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ABSTRACT

METASURFACES AND WAVEGUIDES IN OPTICS

Luca Pallucchini

DOCTOR OF PHILOSOPHY

Temple University, May 2019

Professor Cristian E. Gutiérrez, Chair

This thesis analyzes metasurfaces and waveguides in geometric optics. In the first
and second chapters, we give a mathematical approach to study metasurfaces. A
metasurface is a surface together with a function called phase discontinuity. The
phase discontinuity is chosen so that the metasurface produces a desired reflection
or refraction job. We give analytical conditions between the curvature of the surface
and the set of refracted directions to guarantee the existence of phase discontinu-
ities. The approach contains both the near and far field cases. A starting point is
the formulation of a vector Snell’s law in the presence of abrupt discontinuities on
the interfaces. Also, we derive the equations that the phase discontinuity function
must satisfy in order for the metasurface to refract or reflect energy with a pre-
scribed energy pattern, they are Monge-Ampére partial differential equations, and
we prove the existence of solutions. In the third chapter, we model energy losses in
waveguides. In particular, we give quantitative estimates of the energy internally

reflected in case of a straight guide and a circularly curved guide. We give a detailed
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ray tracing and internally reflected energy analysis for each striking point on the

boundary of the guide.



ACKNOWLEDGEMENTS

First and foremost, I would like to give the deepest and most sincere grat-
itude possible to my advisor Prof. Cristian E. Gutiérrez. He has always been very
patient and enthusiastic and I have found his advice and support invaluable. I
feel very fortunate and privileged for being a student of such a great mentor and
mathematician. Without his coaching, this research project would have never been
completed.

I also owe my special thanks to my thesis committee members Prof. Shiferaw
Berhanu, Prof. Brian Rider, Prof. David Futer and Prof. Peter Riseborough.

I would also like to thank all the Temple math faculty who I have encoun-
tered in some way or another. My knowledge of mathematics has grown so much in
the past years and I owe that to the professors of the many classes I have taken as
a graduate student at Temple. In particular, I would like to thank Prof. Gerardo
Mendoza and Prof. Irina Mitrea for all the analysis and PDEs I learned from them.

I want to thank my wonderful and supportive wife Giulia and all my friends
for being an integral part of my life.

Finally, I would like to thank my parents, my sisters and my entire family

for their love and support.

Luca Pallucchini

April 8, 2019



vi

TABLE OF CONTENTS

ABSTRACT iii

ACKNOWLEDGEMENT] v
LIST OF FIGURES viii

1 INTRODUCTION;

2 GENERAL REFRACTION PROBLEMS WITH PHASE DISCON-__ |

[ TINUITIES ON NON FLAT METASURFACES] 8
[2.1 Derivation of a Vector Snell’s Law with phase discontinuity using |

[ wavefrontsl . . . . ..o 10
[2.2  Far field uniformly refracting planar and spherical metalenses| . . . . 15
[2.2.1 Caseoftheplane|. . . . . . . ... ... ... ... . ..... 16

[2.2.2  Case of the sphere] . . . . . . ... ... oo 19

2.3 Metalenses refracting into a set of variable directions| . . . . . . . .. 23
[2.4  Given a phase discontinuity, find an admissible surface| . . . . . . . . 35
[2.5 Near field refracting metasurfaces|. . . . . .. .. ... ... .. ... 42
[2.5.1 Case of a plane interfacel. . . . . . . .. ... ... .. .... 44

[2.5.2  Case of a spherical interfacef . . . . . .. ... ... .. .... 45

3 DERIVATION OF PARTTAL DIFFERENTIAL EQUATIONS FOR |
48
[3.1 Reflection when ["isaplane/. . . . . . ... ... ... ... ... 50
B.1.1 Collimatedcasel. . . . . . ... ... ... ... . ... 50

[3.1.2  Point Source Reflectionl . . ... ... ... ... ... ... 54

3.2  Refraction when ['isa planel . . . . ... ... .. ... ... .. .. 59
821 Collimatedcasel. . . . . ... ... ... ... .. 59

8.2.2 Point Source Refraction| . . . . . ... .. .. ... 61

3.3 Summary of the equations in the planar case| . . . . . .. ... ... 66
|3.4 Reflection when 1" is a general surface| . . . . ... ... ... .... 67




vii

[3.4.2 Point source Reflectionl. . . . . . .. ... ... ... ... .. 71

13.5  Refraction when [ is a general surtace| . . . . . . .. ... ... ... 76
B.5.1 Collimated casel. . . . . . ... ... ... .. ... ... ... 76
3.5.2 Point source Refractionl . . .. ... ... ... ... ..... 80

86
4.1 Straight waveguide| . . . . . . . . . ... 88
4.2 Circular Waveguide|. . . . . . . ... ... ... ... L. 100
4.2.1 Analysisof Case A| . . . . . . .. . ... ... .. ..., 102
[4.2.2 Analysisof Case B| . . . . . . ... ... ... .. 115
4.2.3 Analysisof Case C| . . . . . . .. ... ... .. .. ... ... 117
[4.2.4 Analysisof Case D| . . . . . . ... ... 0o 0. 119

4.3 Quantitative estimates of the internally reflected energy, circular guidefl 21
4.4 Asymptotics|. . . . . . . ..o 128
4.5 Finals remarks . . . ... .. 134

REFERENCES] 136



viii

LIST OF FIGURES

1.1 Metalens refracting into a fixed direction|. . . . . . . . ... ... .. 3
2.1 Plapar metalensl. . . . . . . .. .. .. ... o 17
[2.2° Spherical metalens| . . . . . ... o000 20
[2.3  Off centered spherical metalens refracting into a fixed direction| . . . 33
2.4 Planar metalens in the near fieldl . . . . . ... ... ... ... ... 42
[2.5  Spherical metalens in the near field| . . . . . ... ... ... ... .. 43

[3.1 Reflection from an extended source (rays are monochromatic; colors

are used only for visual purposes).| . . . . . ... ... ... ... 51
[3.2  Reflection from a point source|. . . . . . . . . ... ..., 54
3.3 Refraction from an extended sourcef. . . . . . . . ... ... ... .. 60
|3.4  Refraction from a point source| . . . . . ... ... ... ... .... 62
3.5 Reflection from an extended sourcel . . . . . . . ... ... ... ... 67
13.6  Reflection from a point source|. . . . . . . ... ... ... .. .... 71
3.7 Refraction from an extended sourcel. . . . . . . ... ... ... ... 76
13.8  Refraction from a point source| . . . . .. ... ... ... .. .... 81
4.1 Wave guide paths configuration| . . . . . . . ... ... ... ... 91
B2 Case Aand Cl. . . . .. . 103
4.3 Whispering gallery| . . . . . . .. ..o o000 o o 104
4.4  Total internal reflection region| . . . . . . .. ... ... ... .... 106
4.5 Second striking point region| . . . . . ... ..o 107
M6 Casedl . . oo vt 108
BT Case 2 . . oo v 109
4.8 Losses regions|. . . . . . . . ... L 121

4.9  Circular waveguide| . . . . . . . ... .. L o 129




CHAPTER 1

INTRODUCTION

This dissertation concerns the solution of three problems in Geometric Op-
tics. The first two problems are related to metalenses, and the third one is related
to waveguides. Metalenses are ultra thin surfaces which use nano structures to focus
light. The shaping of light wave fronts with standard lenses relies on gradual phase
changes accumulated along the optical path inside the lens. Metalenses introduce
abrupt phase shifts (phase discontinuities) over the scale of the wavelength along
the optical path to bend light in unusual ways. The nano structures used are com-
posed of arrays of tiny pillars, rings, and other arrangements of materials, which
work together to manipulate light waves as they pass by. The subject of metalenses
is a flourishing area of research and one of the nine runners-up for Science’s Break-
through of the Year 2016 [37]. That year, researchers used computer chip-patterning
techniques to create the first metamaterial lens, or metalens, that can focus the full

spectrum of visible light. A purpose in this dissertation is to give a mathematically



rigorous foundation for metalenses, in particular, when it is theoretically possible to
find non flat metalenses that bend light in the desired way or that yield prescribed
distributions of energy. These questions are potentially important in the applica-
tions because metalenses are thinner than a sheet of paper and far lighter than
glass, and they could revolutionize everything from microscopes to virtual reality
displays to cameras, including the ones in smartphones [37]. The third question
considered in this dissertation concerns energy losses in waveguides. A waveguide is
a structure that leads the way of electromagnetic or sound waves. Waveguides can-
not guide electromagnetic energy around bends without losing power by radiation,
and therefore, we study energy losses in circularly curved waveguides.

We next describe more precisely the problems solved in the thesis and how
it is organized. The first problem solved is about the existence of nonflat metalenses
that bend light in a desired way. This is done in Chapter [2| and the results have
appeared in [I7]. For classical lens design, a typical problem is to find two surfaces
so that the region sandwiched between them and filled with a homogeneous material
refracts light in a desired manner. For metalens design, a surface is given and the
question is to find a function on the surface -a phase discontinuity- so that the pair,
surface together with the phase discontinuity -the metalens-, refracts light in a de-
sired manner. We first derive in Section the following generalized Snell’s law in
the presence of a phase discontinuity using wavefronts. Let nq,no be the refractive
indices of two homogeneous media I and II, respectively. Suppose a surface I' sepa-

rates these media, and an incoming light ray in medium I with unit direction vector



Figure 1.1: Metalens refracting into a fixed direction

x strikes I'. Assume that there is a real-valued function ¢, the phase discontinuity,
defined in a neighborhood of the surface I'. If v denotes the unit normal vector to

I, then the refracted wave vector m satisfies (see (2.6))
nix — nom = v + Vb,
where )\ satisfies
A\ — [2(nix — V) - V] A + |nyz — V|?—n3 = 0.

If 4 is constant, then we recover the classical Snell law in vector form. Using this
generalized Snell’s law, we introduce a mathematical method to construct phase
discontinuities on a given surface, not necessarily flat, so that radiation is steered into
a prescribed set of directions. More precisely, given a surface I' in three dimensional

space, we determine when it is possible to have a function 1 defined on a very thin



(comparable to the wave length of the radiation) neighborhood of I" so that radiation
emanating from a point source is refracted by the pair (T, ), surface and function,
into a set of directions prescribed in advance. In other words, for a given set of
directions where we want to steer the radiation, we discover what kind of surfaces
I' allow the existence of a function v so that the pair (I, 1) directs the radiation in
the desired way. This leads to ultra thin (not flat) optical components that produce
abrupt changes over the scale of the free-space wavelength in the phase. This is
in contrast with classical lens design, where the question is to engineer the gradual
accumulation of phase delay as the wave propagates in the device, reshaping the
scattered wavefront and beam profile at will. In particular, in standard lenses light
propagates over distances much larger than the wavelength to shape wavefronts.
The existence of phase discontinuity functions is intimately related with the shape
of the given surface and the given set of directions. If these two objects satisfy the
following condition
My =Ty = My * Ty
and the determinant of the matrix

Loy * Ty Loy Ty Ty My Ty My Tyu "V Tyy "V
—p + K - B . (1.1)

Ty Ty Ty Ty Ty My Ty My Tyu 'V Tyy V

is not zero, then the existence of the desired phase discontinuity is guaranteed (see
Theorem . Here m(u,v) = (m1(u,v), ma(u,v), ms(u,v)) is the given C? unit
field of directions, r(u,v) = p(u,v)z(u,v) is a parametrization of I' where x(u,v)
are spherical coordinates and p(u,v) > 0 is the polar radius, B = (r — xm) - v and

K= Z—f Notice that the first and third matrices in (1.1 are respectively the first



fundamental form of the 2-sphere, and the second fundamental form of the surface
I". In particular, given a surface, one can obtain from these conditions what kind
of sets of steering directions are allowed. Conversely, given a phase discontinuity
and a desired transmission direction, we described the admissible surfaces that are
possible (see Theorem [2.4.1)).

The second problem solved is about the derivation of the partial differential
equations governing light reflection and refraction in metalenses. This is the content
of Chapter [3|and the results have appeared in [I8]. A reflection problem considered
in [41] is to find a perfectly reflecting surface I" such that rays emitted from the origin
with direction z € Q1 C S? and intensity f(z), after being reflected by I' cover a
prescribed region Qo C S2, and the density of the distribution of the reflected rays
is a prescribed function g(y) of the direction y. In [41] it is assumed conservation of

energy, i.e.
f() do(z) = / o(y) do(y),
(951 T(Q1)

where T indicates the reflection map. The surface I is given as a solution of a Monge-
Ampére type equation [41]. In our case for metalenses the surface I' is given and
the question consists in finding the phase discontinuity 1 doing a similar reflection
job. We answer this question when either rays are emitted in a collimated way from
an extended source (see Section or when rays are emitted from a point source
(see Section ). For example, in Section we consider the case in which
rays are emitted from an open set of the z — y plane, I' is a plane parallel to the

x —y plane and the rays have direction e3 = (0,0,1). We have found that the phase



discontinuity is given by the solution of the following Monge-Ampére type equation

1
\/1 - wﬂﬁ(m?y)z - wy(a:,y)

f(x)
9(T(z))

5|det D?yp|=

We then study existence, uniqueness, and smoothness of the solutions. In addition,
we also derive similar pdes and solve similar problems in case of refraction (see
Sections and . In Section we give a summary of the equations, in all
cases considered, when I is a plane.

The third problem solved in this dissertation is about energy losses in
waveguides which is the contents of Chapter [ The first mathematical analysis
of electromagnetic waves in metal cylindrical structures was performed by Lord
Rayleigh in [34]. For sound waves, Lord Rayleigh published a full analysis of prop-
agation modes in his seminal work, “The Theory of Sound”[36]. For a detailed
history about the origin of waveguides, we refer the reader to [32]. In this thesis,
we give quantitative estimates of the energy internally reflected in the case of a
straight guide (Section and of a circularly curved guide (Section. To model
this we use the Fresnel formulas and the set up is as follows. Suppose we have
two homogeneous media I and 11 with refractive indices ni, no, respectively, and
with nq > ng; we set kK = Z—i Suppose media I and I] are separated by a smooth
surface S. If an incident wave with unit direction «x is traveling within medium [
and strikes S at a point P, then the wave splits into two waves: one transmitted
into medium /7 and another internally reflected into medium I. The unit directions

of these waves are m; and m,, respectively, which are determined by the Snell law

(2.2). Therefore, the incident energy E; carried by the incident wave with direction



x splits into two: the transmitted energy Ej carried by the wave having direction m;
and the internally reflected energy E,. carried by the wave having direction m,., with
E; = E; + E,, assuming no losses. The percentages of energy carried by the trans-
mitted and internally reflected waves depends on the incident direction z via the
Fresnel formulas, a consequence of Maxwell’s equations [5]. With these, we model
the losses of energy within a waveguide confined between two parallel surfaces Sy
and S2. These surfaces are planes in the case of a straight waveguide and circularly
curved surfaces for the circularly curved guide; we assume the dielectric within the
two surfaces has refractive index ni, and the cladding, i.e., the material outside,
has refractive index ny with n; > noe. An incident polarized wave will zigzag inside
between the two surfaces. Depending on the normal to the surfaces at the striking
points, one can calculate the energy transmitted and internally reflected. In other
words, we follow the path of the ray and tally the internally reflected energy at each
striking point on the boundary of the waveguide. Finally, in Section [4.4] we study
asymptotics for the integral that represent the energy internally reflected. In case
of a periodic circular guide, as N — oo, where IV is the number of striking points
on the outer contour of the guide, we show that the energy internally reflected goes
to zero as % where C' is a positive constant. This result requires a careful analysis
of the integrals that represent the energy internally reflected and it follows from

Theorem and At the end of the thesis (Section [4.5)), we briefly describe

some open problems to continue the research in this area.



