.2)
M—oo

(v) If (1.2) holds and Qo C 2 measurable then whenever the sequence { f(x, z,, (x))}
is weakly convergent in L'(Qq) for any continuous function f(x,z) :

Qg x R™ — R, then
f(:c,znk) - ? in Ll(QO)7 ?(m) = <Vw,f(33, ))

See [35] or [33] for the proof.



Definition 2 We call v = {v,} the family of Young measures generated by

the sequence z,, .

Remark 1 Condition (1.2) is satisfied if there exists a continuous, nonde-
creasing function g : [0,00) — [0, 00], lim; ., g(t) = oo such that

Sup/g(|znk|)d:v < 0.
k JQ

Indeed, because g is nondecreasing,

oM sup {2, 3] = MY < sup | g(lzn, )i < o

and because limy; ., g(M) = oo we must have (1.2). By taking g(t) = t?, for
any p > 0, we see that every bounded sequence in LP(£2) contains a subsequence

that generates a family of probability measures.

Remark 2 As a dual of the set continuous functions vanishing at infinity,
Young measures are identified by their action on Co(R™). Thus property (i7)
of Theorem 1 defines v. This observation can be used to prove the following

corollary which will be useful later.

Corollary 1 [35] Suppose that the sequences z, and w,, are bounded in LP(€2;R™).
Then if |{z, # w,}| — 0, then the Young measures generated by the sequences

are the same.

Proor: By the above observation we only need to show that for all f €

Co(R™), the sequences f(z,) and f(w,) weak* converge to the same value in
L>(Q). Thus it suffices to show that if £(x) € LY(Q), then

[é@@xﬂ%@»—fwm»wxeo

But this follows from the assumption and the absolute continuity of the integral
since

I/ﬂ(f(fv)(f(zn(w)) — f(wy))) |dz < / 2[[ £ lloclé()|da — 0

{zn#wn}

asn — oo. 1



From the corollary it follows that Young measures completely miss concentra-
tion effects of sequences. Indeed, two sequences one exhibiting concentration
and the other one with the concentration cut off may generate the same Young

measure.

Example 1 Consider the periodic extension of the sawtooth function

x on [0,1/4)

s(xr)=14 1/2—=x on [1/4,3/4)

x—1 on[3/4,1]
and consider the sequence z,(r) = n~'s(nz). Obviously for any f € Cy(R),
we have f(z,) — f(0) uniformly, and so the associated Young measure is
v = {dp}. However if we consider the sequences of gradients {Vz, = 2/}, then
for any f € Cy(R) we have f(z](z)) is a periodic function of period 1. By

Riemann-Lebesgue Lemma,
flzn(@)) = f in L([0,1])
= 1 1 - _
where f(z) is the average §f(1) + §f(—1). We may write f as f = (v, f),

1
2

1
where v = =6, + 55,1 is the Young measure associated to the sequence of

derivatives.

Example 2 Following the above example, let = [0,1] x [0,1]. Then the

Young measure associated to the gradient of the sequence
Zo(21, 29) = 0" s(nay)
1 1
is v = §5A + 5(53 where A = (0,1), and B = (0, —1).

Motivated by non-linear elasticity where the free energy associated to a par-
ticular deformation depends on the deformation gradient, we are interested
in Young measures generated by sequences of gradients. A characterization
of gradient Young measures is given by Kinderlehrer and Pedregal and can
be found in [35]. The following lemma(Lemma 8.3, pg 138 [35]) helps us to
incorporate boundary values for a new gradient sequence generating a Young

measure.



Lemma 1 Let v, be a bounded sequence in W'P(Q;R™) such that the se-
quence {Vv,} generates the Young measure v = {Vg}zeq, and v, — u in
WP (Q; R™). Then there exists a new sequence {uy}, bounded in W1P(Q; R™)
such that {Vu} generates the same Young measure v and wy—u € W, P(Q; R™)

for all k. If for p < oo {|Vwv,|P} is equiintegrable, then so is {|Vuy|F}.

The representation of weak limits of sequences of type {f(Vz,} for f a
continuous function in terms of Young measures is only valid if one can rule
out concentration effects. There are several tools to account possible develop-
ment of concentrations. They can be considered as generalizations of Young
measures as presented by DiPerna and Majda, [10]. There is also the approach
of Fonseca, [14] where a measure, A on Q x S is associated to the sequence
{Vz;}to capture concentration effects. Here S is the unit sphere in R™. First
observe that given 7w a finite nonnegative measure on 2 and o : Q@ — S 7-
measurable, one can define a finite, nonnegative Radon measure A = dq o) @ 7

on 2 x R™. Then supp(A) C  supp(m) x S and

/ f(@, y)dA (@, y) = / /(@ al@))dn ().
QxR™ Q

for any A integrable function f.
Definition 3 A varifold is a nonnegative measure A on €2 x S.

Fonseca’s Varifold Theorem says that every bounded sequence of varifold of

the form A, = da,, (z) ® T, has a varifold limit.

Theorem 2 Suppose A, = dq,(z) ® T, s a bounded sequence of varifolds,
where m, is a measure on 0 and o, : Q — S is m, measurable. Then there
exists a subsequence, \,,, not relabeled, a positive measure ™ on Q and a family
of probability measures A on S such that for every f € Co(€2 x R™)

im [ floy)dha(@,y) = lim | (@, an(@))dn (@)

n—oo [q rm n—00

- [( / @ y)dra(y) ) dr(a).
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Remark 3 The support of A = A\, ® 7 is contained in  x S

Remark 4 Given a bounded sequence u,, € W1P(Q; R™) we can apply The-
orem 2 to the varifold A;, =  vun@ & |Vu,|P to obtain a measure A = A\, @7

Vun (@)]
such that

M u,(x)|’de — T m(x
| e et Vu@pri— [ [ @y

where S™¥! is the unit sphere in M. In particular, if f(x,y) € C(Q x M) is

homogeneous of degree p in the second variable, then

lim [ f(z, Vu,(x))dx = /Q/SW“ f(x, y)dA\.(y)dr(x).

n—oo Q
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CHAPTER 2

LOCAL MINIMIZERS AND
NECESSARY CONDITIONS

2.1 Local minimizers

The notion of local minimizer of the integral function E defined in (1.1), in
contrast with the global one, depends in an essential way on the topology on
the space A of functions on which the variational functional is defined. The
classical notions of strong and weak local minima correspond to the L*°, and

W1t topologies on A respectively. We define the two notions below.

Definition 4 We say thaty € A is a weak local minimizer of E, if there exists
an € > 0 such that E(y) < E(y) for all y € A that satisfy ||y — y||r~ < €,
and ||Vy — Vyl|r~ <e.

Definition 5 We say that y € A is a strong local minimizer of E, if there
exists an € > 0 such that E(y) < E(y) for ally € A that satisfy ||y—y||r~ < €.

We observe that the notion of strong local minima is stronger than that of the

weak one.
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Example 3 /5] Consider the one dimensional variational problem of locally
minimizing )

1) = [ %) =y
over the set

{y :]0,1] - R :y is absolutely continuous on [0, 1],y(0) = y(1) =0}

Here 3/ = %. The constant function y = 0 is a weak local minimizer. Indeed,

for small € > 0, and ||y/|| < € we have

)= 1= [ > 0= 10).

However y = 0 is not a strong local minimizer. To see this we construct
a sequence of admissible functions which converges to 0 uniformly but their
functional value is negative. Consider the periodic sawtooth function defined
in Example 1. Define

yn(z) = Z%S(nx).

Then y,, — 0 uniformly and
1
() = / (45/(2)? — 168 (2)")dz = —12 < 0 = 1(0),
0
as desired.
Let us formulate the definition of local minima in terms of sequences. Let
Var(A) = {¢p € W'(4R™) : @log, = 0}.

We will call Var(A) the space of variations because for any ¢ € Var(4) and
for any y € A we have y + ¢ € A.

Definition 6 A strong (weak)variation is a sequence {¢,} C Var(A) such
that ¢, — 0 in L>®(;R™) (WhH(Q; R™)).
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1
As an example, the sequence ¢, = —¢ where ¢ € Var(A) is a weak variation
n

where as, for any g € Q, and ¢ € C3(Q;R™), the sequence

Bu(2) =~ Blnlw — @)

is a strong but not a weak variation. For our purposes it will be convenient
to rephrase the definition of a local minimizer in terms of the variations. The
map y € A is a strong (weak) local minimizer if and only if for each strong

(weak) variation {¢,} there exists N > 0 such that for any n > N

E(y + ¢n) = E(y). (2.1)

In other words, strong variations can not lower the value of the functional
at a strong local minimizer. Since the uniform topology of L>®(Q;R™) is
meterizable, the sequence-based definition is equivalent to Definition 5.

This sequence-based definition enables us to extend the notion of a lo-
cal minimizer to variational problems that do not even have classical solu-
tions. Such problems appear in Calculus of Variations and in applications like
phase transitions in solids, [7], [4]. Let us assume {y;} C A is bounded in
Whoe(Q; R™). Applying Theorem 1, there exists a family of probability mea-
sures v = {v,} on M such that for any f(z, F') continuous function on Q x M

and £ € LY(Q),

/Qf(w,vyn x)dr — // flx, F)(x)dvg(F)dx, asn — oo

Here because the sequence y,, is bounded in Wh>°(Q; R™), supp(v,) C B(0, R),
for some R > 0, for a.e & € Q).