CHAPTER 2

GENERAL REFRACTION

PROBLEMS WITH PHASE

DISCONTINUITIES ON NON

FLAT METASURFACES

Here, we recall the classical Snell law in vector form. Suppose I is a surface
in R3 that separates two media I and I that are homogeneous and isotropic, with
refractive indices ny and no respectively. If a light ray E] having direction = € S2,
the unit sphere in R3, and traveling through medium I strikes I at the point P,

then this ray is refracted in the direction m € S? through medium II according to

1Since the refraction angle depends on the frequency of the radiation, we assume that light rays
are monochromatic.



the Snell law in vector form:
ny(z X v) = na(m x v), (2.1)

where v is the unit normal to the surface to I' at P pointing towards medium I7; see

[29, Subsection 4.1]. It is assumed here that z-v > 0. This has several consequences:
(a) the vectors z, m,v are all on the same plane (called the plane of incidence);

(b) the well known Snell law in scalar form holds:
n1 sinfp = no sin Oy,

where 6 is the angle between z and v (the angle of incidence), and 65 is the

angle between m and v (the angle of refraction).

Equation ([2.1) is equivalent to (nyz — nem) x v = 0, which means that the vector

nix — ngm is parallel to the normal vector v. If we set Kk = ng/n1, then
T —Km =\, (2.2)

for some A € R. Notice that (2.2) univocally determines A. Taking dot products

with z and m in (2.2]) we get A = cosf; — kcosfs, cosfy = x-v > 0, and cosfy =

m-v=1/1-r"2[1 - (z-v)?]. In fact, there holds

A=z-v—r\1-r2(1—(z v)?). (2.3)

The formulation ({2.2)) is useful to solve refraction problems for lens design,

see [12], [13], [14], [15], and [8] for a numerical implementation.



10
2.1 Derivation of a Vector Snell’s Law with phase dis-

continuity using wavefronts

Let ni,ns be the refractive indices of two homogeneous media I and 11,
respectively. Suppose a surface I' separates these media, and an incoming light ray
in medium I with wave vector ki strikes I'. Assume that there is a real-valued
function 1, the phase discontinuity, defined in a neighborhood of the surface T
Notice that ¥ must be defined in a neighborhood of I' because the gradient of ¢ will
be considered. If v denotes the unit normal vector to I', then the refracted wave

vector ko satisfies [2, Equation (2)]:
vV X (k2 — kl) =V X V1/} (2.4)

We give an alternate formulation and derivation of this result by using wavefronts;
our starting point is [16, Section 2.2]. For each t, ¥(x,y, z,t) = 0 denotes a surface
in the variables z,y, z that separates the part of the space that is at rest from the
part of the space that is disturbed by the electric and magnetic fields. This surface
is called a wave front, and the light rays are the orthogonal trajectories to the wave
fronts at each time t. We assume that ¥, # 0, and so we can solve ¥(z,y,2,t) =0
in ¢, obtaining that ¢(z,y,2) = ct; so letting ¢ run, the wave fronts are then the
level sets of ¢(z,vy, 2).

Let nq,n9, and I'" be as above. An incoming wave front ¥; on medium
I strikes the surface I' and it is then transmitted into a wave front ¥y in medium

IT (of course, there is also a wave front reflected back). Assuming as before that
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(¥;)r # 0, j = 1,2, and solving in ¢, we get that the wave fronts are given by
¢j(x,y,2) = ct for j = 1,2, respectively. Suppose the surface I' is parameterized by
x = f(&n), y =g&mn), z= h(&n). If there were no phase discontinuity on the
surface I', then we would have ¢; = ¢9 along I'. But since there is now a phase

discontinuity 1 on I', we have the following jump condition along I':

1(f(€,m),9(&m), h(&m) — d2(f(E,m), 9(&,m), h(§m) = (f(€,m), 9(&,n), h(&;m)).

Taking derivatives in £ and 7 yields

(Vo1 — Vo — V) - (fe,g¢, he) = 0,
and

(Vo1 — Vo — V) - (fy, gy, hy) = 0.
That is, the vector V¢ — Vo — Vi must be normal to I'; as such there exists a
real number A such that

Vi — Vo — Vip = v (2.5)

where v is the unit normal to I'.
Let 7;(t) denote the light rays in medium j having speed v;, for j = 1,2;
i.e., the orthogonal trajectories to ¢;. In particular, we have that ¢;(v;(t)) = ct,

and by the chain rule

Voi(yi(t) -(t) =¢, j=1,2

If we parameterize the rays so that |v}(t)|= v;, then we obtain

c .
V()= - =nj j=1.2
J
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since V¢; is parallel to 7}. Letting

Vea) . Veaui)
V1 (vi()] Vo (72(t))]

we obtain from ({2.5)) the following formula
nix — ngm = Av + V. (2.6)

Taking cross products with the unit normal v in (2.6), we obtain the equivalent

formula
v X (njz —ngm) = v x Vih. (2.7)

Recall that x is the unit direction of the incident ray, m is the unit direction of
the refracted ray, v is the unit outer normal at the incident point on I' and Vv is
calculated at the incident point. Note that in the case 1 is constant, we recover the
classical Snell law in vector form ﬂ

Starting from , we now calculate \. Taking dot products in and
solving for x - m yields

ny—Ax-v—z-Vy
no '

xTr-m =

Next taking dot products in ({2.6]) with itself, expanding, and substituting x -m from

the previous expression, yields that A satisfies the quadratic equation:

A\ — [2(n1x — V) - V] A + |nyz — V|?—n2 = 0. (2.8)

2Notice that if ¢ =constant, then niv X ¢ = nov x m. Taking dot product with m yields
nim - (v x ) = 0. This means that m is on the plane through the origin having normal v X z
which is the plane generated by v and x. Therefore, v,x, m are all on the same plane, i.e., the
plane of incidence. On the other hand, if ¢ is not necessarily constant, then from nvXxe=
nev X m+ v x Viy. Again taking dot product with m yields nim- (v x ) = m - (v x V), that is,
m- (v X (n1x — Vi)) = 0. That is, now the refracted vector m lies on the plane through the origin
and perpendicular to the vector v X (n1  — V) where V4 is calculated at the point on the surface
I" where the ray with direction x strikes it. This shows that in the general case the refracted vector
m is not on the plane generated by v and x.
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Solving for A yields

A= (mz — Vo) v+ \/ng - (|n1:c ~ VY2 — [(ma — V) - y]z). (2.9)

Since A must be a real number, the quantity under the square root must be non-
negative, i.e.,

n2 > |njx — Vo> [(nyz — Vo) - ]2, (2.10)

Assuming this for now, it remains to check which sign (4) to take in (2.9)). Dotting

(2.6) with v and using (2.9)) yields

nmz-v—nom-v=(nz—Vy)- v

+ \/n% - (]nlx — V|2 = [(nz — V) - 1/]2) + Vv,

SO

—nom - v = :t\/n% - <|n1x — V|2 = [(nz — V) - 1/]2>.

Since ny > 0 and m - v > 0, we obtain that

A= (nmzx—V) v— \/n% - <|n1x — V2= [(nmaz — V) - 1/]2). (2.11)

We next analyze (2.10)), which will yield the critical angles. Equation (2.10))

is equivalent to

Thus, if z is such that

' Vel
ni
then (2.10) holds. On the other hand, if
’x ALY
ni
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then (2.10)) holds when either

x.,,zww\/‘x_w
niy niy

2
— K2,

2
L x.ygwy_\/‘x_w
ni ni

Therefore, the critical angles between x and v are 6. with

2
x-V:coseczw-y+\/‘x—w — K2
ni ni
or
2
N B
r-Vv=cost,=—— -v— xr—— — K-
ni ni

Remark 2.1.1. In two dimensions the critical angles are considered in [45]. It
is assumed there that the interface I is the x-axis, the region y > 0 is filled with a
material with refractive index ny, and the region y < 0 with a material with refractive
index no. Also the phase discontinuity satisfies that V) is constant and is tangential
to the interface, i.e., Vi = (a,0) with, for example, a > 0. Therefore, the above

calculations applied to this case yield
2
2 2
cos@c::c-uz\/ —nQ:\/l— ‘V¢|COS(TF/2—HC)+|V¢| — K2
1 n

n 2 ’
n2 . . .
where Kk = —. Squaring both sides we obtain
ny

W
ny

X

VY],
Dk
ny

cos’f.=1— 0.+ )

2|Vy| .
———sin
ny

and the critical angles 0. are therefore the solutions to the equation

2
O + Wlﬁ‘ — K> =0,
n

1

2|V
sin? 0, — M sin
ni

1.€.,

0. = arcsin <W + KZ) ,

ni
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which is in agreement with [43, Formula (3)].

In three dimensions the critical angles are considered in [2]. The interface
T" is the x — y-plane, the region z > 0 is filled with a material with refractive index
ni, and the region z < 0 with a material with refractive index ny. Also the phase
discontinuity is tangential to the interface, i.e., Vi) = (%, %, O) and without loss

of generality we may assume x = (0,y, z). Once again, the above calculations applied

2
2
_ﬁ2:¢1_
ni

10 1
f, = arcsin Lo T4\ [k - =
ni Ay ny

to this case yield

cos@c::z:~y:\/

Proceeding as before we find

Vo
T —
ny

oy

VP2
8?/ COS(T['/2 - 95) + 7 — K2,

1

2

o
ox

recovering [2, Formula (8)].

Remark 2.1.2. The reflection case is when ny = ng, so (2.6) and (2.11)) become

r—m = L )\l/—{—v—w, A= (m I—Vl/))'y-f—\/n% - (|n1x - Vy|2—[(nmaz — V) - V]2>,

ni niy
with x the unit incident direction, m the unit reflected vector, v the unit normal
to the interface at the striking point, and Vi) at the striking point. Notice that the

choice of the plus sign in front of the square root is because for reflection m - v < 0.

2.2 Far field uniformly refracting planar and spherical

metalenses

Let I' be a surface in three dimensional space and V be a vector valued

function defined on I'; V : T' — R3. If z is an incident unit direction striking I' at
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a point P, and m is the unit refracted direction, then we obtain, dividing by n; in

the generalized Snell law ([2.6]), that
x—rm=Av(P)+V(P), (2.12)

where v(P) is the unit outer normal to I" at P for some A € R; k = na/n;. Suppose
rays emanate from the origin and we are given a fixed unit vector m. Our goal is
to answer the following two questions. First, given a surface I' separating media ng
and ng, find a field V' defined on I" so that all rays from the origin are refracted into
the direction m. The second question is, given a field V defined in a region of R3,
find a separation surface I' between n; and ng within that region so that all rays
emanating from the origin are refracted into the direction m.

We begin in this section answering the first question when I' is either a
plane or a sphere, surfaces of traditional interest in optics, showing explicit phase
discontinuities. For general surfaces, the first question is considered in Section [2.3
even for the more general case of variable m. The second question is answered in

Section 2.4

2.2.1 Case of the plane

Let T be the plane z; = a in R? with @ > 0. We want to determine a
field V' = (V1, Vs, V3) defined on T' so that all rays emanating from the origin are
refracted into the unit direction m = (mq, ma, ms), with m; > 0, Figure Using

spherical coordinates x(u,v) = (cosu sinwv,sinu sinwv,cosv), 0 <u < 27,0 <ov <,
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I" is described parametrically by

a

r(u,v) = — z(u,v) = a <1,tanu, (2.13)

cosu sinv cosu tanv) '

Since the normal to the plane I' is v = (1, 0,0), then (2.12)) implies that sinu sinv —
kmg = Va(r(u,v)) and cosv — kms = V3(r(u,v)). Hence V2 and V3 are univocally

determined. Also, from (2.12)) we get
Vi(r(u,v)) = cosu sinv — kmy — A(u,v). (2.14)

Notice also that from ([2.11]),

A=v(@=V) = v (2= V) = o — VP42,

which in the present case yields

A =cosu sinv — V) — /&2 — (sinu sinv — V3)2 — (cosv — V3)2

= cosu sinv — Vi — /K2 — (kmg)? — (km3)?

=cosu sinv — Vi3 — kmy since m1 > 0

a
= ————-=—Vi(a,22,23) — K M.

2. .2
Va2 + x5 + a3
This means that in (2.14]) each V; determines A and vice-versa.

We now write the field V' in rectangular coordinates x1,x2,x3. Since

2 2 2 a :
va®+ x5 +xr3=——"——, we can write

cosu sinwv’

X9 0
‘/2(a,$2,$3):ﬁ—li’frm: 8—\/$%+$%+x§ — KMo,
va* + x5 + a3 T2 T1=a
x3 9 [ 2 2
‘/:g(a,.ﬁz,.ﬁg):ﬁ—/ﬂm:g: Don x] + x5 + x5 — KkMms
vas+ x5+ 3 z3 r1=a
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— Kmi — /\,
r1=a

a 0
Vila,z9,23) = ————m—— — kM — A = — /2% + 22 + 22
() = T g VAT TS

Va2 + x2
for —oo < 9,23 < co. From (2.13) u = arctan(zs/a) and v = arctan (2 ,
x3

so Mu,v) = h(wa,xz3). Let (w1, z2,73) = /23 + 23 —i—x% — KM1T] — KMo Ty —

kmsxs. Therefore, if on the plane x = a we give the field
V(zy,x9,x3) := Vp(x1, 22, 23) — h(22,23) 1, (2.15)

then resulting metasurface does the desired refraction job. If we want V to be the
gradient of a function, then h(xa,x3)i must be a gradient, which is only possible
when h(zg,23) = Cjy a constant; that is, V' =V (¢(x1, e, x3) — Cox1). As a partic-
ular case when my = 1, mg = mg = 0, and Cy = 0, we obtain the equivalent [42], For-
mula (2)] (where a different orientation of the coordinates is used) with 1 = a = f.

Notice also that if we want V' in (2.15) to be tangential to the plane z; = a, that

a

\/a? —|—x% —}—x%

is, (V(a,z2,x3) — h(z2,23)1) - (1,0,0) = 0, then h =

— Kmi.

2.2.2 Case of the sphere

Now, the surface I' considered is a sphere of radius R centered at the
origin, that is, 7(u,v) = Rx(u,v), with z(u,v) spherical coordinates. We denote by
x = z(u,v); Figure Since I" is a sphere, the normal v = z and from (2.12) we

get (x—km—V)xx=0,s0

(V+£Em)xz=0. (2.16)
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Figure 2.2: Spherical metalens
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That is, ) i
g —x1 O Vi +Kkmy
—x3 0 T Vo+rmy | =0
I 0 x3  —a2] Vs 4+ kms3
To —X1 0
Notice that det [ —z, ¢ z; | = 0. Set Wi = Vi + xm;, so the system is
0 T3 —T9
equivalent to i i
0 0 0 Wi
Toxy —T1X3 0 Wy | = 0.
I 0 123 —xlxg_ W3

If 12023 # 0, the last matrix has rank two, so the space of solutions has dimension

one and the solutions are given by

xr xr
(W17W27W3) - <17 727 1> W37

r3’ T3
with W3 arbitrary. Therefore,

z1

Vi (Rx(u,v)) = — (V3 (Rz(u,v)) + Kmg) — kmy

x3

Va (Ra(u,v)) = % (Vs (Rx(u,v)) + kms3) — kmo,

with V3 arbitrary.

Notice that if in ([2.16]) we take cross product with z, we get

0=z x ((V+rm)xuz)

=(V+em)(x-z)—z ((V+rm)- z)
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=V+rm—(k(m-2)+V- z)
Hence, if we want to pick V' tangential to the sphere, we obtain
V(Rz) = —rkm+ k(m-z)x with |z|= 1.

V is a field defined on the sphere of radius R. We shall determine a function v defined
in a neighborhood of the sphere of radius R such that V(Rz) = Vi (Rzx)|,-;, and

satisfying
VYo;(Rx) = —kmy + K (m-z)xy, for [z|=1, 1<j5<3. (2.17)

In fact, we have (x = z(u,v))

OY(Rx(u,v))

=R 23: 8—w(R:L'(u v)) (zk)u = R (DY) (Rx(u,v)) - x
ou B = Oy ’ Wju ’ “

=R(—km-ay+r(m-z)(x-2)) =—KR(M-2y) = -k R—(m-x),

ou

and similarly,

op(Rx(u,v))
— Q5 - —KR%(mwv).

Integrating the derivative in u yields
$(Ra(u,v)) = —x R (m - ) + g(v),
and integrating the derivative in v we obtain
Y(Rx(u,v)) = —k R (m - z(u,v)) + C1,
with C an arbitrary constant. Writing this in rectangular coordinates yields

V(R (21, 22,23)) = =k R(m - (21, 22, 23)) + C1, for |(z1, 22, 23)|= 1.
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We now define ¢ on a neighborhood of |z|= R so that holds. Define
Y(z) = =k R(m - 2)|z|7'4Cy, for R—e < |z|< R+« (2.18)
We have
Vip(z) = —s Rm|z| " +5 R (m - 2) 2 |2| 3,
so for z = Rz, with |z|= 1, we obtain
ViY(Rx)=—km+k(m-x)z

as desired. Therefore, the phase discontinuity v from ([2.18]) has gradient tangential
to the sphere and can be placed on the spherical interface |z|= R so that all rays

from the origin are refracted into the fixed direction m.

2.3 DMetalenses refracting into a set of variable direc-

tions

Suppose m(u,v) = (m1(u,v), ma(u,v), mz(u,v)) is a given C? unit field of
directions, and let ' be a C? surface given parametrically by 7(u,v) = p(u,v) z(u, v)
where 2:(u,v) are spherical coordinates and p(u,v) > 0 is the polar radius. We want
to see when is it possible to have a phase discontinuity 1 on the surface I' so that
each ray from the origin with direction x(u, v) is refracted into the direction m(u,v).
The following theorem gives sufficient conditions for such a phase discontinuity to

exist.

Theorem 2.3.1. If a variable field m and a surface I' given parametrically by

r(u,v) = p(u,v) x(u,v), where x(u,v) are spherical coordinates and p(u,v) > 0 is
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the polar radius, satisfy the compatibility condition
My =Ty = My * Ty, (219)

and the determinant of the matrix

Ty Ty Tyt Ty Ty My Ty My Tuu "V Tyy V
—p + K - B ,

Ty Ty Ty - Ty Ty My Ty My Tyu "V Tyy "V

(2.20)

with B = (x—Kkm)-v, is not zero at a point (ug,vy), then there is a neighborhood U of
the point r(ug,vo) and a phase discontinuity function v defined in U for the surface
T', with gradient Vi tangential to I', so that each ray emanating in the direction
z(u,v), for (u,v) in a neighborhood of (ug,vy), is refracted by the metasurface (I', 1)

into the direction m(u,v).

Notice that the first and third matrices in (2.20)) are respectively the first

fundamental form of the 2-sphere, and the second fundamental form of the surface

I.
Proof. From
x(u,v) — km(u,v) — V(r(u,v)) = Av(r(u,v))

SO

(x—km—-V)xv=0.
Taking cross product with v yields

O=vx((z—rm—-V)xv)=@—rm-V)v-v)—v ((z—m-V) v).
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If V is tangential to I', then V - v = 0 and so
O=z—xm—-V —((z—rkm)- -v) v,

that is,

V=zx—rm—((z—rm)- v) .

If V(r(u,v)) = (V¥)(r(u,v)), then
Va,; (r(u,v)) = z5(u,v) — Km;(u,v) — (2(w,v) — £m(u,v)) - v(r(u,v))) v;(r(u,v)).

Sincev-ry=v-r,=0and x -z, =x -2, =0,

0
 ((r(u,v))

= (V) (r(uw,0)) - 1u = (& = km) -1y — (2 — km) -v) (v 1)

= (@ —km)ry=(z—Km)-(pux+p,)

= pule—xm)-z+p(z—rm) -z,

= pu(l—km-z) —wpm-z,=p, (1~ Km-z) —kp(m- o)y +rp(m, )

={p(l—rkm-x)}, +Kp(my-x),

and similarly

() = {p (1~ km )}, + hp(my -2,

Let us now consider the first order system in ¢

S, =kp(my- -z
(2.21)

o, =krp(my- ).



26
where ®(u,v) = ¥(r(u,v)) —p (1 — km - x). Then (2.21)) can be written as
Vo = H(u,v,®), (2.22)

where H(u,v,®) = (kp(my - x),6p(my - x)). To solve the system (2.21]) we need
an initial condition, say ®(ug,vg) = ®o, and use a result from [23, Chapter 6, pp.

117-118], that is, if

8H1 8H1 o 8H2 aHQ
W(u,v,@) + a—q)(u,v, ®)Hy(u,v,P) = W(u,v, d) + o (u, v, ®)Hy(u,v,P)

(2.23)
holds for all (u,v,®) in an open set O, then for each (ug, v, ®9) € O there is
neighborhood U of (ug,vp) and a unique solution ®(u,v) defined for (u,v) € U
solving the system and satisfying ®(up,v9) = Pg. Therefore, if the given set

of directions m(u,v) and the surface I" satisfy
My Ty = My * Ty, (2.24)

that is condition (2.23)) for H(u,v,®) = (kp(my -x),kp(my - x)), then there exists
¢ solving (2.21). By integration we then obtain that the phase discontinuity

satisfies along I' that
PY(r(u,v)) =p(l—rm-z)+P(u,v) = |r(u,v)|—k (m(u,v) -r(u,v)) +2(u,v). (2.25)

To find the gradient of ¢ we need to have ¢ defined in a neighborhood of the surface

r(u,v) such that (2.25) holds and that its gradient satisfies on r(u,v)

(VY)(r(u,v)) =2 —km — ((x —km) -v) v. (2.26)



27

Notice that this implies (V) (r(u,v)) L v. To construct the function 1 in a neigh-
borhood of the surface I' (we will construct it in a neighborhood of each point in T'),
given parametrically by r(u,v), we use the notion of envelope from classical differ-
ential geometry; see for example [33, Chapter 5, Section 4] or [7, Chapter 3]. Since

the required v must satisfy , consider the surface IV given parametrically by
P(u,v) = (r(u,v), |r(u,v)|—k (m(u,v) - r(u,v)) + ®(u,v)) (2.27)
in four dimensions. At each point P(u,v), consider the 4-dimensional vector
N(u,v) = (x —cm— ((z —km) -v) v,—1),

where z = x(u,v) and v is the unit normal to the surface I" at r(u, v). Next consider
the plane II,, passing through the point P(u,v) and with normal N(u,v), that is,

in coordinates x1, x2, x3, 4, I, has equation
F(z1,29, 23, 24,u,v) := N(u,v) - ((z1, 2, x3,24) — P(u,v)) = 0. (2.28)

Therefore, we have a family of planes II,, depending on the parameters
u,v, and we will let x4 = (21,22, 23) be by definition the envelope to this family
of planes. Of course, we need to know under what conditions on 7(u,v) and m(u,v)

this envelope v exists. It will be defined by solving the system of equations

(

F(x1,$2,$37$4,u,1)) =0
oF
ou ($1,$2,$3,$4,U,U) =0 (229)
oOF
=0.
L 811 (3}1,{1}2,1’3,])4,U,U)



28

In fact, let us fix values u = ug,v = vy, and let Py = P(ug,vo) = (p1, p2,p3,pa) be

the corresponding value on the surface I'; and consider the map

G ($1,$2,$3,$4,’U,,’0) -

<F(.%'1, x2,T3,T4,U, U)7 7(-’1}171}271;3; X4, U,U), <$1,$2,$3,$4,U,1})> .

ou v
The function G has continuous partial derivatives in a neighborhood of the point

(p1, P2, D3, P4, vo, Vo), and
G(p17p27p3)p45u05U0) =0.

By the implicit function theorem, if the Jacobian determinant

or  OF  OF
0x4 ou ov
oG 2F  9*°F  9°F

YR ) ) ) , U0,V = det 07
5za, u,v) PLr P2 P Pas U0 T0) Dza0u  Oudu  Ovou 4
0’F  0°F  O*F
Odx4s0v  Oudv Ovov (91,02,93,94,20,00)
(2.30)

then there are unique differentiable functions g1, g2, g3 in the variables x1, xo, 3

defined in a neighborhood U of (p1,p2,ps) such that py = ¢1(p1,p2,p3), up =

92(p1,p2, p3) and vy = g3(p1, p2, p3) with

G (x1, 22,23, 91(x1, T2, 23), g2 (21, T2, 23), g3 (21, 22, 23)) = 0

for all (z1,x9,23) € U. Therefore, if we let ¢ (x1,2z2,23) = g1(x1,22,23) for
(z1,x2,23) € U, then 9 is the function we need, i.e., ¥ is by construction defined in

a neighborhood of the point (p1,p2, p3) € I' and satisfies (2.25) and (2.26)). We now

analyze under what conditions on the surface I' and m, (2.30) holds. Notice first



that since 0., F' = —1, the matrix inside the determinant in (2.30]) equals

or  or
ou ov
0 O’F  O’F
oudu ovou |
PF  O’F
Oudv  Ovov
and therefore, (2.30) means
0’F  0°F
Oudu Ovou
det # 0.
0’F  0°F
Ooudv  Ovov
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Let us find what this means in terms of the initial surface I' and the field m. To

simplify the notation let X = (x1, xo, 3, 24), SO we can write as
F(X,u,v) = N(u,v) - (X — P(u,v)).

By calculation

F, =N, (X-P)—-N-P,

Fus = Nuw- (X = P)=2N,- P, = N - P,

Fuy =Ny (X —=P)=Ny-Py— Ny Py —N- Py

Fy, =N, (X—P)—2N,-Py,—N-P,,.

We first show that

N-P,=N-P,=0.

Indeed, we have

P(u,v) = p(u,v) (z,1 —rm-x)+ (0,P),

(2.31)

(2.32)
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SO

P,=py (x,1—m-z)+p (xy,—Km -2y — kmy -x)+ (0,P,) (2.33)

P,=py (x,1—m-z)+p (xy,—km-xy — kmy - x) + (0, Dy).
Hence

NP, =

{pu (&, 1 —km-2)+p (Xy,—Km - xy — kmy - )+ (0,Dy,)} -
(x—rm—[(x—rkm)- v]v,—1)

=(pur+pay) - (z—m—[(x—km) -vjv)—p, 1 —Kkm-x)
+p(Em-xy+Krmy-z)— Dy

=Py = PuRT M —PRKLy M — Py + P, KEM-T+PRKM - Ty,
FPEMy T — PREMYy, - T

—0,

since (pyx 4+ pxy) v =ry-v =0 and z, -z = 0. The same calculation with P,

instead of P, yields the second identity in (2.32]).

Next, differentiating (2.32) with respect to u and v yields
N'Puu:_Nu'PUa N'Puv:_Nu'PU:_NU'Pu’ N'va:_Nv'PM
since P, = P,,. Hence letting X = P in (2.33)) yields

Fuyuw = —Ny - Py, Fuyy=—Ny- Py =—N, - Py, Fypy=—N, - Py.
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Now let us calculate these dot products. First set
B=(x—xm)-v,
and write

Ny - Py

={pu (&, 1 —km-x)+ p (xy,—km-xy) + (0,P,)}-
{y —kmy —[(z —km) V], v—[(x—~Km)- V] v,0}

= (pux+ pxy) - (Ty — KMy — Byv — Buy,)

= (puz+pxu) - Ty — K (puz + pxu) - My — By (pu + pau) - v
=B (puz+ pau) - vy

= (Sin2v) p—rk (pux+pxy) -my—B (pux+ pxy) -y

= (sin2v) P— KTy My — Bry - vy,

2

since -y = 0,y - T, =sin“v, and (py .+ pxy) v =1y -v=0. Also z, - x, = 1

and x,, - £, = 0, so we obtain similarly
Ny - Py=p—Kry -my— Bry -y, Ny Py, =—kKkry -my — Bry - vy.

Next, differentiating r, - v = r, - v = 0 yields

Tu Uy = =Ty VU, Ty Uy = —Tuy - U, Ty Uy = —Tyy * V. (2.34)
Therefore,
Fou Fuy —(sin2v)p—|—f<:ru-mu—Bruu-1/ KTy My — Bryy, v

E,, F, KTy My — Bryy v —PF+ KTy My —Bry, v
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LTy "Ly Ty Ty Ty My Ty My Tuu "V Ty "V
:—p ‘I‘KI 7B 9
Ty Ty Ty Ty Ty My Ty My Tyu "V Tyy  V
with B = (z — km) - v. O

Remark 2.3.2 (Case when m is a constant vector). If m(u,v) = (my,ma, m3) is
constant, then (2.19)) is clearly satisfied by any I" and, in condition ([2.20)), the second

matrix on the right hand side is zero.

Remark 2.3.3. To illustrate the determinant condition in Theorem let us
consider the special case when I' is a sphere centered at the origin, and m is a
constant vector. We have r(u,v) = Rxz(u,v), and v = z(u,v). S0 ryy = Ry, and
similarly for ry, and ry,. Also B=1—Kkm -2, Tyy - ¢ = —sin? v, Ty - & = 0, and
Zow - & = —1. Hence 7y - © = —R sin® U, Typ - & = 0, and ry, - © = —R. Therefore,

the determinant in (2.20)) equals
R? sinv (1 — B)? = R? K2 (sin2 v) (m- z)2.

For example, if m = (0,0, 1), i.e., all rays are refracted vertically, then the determi-

nant equals
R? k2
R? k% (sinv cosv)? = 1 sin?(2v)

which is not zero as long as v # /2 or zero. This shows also that for the sphere, the
phase discontinuity v exists and can be obtained by solving the system of equations

(2.29). Notice that in this case, a phase discontinuity ¢ was calculated explicitly in

Section and given by (2.18)).
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Remark 2.3.4 (Case when I' is off centered). A case considered in [2, Section 3]:
a sphere of radius R is centered at a point (0,0,a) with ¢ > R, and the authors
claim there that it is not possible to find a phase discontinuity on such a sphere so
that all rays from the origin are refracted into the vertical direction. We believe
this claim is in error and in fact, with the method above, will show that for each
unit m = (my, mg, mg) with mgz > 0, there is a phase discontinuity 1 defined in a
neighborhood of such a sphere so that its gradient is tangential to the sphere and so
that radiation from the origin is refracted into a fixed direction m, see Figure [2.3
In particular, when m is vertical, a phase discontinuity exists. By reversibility of

2 AAAAA

A A

n

Figure 2.3: Off centered spherical metalens refracting into a fixed direction

optical paths, this shows that the conclusion in [2, Section 3] is incorrect.



34

First, the lower part of the sphere with center at (0,0, a) and radius R is

parametrized by the vector r(u,v) = p(u,v) z(u,v) with

p(u,v) = a cosv — vV R? — a2 sin? v,

where 0 < v < arcsin(R/a); and the unit normal to the sphere pointing upwards is

(0,0,a) — p(u,v) z(u,v)
7 )

UV =

To show our claim, we need to verify that the determinant in (2.20f) is not zero.

From ([2.34]), we obtain by simple calculations that

Tyu " V= —Ty  Vy = % (SlIl2 v) p?

1
Tup "V = —Ty szﬁpupv—o
Typ "V = =Ty Vy = % ((pv)2 + p2)

Fuu Fuv . 9 B B 9 9
det = p(sin®v) 1—|—Ep p—i-ﬁ(p +(po)?) |
F’Uu F’U'U
with
1
B=(x—kxm) u:E(x—nm)-((O,O,a)—px)
_l 2 _ g2 gin2p —

R(\/R a? sin®v — kamg + K p(m .CC))

The last determinant is not zero for u,v such that

B B
sin v £ 0, L+ 5p#0, and p—+—§(p2+(pv)2) £ 0.