Definition 7 We say that the Young measure v = {vg} is continuous if €, —

x in Q implies that

/ f(x, F)dv,, (F) — /Mf(w,F)dl/m(F) as n — oo.

for all f € C(Q2 x M).
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Example 4 Probability measures of type

Vg = i OéifSAi(m), i a; =1
i=1 i=1

where A; is a continuous function for i = 1,...n, constitute a continuous

Young measure v = {v,}.

From now on we assume that v = {1} is a continuous Young measure and is

defined for all = € €.

Definition 8 We say that v = {v,} is a Young measure local minimizer if

for each strong variation {¢,} C Var(A), there exists N such that

/Q/MWC‘%FJFV@L(?B))%(F)W > /Q/MW(:B’F)CZV“:(F)W
for alln > N.

We remark that this definition reduces to Definition 5, when the sequence
y; converges to y in WL°(Q;R™), and y € C*(;R™). In this case v =
{0vy@)}

Example 5 (/33], [6]) Let Q =[0,1] x [0,1] C R?. Consider minimizing the

variational problem

E(y) = / yil + (yfc2 —1)%dz dxy
Q

over the set of all y € W;™(Q;R). Notice that the infimum is 0, but cannot
be attained. To see this, first observe that E(y) > 0 for all y € W, (Q;R).
Moreover, modifying slightly the sequence discussed in Example 2, we define

Yn S

Yn(21,72) = n"'s(nwy)) for S<ap<1—6

and linearly interpolate to achieve the boundary values on 0f2. Considering
first the limit n — oo and then 6 — 0 one obtains that inf £ = 0. On the
other hand if there were a y such that E(y) = 0, then Vy = (0,1) a.e. Then
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y = xo + ¢ contradicting the the boundary condition. It is not difficult to see

that the minimizing sequence generates the homogeneous Young measure
1 1
=-0 —0(0.-1)-
V=500 1 5901

and is a Young measure local minimizer of E.

2.2 Necessary conditions

In this section we derive necessary conditions for a continuous Young mea-
sure ¥ = {Vg} to be a local minimizer of the functional integral (1.1). These
conditions are appropriate generalizations of the classical necessary conditions
for an element y € C*(Q;R™) to be a local minimizer discussed in [19]. It is
customary in Calculus of Variations to assume that W (zx, F) is of class C? in
the variable F'. Here, we assume a little less. We will assume that W is of
class C? on some open set O containing the support of v, for all z € Q. In
case y € C*(Q; R™) is a strong local minimizer, then the set O is an open set
containing the range of Vy(x). We denote F(x) = Vy(x), and the range of
Vy(z) by R.

Suppose that v is a Young measure local minimizer of (1.1). For ¢ €

Var(A), we denote the functional increment by AE(¢),
AE@) = [ [ (W@ P+ V)~ Wia. F))dvu(Fda
oJm

One may write the increment in a different way using the function W (x, G)
defined as
Wz, G) = / W(z,F + G)dvy(F). (2.2)
M

The function W (z, G) is continuous in & and C? in G in a small neighborhood
of 0, since the probability measure v, is continuous and is supported in a

compact set. Moreover the derivatives are given by

We(z,G) = /M We(x, F+G)dvy(F), Wep(x,G) = /M Wer(z, F+G)dv,(F)
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Then the functional increment corresponding to a variation ¢ is given by

AE(¢) = / (W (. V(x)) — W(a,0)}da

Perturbing by the weak variations

for smooth ¢ € C*(Q; R™) N Var(A), we get the inequality
0 < AE(ed) = / W (e, Vo(a)) — T (z,0)dx. (2.3)
Q
Using Taylor expansion of W around G = 0, for small € we have

AE(ep) =¢ /Q (Wr(z,0),Vo(z))dz

2.4
+ § /Q(pr(w,O)ng(a:),Vcb(w))dw + o(€?). .
Dividing (2.4) by € and letting ¢ — 0 we get that
[0V e(@.0), Vo(a)do = 0
if e > 0 and
07 e(@.0). Vo(@)iz <0
if € < 0. Thus we obtain tQhe weak form of the equilibrium equation
/Q (W (. 0), Vop(a))dax = 0, (2.5)

for any ¢ € C'(Q;R™) N Var(A). Applying the Divergence Theorem in the
sense of distributions we get,
[ Wel@.0). ¢@)iz+ [ (Wela.0n(z) ¢(z)as =0 (20
Q 00
where n(x) is the outer unit normal at x € 0S.
Applying (2.5) to the Taylor expansion (2.4) we obtain,

2

0< AB(eg) = / (W pp (. 0)V(x), Vo())da + o).
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2

Then dividing both sides of the inequality by €°, and letting ¢ — 0, we get

another necessary condition
/(pr(a:, 0)Vo(x),Vo(x))dx > 0 (2.7)
Q

for any ¢ € C'(;R™) N Var(A). By approximation argument we can show
that (2.7) holds for any ¢ € Var(A).

Definition 9 The quantity

FE = [ (Wer(e,0)Vé(e). Vo(a))de (2.5)
Q
is called the second variation of the variational problem (1.1).

Remark 5 We observe that ¢, = €¢ is a weak variation. Therefore by taking
Vo = Ovye) (2.6) and (2.7) are also necessary conditions for y € C' to be a

weak local minimizer of (1.1).

To obtain other necessary conditions we perturb by the strong variation

L — X

¢e(x) = €g( ) (2.9)

€
where ¢ € C§°(B(0,1);R™) and x( € 2. Then

L — X

AE(¢) = / Wiz, Vo2 —2) ~ W(w,0))dz > 0

The above integration is actually on B(xg, €) since ¢ is supported on B(0,1).

Changing variables,

T — X
z = . r=x+ez, dxr=ldz,
€

we have

AE(¢.) = ed/ {W (o + ez, Vp(z)) — W(xy + €z,0)}dz

B(0,1)

Dividing by €?, and taking the limit as e — 0%, we get

lim {W(xo+ ez,Vp(z)) — W(xg + €2,0)}dz > 0.

—0% JpB(0,1)
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By continuity of W and applying Bounded Convergence Theorem we obtain

W (o, Vp(2))dz > |B(0,1)|W(x0,0). (2.10)

B(0,1)

By an approximation argument (2.10) holds for any ¢(2) € W, *°(B(0,1); R™).

Definition 10 (Quasiconvexity) We say that a continuous function W :
M — R is quasiconvex at F', if

W(F + Ve(z))dz > |B(0,1)|W (F) (2.11)

B(0,1)

for any ¢(z) € Wy ™(B(0,1);R™). W is quasiconvex if it is quasiconvex at
each F' € M

The above calculation shows that if v is a Young measure local minimizer,
then W (xy, -) is quasiconvex at G = 0 for all x, € Q.

Similarly for @y € 925, using the strong variations

r — I

¢6 = €¢(

) € Var(A),

€

and after change of variables, we get

AE(¢.) = ed/ W(xy + ez, Vp(z)) — W(xy + €z,0)dz

B(0,1)n¥==0

€

Dividing by €? and letting € — 0, we obtain

/B  Wi(we, Ve(2))dz > [B(0, 1[IV (x,,0) (2.12)

n(zg) (01

where

B (0,1)={x e R*: |x| < 1,(x,n) < 0},

is the half ball whose outer unit normal at the flat part of its boundary is
equal to n. If (2.12) holds we say that W is quasiconvez at the free boundary
point xg.

The following theorem summarizes the above discussion:
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Theorem 3 Let v = v, be a Young measure local minimizer of (1.1). Then

i) The equilibrium equations are satisfied weakly

{ V- -Wg(x,00=0 onQ, (2.13)

We(x,0)n(x) =0 on 00Q,
(i) The second variation (2.7) is nonnegative for all ¢ € Var(A).

(iii) Quasiconveity inequalities (2.10) and (2.12) hold for all ¢ € Wy >°(B(0,1); R™).

Remark 6 In case the Young measure v, = dyy () for y € CHQ;R™), ieify
is a strong local minimizer, then we recover the necessary conditions discussed

in [19] .

Remark 7 (2.12) is stronger than (2.10). Indeed (2.12) depends nontrivially
on the fact that ¢(z) € C5°(B(0,1); R™) does not have to vanish on the 'flat

side "of B, (0, 1), while the continuity of v implies that (2.10) holds for any

)
x € 0. There are examples for which (2.10) holds for all for any & € 09,

but (2.12) fails for at least one point on 9y, [5].

Furthermore inequalities (2.10) and (2.12) can be rewritten in a different
way. To this end notice that the equilibrium equations (2.13) can be completely
decoupled from the other necessary conditions for strong local minima. This

is done by replacing the functional increment

AE(¢) = / (W (2, V(x)) — W(@,0))da

A'E(¢) = /Q W (x, Vo(x))de, (2.14)

where

W' (x, F) = W(x, F) — W(x,0) — (Wg(x,0), F) (2.15)

is related to the Weierstrass excess function. The role of the equilibruim

equations (2.13) is, therefore, to establish equivalence between A’E(¢) and
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AE(¢). In this case the quasiconvexity inequalities (2.10) and (2.12) can be
written in terms of W . Indeed, (2.10) can be written as

W' (xo, Vp(a))dz > 0 (2.16)

B(0,1)

for all ¢ € WOLOO(B(O? 1); R™), because
/ (Wr(z0,0), Vo(x))dz = 0.
B(0,1)

Similarly the quasiconvexity at the free boundary condition (2.12) can be

written as

/ . W' (o, Vo(z))dz > 0 (2.17)

n(zq) (0,1)

for all ¢ € W, >°(B(0,1);R™), because
/ (W g(x9,0), Vo(x))dx = 0.
B;(mo)(o’l)

The vanishing of the last integral occurs because of the boundary condition in
(2.13).