(2.35)
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Let us take, for example, m = (0,0, 1), i.e., rays are refracted vertically, then we get

1
B = - <(1—/<; cosv)V R2 — a2 sin®v — ka sin2v),

so B is independent of u. If v &~ 0, then B~ 1—k, p~a— R and p, = 0, so

1+%pz1+(1—m)(%—1)

pt 2@ () ~ - R) (14— n) (L-1)).
Recall that kK = na/ny. If K < 1, since a > R, we obtain that 14 (1—x) (% - 1> # 0.
If > 1, then 1+ (1 — &) (% - 1) £ 0 if and only if & # 1+%. This shows that
in these cases, the determinant in is not zero for v # 0 with v close to zero.
Therefore, there exists a phase discontinuity ), on the sphere centered at (0,0, a)

with radius R, defined in a neighborhood of each point of the form p(u,v) z(u,v)

with v close to zero.

2.4 Given a phase discontinuity, find an admissible sur-

face

We now turn to the second question proposed at the beginning of Section
that is, of finding the surface I" when the field V' = (V3, V5, V3) is given. The

unknown surface is given parametrically by
r(u,v) = p(u,v) z(u,v),
where z(u,v) are spherical coordinates as before, m is a constant vector, and we

seek the polar radius p; the value of V' along the surface is V (r(u,v)). The following

theorem gives a sufficient condition for the existence of T'.
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Theorem 2.4.1. If the field V(r(u,v)) = V¢ (r(u,v)) for some function ¢, and
z- (Az x W) =0[7 (2.36)

holds in an open set O in the variables (p,u,v), where W(p,u,v) = k m+V (pz(u,v))
and A(p,u,v) = V2¥(px(u,v)), then for each (po,uo,v0) € O with x(ug,vo) -
W (po,uo,vo) # 1, the system (2.37)) has a unique solution p(u,v) defined in a neigh-

borhood of (ug,vo) and satisfying the initial condition p(ug,vy) = po-

Proof. From the generalized Snell law (2.12)), z(u,v) —k m—V (r(u,v)) is a multiple

of the normal v at r(u,v), so

ru(u,v) - (x(u,v) — km —V(r(u,v))) =0 and

ro(u,v) - (z(u,v) — km — V(r(u,v))) =0.
We have

Tu(uv U) = [p(u, U)]u x(u, U) + P(U7 'U) .%‘u(U, U)7
ro(u,v) = [p(u, v)], z(u,v) + p(u,v) 2o (u,v),
0 =ru(u,v) - (z(u,v) — km — V(r(u,v)))

= ([p(u, v)],, #(u, v) + p(u, v) 2u(u, v)) - (2(u,v) = Km = V(r(u,v)))

= [p(u,v)]u (1 - x(“?”) ’ [’im + V(T(u7v))]) - p(u,v) aju(u,v) ’ [’im + V(T(uvv))] ’

3Equivalently W - (Az x ) = Az - (x x W) = 0.
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and a similar equation for r,. That is, p(u,v) satisfies the first order nonlinear
system of pdes (depending on V)ﬁ

Tu - [km +V (p(u, v) 2(u, v))]

O T e Vi a0 T
B Ty - [km+V (p(u,v) z(u, v))] w.v) =
pv(u,v) 1— :L‘(U,’U) . [,{m +V (p(u, U) :L‘(’LL, ’U))] ,0( ’ )
If F = (F, Fy) with
C gu[mmtV (pa(u,v))
Fiw,v,p) = 1 —2z(u,v)- [km+V (pz(u,v))] P
_ my e [km AV (pa(u,v))]
Bl p) = o) em + V (o, 0))]
then can be written as
Vp = F(u,v,p). (2.38)

To solve the system ([2.38]) we need an initial condition, say p(ug,v9) = po, and use
the result from [23, Chapter 6, pp. 117-118] as in the previous section. We will see
under what circumstances on the field V', F satisfies condition (2.23)), and therefore,

the existence of the desired surface r(u,v) will be guaranteed. Set

W(u,v,p) =rcm+V (pz(u,v)), (2.39)
then
Ty - W(u, v, p)
F —
W) = T ) W0, )] 7
Ty - Wiu, v,
FQ(“: v, p) = ( p)

1= a(u,0) - [W(wv,p)] "

“We are assuming that 1 — 2(u,v) - [sm + V (p(u,v) z(u,v))] # 0.



We have
68121:(xuv'W+xu'Wv)(1_x'W)_1p
—i—(xv'W—I—x-Wv)(:vu-W)(l—x-W)_Qp
%Zb:(xUU'W+$U'Wu)(1_m'W)1P
+ (xy - WAz W) (20 - W) (1 —z- W) %p
OF, _
S = W)W
(W) (=2 W)™ 4 (g W) (- TW,) (1= - W) ™2
OFy _
By = @ W) A—z- W)
H{(we W) L=z W)+ (- W) (- W) (1 —z- W)} p.
Hence,
%—%:{(xu Wy — - W) (1— - W)~
[ W) (- W) = (- Wa) (- W] (1= z- W) "2} p
and
a;; 2—%?F1—[(xu~W)(1—x~W)1+{(:cu W,)(1—z- W)™t

38



Therefore, (2.23) holds if

O0F, 0F, OR oF,
_ n
ov ou + ap 2 ap

Py

—{ @ W=z W) (L= W) 4 (@ W) (- W)
~(z W) (:I:U-W)> (1—:U-W)_2},0

+ [(@u - W) (2 - W) = (20 - W) (2 - W) (1 —z- W) 2 p

=0.
Since we assume 1 — x - W #£ 0 and p > 0, this is equivalent to

(T Wy —zy W) (L —z- W)+ ((x- Wy) (2 - W) = (z- Wy,) (2 - W))

+ ((zy - Wp) (T - W) — (2 - Wp) (zu - W)) =0,
that is,

(g Wy — - W) (L —z- W)

39

(2.40)

I W) = (o W)l (- W) = [+ Wa) = (- W,)] (- W) } =0,

We have
W= p (VVi- 20, VVa - 24, VVs - 2,)
Wy =p (VV1 -2y, VVo -2y, VV3 - 7,)
W,=(VVi-2,VVs-2,VV3-2).
Now

3

3 3
oV aV;
T Wo=p Y o (VVira) =p Y i Y o i(@)e=p 2. o (@)

Jy;

k=1 k=1  j=1 k,j=1
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If we let
Oy1 Oy Oy3
a | v o
Oy1r Oy Oy3
Oy1r Oy Oy3
then

z-Wy=pxA(z,),

where x, x, are row vectors and t denotes the transpose. Similarly,

r-Wy=prA(zy)' xy W, =pa,A(s,)

Ty Wy =pxy Axy) Ty - W, = T, Az) xy- W, = zy, A (z)'
Since by assumption V = V1, then A = V29 is a symmetric matrix, so

Ty Wy = a0 - Wy

(& W) = (@, W) = (b= D Ala,) = 22 (a0,

)
¢_p—1
(- Wy) = (2 - Wp) = (p— 1)z A(z4)" = P (z - Wy)
and ([2.40)) reads
(0= 1) {( A@)) (20 W) = (A @)) (- W)} =0 (2.47)
which can be written as
rA(x,) xA(x,) Ty - Ax xy - Ax
det = det =0.
Ty W Ty W Ty W 2y W

®Since (x- W)y = 2y - W +px A (x,)" and similarly for (z-W),, this condition can be re-written
as (p— 1) {zA(z)" (- W)y —zA(2a)" (x- W)y} = 0.
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From the Cauchy-Binet formula for cross productsﬂ this means that

(Ty X Ty) - (Az x W) =0,

and since x, X x, || z, (2.41) is equivalent to m
x - (Ax x W) =0.

O]

Notice that if V' = Vj is a constant field, then A = 0, and so (2.41))
obviously holds. In this case, (2.37)) can be easily integrated, and the solution is

(,0) = o
P Y) = 1—xz(u,v) - (km+ V)

+Co

with C; constants.

Notice also that with the choice V', asin (2.15)), with h # 0so 1—x-W # 0,

the system of equations (2.37) becomes

(

sinu
U, V) — u,v) =0
pulu,v) = —— p(u,v)
COS v
=0
po(u,v) + - — p(u,v) =0,
o C : :
whose solution is p(u,v) = ——————, where the constant C is determined by the
cosu sinw

point where the solution passes through. This is in agreement with (2.13]).

Slaxb)-(cxd)=(a-c)(b-d) — (a-d)(b-c).
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2.5 Near field refracting metasurfaces

The near field case can be regarded as a special case from Section
when the vector field m(u,v) points towards a fixed point @, and therefore, the
method from that section can be used to derive conditions for the existence of

the desired metasurface. In fact, if the surface I' is parametrized by r(u,v) and

— Q — ’I“(U,U)
Q —r(u,v)|

holds. The existence of the phase discontinuity then follows when the determinant

m(u,v) , then it is easy to see that the compatibility condition ([2.19))

in (2.20) is not zero.

However, the phase discontinuities in the planar and spherical cases can

be obtained explicitly as follows; see Figure 2.4 and Figure

Q

|

ny

nq X

Figure 2.4: Planar metalens in the near field
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2.5.1 Case of a plane interface

Let O be the origin in medium I with index ny, and let @ = (q1, 2, g3) be
a point in medium I with index ns. Denote by I' the plane with equation z1 = a
so that it separates the points O and Q. We find the field V' so that rays from O
are refracted into Q. We know from Section that T' is given parametrically
by (2.13); the normal v = (1,0,0). So we seek V such that holds. Since the

refracted vector from each point r(u,v) on the plane interface to the point @ has

unit direction m, V' must satisfy
Q — r(u,v)|
. @ —a
cosu siny —k—— =2+ W;
|Q — 7(u,v)|
. . g2 —a tanu v
sinu sinv — k ——— = V%
Q@ — 7 (u,v)|
- t
cosp o B a/cosutanv s
|Q — 7 (u,v)|

Rewriting these equations in rectangular coordinates yields

a —a
& o =\ + W
\/ CL2 + 1‘2 + l’3 ’Q - ($1,1’2’l’3)‘ Tr1=a
T2 q2 — X2
— K =V5
\/a2+l‘%+l’§ ’Q—($1,$2,l’3)‘ r1=a
z3 q3 — I3
ok = Vs,
\/a2+x%+x§ ’Q—($1,$2,l’3)‘ r1=a

Therefore, V;, i = 1,2, 3, are determined:

0
Vi(a, 2, x3) = Oy, (\/$%+$§+x§> tr TM|Q—($1,1‘2,ZE3)| —A

Tr1=a r1=a

[ 5 o . o 0
VQ(CL, xg,xg) = (9352 < JZ% +x% +IL'§> + K 87.752’@ - (xl,xg,xg)’

r1=a r1=a

0
Va(a,x2,23) = Oy (\/55%"'9534'97?3) +r 67%|Q—($1,1?2,$3)| ,

r1=a r1=a
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where A is chosen arbitrarily. Notice that if we let

(1, w2, 23) = \/2] + 23 + 23 + £ |Q — (21, 22, 73))|

and choose A = 0, then V = V%, and so the plane with the phase discontinuity

function 1 does the desired refraction job.

2.5.2 Case of a spherical interface

If T is the sphere of radius R centered at the origin, that is, r(u,v) =

R x(u,v), then the normal v = z, and from ([2.12]), we get

<xmg::g§;v)xx:a

As before, taking cross product with x yields

L e e (e o AR RA R F

Assuming V is tangential to the sphere,

If V(Rx(u,v)) = (V¢)(Rz(u,v)), then

bu (Re(u,v)) = —k L~ Raj(u,v) (‘Q — Ra(u,v)
17] 3 |

‘x> T, j=123.

|Q — Ra(u,v) Q — Ra(u,v)
(2.42)
Hence,
g z(u,v))) = z(u.v)) - Re,, = —k May
e ((Ra(u.0) = (Vo) (Ra(uo)) - Rey = - R0 =700 o (249
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and similarly,

9 (Relw o)) = g @ Brlwv)
((Ra(u,v))) R Rew o)™

- (2.44)

since z - 4, = x - x, = 0. Since 9 is assumed C?, we get

Q — Rx(u,v) B Q—R—OC(UW) |
<@_}{M>u$v B (’Q—Rx(u,v)]>v Loy (2.45)
Integrating in u yields

= —Q Rar(u )x u,v)du v
Y(Rz(u,v)) —mR/’Q Ra(d,0) «(u'v) du’ + h(v),

for some function h. To calculate h, we differentiate the integral with respect to v
and use ([2.45)):

;} (Y(Rx(u,v))) = —Kk R / 5 <’g gi 73 -xu(u’,v)> du' + 1’ (v)

i m el 0) i + B (v)
:_HR/{a Qgg% -y (u, )

i m el 0) L + 1 (v)
kR /8‘1 <|g:gm~xv(u',v)> du’ + ' (v)
=k () ) +00)

which implies A'(v) = 0 from (2.44). Therefore, the phase discontinuity 1 on the

sphere satisfies

Q — Rx(v,v)

D(Rau) = —n [ LR

cxy (U v) du’ + C
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=K /(%(|Q — Rx(v/,v)])du’ + C = k|Q — Rx(u,v)|+C,
with C' a constant. Writing this in rectangular coordinates yields
W(R(z1,22,23)) = Kk |Q — R(z1, 22, 23)|+C, for |(z1, 22, 23)|= 1.

We now define ¢ on a neighborhood of |z|= R so that (2.42) holds. Let

W(z) = & Q—Ré +C, for R—e< |z|< R+e (2.46)
We have
Q-Rp 1 Q- R
Vz/J(z):—%RiH*“‘HR i I %’
‘Q—Ré 2] ‘Q—Ré 2| | |2

so for z = Rz, with |z|= 1, we obtain

B @ — Rx Q — Rx
Vw(Rx)__ﬁ7|Q—Rx] +H<\Q—Rm\ x)x

as desired. Therefore, the phase discontinuity v in (2.46)) has gradient tangential to

the sphere and can be placed on the spherical interface |z|= R so that all rays from

the origin are refracted into the point Q).
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CHAPTER 3

DERIVATION OF PARTIAL
DIFFERENTIAL EQUATIONS

FOR METASURFACES

In this chapter we solve the following. Let Q1 C R? | Q9 C S?, and I a
surface given by the graph of the function u : Q; — RT. We are given two intensities,
i.e, two non negative functions, f defined in € and ¢ defined in €y satisfying the

energy conservation condition

f(x,y) dudy = / 9(2) do(2),

Ql QQ

where do(z) denotes as usual the element of area in the unit sphere of R3. A
collimated beam is emanating from ;. That is, for each (z,y) € Q; a ray is emitted
in the vertical direction es = (0,0, 1) with intensity f(x,y) and strikes the surface

I' at the point (z,y,u(x,y)) = P. According to the generalized law of reflection
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in Remark this ray is reflected by the metasurface (I',), into a ray having
direction T'(z,y) = es — Av(P) — Vi(P), where v(P) is the normal to I" at P. The
question is then to find a function ¢ defined in I, called a phase discontinuity, such
that the metalens, i.e., the pair (I',?) reflects all rays from €; into €, that is,

T(21) = Qq9, and the energy conservation balance

/ f(,y) dudy = / 9(2) do(2) (3.1)
E T(E)

holds for each subset E of 21, see Figure[3.1] This problem is solved in Section [3.1.1
when I is an horizontal plane above the x —y plane. We also solve similar problems
when the incident rays emanate from a point source into a set of unit directions €21,
see Figure 3.2l Such a problem is solved in Section [3.1.2] when I' is an horizontal
plane.

In addition, we consider and solve similar problems for refraction using the
generalized law , both in the collimated and point source cases when I' is an
horizontal plane above the x — y plane, see Figures and Sections and
0.2.2)

To do this we derive the partial differential equation, for each problem,
satisfied by the phase discontinuity ¢ and show it is a Monge-Ampere equation.
Next we show that the resulting equations have solutions by application of a result
by Urbas [40]. The equations corresponding to the four problems considered are
, , and , and they can be regarded as particular cases of
. A summary of these equations can in found in Section

Monge-Ampére equations appear naturally in optics for freeform lens de-
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sign that have been the subject of recent research, see for example [41]-[21]. There-
fore, it is natural that these type of equations appear also for metasurfaces. Monge-
Ampere equations have been recently the subject of important mathematical re-
search due to their connections with various topics such us optimal mass transport.
We refer the reader to [22] and [10] for details and references therein.

We mention that using the ideas from [17], recent work for reflection is
done in [4] to design graphene-based metasurfaces that can be actively tuned be-
tween different regimes of operation, such as anomalous beam steering and focusing,
cloaking, and illusion optics, by applying electrostatic gating without modifying the
geometry of the metasurface.

Finally, if the surface I' is not necessarily a plane, then is possible to
derive the corresponding partial differential equation that the phase discontinuity
satisfies, in both the reflection and refraction cases. These are equations of Monge-
Ampere type that require a more complicated derivation carried out in Section
and Section 3.5 Existence of solutions to these equations will be considered in

future works.

3.1 Reflection when I' is a plane

3.1.1 Collimated case

Here, we solve the first problem stated in the introduction. From Remark

m with n; = 1, the vertical ray emanating from the point (z,y) € € is reflected
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by the metasurface (I',%)) into the unit direction

T(xay) :Z(l"y) —)\I/(Jl,y) —V¢(m,y), (32)

where i(z,y) = (0,0,1), v(z,y) is the normal to I' = {z = 1}, and

A=(i= V) vt V1= (i = VOP=[(i = V) - vP?) = 1+ /1 - 43 — v},

We remark that, in the last identity we have used, ¥, = 0 because we seek a phase

discontinuity v tangential to the surface I'.

)

)

Q4

Figure 3.1: Reflection from an extended source (rays are monochromatic; colors are
used only for visual purposes).

Therefore,

T(xvy) = (T17T27T3) = - (Zb:c(ﬂ?;y)ﬂ/fy(ﬂ?ay)7 \/1 - wg(‘r7y) - 1/}5(377y)) .
From the conservation of energy condition (3.1) and the formula of change of vari-

ables for surface integrals

[E f(x) d = /T L Idoy) = /E 9(T ()7 (2)] dz, (3.3)
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for each open set £ C €, and where |Jr|= |Tx(x,y) X Ty(z,y)|. From (3.3), we

obtain

f(x) =g(T(z,y))[Jr(z,y)|  for (z,y) € Q. (3.4)
To calculate |Jp(x,y)|, because |T'(x,y)|= 1, differentiating with respect to x and y
yields the equations T'- T, = T'- T), = 0. Hence, assuming T3(z,y) # 0 and solving

these equations in (73), and (73),, we obtain

T1(Th)y + To(T2),
T3

Ti(Ty)y + Tao(T2)y

(T3)e = — T3

and  (T3)y = —

Using these two equations in the determinant defining the cross product 7, x T,

from an elementary calculation, we obtain

Hence,

| Jr|= [det(D?y)],

1
T3(z,y)|

where D24 is the matrix of the second derivatives in x and y. Therefore, from ({3.4)
the phase discontinuity 1 satisfies the following Monge-Ampere equation

! |det(D?y)|= _f@y) (3.5)

V1= 03y — ¥ (,y) g (T(x,y))
To show that (3.5 has solutions, we invoke |40, Theorem 2], which says

the following:

Theorem 3.1.1. Let Q1 and Q* be uniformly convexr domains in R™ with 00,

00 € %! and let f1 € CHY(Qy), fo € CHL(Q*) be positive functions satisfying

fiz)dz = [ fa(p) dp. (3.6)
o o
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Then the boundary value problem

fi(z)
f2(Vu)

det(D?u) = in Qp, Vu(Q)=QF,

has a convex solution u belonging to C>%(Q1) N C%*(Q) for any a € (0,1). Any

two such solutions differ by a constant.

In fact, to apply this result to show existence of solutions to (3.5)), set

n =2, let
f1($7y) = f(xay) for ($,y) € Dl = Ql )
g (— <p1,p2, 1—pi —pé))
fa(p1,p2) = — )
V1—pi—p;
for (p1,p2) € Dy = —I1(Q2), where II is the orthogonal projection from a set on

the unit sphere onto the z,y-plane. In particular, €25 is a subset of the lower unit
hemisphere z < 0. We need to verify (3.6). From the conservation of energy

assumption

RECE /Q 9 doty),

and using the parametrization ¢ = (q1,¢2) — (q, —y/1 - |q[2), we can write

g(a—v1-1aP
| swasw=[ ( s )
9<—p,—\/W)
:/H(QQ) W dp = . f2(p1, p2) dp.

Therefore, (3.6) holds; hence, the existence of solutions to (3.5)) follows.
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Figure 3.2: Reflection from a point source

3.1.2 Point Source Reflection

We now have a domain €2; of the unit sphere in R, and rays emanate from
the origin with intensity f(z) > 0 for each z € Q1. Let Q9 be as in the previous
section, i.e., a domain of the unit sphere, and let g > 0 be a function in €2y such

that the following energy conservation condition holds:

f(z) do(z) = / o(y) do(y). (3.7)
Q1 Qo

Again, I is the plane z = 1. Of course, we assume that rays from the origin with unit
direction in §2; reach the plane I'. The question is then to find a phase discontinuity
1 on I such that all rays emitted from the origin with direction x € Q; and intensity

f(z) are reflected by the metasurface (I', %) into Qg such that

/ f(z) do(z) = / 9(y) do(y) (3.8)
E T(E)
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for each subset E of Q; and T(21) = Qo, where T is the reflection map. In order
to find the equation 1 satisfies, we parametrize the domains in the sphere using
spherical coordinates: s(u,v) = (cosusinv,sinusinv,cosv), 0 < u < 2w, 0 < v <
/2. Parametrizing {1 in these coordinates, we obtain ©; = s(O), for some domain
O C [0,27] x [0,7/2]. Rewriting the integrals in in spherical coordinates, and

letting s(U) = E, we have

/Uf(s(u, 0))[Sy X sy|dudv = /Ef(a:) do(x)

- / o(y) do(y) = / 9(T(s(u, V))|(T 0 5)u X (T 0 5)y|dudv.
T(E)

U
Because this equation must hold for all open sets U C O, it follows that T satisfies

the equation

[(Tos)ux (Tos)y| _ f(s(u,v))

= . 3.9
socs o 0) 39
The plane I'" is described in spherical coordinates by the polar radius
(1.0) = ——s(u,v) = (cosutanv,sinutanv, 1 (3.10)
r(u,v) = s(u,v) = (cosutanwv, sinutan . .
) COS v ) U’ S U’

From Remark with ny = 1, if the incident ray has direction i = s(u,v), then

the reflected ray that has unit direction
T(S(’U,, U)) = 8(“’7’0) — AV — Vw(r(ua’l))%

where v = (0,0, 1) is the normal to I" at the incident point. Because we seek, as be-
fore, for a phase ¢ tangential to I', we have Vi (z,y,1) = (Yz(x,y, 1), ¥y(z,y,1),0).

In addition, from Remark

A=i-v4+/1—(ji—V]2—(i-v)2)
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= cosv + \/1 — (cosusinv — 9 (r(u,v)))? — (sinusinv — ¢y (r(u, v)))?

= cosv + \/Z,

where A = 1 — (cosusinv — ¢, (r(u,v)))? — (sinusinv — ¢y (r(u,v)))?. Therefore,

writing T in components

T(s(u,v)) = (T1(s(u,v)), Ta(s(u, v)), T3(s(u, v)))
= (cosusinv — Pz (r(u, v)),sinusinv — ¥y (r(u, v)), —\/K> . (3.11)
Because |T'(s(u,v))|= 1, it follows as in Section that

(Toshy x (Tos)m — L laer | 1050 (el (3.12)

- |Ts0s]
(Taos)y, (Toos),

From (611,

(Th 05)y = —sinusinv — g, (r(u,v))(—sinutanv) — gy (r(u, v))(cosutanv),

cos2 v cos2 v

(T1015), = cosucoso — b)) (250 ) = vy r(u)) ( 254 ).

(Tr 0 8)y = cosusinv — Pgy (r(u, v))(—sinutanv) — Py, (r(u, v))(cosutanv),

COoS U

(Tr 08)y =sinucosv — Yy (r(u,v)) (7) — Pyy(r(u,v)) < sin u > .

cos2 v cos2 v

Inserting these in (3.12)) yields

[(T'0 8)u x (T 0 8)|=

= ol det (A(u,v) — D(vay)y)(r(u, v))B(u,v))

. (3.13)

where

—sinusinv cosucosv

A(u,v) = )

cosusinv  sinwucosv
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Cos u

—sinutanv >
COsS“ v

B(u,v) =
sin u

cosutanv >
COs“ v

We can rewrite the above quantities in rectangular coordinates, noticing that « =

1
cosutanv, y = sinutanv, r(u,v) = (z,y,1), V22 +y2+ 1= and \/22 + 2 =
COoS v

tanv. We obtain

T=— 2 u(z,y1) = (vx2+y2+1—¢(w,y,1)) ,

$2+y2+1 T

Y
Ty = e~ byl 1) = (Ve + 2+ 1 - v p,1)
T +y +1 Y

2 2
T3] = a:2+y 1 %c(xayal)) - (\/Jg‘i/ﬁ —wy(x,y,1)>
:\/1 \/1’2_|_y —(z,y,1 ) > —((\/:UQ—I-y?—l- —w(x,y,1)>y>2,

-y x
= \/a:2+y2+1 \/:L'2+y2+1\/x2—|—y2
x Y

Vet 2+ 1 o2+ y2 + 122 + g2
z(1+ 2% + 4%

b Vi

y(1+ 2% +y?)

Also,
1 : . .
Su X Sy| = Teosvl| - sin? 1 cos v sin v — cos? u cos v sin v (3.14)
cos v
: Va2 4 y?
=sinv =

/$2+y2+1.

Now note that

det(A — D*¢B) = det(B) det(AB~! — D),
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with
y(1+22+9%) —2(1+22+4?)
B'=-— ! Va2 +y? Va2 +y? (3.15)
($2+y2+1) /-T2+y2
and
2 - x
by + ; y+ )
ap- = | W0 T W) Tl | (),
—xY Yy x )

where b(z) = (22 +12) (22 +32+1)/2 and c(z) = (22 +1?) (2% +3>+1)3/2. Therefore,
det(A — D2B) = det(B) det (D2 (\/x2 FyP 41— w)) .
Letting ¢(z,y) = V2?2 +y?2+ 1 — ¢(x,y), using the last equation in (3.13)), and

using (3.14]), we obtain from (3.9)) that ¢ satisfies the following equation:

det(D?6(x, y) (3.16)
J1-d3ey) - 63 (a,y)

S (\/m(%ya 1))
9 (6alw,9). 00 w), 1= ) - Glay))

The above equation holds for (z,y) € D, where D is obtained as follows: for each
direction e € 1, the ray with this direction intersect the plane z = 1 at a unique
point (z,y), this collection of x and y is D.

We now proceed as in the previous section to show existence of solu-

tions to (3.16). To this end, we need to identity the functions fi, fo in (3.6).

Parametrizing Q1 by ¢ : D — Q3 with ¢(x,y) = ﬁ(w,y, 1), we let fi(x,y) =
a2ty

Flg(z.y) g(pl,pz,—\/l—p?—%)

for (z,y) € D1 = D. Alsolet fa(p1,p2) =

@2+ 177 N
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for (p1,p2) € Do = I1(22). With these choices and observing that

f (1<$, Y, 1))
_ Va2 +y2+1
o f(z)do(z) = /D (21 g2 £ )32 dxdy,

which is a similar calculation as at the end of last section, we obtain that (3.7) is
equivalent to (3.6)); therefore, the existence of solutions to (3.16|) follows as before,

invoking Theorem [3.1.1]

3.2 Refraction when I' is a plane

Here, we solve two problems similar to the ones considered in the previous

sections but for refraction.

3.2.1 Collimated case

Incident rays are emitted from an open set 21 of the z-y plane with direc-
tion i(x,y) = e3 = (0,0,1), and T" is the plane z = 1.
From the generalized law of refraction (2.6) and (2.8]), the metasurface

(T, %) refracts the incident ray i(z,y) into a ray r(z,y) with direction satisfying

nli(:c, y) - ngr(rc,y) = )\V(aj,y) + v¢($7y)7

where n1 and no are the refractive indices of the two homogeneous and isotropic

media separated by the plane I', v is the unit normal to the plane I'. Also

A= (n1i = Vo) - v —/nd — i = Vo P+ (i — Vo) - v)?

=n1— \/ n% - (w%+¢5)7
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n

v

m

Q4

Figure 3.3: Refraction from an extended source

because we seek 1 tangential to I'; i.e., ¥, = 0. We then let T : Q; — Q9 to be

T(a,y) = r(a,y) = (—;wﬂc,y), ] \/ Lo (Y2() + w;u«,y))) .

2
We seek ¢ defined on I with T'(£21) = Q9 and satisfying the conservation of energy

balance

/Ef(ac) dx = /T(E)g(y) do(y) = /Eg(T(z))]Jﬂdz for each E C ),

where |Jr|= |Tx(x,y) x Ty(x,y)|. Because |T'(x,y)|= 1; similarly, as for reflection,

we have that

_ 1 2 1
1= ) )det <D nﬂ)"

Therefore, proceeding as in the reflection case, the phase discontinuity ¥ must satisfy
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the following Monge-Ampére equation

1

V1 o (03(y) + 03(a.))
f(@,y) .

g <_T%2¢:Jca _77121/}?;7 \/1 - ;1% (T,D:% T wg))

notice that this equation is independent of the value of n;. Similar to the reflection

det (D211p> ’ (3.17)

case, T(€1) = Q9 implies that n%(d’mad’y) € —II(3), where II is once again the
orthogonal projection onto the z-y plane. We claim, also in this case, that [40),

Theorem 2] can be applied to obtain a solutions ¥ to (3.17). Indeed, letting

fl(xay) = f(x7y) for (1‘7]/) € Dl = Ql )
V1o 0+ 03)

for (p1,p2) € Dy = —noll(Q2), and proceeding as before, we obtain that

Ja(p1.p2) =

)

[ fwyde = /Q o0 do(y)

is equivalent to (3.6]), and so existence of solutions follows as before.

3.2.2 Point Source Refraction

We now analyze a problem similar to the one in Section [3.1.2] for refraction.
That is, rays emanate for a point source and we seek a phase discontinuity v defined
on the plane I' = {z = 1}, so that the refraction map T (to be calculated in a
moment) satisfies the conservation of energy condition . As in Section
this implies , ie.,

(Toshx Toshl __ Fls(uwv)
E 9(T(s(u,v)))’
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/

Figure 3.4: Refraction from a point source

and T(Q1) = Q2. Let us calculate the refraction map 7. As in Section the
plane T" is described by the polar radius (3.10). Then from (2.6, the refracted ray

has unit direction

T(s(u,v)) = Z—;s(u,v) — n12)\1/ - ;Vw(r(u, v)),

where v = (0,0,1) is the normal to I' at the incident point, s(u,v) are spheri-
cal coordinates, Vi)(z,y,1) = (¢Yz(x,y,1),¢y(z,y,1),0) (because we seek a phase

discontinuity 1 tangential to I"), and

A=nyi-v+/n3— (Inii — V|2—(nyi - v)?)

=njcosv+ \/ng — (n1cosusinv — Yy (r(u, v)))? — (nysinusinv — Py (r(u, v)))?