The quasiconvexity inequality (2.10) was first introduced by Morrey [31] as
a necessary and sufficient condition for sequential weak-* lower semicontinuity
of the integral functional (1.1). That (2.10)is a necessary condition for local
minimizers was proved in Meyers [30]. The necessity of (2.12) for strong local
minimizers via the variation (2.9) is due to Ball [5]. As noted by Ball the qua-
siconvexity conditions (2.10) and (2.12) are generalizations of the Weierstrass
condition of one-dimensional calculus of variations. To see this, we begin by

stating the following proposition. The proof can be found in [2].

Proposition 3 The quasiconvezity inequality (2.10) implies that

W (x,0) < AW (g, @ @ b) + (1 — \)W (o, %a ® b) (2.18)

for all X € (0,1), and all a € R™, b € R4,
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Remark 8 Replacing a by (1 — \)a, dividing by A and finally letting A — 0,
we obtain from (2.18) that

W(xy,a ® b) — W(xg,0) — (W g(x,0),a ® b) > 0. (2.19)
Definition 11 We say that W is rank one convex at F if
W(x,F+a®b)—W(x,F)— Wgp(x,F),a®b) >0

for alla € R™, and b € RY. W is rank one convez if it is rank one convex at

each F' € M.

Proposition 3 and the remark following it say that quasiconvexity of W (g, -)
at G = 0 implies that of rank one convexity at the same point. In the case
when d = 1 or m = 1 the rank one convexity condition (2.19) at 0 reduces to

the well known Weierstrass convexity condition.

Proposition 4 When min(m,d) = 1, then the quasiconvezity inequality (2.10)

1s equivalent to the Weierstrass convezity condition:
W(zo, f) — W(20,0)) — (Wr(zo,0), f) > 0. (2.20)

for all £ € R™*?: in this case the two notions quasiconvexrity and rank one

convexity coincide with the usual notion of convezity.

For d,m > 1, the three notions of convexity are different, see [35] for more

discussion.
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CHAPTER 3

SUFFICIENT CONDITIONS
FOR LOCAL MINIMIZERS

In this chapter we present a set of sufficient conditions that are slight
strengthening of the necessary conditions for local minimizers discussed in
the previous chapter. Given a solution of the equilibrium equations, these
conditions make sure that perturbation by strong variations will not lower the
value of the integral functional, E.

As discussed in [19] the most salient feature of strong variations is a com-
plete absence of any control on the behavior of V¢,,. It is easy to produce a
strong variation whose gradients form an unbounded sequence in any of the
LP spaces. In prior work in [18], we avoided this problem simply by restricting
our attention to strong variations with uniformly bounded gradients. In this
thesis we gain some control on the gradients of the variation by imposing the

super-quadratic coercivity condition on the Lagrangian
W(x,F) > c(|F|P —1), (3.1)

for all F € M and some ¢ > 0 and p > 2. The coercivity condition (3.1),

however, is insufficient to eliminate any need to consider variations with un-
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bounded gradients and our method demands certain regularity of W at infin-
ity. In order to formulate this regularity condition, we consider the set X, of

continuous functions W (x, F') satisfying
(W(z, F)| < c(1+[F[") (3.2)

for all x € Q, F € M and some ¢ > 0. The set X, is a Banach space with
respect to the norm
(W (z, F)
W = sup max ————.
| HXp Fe%\il zeq 1+ |F|P

Let
L={VeX,:|V(x,F)-V(x,G)| < C(1+|F|p_1+|G|p_1)|F—G|}, (3.3)

where the inequality in (3.3) holds for all € Q, {F, G} C M and some con-
stant C' > 0. The set L is a linear subspace in X,. Our regularity assumption
on W is

W e L, (3.4)

where the closure is taken in X,. Further discussion can be found in [19].

We remark that if W € X, is assumed to be globally quasiconvex (a con-
dition we do not impose in this paper), then W must necessarily belong to £
(see [29] and also [16, p. 120, (7)]).

The following lemma deduces growth conditions for W from that of W.
We begin by recalling that for v a continuous Young measure (see (2.2)), W

is defined as

W(x,G) = /MW(w,F—l—G)duw(F).

The proof of the lemma is an easy consequence of the fact that v is compactly

supported.

Lemma 2 Given a continuous Young measure v which is compactly supported,

if W belongs to a class satisfying (3.1), (3.2) or (3.4), so does W.
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ProOF: We first observe that given R > 0, we can find constants ¢, C' > 0
such that for all G € M and F' € B(0, R)

IF+GPP > (|G - C (3.5)

This is because the fraction

|F + G|P

- 1
Gp

when |G| — oo, as long as F' remains in a bounded set. From (3.5), it is easy
to see that if W satisfies (3.1) then so does W. Moreover if W satisfies (3.2),
then

W(@.G) <C [ (1+IF+GId(F) < C [ (1L+|FP+IG1)du(F) (36
M M
But since v, is compactly supported,
/ |F|Pdv,(F) < M, for some M > 0. (3.7)
M

Using the inequality (3.7) and the fact that v, is a probability measure we
obtain from (3.6) that W also satisfy (3.2).
To prove the last part, first we prove that if W € £, then so is W. To this

end,
Wi P) - W@.G)| < [ Wiw.F+0) - Ww.G+Old(c)
Using the estimate (3.3), we obtain that
Wia F) = W@ G)| < (| 1+ [P+ +1G + P )da(c)IF - G

M

Using the estimate (a + b)? < 2P~!(a? 4 b*), and the fact that v, is compactly
supported, we obtain that W € L. Finally, if W € L, then there exist a
sequence W,, € L, such that W,, — W in X,,. Then W, €L, and W,, — W in
X,. This completes the proof of the lemma. 1§
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3.1 The main result

Our sufficient conditions for a Young measure local minimum consist of
the equilibrium equation (2.13) and a natural strengthening of the necessary

conditions (2.7), (2.10) and (2.12).

Theorem 4 Assume that W € L satisfies (3.1) and that W is of class C?
in O. Suppose that v is a continuous Young measure generated by a bounded

sequence of gradients of elements of A and it satisfies
(1) Equilibrium equation (2.13) weakly,

(i1) There exists > 0 such that

e - |

Q

(L(x)Veo(x), Vo(x))dx > ﬂ/Q |Vo(x)|?dz  for all ¢ € Var(A).
and
(i1i) (a) for all ¢y €

W (o, Vop(x))da > 3 V()| da,
)

B(0,1) B(0,1
for all ¢ € Wy °(B(0,1); R™)
(b) for all Ty € 0y,

[ W V@)= o V(e P,

n(mo)(o’l) B;(mo)(ovl)

for all ¢ € Wy °(B(0,1); R™).
Then v is a Young measure local minimizer of the functional E(y).
Remark 9 In case v, = dyynm) , for y € C*(Q;R™), then we recover the

sufficiency results obtained in [19], where examples that illustrate the result

can also be found.

This theorem is a rather simple corollary of the following result, whose proof

is deferred to Chapter 4.
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Theorem 5 Assume that the Lagrangian W, and the Young measure v are as
in Theorem 4, and satisfy the necessary conditions (2.7), (2.10) and (2.12).
Then

lim W Vo, d 0
AT

for any non-zero strong variation {¢,} C Var(A).

Remark 10 The Young measure v in Theorem 5 is not required to satisfy

the equilibrium equation (2.13).

PROOF OF THEOREM 4: Our goal is to show that for any strong varia-

tion {¢,}

E(6,) = [ {W(@.Veu(@) = W(w,0)}dz > 0 (38)
for n large enough. In order to prove this inequality we show that 0E({¢,}) >
8 > 0, where ( )

AE(¢,
E({¢n}) = lim
n—oo [Vl

Let /W(az, F) =W (x, F)— | F|*. Then, conditions (ii) and (7i4) of Theorem 4
imply that the Lagrangian W and the Young measure v satisfy conditions (2.7),
(2.10), and (2.12). Therefore, according to Theorem 5

lim VVO Vo, d .
nwﬂv%m/) (@, Vo (@) > 0. (3.9)

Inequality (3.9) reduces to E({¢,}) — 5 > 0 since
We(x, F) =W (2, F) — B|F|*
Theorem 4 is proved. 1

Remark 11 i) It is known that conditions (i), and (ii) of Theorem 4 form a
set of sufficient conditions for v, = dvyy() Where y € C"' to be a weak local
minimizer. In this case there is no growth assumption on the Lagrangian W,

as the gradients of the variations are required to be small.
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ii) The same set of sufficient conditions has been formulated for for v, =
dvy(@) where y € C' to be a local minimizer in the sense that for each strong
variation ¢, with |Vé,|.~ < C, E(y) < E(y + ¢,), for large n. Again
in this case there is no restriction on the Lagrangian W, as the competing
functions are required to have a gradient that belongs to a ball of fixed radius
in L*>°. See [18].

iii) When min(m, d) = 1, then Theorem 4 reduces to the sufficiency result
in [[41], Theorem 3.2], for Lagrangians that satisfy the growth conditions im-
posed. Indeed, it suffices to show that condition (1) of Theorem 3.2 of [41] is
a consequence of condition (iii) of our theorem. Here we take vy = dyy(a) for
y € Q. To this end, condition (iii) says that /W(m,F) =W(x,F) — B|F* is
quasiconvex at F(z) for all € Q. Applying Proposition 4, we see that

W(z, F(z) + f) = W(z, F()) - (Wr(z, F(z)), f) 20 (3.10)
for all £ € Q, and all £ € R™?. We then obtain from (3.10) that
W(z,F(z)+ f) - W(z, F(zx)) - (Wr(z, F(z)), f) > I f]*,

for all x € Q, and all £ € R™*? which is exactly condition (1) of Theorem
3.2 of [41].