= n1Cosv + \/Z,
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where A = n3 — (nq cos usinv — 1, (r(u,v)))* — (ny sinusinv — ¢y (r(u,v)))?. There-

fore,

T(s(u,v)) = (T1(s(u, v)), Ta(s(u, v)), T3(s(u, v)))

N9 no n9 n9 n2

1 1 1
= (m cosusinv — —(r(u,v)), ™ Sinusinw — — )y (r(u,v)), \/Z> :
Because |T'(s(u,v))|= 1, we have as in (3.12]) that

(T 0 5)u x (T'0 8)o|= —— |det Hrosh (Tiosh | (3.18)

[Tyos
(Toos)u (T208)
On the other hand,
ni . ) 1 .
(Tho8)y = ——sinusinv — — . (r(u,v))(— sinu tan v)
no no

— iww(r(u, v))(cosutanwv),
ng

(TI © S)” - =L CoSuUcosv — iwmx(T(ua U)) ( — > o iwmy(r(’lﬁ, ’U)) (Slnu> ’
n2

na cos2 v na cos2 v
ni : 1 :

(T 08)y = —cosusinv — —gy(r(u,v))(—sinutanv)
noy no

— iwyy(r(u, v))(cosutanv),
ng

n

U 1 inu
(Tho8)y = L Sinucosv — lewgcy (r(u,v))(g) - nfgwyy(r(u,v)) <S> .

na cos2 v cos? v

Inserting these into (3.18)) yields

1
(T 8w x (T'o 8)ol= |T5 o s|

det (A(u, v) — ;D(vay)w(r(u,v))B(u,v))

where

ny —sinusinv cosucosv

cosusinv  sinwucosv
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cosu

—sinutanv >
COsS“ v

B(u,v) =
sin u

cosutanv >
COsS“ v

As in the point source reflection case in Section we can rewrite the above

quantities in rectangular coordinates, noticing that x = cosutanwv, y = sinutanwv,

1
r(u,v) = (z,y,1), Va2 +y2+ 1= and /22 + y? = tanv. We obtain
c

OS U

ni x 1 ni 1
T :77——1%(3:,3/,1) = < x2—|—y2+1—¢($ayal)> )
n2y/x2+y24+1 N2 n2 . x

ny y 1 m 1
T, = e —y(x,y,1) = < 22+ y?2 4+ 1 - —p(x,y, 1)) )
no 4+ y* + 1 n9 n2 n2 y

2
ni T 1
Ts=l1—-| ——— — — ¢, (z,y,1
\3\( (m —— m%<y>>

_ EA_id)(la 1) )
R rl ne Y
2
—(1—<<2v$2+y2+1—;¢(1’7y71)> )

2

_<Czwﬁ+W+l—;w@wJ0)2>a

—y -
qm Vet g2+ 1 o2+ g2 + 122 + g2 7
na T Y

V2 24+ 1 a2+ 2+ 122 + 92
z(l+a* +y°)

)
5 V7

y(1+ 22 +9?)

Also, from (3.14)), |sy X sy|= \/jm Now note that

X

1 1
det <A — D%B) = det(B) det (AB_l — D2¢> ,
no no
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with B~! as in (3.15]), and

y2 z? —ry | wy
Ap-t=" b(z) | o(@) 5(2) C() ZED2<‘/x2+y2+1),
g\ —ay , ay 'yt | o

b(x) = c(z) bx) cz)

where b(z) = (22+12) (22 +12+1)"/2 and ¢(z) = (22 +1?) (22 +y2+1)3/2. Therefore,

[}

1
det (A . nD%B) = det(B) det <D2 (”1
2

n2

\/x2+y2+1—;¢)>.

Letting ¢(x,y) = \/1'2 +y2+1-— —1/1(3U y), we obtain that ¢ satisfies the follow-

ing equation

(z* + ¢ +1)%/2
\/1 - gb%(ﬂ?,y) - ¢§(1’7?/)

|det(D*¢(z, y))| (3.19)

B f (\/m(%% 1))
9 (6(@:), 0y (,0), /1 = (w) — G 1))

The above equation holds for (x,y) € D, where D is obtained as at the end of

Section [3.1.2] The existence of solutions to this equation follows as before, let-
1
(1E2 _|_y2 + 1)3/2
g (php?a 1 _p% _pg>
V1 -7 —p}

orthogonal projection.

ting fi(z,y) = for (x,y) € D1 = D, and fo(p1,p2) =

for (p1,p2) € D2 = II(€Q2), where II is once again the

Remark 3.2.1. If a ray is emitted from a point @ and strikes the plane I' = {z = 1}
at the point P = (z,y,1), let dg(z,y) be the distance from @ to P. In the collimated
case, because all rays are vertical dg(z,y) = 1. And when the point source @ is the

1
origin, dg(z,y) = /22 +y?+ 1. Then writing ¢(z,y) = —ldQ(az,y) — —(x,y),
ng ny

and noticing that n; = ny = 1 in the reflection cases, the equations (3.5)), (3.16]),
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(3.17) and (3.19)) can be written as
3/2
doy? (x,y)
J1— 8@y - Gy)

|ww%mW|;Wf) (3.20)

where f(z,y) = f(x,y) in the collimated case, and f(z,y) = f (\/ﬁ(x,y, 1)>
z?ty

in the point source case.

3.3 Summary of the equations in the planar case

Collimated reflection

1
V- v3ey) - v3(e.y)

Collimated refraction

f(z,y)

e 2 = |
det(D%)] 0 (et =1 02 () — ()

det(D21¢)'

n2

flz,y)

9 (e~ /1 - HRay) - Huiy))

Point source reflection

(xz _|_y2 + 1)3/2
V1- Ga,y) - dila,y)

|det(D*¢(x,y))|

JeT——
Va2 4y 417 /2242417 fa2 4241
g (qu(x?y)a gby(l',y), _\/1 - ¢;%(x>y) - q%(a:,y)) ’

where ¢(z,y) = /22 + 92+ 1 —)(x,y).

Point source refraction

[det(D*(x,y))|
VJ1-d3ay) - 63 (e.y)
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= d <\/””2j:92+17 \/ﬁiy%rl’ \/r2+1y2+1>
9 (@e(@,9), 0y(@,9), /1 = 92(.9) - B2 (,))

n 1
where ¢(x,y) = n—;\/xz +y2+1- anw(x,y).

3.4 Reflection when I' is a general surface

In this section we derive the equations for the reflection problems for a

given general surface I'.

3.4.1 Collimated case

T
]
|

Figure 3.5: Reflection from an extended source

Incident rays are emitted from an open set 1 of the x — y plane with
direction e3 = (0,0,1), and I' is the surface given by the graph of the function

u: Q; — RT. As before, the reflected rays are r(z,y) = (0,0,1)—Av(z,y)—Vi(z,y),
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where Vi = (D, v,), v = M and because v - V¢ = 0, from Remark

V1 + [Duf?’
[2.1.2] we have

1 1
A=+ |20, — 2 =2 — Y2+ ———.
V14 [Dul? \/ Ve oW oWy Wi | Dul?

Because we assume v is tangential to I', 1, = Du - (¢, 1) = Du - Di. Therefore,

1
1+ [Dul?

1
P
1+ |Dul?

1
S SR
1+ [Dul?

1
where A = 2Du - D) — |Dt|>—(Du - D)% + 15 DuP and we set

+ \/QDu - Dt — |D2—(Du - D)2 +

T(z,y) =r(z,y)
A

Ay Uy A
_ — b, —tpyl— ——2 —Du-Dy|.
<\/1+\Dul2 v 1+ [Duf? Yy 1+ [Dul? w)

As before, we now have to calculate

1 dot (Tl)z’ (Tl)y
—de
T3]

Notice that

(T2 (Th)y _ D%+ )\"B\/H\zDu\? )\y\/l—s—FDu\?

Uy Uy
(T2)e (T2)y AI\/H\Du\? Ay\/l—s-lDu\Q

1A (\/1+|1Du|2 )1‘ (\/1+|zDu|2 )y

(\/1f:|yDu|2)l’ (\/1f:|yDu|2)y

2 1 Y Az 2
= -V + ® + AB(Du, D*u),

1 Dul?
1+ |Dul " A

)
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(i) (i)
where B(Du, D*u) = 1+ Duf? \/1+|Dul2’Y

. We can calculate the deriva-

(=), (=)
\/1+|Dul2’® 1+|Du|2’Y

tives of A\ obtaining,

1 1
e (e )
1
(t55e) — (2ot)]
= (\/1—{—1|7Du|2> + %A_lﬂ [2((Du)m - D) = 2(Du - D) ((Du)y - DY)+

1
1+ |Duf?
x

= a(Du, D%u, D) + 3 A2 [2(Du- (D)) —2(Du - Db)(Du - (D))

~ (IDYP). |

- %A*W [2(Du - (DY)z) — 2(Du - DY)(Du - (D)) — (|DY[*)s]

— hy(Du, D?u, D) + %A‘W [2(1 — Du- Dg)(Du- (D)) — (IDY[2)a]

where A = 2Du - Dy — |Dy|*—(Du - D)% + m and hy(Du, D*u, D) =

(m) + $ATY212((Du), - DY) — 2(Du - DY)((Du), - DY) + (m) ]

Similarly,

Ay = ha(Du, D2u, D) + SA72 [2(1 = Du- DY)(Du- (D)) — (IDYP)].

Therefore,
1 Uy Az
_ ® =
1+ |Dul?
Uy Ay
A_1/2

7(Du. D% _ 2 " 11~ Du- u 9 W)
H(Du D, DY) + — = [(1 = Du DY)(Du® (D) (D)
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(Du® (D*¥) (D)),
= (h17 h2)
where H = Du ® 7\/@
All in all,
(T1)e (T1)y A—L/2
= V%) + ——[(1 = Du- D¢)(Du® (D*))(Du))
(). (1), Vit D
— (Du® (D*y)(D¥))] + AB(Du, D*u,) + H(Du, D*u, DY)
e AT b _ 2
=[-Id+ W(u Du - D) Du ® Du — Du ® Dv)|D?*y)
+ F(Du, D*u, D))
o ~A"Y2((1 = Du- DY))Du — Di).
=—[I[d+Du® T Due | D%
+ F(Du, D*u, D)
= —[Id + Du ® A(Du, D¥))|D* + F(Du, D*u, D))
= —[Id + Du® A)](D*) — [Id + Du ® A]7'F),
where
_ —A7Y2((1 — Du- Dy)Du — D))
A(Du, D) = T D :
and
F(Du, D*u, D) = AB(Du, D*u) + H(Du, D*u, D).
Therefore,
) (T
det (Tia (Tidy =det ([Id + Du® A)] (D*p — [Ild + Du® A]"'F))

(T2):v (T2)y

=det (Id + Du ® A) det (D%Z; —[Id +Du® A]—lp) )
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Using Sherman-Morrison’s formula El, we obtain

I = (1+ Du- A) det <D2¢—[Id D“®A] F)

1+Du-A
(T2)a (T2)y
Therefore, the phase discontinuity ) satisfies the equation,

(14 Du-A) |
A Du - D)

1+ |Dul? -

3.4.2 Point source Reflection

det<D2w—[Id— Du® A ]F> f(my)

1+Du-A -

Figure 3.6: Reflection from a point source

Here we derive the equation when the incident rays are emitted from the

origin. We use the following parametrization of 2;:

s:D— (21,

Ydet(A +u ®v) = (1 4+ uT A ') det(A), where A is an invertible matrix and u, v are vectors.
https://en.wikipedia.org/wiki/Matrix_determinant_lemma


https://en.wikipedia.org/wiki/Matrix_determinant_lemma
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S(@.y) = x y u(z, y)
’ \/1:2+y + u2(z,y) \/x2+y + u?(z,y) \/:L’2+y + u2(z,y)
(_Dual)

V14 [Dul?’

tangential to I'. Therefore,

In this case v = and Vi = (D, Du - D), because we assume V) is

A=i-vt /1= (ji= VYP—(i-v))

2
B —(z,y) - Du+u _
\/x2+y2+u2\/1+|Du\2 x2+y NZFETERE R

2
Y — D+ Du
NCESEEea \/1:2—|—y + u?

—(z,y)-Du+u
Va2 +y? +u?\/1+ [Dul?
_ @y -Dutu  |2D¢((@,y) +uDu)
Va2 + 42 + a1+ [Duf? VT Rt

1
2

— |DY >~ (D3 - Du)?

+< u— (z,y) - Du )

V2 +y? +u2y/1+ [Dul?
—(z,y) - Du+u

- Va2 +y2 +u2\/1 + | Dul?

+ VA2, y,u, Du, D),

where

A(xay>u7 D%Dl/’)

_ 2D - ((x,y) + uDu) B |D¢|2_ (D¢~Du)2+ ( U — (w,y)-Du|D 2>2.

N NESrEN
We set
T (s(z,y))
T Ay Y Ay
= + - ¢ ) + - ¢ )
<\/x2+y2+u2 VI+Du2 U221 1+ [Du2 7

u - A — Du-Dv .
Va2 +u2 /14 |Dul?



Because |T'(s(x,y))|= 1, we have that

1
X (T os)y|= det

T

(Th08),

On the other hand,

(Th 0 8)s
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(Th 0 s)y

(T 0 8)y

(Tl o S)x (TI (e} S)y

y\/1+|Du|2

Mg ——
—D21/1+ ( \/1+|Du|2
Uy

14| Du|?

Uy
1+|Dul?
+ A
Uy
14+|Dul|?

),
)
)

(T2 o S)x (T2 o S)y

/1'2 +y +u2

= D*4 —
v 1+|Du\2

+ AB(Du, D*u)

< 1uwDu2> < 1uxDu2>
where B(Du, D?u) = | NV TP e AVEHDUE/,

(), (),

x x
[22 1 y2 2 N [22 1 y2 tu2 y

Y Y
(\/$2-|-y2-‘ru2>a7 <\/:62+y2+u2)y

tives of A\ obtaining,

C(x7 y? u7 Du) =

N = (z,y) - Du+u
: Va2 +y? +u/T+[Duf? |

L1
+ 34

/mZ—}—yz—{—uQ

2(D)), - <(:J:,y)+uDu> +2(Dy). <

Uy

1+|Du|2>
1+|Du|2>
/$2+y +’U42

(
(
(e
(),
I

+ C(z,y,u, Du),

, and

. We can calculate the deriva-

N

(z,y) + uDu >
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2
o u- 4 - —(:p,y)-Du+u o 2

= hl(xaya u, Duv DQU, DT/))

1172 A &y +uDu _ (1DW?
similarly,

Ay = ha(z,y,u, Du, D?u, Dv))

(z,y) + uDu

D), - | A TR
DY)y (m

where h;(z,y, u, Du, D?>u, D1), with i+ 1,2, are the collections of all the terms that

b iane ~ (Du- DY) Du) - (lez)y] ,

do not contain second derivative of 1. Therefore,

1 Ug Az .
—_— ® = H(x,y,u, Du, D*u, D))
2
V' 1+ |Du| " Y
A~1/2 (z,y) + uDu
+——— | Du® (D? ’
V14 |Dul? ( w( z? +y? + u?
— (Du- DY) Du> — (Due (D*p)(Dv)) |,
I (hlahQ)
here H = Du Q ——.
where u T Duf?
All in all,
(T)e (Th)y
(T2)e  (T2)y
—1/2 (z,y) + uDu
— D24 —= _[Due (D¥) | 2T Dy D) Du
v v PN Vg PPV

— (Du ® (D*)(D))] + AB(Du, D*u) 4 C(x, y, u, Du)
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+ f[(a:,y, u, Du, D*u, D)

A—1/2 Du ( (z,y) + uDu

+7 _ 7’
1+ |Du|? V2 +y? +u?