3.2 Example
Consider the variational problem of minimizing
B() = [ 2, + (2, ~ 1idosde, (311)
Q

over the set of all y € W1°(Q;R), where 2 = [0,1] x [0,1]. For € > 0, define
the piecewise differentiable function h. on R in such a way that A, = —1 on

[i —1,i—¢€], and h. = 0 on [i — €,1i] for any integer i. Then the sequence

1
Un(T1, T2) = Ehe(nxz)
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is bounded in W1°°(Q;R) and the sequence of gradients generate the Young
measure v = (1 —€)d4 + €dp, where A = (0,—1), and B = 0.

We claim that for sufficiently small € the Young measure v and the La-
grangian satisfy our sufficiency result and hence v is a Young measure local

minimizer. The Lagrangian corresponding to the variational problem is
W(F>:f12+(f22_1)27 WhereF:(fl?fZ)a
and

W(F)= [ WF+GQ)dv(G)=(1—-eW(A+ F)+ W (F),

RQ
Moreover,
Wr(F)=(1-eWp(A+ F)+ Wg(F)

Plugging F = 0, we get W(0) = ¢,W r(0) = 0, and

Then trivially the equilibrium equations are satisfied. Moreover the Hessian

WFF(O) N ( 3 2— 12¢ )

and is positive definite for small e.

is given by

To prove the uniform quasiconvexity condition we show the uniform posi-
tivity of the Weierstrass function. To this end, let us calculate the Weierstrass

excess function around F' = 0:
W' (F) =W(F)-W(0) — (Wg(0), F).
Then we have

W(F)=(1—eW(A+F)+W(F)—-e
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This is because W g(0) = 0, and W(0) = e. We then calculate W (F') explic-
itly:
WI(F) = [+ f3 —4(1 — ) f3 + 2f3(2 = 3¢).
But then
fa =4l —e)fs > —4(1 — €’ f5.
Therefore,

WI(F) 2 fi+(2(2-3¢) —4(1 - €)°f3

Simplifying the right hand side, we get
W (F) > f2 4 2¢(1 — 2¢) f2.
For a sufficiently small €, we get a positive number 3 = ((€) such that
W°(F) > 6|F[,

as desired. Observe that we can construct a sequence of functions z, € W™
such that E(z,) — 0. Therefore, v is a local but not a global minimizer of £
as W(0) =€ > 0.

Another example in this spirit is minimizing the functional in (3.11) over
the set of functions y € W, ™ (Q;R). Here one can easily show that given e
the Young measure

1 —
2

€ 1—¢
0a+€edp+

V= 50,

where A = (0,—1), B =0, and C = (0,1) can be generated by a sequence of
gradients of functions in VVO1 °(2;R). Moreover a similar calculation as above

yields v is a Young measure local but not global minimizer of E .
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CHAPTER 4

PROOF OF THE
SUFFICIENCY RESULT

4.1 The method

The method of proof of Theorem 5 is direct. For strong variations we
evaluate

! = lim LY e T x))dx
B, = i oo [ W@ Ves@)ie (D)

and show that the non-negativity of second variation and quasiconvexity in-
equalities imply that 0'E({¢,}) > 0. This method was developed in [18] for a
simpler case of uniformly bounded sequence V¢, It was also used in [19] to
obtain sufficiency results for strong local minimizers by modifying it to han-
dle all strong variations, provided the Lagrangian W is as in Theorem 4. In
this thesis we apply the method to variational problems that may have min-
imizing sequences described by Young measure but not necessarily classical
minimizers.

First, observe that the coercivity condition (3.1) on W implies that a strong

variation whose gradients are unbounded in LP, has the property that

lim AE(¢,) = +o0,

n—~oo
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where as defined in (3.8)

AE(¢) = /Q (W (x, Vo, (x)) — TW(,0}dz. (4.2)

Hence, ' E({¢,}) > 0. Thus, we may restrict our attention only to variations
{¢,} for which the sequences (3, = ||V¢,]||, are bounded. In particular, by
means of extracting a subsequence we may assume, without loss of generality,
that ¢, converges to zero in the weak topology of WhP(£2; R™), and ¢y — 0
strongly in LP(2; R™).

Furthermore, from the definition of W~ we notice that it has a zero of order
two at F' = 0. Combining this fact with the coercivity inequality (3.1), and
the fact that the Young measure v is compactly supported we deduce that
there are positive constants ¢; and ¢y such that for all FF € M and all € Q
we have

W:(x, F) > i |F]*(|F|P? = ¢). (4.3)
Let a,, = ||Vép,||2. Then
YE(@) = tm % [ [96,@F(Ve @ caldw = e (1im - clal).
By Hélder inequality we have oy, < ,[Q®~2/2°. Thus, we need to consider
only those strong variations {¢,} for which either o,, — ay > 0 and 3, —
Bo < +00, or both a,, and 3, go to zero, while 87 /a? — v < co.
Let us first consider the case ag > 0. We have that
lim [ W(z, Vg, (x))dz > lim | QW(z, Ve,(z))dz,

n—oo J ) n—oo J N
where QW (z, F) is the quasiconvexification of W(z, F), [8]. It is easy to
verify that QW is bounded from below, since the Lagrangian W is bounded
from below by Lemma 2. The theorem of Acerbi and Fusco [1] then says that

the functional
¢ [ AW Vo)
Q

is WP sequentially lower semicontinuous, and thus,

lim QW(w,qun(w))da:Z/QW(w,O)d:c.
Q

n—oo JN
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Finally, the quasiconvexity condition (2.10) can be rewritten as QW (x,0) =
W (z,0). It then follows that
/ QW (x,0)dx = / W(z,0)dx.
Q Q
We conclude that

() = I = [ (W@, V,) = W(a,0)) do > 0.

n—oo O
The case
614
lim o, = lim 3, =0, lim — =7 < o0 (4.4)
n—0o0 n—o0 n—0o0 an

is the heart of the matter. The rest of the thesis is devoted to the application
of our method to the proof of Theorem 5 in this case. The proof proceeds in
steps. In Section 4.2 we rewrite the normalized increment in a form that is
convenient to apply our analysis. In Sections 4.3 and 4.4 we study behavior of
limits of sequences and separate the “oscillation” and “concentration” effects.
In Section 4.5 we prove a representation formula for &' E({¢,}) that shows the
effects of the “oscillation” part and the “concentration” part of a variation on
the two terms. In Section 4.6 we prove the localization principle that enables
us to connect the effect of “concentrations” on the variational functional to the
quasiconvexity conditions. Lastly, we combine our calculus of variations and

the necessary conditions (2.7),(2.10) and (2.12) to show that ¢'E({¢,}) > 0.

4.2 Reformulation of the integral increment

According to our method, developed in [18], it will be convenient for us to
represent W in the form that shows the quadratic term in its Tayer expansion
around F' = 0 explicitly, because it appears in the formula for the second
variation:

W (2, F) = %(L(a:)F, F)+ U(s, F)|F[%, (4.5)
where we recall L(z) = Wgp(z,0) = [, Wer(z, F)dvg(z), and
1

Ulx, F) = W(W"(m, F) - %(L(m)F,F)) (4.6)
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is continuous on Q x M and vanishes on 2x{0}. We can then rewrite &' E({¢,})
in the following form

YE(@) = i [ (GL@IT8,. 70 + U0, V)T, ) de, (47

n—oo J )

where ¥, () = ¢n(x)/ay.

In [18] we did not have the regularity conditions on the function U that
are inherited from W, except continuity. Hence the analysis was carried out
first for a Lipschitz continuous (or even smooth) function V' and then used
the fact that any continuous function U can be approximated, uniformly on
compact sets, by smooth functions V. This was sufficient for the purposes of
[18] because the sequence {V ¢, } was assumed to be uniformly bounded. Here
we use exactly the same approach. However, since the sequence {V¢,} is no
longer uniformly bounded, we need to approximate U not just with smooth

functions, but with functions V' that satisfy
V(z, F)|F|*~V(z,G)|GF| < C(|F|+|G|+|F|"" +|G|"")|F - G|. (48)

On any compact set this inequality reduces to the inequality [18, formula (7.8)].
The set of functions W that produce functions U satisfying (4.8) is exactly
the subspace £ defined by (3.3). Hence, our requirement that W belong to L.
We observe that if W € L, so also W. The lemma below provides a rigorous

statement corresponding to our intuition.