+F(mvy;U7DU7D2U7D¢)

— (Du - D)) Du — D¢) ] D%y

= —[Id+DU®A(I‘,y,U,DU,Dw)]DQTZJ+F($7y7U,DU,D2U,D1/})

= —[ld+ Du® A)|(D* — [Id + Du® A]"'F),

where
A~1/2 D
A(z,y,u, Du, D) = @)+ ubv b D) Du— Dy ) |
V1+[Dul? \ /a2 + 2 +u?
(3.21)
and
F(x,y,u, Du, D*u, D1) (3.22)
= AB(Du, D*u) + C(z,y,u, Du) + H(z,y,u, Du, D*u, D).
Therefore,

aor | T2 Ty = det ([ld + Du @ A)] (D* — [ld + Du® A]"'F))

(Ta)z  (T2)y

= det (Id + Du ® A) det (D*y — [Id + Du® A]"'F).

Using Sherman-Morrison’s formula [P| we obtain

qes | e v _ (1+ Du- A) det <D21/)— 1d —

Du® A ]F>
(T2):r (T2)y

1+Du-A

2det(A 4+ v ®@v) = (1 4+ uT A w)det(A), where A is an invertible matrix and wu,v are vectors.
https://en.wikipedia.org/wiki/Matrix_determinant_lemma
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Therefore, the phase discontinuity v satisfies the equation,

(1+Du-,4)A det<D2¢—[Id—1DuD®AA]F>
— Du- Di +Du

u

S(x’y)‘\/xQ T y2 T u - \/1 T \Du|2

where 5(x,y) = |s; X sy, A as in (3.21)), and F' as in (3.22)).

3.5 Refraction when I' is a general surface

We consider the problems in the case of refraction for a given general
surface. Even if the calculations are similar to the case of reflection (Section ,

we include them for convenience of the reader.

3.5.1 Collimated case

m

Figure 3.7: Refraction from an extended source
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Consider the case in which rays are emitted from an open set 1 of the
x — y plane, T is the surface given by the graph of the function u(z,y) : Q1 — R,

and the incident rays have direction e3 = (0,0,1). As before r(x,y) = E(0, 0,1) —
n2

1 1
n—)\u(aj,y) — n—V¢(m,y), where r(x,y) are the refracted rays, Vi = (D, ,),
2 2
—Du, 1
(ZDwl) and, because v - Vi) = 0, from [I7, Remark 2] we have
V14 |Dul?

2
niy n
A= nE—n2 2, — 2 — 2 — 2 —— L

Using that 1 is tangential to I', we have that ¢, = Du - (¢3,1y) = Du - Di.

Therefore,

2
ni n
A=— — /2 —n2+2nDu- DY — |DY|2—(Du- D)2 + —L1
VA,

ny

1+ |[Dul?

2
where A = n2 — n? + 20y Du - Dy — | D[~ (Du - Dy)? + —3

1+ |Dul?’ ¢
T(z,y) =r(z,y)

B ( Ay B % Aty Py My A Du - Dy

ngy/1+ |Dul?  n2 ng\/1+[Dul2  n2’ N2 ny\/1+ |Dul? n2 )

As before, we now have to calculate

1 dot (Tl)a: (Tl)y
——de
|T5]

(T2)z (T2)y

Notice that

Uz Uy

(T1)e  (Th)y :_D2¢+i )\I\/1+|Du|2 )\y\/1+|Du|2
n2 n2 Uy Uy

T)a (T2)y Qv Yo




78

(\/eru\'z)m (\/eru\'z)y

_|_7
), ()
VIHDulP ' /14| Duf? Y
DQZZ) 1 Uy >\x
=— + ® + AB(Du, D*u).
n2  ngy/14 |Dul? " ) ( )
Y Y

(=5=). (/5=)
where B(Du, D*u) = +,712 LHDuf ™ LHDu ™ We can calculate the

( Uy ) ( Uy )
\/1+\Du\2 z \/1+\Du\2 Y
derivatives Of )\ Obtaining,

)\z: L
V14 |[Dul? )

n2
_ <\/n% —n3 + 2n1Du - Dy — | Dy|2—(Du - Dyp)? + 1+\11?u|2>

- (’”) — %A‘W [2n1(Du - D)y — 2(Du - Dp)(Du - D),

v/ 1+ |Dul?
(") _pup
1+ |Dul? ) ’

= h1(Du, D*u, Di))

— SAT2 (2, (D (DY).) — 2(Du- DY)(Du- (D¥).) ~ (DYP),

= h1<DUaD2U7D¢)

~ SAT2[2(m — Du- DY)(Du- (DB)) ~ (D))

Similarly,

Ay = ha(Du, D2, D) = SA™V2 (201 — D D) (D (DY)y) = (1DUP),

where A = n3—n2+2n1 Du-Dy—|Dvp|>—(Du-Dp)?+ and h;(Du, D*u, D1)),

n
1+|Dul?>
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with ¢ = 1, 2, are the collection of all the terms that do not contain second derivative

of ¢. Therefore,

1 Uy )\a:

n2y/1 + |Dul? " N
y

Yy
A—1/2

n2y/1 + |Dul?
— (Du® (D*)(Dy))],

H(Du, D*u, D1)) — [(ny — Du - D¥)(Du ® (D*))(Du))

(h1, h2)
noy/1+ |DU’2

where H = Du ®

All in all,

T T T Yy Y
Te ) _ D AR b by bus (D)D)

N2 ngy/1+ |Dul?

(TQ)x (TQ)y

— (Du ® (D*)(D))] + AB(Du, D*u) + H(Du, D*u, D))

-1/
:[_Id_Ai”((nl_Du.Dw)DuQ@Du—Du@DdJ)}%

V14 |Dul? n2

+ F(Du, D*u, DY)
A~Y2((ny — Du - D) Du — D¢)]D2¢ N

V1 + |Dul? n2

D) 2
= —[Id + Du ® A(Du, Dy))|—— + F(Du, D*u, D))

n2

= [[d+Du® F(Du, D*u, D)

D2
=—[ld+Du® A](T —[ld+ Du® A]"'F),
2

where
A~1Y2((ny — Du - Dy)Du — D1))

V' 1+ |[Dul? 7

A(Du, Dip) =

and

F(Du, D*u, D) = AB(Du, D*u) + H(Du, D*u, D).
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Therefore,

(Th)e (T1) D2
det " = det [Id + Du ® A)]( nw [ld+ Du® A]"'F) | =
2
(T2)z (T)y
2¢
det (Id + Du® A) det( —[ld+ Du® A]"'F).
Using Sherman-Morrison’s formula, E] we obtain
(Th)z  (Th)y 2y Du® A
det 14+ Du- A)det d-———|F ).
¢ (+“)e<n2 ~ 1—|—Du.A])

(T2)z (T2)y

Therefore, we obtain that the phase discontinuity 1) satisfies the following equation,

(1+ Du- A) D% Du® A _ f=y)
m x  Du-Dy|™ (T - 25 ) = ey

N2 ngy/1+|Dul? n2

3.5.2 Point source Refraction

Incident rays are emitted from the origin. We use the following parametriza-

tion of Q1:

s:D— (21,

s(z.y) = x y u(z,y)
’ \/1:2+y +u2(z,y) \/ac2+y + u?(z,y) \/x2+y + u2(z,y)

(=Du, 1)

1+ [Dul?’

tangential to I'. Therefore,

In this case v = and Vi = (D, Du - D), because we assume Vi is

A =mni-v+ /03— (Inii — VY|2=(n1i-v)?)

Sdet(A+u®wv) = (1 +u” A v)det(A), where A is an invertible matrix and wu,v are vectors.
https://en.wikipedia.org/wiki/Matrix_determinant_lemma


https://en.wikipedia.org/wiki/Matrix_determinant_lemma

81

Figure 3.8: Refraction from a point source

2
— - Du + T
R I I (L —
\/$2+y2—|—u2\/1+]Du|2 $2+y2+u2
2 2
niy niu
| Y- —| ——=—Dv¥ - Du
(x/x2+y2+u2 Y V2 + y? + u?
273
—(z,y)-Du+u
— | m
Va2 +y2 +u2\/1+ |Dul?
—(2,y) - Du+wu 2 92D - ((x,y) + uDu)
:nl n2—n1
\/x2—|—y2+u2\/1—|—|Du|2 /22 + y2 + u>

9.1
DR — (Dt - Du)? u—(,y)- Du 2
| DY|"= (D - Du)” + (”1 \/x2+y2+u2\/1+|Du’2> ]

1
Va2 +y2 +u2\/1+ |Dul?

+ VA2, y,u, Du, Dip),

=N

where

2Dy - ((x,y) + uDu)

V2 + y? + u?

A(%Z/,UyDU;Dw) :n%_n%—i_nl _’Dw‘Q_ (D¢DU)2
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+n u— (z,y) - Du
1
Va2 +y2 +u2y/1+ [Dul?

We set
T (s(z,y))
_ nix n Ay B iﬂ) niy
no/a22 + 2 + 12 no /14 |Dul2 n2 T ng/a? + 2 + u?
AU 1 niu A 1
I T - — ~Du-Dy|.
ngy/1+|Dul2 12 " ny\ /22 42 +u2  no/1+ [Du2 2 ?/)>

Because |T'(s(z,y))|= 1, we have that

1 (Tl O S)x (Tl (e} S)

(T 08)g % (T 08)y|= ———|det Y
|T5 0 s

(T2 O S)x (TQ (e} S)y

On the other hand,

(Tios)e (Tiosly | _—p2y 1 (M7mfme Mymime
n2 na Uy Uy
(Tzos)s (Tros)y ¥ /14| Dul? Ay /14| Dul?

Uy

Uz PR S
1+|Du|2>x (\/1+|Du2>y

Yy T
1+|Dul? - \/14+|Dul? Y

_D2w 1 Uy )\x
Com nay/1+ |Dul?
Uy Ay

+ AB(Du, D*u) + C(z,y,u, Du),
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Uz

(). ()
). (i),
),
),

where B(Du, D?*u) = Y| and

x
2 2 2 2 2
n1 (\/x +y“+u )x <\/ +y24u

C(z,y,u,Du) = ™ We can calculate the

ng
Y
/a:2+y2+u2 - / 2+y2+u2

derivatives of A obtaining,

N —(x,y) - Du+u +1A—1/2 201 (D), - M
Va2 +y? +u\/T+[Dul?) 2 Va?+y? 4+ u?

(z,y) +uDu

Va4 y? +u?
2
—(:E,y)'DU+U 2
+ ni — (|Dy
<¢x2+y2+u2¢1+|m|2 (1D,
X

= hi(z,y,u, Du, D*u, Dv)

+ 1172 2(Dip), - nlw — (Du-Dy) Du | — (IDy?) |,
2 /12 +y2 —|—U2 x
similarly,

)\y = h2(x7y7u7 Du, DQU, qu)

2DY), @&% ~ (Du-Dy) Du) - (|Dw|2)y] ,

where h;(x,y,u, Du, D>u, D), with i + 1,2, are the collection of all the terms that

1
+ =AT1/2
2

do not contain second derivative of 1. Therefore,

1 Ug Az ~ 9
_— ® = H(xz,y,u, Du, D*u, D
ETE @y v)
Uy Ay
A~1/2 [ (z,y) + uDu
+ ——— | Du® (D*Y) [ 1 2=~ — (Du- D)) Du | —
n2+/1+[Dul? | ( 1/1)( 1\/w2+y2+u2 ( v)
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(Du @ (D*y)(Dy)) |,
o (hla hZ)

where H = Du ® —mm.
All in all,

(Tl)a: (Tl)y

(TQ)JC (T2)y
_ D% A2 2 (z,y) +uDu _
= + T DT \Du|2[Du® (D*v) (nl\/m (Du - D) Du

— (Du® (D%D)(Dd}))] + AB(Du, D2u) + C(x,y,u, Du) + ﬁ(az, y,u, Du, D?u, Dvp)

A71/2 D D2
i 2T pus (m B0 EUDY oy pu— Dy | |22
1+ |Dul? Va4 y? +u? n2

+ F(z,y,u, Du, D*u, Di))

D2
= —[Id+DU®A(ZE,y,u,Du,D¢)]Tw +F(l’,y,U,DU,D2U,D@Z))
2

2
= —[Id+ Du®A)}(D—¢ —[ld+ Du® A]"'F),
2

n

where

-1/2
A(I,y7u7Du, D¢) = A (n (:an) +UDU

— (Du - D) Du — D¢> ,

1+ |Dul? ! Va? 4+ y? +u?
(3.23)
and
F(x,y,u, Du, D*u, Di)) (3.24)

= AB(Du, D*u) + C(z,y,u, Du) + H(x,y,u, Du, D*u, D).
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Therefore,

Id+Du®Aﬂ<€?b—Hd+Du®ArUO>
2

det Tie Ty :det<[

(T2)z (T2)y

D2
= det (Id + Du® A) det <n —[ld+Du® A]_1F> :
2

Using Sherman-Morrison’s formula H, we obtain

qer | 7 T = (1+ Du- A) det <D%[Id Duc 4 ]F).

n9 1+Du-A
(T2)2  (T2)y

Therefore, the phase discontinuity ) satisfies the equation,

(1+ Du- A) det<D2¢—[Id— Du® A }F>:gf(s(a:,y))

5(z,y)E(x,y,u, Du, D) ng 1+ Du-A

where 5(z,y) = [s2 X sy,

D
u'jv A as in "
n2

E(:C7y’u’ DU7D/¢)) =

niu 7 A D
novr2+y2+u  ney/1+ |Dul?

and F' as in ([3.24)).

‘det(A+u®v) = (1 +u” A v)det(A), where A is an invertible matrix and wu,v are vectors.
https://en.wikipedia.org/wiki/Matrix_determinant_lemma
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CHAPTER 4

WAVEGUIDES

As we said in the introduction, the problem considered in this chapter is
that of modeling energy losses in waveguides. We investigate this problem within
the regime of geometric optics in a dielectric into two cases: a straight guide and
a circularly curved guide. To model this we use the Fresnel formulas. Let us first
explain the set up. Suppose we have two homogeneous media I and 11 with refractive
indices n1, ng, respectively, with ny > ng, and set Kk = Z—i Suppose media I and
11 are separated by a smooth surface S. If an incident wave with unit direction x
is traveling within medium I and strikes .S at a point P, then the wave splits into
two waves: one transmitted into medium I/ and another internally reflected into
medium I. The unit directions of these waves are m; and m,., respectively, which

are determined by the Snell law. If v is the unit outer normal to the surface S at

the point P, then © — kmy = Av and m, = x — 2 (2 - v)v, where A = ®(x - v) and

P(t)=t—r+/1—r2(1—12), see [13].
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Therefore, the incident energy FE; carried by the incident wave with direc-
tion x splits into two: the transmitted energy E; carried by the wave having direction
my and the internally reflected energy E, carried by the wave having direction m,.,
with F; = E; + E,, assuming no losses. The percentages of energy carried by the
transmitted and internally reflected waves depends on the incident direction x via
the Fresnel formulas, a consequence of Maxwell’s equations, [5, Sectionl.5.3]. It is
convenient to write these formulas in terms of the vectors x, m, and m; as follows,
see [I3]. Indeed, the percentage of internally reflected energy can be conveniently

written for our purposes as

2 J2 2
= —1n2)2 <[x2:nt - () r+n : o [1-262-me+ 7] IﬁiLP)
(4.1)
see [13]. Therefore, the percentage of energy transmitted is t(x) = 1 — r(z). Here
I, and I are the coefficients of the amplitude of the incident wave, which might
depend of z in a continuous way. Notice that from the Snell law, the function r(z)
is a function only depending on the dot product between x and the normal v. And
notice also that the critical angle is when x - m; = k and for such value of z - m; we
have r(x) = 1, that is, all the incident energy is internally reflected.
Given this set up, we want to model the losses of energy within a waveguide
confined between two parallel surfaces S; and Sy; we assume the dielectric within
the two surfaces has refractive index ni, and the cladding, i.e., the material outside,

has refractive index ny with ny > ns. An incident polarized wave will zig-zag inside

between the two surfaces. Depending on the normal to the surfaces at the striking
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points, one can calculate the energy transmitted and internally reflected by using
the formulas above. In other words, the idea is to follow the path of the ray and
tally the energy at each striking point on the boundary of the waveguide.