Lemma 3 Assume that W € L and that Wg and Wgg are continuous func-
tions on Q x O. Then we can find a sequence of continuous functions V,,(x, F)
satisfying the inequality (4.8) and such that V,(x, F)|F|* — U(x, F)|F|* in
X

p-

PROOF: Applying Lemma 2, W € L. By assumption there exists a se-
quence W, € L such that W, — W in X,. Let Rs = B(0,4), where ¢ is
chosen in such away that W is twice differentiable in B(0,d). Let p(F) be a

smooth function which is equal to 0 on R;/2 and 1 on the complement of R;.
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Then the functions
W = p(F)W, (2, F) + (1 — p(F))W (z, F)

also belong to L, for each n > 1, and converge to W in X,,. Let

W (2, F) — W0 (a,0) — (Wr(w,0), F) — %(L(:z:)F, F)

|F[?
When |F| < §/2, we have Uy, (z, F') = U(x, F) for all x € Q. When |F| > /2,

we have

Up(xz, F) =

U = Ullx, < 5 (IW" = Wl,),

4
52
Finally, by construction, functions U, (x, F') satisfy (4.8). 1
To simplify notation we will use the shorthand
1 —
Flz,o,G) = ?W (z,a@).
Then in terms of F

VE({¢n}) = Im | F(z, o, Vipu(z))dex. (4.9)

n—oo J )

4.3 The decomposition lemma

A key tool in proving Theorem 5 is a decomposition result in [15], and [26]
for sequences of gradients that are bounded in LP. It states that a sequence of
gradient of functions that is bounded in L” can be written as a sum of sequence
of gradients one being p-equiintegrable and the other vanishing except on a

set of small measure and converging weakly in LP.

Lemma 4 Let Q C R? be an open, bounded set and let {w,} be a bounded

sequence in WIP(Q;R™). There exists a subsequence, {w;}, and a sequence

{z;} € WP (Q; R™) such that
{z; # w; or Vz; # Vw,}| — 0

as j — 00, and {|Vz;|P} is equi-integrable. If Q0 is Lipschitz then each z; may

be chosen to be a Lipschitz function.
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In [18] we used this result for p = 2 and the sequence {w,} replaced by
{¥,}. The reason for that was we considered strong variations {¢,} which
have a uniformly bounded gradient and with the right scaling , o, = ||V, |2,
it was enough to study the Lagrangian W(x, F') on a bounded set. Here
the situation is different as we allow strong variations {¢, } with unbounded
gradients. Taking into consideration the fact that the Lagrangian W is super-
quadratic, we have different scaling of ¢,, to be applied corresponding to the

property of W near 0 and infinity. Let ¢, = 2=, a scaling by 8, = |Vén||,.

B
Observe that [|[V(ull, = 1 and ¢, = $*4p,. Accordingly Lemma 4 has to

be modified so as to include a decomposition for ¢,. Namely in addition to

the decomposition for ,, the modified version should provide us a similar

decomposition for ¢, that preserves this scaling. Let r, = g—"

Theorem 6 (Decomposition Theorem) Suppose 1, € W1>(Q; R™) is bounded
in WHh2(Q; R™) and the sequence r, > 0 is such that {, = ., is bounded

in WIP(Q;R™). Then there exist a subsequence n(j), sequences z; and v; in

Whee(Q;R™), and subsets R; of Q such that
(a) Py = z; + v;.
(b) For all x € Q\ R; we have zj(x) = P,)(x) and Vz;(x) = Vb, )(x).
(¢c) The sequence {|Vz;|*} is equiintegrable.
(d) v; = 0 weakly in WH(Q; R™).
(e) IRy — 0 as ] — oo.

In addition, the sequences t; = ry;v; and s; = ry;)z; are bounded in
WP (Q; R™) and satisfy

(@) Cuis) = 85 + 15
(b°) For all x € Q\ R; we have sj(x) = yjy(x) and Vsj(x) = Vi ().

(¢’) The sequence {|Vs;[P} is equiintegrable.
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(d’) t; — 0 weakly in WHP(Q;R™).

We will refer to z; as the weak part of the variation and to v; as the strong

part.

PrROOF: The proof is a slight modification of the proof of Lemma 4 which
is found in [15]. This modification is needed to prove the added new properties
of the sequence that are mentioned in the modified Lemma.

We prove the lemma in several steps. We recap the proof of Lemma 4
to select an appropriate subsequence 1, ) that will give the abovementioned
relations between the sequences.

Step 1. The proof of the lemma uses properties of Maximal functions. We
have to make sense of the maximal function of v,, and ¢, as the functions are
defined on a bounded set 2 C R?. Since the domain 2 is a smooth domain we
can extend Sobolev functions defined on 2 to functions defined on the whole

space R%. In fact, there exists a linear extension operator
X WH(Q;R™) — WH(RER™), 1<p<oo
and a constant C' > 0 independent of p such that

X@)(®) =4(x) zcQ and [X(&)[lwirwern < CllYpllwir@zm

for all ¢p € W1P(Q; R™). Identifying ¢, with its extension X (¢,), the sequence
of maximal function {M(V{,)} is bounded in LP; since V¢, is bounded in
LP. Let n = {Nz}azecq be the Young measure generated by a subsequence

{M(V¢ux)}- Consider the truncation map 7T : R — R given by
s s| <
I s>

Then for each j, the truncation 7j is bounded and therefore, the sequence

{IT;(M (V&) P} is equiintegrable. It follows that for each j

T3 (M (Vo)) P — / ITy(s)Pdna(s), as k — oo
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weakly in L'(Q). Let

Fla) = /g|svdnm<s>

Then f € LY(Q). Applying dominated convergence theorem, because T} (s)| <
|s|, we have
[ m@Pin(sde = F@), as j— o
R

weakly in L'(2). It turns out that it is possible to choose a subsequence, not

relabeled, such that
T(M (V)P = [ as k—

weakly in L'(Q) (See [15]).

Step 2. Now consider the subsequence ;). A similar argument as in
Step 1 produces a subsequence k(j), chosen to be greater than j, such that
| T5(M (Vpu(iy|? is weakly convergent in L'(€2). Set

R ={z € Q: M(Vpuaip) (@) > j}-

Since Q is bounded and M (V4 (;)) is bounded in L?, we have |R;| — 0
as j — oo. It is proved in [12, p. 255, Claim #2] that there exist Lipschitz

functions z;, such that
Z; = Pnpiy acon Q\ R}, IVZi(x)] < Cj aeonweR’

Let R; = R U{z € Q: Vz] # Vpy) . Then |Rj| — 0 as j — oo. We
observe that for x € Q\ R; we have the inequality

IVZj(@)| = Vi) (@)] < [M(Vepnwin)(@)] = [T5(M (Vepnuy) ()]
while if € R}, then
Vzj(z)| < Cj = C|T(M (Vipnuy) (®))]-
We conclude that

V2i()]* < C|T3(M(Vipnuiiy) (@) * ae @ €Q
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which together with the weak convergence of |Tj(M (Vpnu(y)(2))]?, yields
the equi-integrability of {|Vz2}]?}.

Let v} = ¥u(j)) — #;- Then Vo’ is bounded in L? because s0 are Vb, x(j))
and Vz. Now let (v}) be the average of the field v} over Q and let

Then, by Poincare’ inequality, v; is bounded in W?(Q; R™). Thus, z; is also
bounded in W2, Moreover, by the Cauchy-Schwartz inequality

| / (p.v;(x))dz + / (Ve(@), Vo;(x))da
1/2

1/2
< ( I rso<w>\2da:) sl + ( I |w<zc>\2da:> 90122

which goes to 0 as j — oo for any ¢ € W'?(Q;R™) since the sequence v,
is bounded in W2(Q;R™), and R; — 0. That is, v; — 0 in WH2(Q;R™).
By compact embedding , we can select a subsequence, not relabeled such that
v; — 0in L*(Q;R™).

Step 3. In this step we prove (i) and (ii) of the lemma. We recall that
an < B3,|QP=2/2P for all n, and by choice j < k(j). Thus, j < co%k(j)
for all j, where ¢y = |Q2|®=2/2P > 0. On the one hand,

MoV . ' MV . Mk :
{z - M(coVibuin) < 7} C Az M(Vibain) < - o) ()}
n(k(j

On the other hand,

@ M(Tohuiy) < o BRG)E = {2 M (V) < k()
n(k(j

Working with the sequence cotp, ) in stead of 9,4 in Step 2, WLOG we
may assume that ¢ = 1 (Otherwise, we will change Lebesgue measure dx to

the normalized Lebesgue measure da/|€2|.). Define now

sj(x) = ;) zj(x), for xeQ.
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Then for some positive constant C,
sj(@) = Gy (x) ae. on Q\ R;, and |Vs;| < Ck(j) for ae. € Q.
Now for a.e. € Q\ R; we have

Vsj(@)] = [VCaiwiin (@)] < IM(VCuiri) (®))] = Taii) (M (VCaiiin (2))),

while if € R}, then

an 1 an
Vs,(@)| = 00|72 (@) < 020D 5 = o2 D (0 (Va0 (@)
Brk(i)) ﬁn(km) ﬁn

But using the identity 77, (s) = T,4(rs), valid for r > 0, we have

Yn(k(4)) Yn(k(4))
ER LM (Vb ()] =T Sty (ﬁn M (Vi)

Therefore,

n(k
!V%(H<CU%%@(6(“ M(V < Puai))) < CTiiy (M (Vniiin))-

We conclude that
Vsj(x)|P < ClTh( (M(VCuwuy)” aex €,

which yields the equiintegrability of {|Vsy;)|P}. We can also show that ¢; —
0 as j — oo weakly in W'P(Q;R™), in a similar way we showed v; — 0

weakly in W12(Q;R™). 1

4.4 The orthogonality principle

We recall that the strong variation {¢,} yields the normalized sequence
{1} with the right scaling to fit our formulation. From the Decomposition
Lemma it follows that 1), = v, + z,, where the sequence have the properties
mentioned in the Lemma. In this section we will show that the two terms v,

and z, act on F in a non-interacting way.
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Lemma 5 (Orthogonality)
Flx,an, Vp,) — F(x, o, VV) — F(x, 0, VZ) — 0
strongly in L'(Q) as n — oc.
PROOF: Let
I(x, F) = F(x, an, V) — F(x, an, Vv,) — F(x, an, Vz,)

From the Decomposition Lemma in the previous section we see that I, (¢, F) =
0 for & € Q\ R, where R, is the sequence of set on which v, = z, and its
measure |R,| — 0 as n — oo. Thus to prove the lemma it suffices to show

that
/ L, (2, F)|dz — 0

as n — oo. First, let us assume that U satisfies (4.8). Then there exists a

positive constant C' such that

|F(®,a,G) = F(z, 0, Gs)| < C(IG1| + |Ga| + o?2(|G1 P! + |G, |Gh — Gy
(4.10)

for all G; and G5 in R™*?. Moreover we observe there is a positive constant
C' such that
|F(x, 0, G)| < CIGP(1 + [aGP~?) (4.11)

for all G. Then
/ I (2, F)|dz < / F (@, an, Vaby) — F(@, an, Vo) do

(4.12)
—l—/ |\ F(x, an, Vz,)|dr

We show both terms in the right hand side of the above inequality go to zero
separately. Applying (4.11) to the integrand of the second term we get

| 1F@anzlde < [ [Va@P0+ V@) i
Ry,

n
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Using the relation between z, and s, from Lemma 6, namely s, = g—:zn, the

last inequality can be written as

P
/ |\ F(x, an, Vz,)|de < C (/ Vz,(z)|*dz + ﬁ—g |Vsn(a:)|pda:> .
n RTL

o, Ry

The two terms in the right hand side converge to 0 because |Vz,(x)[* and

|Vs,(x)P are equiintegrable and the sequence of numbers §—§ is bounded.
Next let

dn(x) = |F (2, an, Vi) = F (@, an, Vo,)|

be the integrand of the first term of (4.12). Then applying (4.10), we have
dy(x) < C(|Vapu(@)] + [Vou(@)| + ol 2 ([Vpa ()P~ + [ Vo, () 71V, (2))|

Applying Cauchy-Schwarz inequality and using the relations ¢, = %gbn and

t, = %’un from Lemma 6, we get

/ du(@)dz < C(ITu(@)ll + [Vonle) ) ( /R n IVzn(a:)|2d:1:> )
- %(1 +IVEa(@)Il;) (/R |Vsn(x)|p> l/p.

n

Again equiintegrability of |Vz,(x)|? and |Vs,(x)|P, and our boundedness as-

sumption on g—ﬁ imply the last two terms go to 0, as n — oo.

n

Finally since W € £ by Lemma 3 there exist a sequence of functions
Ui(z, F)|F|* satisfying (4.8) such that Uy(x, F)|F|*> — U(z, F)|F]* in X,
Let Fr(x,a, F) = %(L(w)F, F) + Ug(x,aF)|F|*. Given € > 0 there exists kg
such that

| Fio (2,0, F) — F(x, 0, F)| < €| F]*(1 + |aF|P~?)

for all x € Q and F' € M. Then we have
|IN(m7F)| < |[n($v"fko)| + |In(wv‘7:) - [n(ma"fko”
where |I,(x, F) — L,(x, Fi,)| is dominated by er,(x) and

ra(@) = C(|Vipn (@) *+|Vou (@) [+ |V 2a (@) *+0], 2 (Vo (@) "+ Vo (@) [+ V2, () [7))
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is bounded in L'. Thus by way of what we proved earlier we have

lim [ |L,(z, F)|dx < eC.
Q

n—oo

That finishes the proof of the lemma. 1§

4.5 Representation formula

Our aim is proving the nonnegativity of ¢’ E({¢,}) under the assumptions
of Theorem 5, where

YE({¢n}) = lim | F(x,a,, Vib,)dz.

n—oo J O

The Orthogonality Principle that we proved in the previous section allow us
to decompose 0'E({¢,}) as

YE({¢n}) > lim | Fx,a,,Vz,)de + lim | F(x,a,, Vv,)de  (4.13)

n—oo J ) n—oo J N

where from the Decomposition Lemma, v¥,, = z,+v,,, V2, is square-equiintegrable
and v, is non zero on a set of small measure. We note the two terms in (4.13)
reflect two different effects of the {1,} on F. In this section we will drive
representation formulas for each of the terms on the right hand side of (4.13).

Let us start with the first term

T, = lim [ F(x, o, Vz,)dzx.
n—oo J )

Because of the equiintegrability of |V z,|? this term can be represented using
Young measures. In fact applying Corollary 1.3, the two sequences {Vz,}
and {V1,, } generate the same gradient young measures. Let 1° = {12} be the
gradient Young measure generated by {Vz,}. Equiintegrability of |[Vz|* and
the vanishing of U(z, F) on Q x {0} imply that when a,, — 0, the the action

of z, on F can be described only by the gradient Young measure v/2.

Lemma 6 There exists a subsequence, not relabeled, such that

1 0
T=3 /Q /R (L(@)F. F)dvy(F)dz (4.14)



43

We call z, the weak part of the variation because its action on the functional

is described by the second variation of E.

Proor orF LEMMA 6: It only suffices to show that, there exists a subse-

quence such that

lim [ Uz, a,Vz,(2))|Vz.(z)> =0

n—0o0 QO

because applying Theorem 1 and from the equiintegrability of |V z,|* we have

(L()Vzn(@), Vzo(@)) — / (L(x)F, F)dvl(F),

Rmxd
weakly in L'(2). To show this we use the equiintegrability of |V z,|* and its
scaled relation |Vs,|P. Let € > 0 and § > 0 be such that

sup/ |Vs,|Pde < € and sup/ Vz,|?dx < e, (4.15)
n E n E

whenever E is measurable and |E| < 6. Since Vz, is bounded in L? and
a, — 0, we have a,,Vz, — 0 in L? and we can find a subsequence, not
relabeled, such that a,,Vz,(x) — 0 a.e. © € Q. Applying Egorov’s theorem,
we can find £ C Q such that |E| < ¢ and a,Vz,(x) — 0 uniformly on
Q\ E. Now on Q\ E, ||a,,Vz,| e is uniformly bounded, and we can find N
such that |U(x,a,Vz,(x))| < € for all n > N and for all x € Q\ E since
U(z,0) =0. Also for all z € E, |U(x, 0, Vz,(x)| < C(1+ |, Vz,(x)|P~?) for
some constant C. Then for all n > N dividing the integral over the two sets,

we have
/ \U(x, a0,V 2,)||Vz,)|?de < e/ |Vzn|2da:+/ |U(x, 0,V 2,)||V2z,) |2 de
Q O\E E
We can estimate the second integral
P
/ U(z, 0,V 2,)||Vz,)2dz < C/ |V z,|*dx + C’ﬁ—;‘/ Vs, |[Pdx
E E & JE
By (4.15) we conclude that
/ U2, 0,V 20)||Vz0) P < C
Q

for all n > N, which finishes the proof of the lemma. 1



44

Next we compute the second term of the right hand side of (4.13)
T, = lim | F(x,a,, Vv, )dx.
n—oo J )
Passing to a subsequence, not relabeled, and expanding the expression we may
write

Ty =Ty + Ty

where

1
Ty = lim = [ (L(x)Vw,, Vv,)dx and Ty = lim [ U(x,aVv,(x))|Vv,|dx

n—oo 2 0 n—oo [

The first term Ty; cannot be written in terms of Young measures as [Vol? is
not equiintegrable. Instead, we apply Fonseca’s Varifold Theorem, Theorem 2
and the remark following it to compute the limit. We note that the function
f(x, F) = (L(x)F, F) is a continuous function which is homogeneous of degree
2 in the second variable. Thus, we can find a family of probability measures
A = {\z} on the unit sphere S of M and a nonnegative measure 7 on 2 such

that

1
lim 3 (L(z)Vv,(x)), Vo, (x))dx = / Q(x)dr(x) (4.16)
1 —
where Q(x) = 5 /(L(:L')F,F)d)\m(F). The nonnegative measure 7 on § is
S
the weak-* limit of the sequence of measures |Vv, |*dz.

To compute the second term Ty, we follow the approach of DiPerna and
Majda [10]. Let us rewrite the integrand in terms of the bounded continuous

function

Uz, F)

Then it follows that
Uz, F)|F|? = B(z, F)|F]*(1 + |F|?)
and

Ty, = lim | B(z,a,Vv,(x))|Vv, () > (1 + |a, Vv, (x))|P~?)dx

n—oo 0

We prove the following representation formula.
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Lemma 7 There exist a subsequence, not relabeled, a mnonnegative measure
o on Q and a family of probability measure p = {uz} on the Stone-Cech
compactification of Ml such that
B(x, a0, Vv,) (1 + |a, Vv,|P~2) |V, [*de > [/ B(zx, F)du,(F)]do,
M

in the sense of measures. In particular,
Thy = / / B(x, F)dpug(F)do(x). (4.17)
aJpm

PROOF: The lemma is a consequence of the fact that the space C'g(M) of
bounded continuous functions on M is isometrically isomorphic to the space
of continuous functions on the Stone-Cech compactification SM of M. Here
we ignore canonical isomorphisms between spaces of continuous functions and
do not make a notational distinction between g € C'(SM) and its isomorphic

image g € Cg(M). Thus, we write
Cp(Q x M)* = M(Q x M), (4.18)

where M(Q2 x SM) is the space of Radon measures on the compact Hausdorff
space (0 x BM. For each fixed n, the functional

A, (B) = /QB(:):,oznV'vn)(l + |0znV'vn|p_2)|an|2da:

is a linear and continuous functional on C'z(QxM). Moreover, the sequence A,
corresponds to the bounded sequence of positive Radon measures on Q x M
via the isomorphism (4.18). By the Banach-Alaoglu theorem there exists a
subsequence, not relabeled, and a non-negative Radon measure A € M(Q x
BM) such that A, = A in the sense of measures. Setting B(z, F) = B(x),
we get that the projection o of A onto 2 is a weak-* limit (in the sense of
measures) of (1 + |a,Vv,[P~?)|Vv,|?.

The slicing decomposition theorem for the measure A (see [14]) allows us
to represent the measure A in terms of its projection o onto Q and a family of

probability measures { iz },cq on BM, such that A = p, ® o, i.e

Ty = /Q /ﬁ  Bla, F)dpo(F)io(a).
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The proof of the lemma is complete. 1
Remark 12 For B(z, F) € Cp(Q x M) define
1(B)(@) = | Ble.Fdu(F)

/M

In particular, for 2y € Q, B(xg, ) € Cp(Q x M), and
T(B(a0.))(@) = [ Blew, F)ipa(F)
AM

Evaluating at @, we obtain that T'(B(xo,-))(xo) = T(B)(x)

Remark 13 The measures 7, o and p, are related. In fact, applying Lemma

7, we have

1 - :
Voal = PR EALY Vo> > r(x)doe  (4.19)

where
1

@)= [ i)

Thus, 7 is absolutely continuous with respect to o, and
T =T(x)0. (4.20)

Combining (4.16), (4.17) and (4.20) we have the following representation for-
mula for T5.
7, - [ (Q@)r(e) + T(B)(a)) dola) (1.21)

In summary we have shown that &' E({¢,}) > T1 + T», where T} is given
by (4.14) and T is given by (4.21). Our goal now is to show that 7} > 0, and
T > 0.

The validity of the first inequality follows from the non-negativity of second
variation. To see that, |[Vp,|2 = 1 and 4, |sq, = 0, imply that there exists
Py € WH2(Q; R™) satisfying 1pg|sn, = 0 and a subsequence {1}, not rela-
beled, such that 1, — b weakly in W1H2(Q; R™). Since v,, — 0 weakly in
W12(Q; R™), we have z,, — g weakly in WH2(Q; R™). By Lemma 1 we can
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find a sequence z,, such that z,, —1g € VVO1 72(9‘ R™) and Vz, and Vz, generate
the same Young measure 1° = {1 }zcq. We observe that 2, € Wh*(Q;R™)
satisfying z,|sq, = 0. From the non-negativity of the second variation, condi-

tion (iz) of the theorem

0< /Q(L(ac)vgn(:c),vgn(m))dm

Taking limit as n — oo in the above inequality we have

0< % lim [ (L(z)VZ,(z), VZ,(x // @) FF)d2(F)dx = Tj.
Rmxd

n—oo 0

The validity of the second inequality, 75 > 0, is not obvious, and follows
from the quasiconvexity conditions. However, T,, by its definition, has a ge-
ometrically global character, while the quasiconvexity conditions have local
character. In order to exhibit the local character of 75 and link it to the

quasiconvexity conditions, we need the localization principle.

4.6 Localization

Theorem 7 (Localization principle in the interior)) Let ¢, € QU 09);.
Let the cut-off functions 0},(x) € Cg°(Ba(xo, 1)) be such that 0},(x) — X Bq(zor)(X)
forallx € Q, as k — oo and 0 < 0} < 1. Then for o a.e. &z € QU I, we
have

1
lim Tim lim —— / F(@o, o, V(0] ()0 () da
Bq(xo,r)

r—0 k—oo n—co o ( Bg(xg, 1))
= Q(x0)7(x0) + T(B(o, *))(x0)

In order to formulate the localization principle for the free boundary we have
to take care of the geometry of the domain. The reason is the quasiconvexity
at the free boundary inequality requires to have a domain with a ”flat” part

of the boundary with the outer unit normal n(xy). Let us define the set

B _ Bo(xo,7) — To

T

r
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Then B, is almost the half ball By,(5,)(0,1). Asr — 0 the set B, ”converges”
to B

n(xo)

postponed for later.

(0,1). To be precise we have the following lemma whose proof is

Lemma 8 There exist functions f. € C'(B;RY) such that f,. are diffeomor-
phism between B,” and B, 1(0,1) and f.(x) — @ and V f,(x) — I uniformly

asr — 0.

Let
v’"(a:) _ ’Un(iL'o + rfT(f)) — On<m0) (4.22>

be the blown-up version of v,, defined on B:;(wo)(O, 1), where C] is chosen in

such a way that the average of vy, is zero. Denote &; (z) = vy ().

Theorem 8 (Localization at a boundary point) Let xy € 0Q N supp(o)
Let the cut-off functions 6 (x) € C§°(B(0,1)) be such that Oy(x) — xB(o,1)(x),
ask — oo and 0 < Oh(x) < 1. Let &\ (x) = Op(x)v, (x). Then

rd /
lim lim lim ——— F(xo, an, VE, (x))dx
r=0k=sen=co o(Bo(@o,7)) J57  (01) @ He) (4.23)

= Q)7 (x0) + T(B(o, -))(0)

for o a.e. xy € 0.
The remaining part of this section focus on proving the above stated results.

PROOF OF LOCALIZATION AT THE INTERIOR: We prove the theorem for
U(x, F) satisfying (4.8). For a general U(x, F') corresponding to W, we can
approximate it by functions satisfying (4.8) and the proof of the theorem can
be carried out in a similar manner as in the proof of Lemma 5. This approx-
imation is possible because of Lemma 3. We carry out the proof in several
steps

Step 1. First we show that the gradient of the cut off functions do not

appear in the limit.
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Lemma 9 For each k, and r

lim F(zo, o, V(0 (x)v,(x))dx = lim F(xq, o, 0 () Vo, (x))dx

n—oo n—oo

Bq(zo,r) Bq(xo,r)

PRrROOF: Let
S (®) = |F (@0, 0, V(O (2) V() — F (20, O, O, () Vou (@)

Then we show that S, ;, — 0 strongly in L' as n — oo. From the estimate

(4.10), we get a positive constant C' = C'(k, ) such that

Snkr(@) < C(IV(O(@)0n())] + |0} (@) Vo (2)]) |0} (2) v, (2)]
+ Clan 2 (IV(0r(@)vn(@))[" + 0k (2) Vo (@) [P |0 () va (2)))

Then using the relation ¢, = %—"'vn, and the assumption that 5—2 is bounded

we have
/B ( )Sn,k,r(w)dw <C([|[V(Op(x)va(x))]2 + [[Vou () |2)[|vn]]2)

+ C(IV O (@)ta(@)5 + [[VEa(@) 5D 12l

Qn

The lemma is proved sincev,, — 0 in W'? and ¢, = Srv, — 0 weakly in

whte, j

Step 2. The limit in the right hand side of the above lemma can be com-
puted using our representation formula (4.21). To this end, we begin with the

following lemma.

Lemma 10 For each r > 0,

lim lim F(xo, ay, 0 (x)Vv,(x))dx

k—oo n—oo Bg(a}o,r)

= lim lim 07 (x)>F (0, atn, Vo, (x))dx

k—o00 n—o0 Ba(zo,r)

PROOF: Let

T ir(x) = | F(xo, i, 0 () Vo, () — 0, (x)*F(xo, an, Vv, (x))].



50

To prove the lemma it suffices to show that

lim lim Topr(x)de =0
k—o00 n—00 Ba(zo,r)

We notice that

Tor() = U0, oy () Voo (2)) |05 (2) Vo, ()| =0k (2)*U (0, 00 Vo (2))|[ Vo ().
But then U(z, F)|F|* = B(x, F)|F|*(1 + |F|P~?) where B is a bounded con-

tinuous function on €2 x M. Then we have

Topr(@) = 04(2)*| B(m, 0 (2) Vo (@) = B(2, 0 VU (2))] [ Vo (@) *(1+]an Vo (2)[77)

Because U satisfies (4.8), we can find a positive constant C' such that for any
x, F and 0
|B(x,0F) — B(z, F)| < C|0 — 1].

Then it follows that
T () < COL(2)?|0; () — 1|V, (2)]*(1 4 |an Vo, (x)[P7?).

Applying the representation theorem Theorem 7 to the right hand side of the
above inequality, it follows that

lim T er(x)de < C’/ 07 (x)?|0;(x) — 1|do(x).

=0 J Ba(w0,r) Bq(xo,r)
By bounded convergence theorem and using the assumption that 0} (x) —

X Bo(ao,r) (@), We have
lim 0p ()6} (z) — 1|do(z) = 0.
k=20 J B (x0,r)

That finishes the proof of the lemma. 1

Step 3. Let us compute the limit in the right hand side of the above lemma.
Taking first the limit as n — oo, and then the limit as £ — oo, we obtain by
bounded convergence theorem

klim lim 0, (x)*F(x0, an, VU, ())dz
Paleor) (4.24)

B / (@@r(e) + (B, ) (@)do o)
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Step 4. In order to finish the proof of Theorem 7 we need to divide both
sides of (4.24) by o(Bq(xo,7)), and take the limit as 7 — 0. The result is a

corollary of Lebesgue differentiation theorem. Indeed, for o a.e. &y € €,

1m——4L——/ (Q(@)r(@) + T(Blzo, ) (x))do(x)
Bq(xo,r)

r—0 o(Bg(xo, 7))
= Q(zo)7(0) + T(B(x0, -))(T0)

This completes the proof of the theorem. 1

PROOF OF LOCALIZATION AT THE BOUNDARY: The proof follows the
same sequence of steps as in the proof of the last theorem, except that here
we need to handle the deformations f,.

Step 1. Let us show that the gradient of the cut of functions do not enter in
the limit (4.23).

Lemma 11

lim F(xo, an, V&, 1 (x))dx = lim F(x0, an, O () Vv, 1 (x))dx

T I B 0 (0.1) B ) (01

(4.25)

The proof is very similar to the proof of Lemma 9 of Theorem 7.
Step 2. Let us compute the limit as n — oo and then take the limit as

k — oco. We make the change of variables
' =xo+rf.(x)
in the right hand side of (4.25). Solving for @ in the above equation we get

2 = p, (@) = £ (@ —@0)/r).

Then
lim :F(dfo, Oy, ek(m)vv;,k(m))dm
ERNRIRY
j_l(a:’) (4.26)
= lim f(wo,amHk(pr(aj’))VUn(aj’)Jr(w’)) r d_dwl
n—oo r

Bq(zo,r)
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where
Jo (@) = (V) (f7 (& —a0)/r)

and J.(x') = det J,(x’). We represent the expression under the integral as the
(k,r
xo

function F constructed with L ) and [//\'Cﬁér replacing L and U, where

C@rF) = MO o) P o). L P (2)
. 0(p.(x))” FJ, ()]

Ak,r _ p’l” T T x

U:z:g (CE,F) - TdJr(w) U(mﬂ’ek(pr(w))FJr<w>> |F|2 :

For notational convenience we have dropped the prime in the variable x. Let

~

Fla,on F) = (0" (@)F, F) + U (2, 0, F)|F|>.

DN | —

Again we would like to use our representation formula (4.21) to compute
the limit in the right hand side of (4.26). The following lemma gives an

arrangement of the limit so that we can apply the representation result.

Lemma 12 For 0 —a.e &y € QN supp(o)

d
lim lim lim r—/ F(x, o, Vu,)dx
B;<w0)(mo,r)

r—0 k—00 N— 00 O'(BQ ((L‘o, T))

1
— lim lim lim —/ 07 (p(2)) F (0, v, O (P (2)) Vo, () dz
Bq(xo,r)

r—0 k—00 Nn—00 O'(BQ(mOa ’I“))

PROOF: The lemma is a consequence of the estimate
dy i < C10(2) =1 +[J: — |+ T = 1))05 (P, (®)) | F I (1+ |an FP7?) (4.27)
for some constant C' where that dj, , is the difference
a1 = 1 F (@, an, F) = 0%(p,(2)) F (@0, a0, Ou(p, (@) F)|.

Before verifying (4.27), let us complete the proof of the lemma as a consequence
of (4.27). Let

Ligr(x) = |rd3’?(:c, o, Vo, (x)) — 03 (p, () F (20, i, O (P () Vo, (x))d|.
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Then we only need to show that for o — a.e o € QN supp(o)

1
lim Tim lim ———— / Lnpr(@)dz = 0. (4.28)
Bq(xo,r)

r—0 k—00 Nn—00 O'(BQ(agOa T))

Using the inequality (4.27) we obtain that

Lk () < C(I0k(2) — 1))03(pr ()| Von () [*(1 + |0 Vo, () [P~
+ ([ (@) = I+ |j; () — 1)0i(pr () [ Vou (@) [*(1 + |0 Vo () P7%)

Integrating both sides of the inequality over Bq(xg,r) and taking the limit as
n — oo first and k — oo next we get

lim lim Ly (@)da < / (T (@) — I + |- (@) — 1])do ()
k—o0 n—oo Bq(xo,r) Bq(xo,r)

Here we use the representation result proved in Section 4.5 and the fact that
0 — 0 in L. Last, we divide by o(Bgq(xo, 7)) and take the limit as r — 0.
Applying Lebesgue differentiation theorem for o — a.e & € Q N supp(o)

1

lim lim lim —— / L sr(2)dz
r—0 k—oon—00 O—(BQ(:U()? T)) Bq(xo,r)

<Clim sup |Jo(z)— I+ i (z) - 1]

"0 yeBa(zo,r)

The right hand side is zero from the properties of the deformations f,.. Next
we verify (4.27). Observe that

rd]?(zc,an,F) = J Y (x)F(x0, atn, O (pr () F J,.)

Then application of triangular inequality yields

dy . < |07 (@)(F (@0, n, Ok (pr () F T, ) — F (o, 00, O (pr () F))|

+ |7 (@) = LF (o, an, Ox(pr () F) + |05 (pr () — LF (@0, . Ok (P () F)
(4.29)

The last two terms of (4.29) can be estimated using (4.11) as we can find a

constant C such that

|F (@0, o, Ok (pr () F)| < COL(pr ()| FI*(1 + [ FP72). (4.30)
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The first term of (4.29) can be estimated using (4.10). It follows that we can
find a constant C' such that

| (@) F (@0, i, O (pr () F T () — J () F (@0, O, O (pr(2)) F)
< CO(pr(x)) (|[FJ ()| + |F| + b | F I ()"~ + o 2| F || FJ,(x) — F.
Simplification of the right hand side yields
[T () F (@0, i Ok (pr () F T (2)) = I () F (200, 00, Ok (P () F))| (431)
< Cti(pr(@)) |, (®) — I||F[*(1 + |, F[777).

Combination of (4.30) and (4.31) yields the desired inequality (4.27). &

Step 3. The remaining part of the proof is very similar to Step 3, and Step 4
of the proof of the Theorem 7. 1

ProOOF or LEMMA 8 : We may assume that without loss of generality
that £y = 0 and that the tangent plane to 02 at xy has the equation x4, = 0
with outer unit normal n = —e,;. Let ' = (21,...,24-1). There exists 6 > 0
so that the C' surface 9Q N B(0,6) has the equation x4 = ¢(x’), where ¢ is a
function of class C*, satisfying ¢(0) = 0 and V(0) =

For r < § the domain B, is described as

B, = {(2,24) € B0,1) : (%) < za < VT — |2 |22 + 4, (2 < 1),

(4.32)
where 1,.(2") = r~1¢(rz’). We observe that
Y, — 0, Vi —0 (4.33)
uniformly in z’. Let y = f.(z) be defined by
/ _ T 1— 122 — /
vVi1- P (2)? \/ ’z/|2 wr (2')) wr<zl)2

Equation (4.34) can be rewritten in the form

!/

) z Ya B 24 — Pr(2')

YIS 0@E VI—WE VI-ZP- (@)
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It follows that the first inequality in (4.32) is equivalent to
_ Y <1,
Vi=ly']?

while the second inequality in (4.32) is equivalent to |y’| < 1. Hence f, maps

0<

B, onto B~,,. It is easy to see that in view of ((4.33)); f-(2') — 2 uniformly.
One can also show in a straight forward calculation that V¢, — I uniformly.

4.7 Proof of the main result

In this section we use the analytic tools developed sofar to prove Theorem
5. In order to prove the theorem it suffices to show that 77 > 0, and Ty > 0,
where T3, and Ty are given by (4.14) and (4.21), respectively. We have shown
already that 77 > 0.

Next we prove that 75 > 0. To show that it suffices to show that

Q(zo)T(x0) + T(B)(29) > 0 for o — a.e.zq € . (4.35)

For ¢y € QU we have that the functions 6}, (x)v,, (x) vanish on 0 Bq(xo, )

and therefore by the quasiconvexity inequality, we have

/ F(xo, an, V(0 (x)v,(x)))dz > 0,
Bq(xo,r)

for all n,k and r. Applying Theorem 7 we obtain that that Q(zo)7(xo) +
T(B(xo,-))(xo) > 0 for 0 — a.e &y € QU IQ;. For points z, on 9y, we use

the sequence of functions {£] ,(z)} as defined in Theorem 8. These functions

are defined on the half-ball B;(mo)((), 1) and vanish on the "round” part of the
boundary part of the half-ball. Then applying the quasiconvexity inequality

at the boundary, we have

/ F(z0, atn, V&, (x))dx > 0
By (g (0:1)

for all n, k,r. Applying Theorem 8 we also obtain that Q(xo)7(xo)+1(B(xo, -)) (o) >
0 for 0 —a.e. xy € 02. Recalling the remark following the proof of Theorem

(7), we have T'(B(xo, -))(xo) = T(B)(xy). Thus we proved (4.35).
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