We will first work out this analysis for a straight guide between two parallel
planes in Section[4.1] Second, we used this technique to carry out a similar but more
difficult analysis when the guide is circular, see Section [£.2] This section contains
several subsections analyzing in detail all the geometric possibilities that may arise.
This is then used in Section to get estimates for the energy internally reflected
in the circular guide. The chapter ends showing asymptotics for periodic circular

guides, Section and final remarks on future research.

4.1 Straight waveguide

We consider an infinite waveguide with the form
S ={(z1,z2,23) : —a < x3 < a}

so that, the material inside S has refractive index n1 and the material outside S has
refractive index ny, where we assume nj > ny. We analyze the energy losses for a
zig-zagging ray that is internally reflected inside .S, and confined to the x;x3-plane.

Depending on the normal at the surfaces at the striking points, one can
calculate the energy transmitted and internally reflected by using the equation .
In other words, the idea is to follow the path of the ray and tally the energy at each
striking point on the boundary of the waveguide. Let s’ be the incident unit vector

impinging the boundary of S at the point A = (0,0, —a) from inside the guide, and
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assume s’ lies on the zj23-plane as in Figure The outer unit normal at A is
va = (0,0,—1), and let #; be the angle between v4 and the incident unit direction
s’. We then have

s' = —sin#;i— cosb; k, (4.2)

as usual i, j, k are the unit coordinate vectors. We assume the magnetic and electric
fields impinging the wave guide at a point A on the boundary x3 = —a of the guide
are plane waves having direction s’ and traveling in the material n;. The incident

electric field at A is then

E(r, 1) (4.3)

:(—Iﬂ“cos@i,lf,lﬁélsin@) cos (w (t_r s>> — Ei\ cos <w <t_r s>>7
U1 7

where the values [ ﬂ“ and 1 f are given, since E is perpendicular to the direction of

propagation s’. Being E and H plane waves we also have that

. 1 .
E=—vs' x H, H=—s"xE, (4.4)

U1
where H is the magnetic field, and therefore, the Poynting vector is given by

Cc

S= “ExH=-""Ex (s xE) = L|E|*sl.
41 47

471'1)1
From (4.4))
Hi,(r, 1) (45)

1 -st . ol
=—<Ifcosé7i,l|‘|4,—lfsin01> oS <w <t_r S>>: i cos <w <t_r s))
U1 vy o

Let s’ be the direction of propagation of the transmitted wave, and let 6; be the

angle between the normal v, and s, so s' = —sin6; i — cos ; k. Similarly, let s” be
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the direction of propagation of the reflected wave and 6, is the angle between the

normal v4 and s". From the Snell law 6, = 7 — 6; and so

s' = —sinf,i—cosf,k = —sinf; i+ cosb; k. (4.6)

Then the electromagnetic field corresponding to transmission is

E ( —(*A 0, TA TAi , _r-s
A, t) = (=T} cos 0y, TT, T} sinby ) cos (w | ¢ (4.7)

V2
=E)jcos|w|t—
U2

1 -st
HY(r,t) = — (Ti4 cos Gt,T”A, -7 sinﬁt) cos <w <t _r:-s >>
v2

U2
t
r-s
:Hf4005<w<t— )),
V2

and similarly the fields corresponding to reflection are

E’(r,t) = (—R“? cos 0, R, Rf sin HT) Ccos <w <t _r-s >> (4.8)

U1
el
=E’ cos<w(t—r ° >>
U1

1 -s"
n(r,t) = - (Rf cos@r,Rﬁl, —RY sin@r) cos (w <t IS >>
1

U1
.’
:chos<w<t—r > >>
U1

Here the values Rﬁ‘, Rf, THA and T f are determined from the Fresnel for-

mulas below and depend only on [, |‘|4, I f and the incident direction s’. In fact, let

us replace s by x and st by m, so cosf; = z - v4 and cosf; = m - v4. In addition,

setting k = na/n; < 1, from the Snell law © — km = Av4, so the Fresnel equations
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+ ve =(0,0,-1)
1
'
1
"
1 m\
x3=a
X{ —axis
x3 =0
1
"
1 1
1 6 1 6r
1 1
' s' = -singji-cosBik '
' s" = -singji+cosOk '
+ va = (00-1) « ve = (00-1)

Figure 4.1: Wave guide paths configuration
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have the form [1

TA _ 2z vy A _ 2z - vy 2z (z—kKm) A
Dk vatmova l T (kztm)ova ! (ka+m)-(w—rm) |
TA _ 27 -v4 74 _ 27 - vy A 2z (r —Kkm) 74
1= = 1= 1
T-vA+KmM- VA (x+£Km)-va (x+£Km)- (x—Kkm)
RA_KJE-VA—m-VAIA_(Hl'—m) Z/AIA_(/{x—m)-(x—/{m)IA
™ kzva+m-va ™ (kz+m)-va l— (kz+m)-(x—rm) |
A xvaA—km-va 4, (x—km)-va 4, (z—kKm)-(x—KmM) 4
RL: IL: = ]L7
T-VA+KM- VA (xt+Km) vy (x+rKm)-(x—rKm)

for © - m > &, see [13], Section 4] for a derivation of these formulas. The reflection

E" |\ 2
e (8
EY

B, Eq. (27), Section 1.5.3], representing the percentage of energy internally reflected

coefficient at A is

at A, which can be calculated as follows. We have
[EL= ({1 + (117,
and from the Fresnel equations above

EL? = (R{")® + (RL)?

(kz—m)-@—rm)]® 4. [@=rm)-(@—rm)]® 4,
= )"+ (1)
(kx4+m)-(z—Krm) (x+km)-(x—Km)
Now let
_(rx—m)-(x—Km) _(x—rEm)-(x—rKm)
YT kz+m)-(w—rkm)’ T (@Arm) (x—rm)
and since x, m are unit vectors we get by calculation that
1 2K 9 1 9

!Fresnel equations are generally written in terms of angles of incidence. The formulation here
is more convenient for our purposes.



i.e., A; depend only on x - m. So

R
r ‘(m@)“

1 2% 2 (1)
_O—#PGwm_ﬂ+ﬁﬂ(ﬂﬂﬂﬁP

212 (If)Q
+[1—2mx-m+/~s] (I||A)2‘|'(If)2>’
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a function of x - m only. We then have that if the energy of the wave striking at A

is £, then the amount of energy internally reflected at A inside the guide is R4 €.

We now follow the path of the reflected ray inside the guide until it strikes

the boundary of the wave-guide at a point B on x3 = a as in Figure Notice

that the normal at B is vg = (0,0,1) = —v4, the new incident unit direction at

B is sy = s" given by (4.6) -the direction after reflection at A- and the angle 0%

between s% and vp equals #;. Since the incident electromagnetic field striking at B

are the fields coming after reflection from A we have
Ep(r,t) =Ej(r,t)  Hp(r,t) = Hj(r,1).

Now the incident field at B (perpendicular to s%) is

E5(r,t) = (I‘j‘B cos@i,ff,fﬁg sin9i> coS (w (t T SB>> ’
U1

and

) 1 . ) 1
Hi(r,t) = — sy x Ey = — (—If cos&i,lf, 1B sin9i> cos <w <t —
U1 U1

So from (4.9) and (4.8) we get

i
E%5(r,t) = (IﬁB cosﬁi,lf,lf sin9i> cos <w <t— r SB>>

U1

)
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= (—Rﬁ‘ (:089,,,]%11,]%4 sin9r> cos <w <t— r;}s >> ,
1
r-sp

o)

1 -s"
= (Rf COSHT,Rﬁl,—Rf Sinﬁr) cos (w (t I8 >> .
(% U1

, 1
B(r,t)=— (—If cos@i,l‘]‘g, —IB sin9¢> cos <w <t -
U1

The internally reflected wave at B has direction s'; with sl; = s’ = —sinf;i—cos6; k

and is then given by

T . r- s}
E5(r,t) = (—Rf cos Hi,Rf,RnB s1n9i) cos <w (t — U13>> (4.10)
r-s
=E} t—
os (w (1= 52)).
T 1 % T
B(r7t):75 XEB(rat)
U1
1 - st
= — (Rf cosb;, RP, —RY sin@i> cos (w(t— 5B
V1 l (%

il
:H%cos<w<t—r S>>,
U1

which from the Fresnel formulas at B

where x = S% =s" and m = s = st. We have I"‘B = Rﬁ‘ and If = Rf. Also from

Fresnel formulas at A

with £ = s* and m = s".



Since s'; - sl = 8" - s', we therefore, obtain

with z = s’ and m = s”. So the percentage of energy internally reflected at B is

(BN @B+
RB‘<|EZ'Br) ST

(1P)?
] (IP)2 + (17)?

v o)t DY

~— | — —_ o~
N

[

1 2K 2
BRTTE ( ) G (&)

RA2
+[1—2f<cx-m+f<a2]2 A(—t)>’

and

[W—m)-( ]
(kz+m)-(z—Km) I (x+£Km)-(x—Kkm)
(kx—m)-(x—rm)]?
_ [(/{:U%-m)-(x—/@m)] (IF)Q
Ra (12 + (11)2)

95



96

[(fﬂ—fim)-(:v—fim) ’

|ty

Ra (12 + (11)2)

(x+Kkm)-(x—kKm)

Then

1ty
I+ (I

(x—km)-(x—Km) 4 (If)2
e o) (I + ()2

Rumy = [(eEo el

where x = s’ and m = s”. Hence if the energy of the wave striking A is &, then the
energy internally reflected by the guide at the point B equals Rp R4 €.

We now continue in this way and follow the reflected ray inside the guide
until it strikes the boundary of the wave-guide at a point C' on 3 = —a. The incident
direction at C is sic = s’ in , and the reflected direction at C' is s; = s" in
; see Figure The incident fields striking at C' are the fields coming after

reflection from B, that is,
Eq(r,t) = Ep(r,t)  Hp(r,t) = Hp(r,t).

We then have from (4.10))

i
Eq(r,t) = (—I”C cosﬁi,ff,I”C sin9i> coS <w (t _r SC))
U1

= (—Rfoos@i,Rf,Rngsinei) cos <w <t— r's >> ,
U1

; 1 . . 1 . st
c(r,t) = —s' x Eq(r,t) = — (If cos@i,I”C, —I¢ sin&i) cos <w <t _r Sc))
U1

U1 U1

1 e
= = (Rfcos@i,Rf,—Rfsin9i> cos <w <t— rs >>

U1 U1




The internally reflected wave at C' has direction si, = s" and is given by
E¢(r,t) = (—RC cosB,, RY. RS sin 6 ) cos [wt =X e
OV )= A0 €08 T Sy A STy v

.l
:Egcos<w<t—r > >>
U1

1
of(r,t) = —s" x Ex(r, t)
U1

r-s”
= (RLCOSQT,R”, —R{ sin 6, ) cos <w (t— o >>
=Hg cos(w (t_r;)s )),
1

with from the Fresnel formulas at C

ﬁ: Enw—i—m;:Ex—ﬁm;Ilc
c (x—km)-(x—Km) o
Rl = (x+km)-(x—Km) 1T,
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(4.11)

(4.12)

where x = sic =s'and m = sc = s". We have If = Rf|3 and IC Rf and from

Fresnel formulas at B

B (kx —m)-(x—Km)
ﬁg_ (/ix-l-m)-(:c—/im)l‘F
(x—km)-(z—~Km)
R} = (x+Kkm)-(x—Km) It

where z = s&; = " and m = s’y = s'. As before and since A; and Ay depend only

on x -m and s - 8, = s - 85 = s' - 8", we obtain

c  [(kx—m)-(z—rm)

RH N [(ﬁm—km) (m—mm)} I”
(x —km)-(x—Km)

RY = (x +Kkm) - (m—nm)} it

So
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(kx +m) Km) Rf) (Rf)2
[m—f@m a:—ﬁm)r (IP)
(z+rkm) m)] (RP)? + (RF)?

CALUPRHALUER 1 ALUPR +as(Ry2

=T RPEH(RDE Re (PR (DR

1 |:(Ii$—m) (.T—Iim):| (Rf?)

R\ [(kx+m)-(x —Kkm) (R"?) + (RY)?
(@ —rm)-(@—rm)]*  (R})

'*Lx+mm ) (x — )}(R@2+Uﬁﬂ>

1 <[mm—nomx—mmq6()uﬁ2

(kx+m)-(x—Km) (142

(z—rm) (x—rm)]® (I
*[m+mm»u—mmﬂ (T2 + (@))

and therefore, we get

—+

B (kx—m)-(x—rm)]° (H)Q
RCRBRA‘<{ ]<”>

+(I{)?

[@_Hmy@_ﬁmq6<>0ﬂug)

(x+£m)-(x—kKkm)

(kx+m)-(x—Km)

where x = s* and m = s".

In general and continuing with this process, if we have a sequence of points

Ay, -+, Ay along which the wave zig-zags, then
N 2N 2
HRA-: [(K;xm) (x mm)] (1 ||) - (4.13)
HEa= A {Gevm) @wm)| @7+ @y

(z—rm)- (xz—rm)]*N (1
+{@+nww«x—mmﬂ (12 +UA)>

B |
|

2
with R4, = ( ) , A1 = A, and z = s’ and m = s”. Therefore, if the wave has
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energy £ when it strikes Ap, then the amount of energy internally reflected at the
last point Ay of the zig-zag equals vazl Ra, €.
Let us rewrite this percentage in terms of the incident direction s® at A;

and the normal to the guide at A;. We have

(nx—m)-(x—nm)_ 1 <2/—£
(kx+m) - (x—rkm) 1—k?

—a+ﬁ07

xr-m

and

(x—km)-(x—Km) 1

= 1—2kx- 4.
(x+km)-(x—Km) 1—/<c2( R m+ A

From the Snell law x — k m = Av, where v is the outer unit normal and

)‘:¢($'V)v

with

p(t) =t —r\/1— K21 —t2).
Here we assume x-v > /1 — k2, that is equivalent to say that the angle of incidence

is smaller than the critical angle 8. = arcsin k. Therefore,

mm:%Q—MﬁW@w»

and we have

1 2K 1 2K
- ~(1+r%) = — (1+ %)
e ) (=9l ) (- v)

=&y (z-v) (4.14)

and

1_1’€2 (1—2mx.m+m2):1 1 <1_2n <i(1—¢(x.y)($.y))>+,i2)

)




100

= Py(x - v). (4.15)
Then can be written as
al i) (I4)2
jl_[lRAj = [‘I’l(ﬂf'V)]ZN W+[¢2($'V)]2N (IA)2L+(If)2’ A=A
(4.16)
Since
f4j+1 =E},
for 1 <j< N -1, we get
N
1[I R4, (4.17)
j=1
_ <|E7;4N|>2 _ ; ([@1($'V)]2N (IA)2+ [(I)Q(:L'-I/)]2N (IA)2> )
EL1) 2+ ()2 : .
(4.18)
Hence
o JIDLRy 0GP U e ) (12

5 Ray (@)D (102 + [@a(a - )PV (142

4.2 Circular Waveguide
Let 0 < Ry < Ro. We consider a wave guide having a circular section:

W={(z,y,2): —co<x <0, R <y < Ry, —00< 2z< +o0}
U{(z,y,2) : R2 <2+ y? <R%, 2>0,y>0, —00 < z < +o0}

U{(z,y,2): R <2< Rp, —o0 <y <0, —00< 2z < +00}.
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The interior of W has refractive index nq, and the outside refractive index no. We
assume that ny > ng, and we let Kk = Z—? We recall that if a surface S separates
two media with refractive indices nq and ng, with n1 > no, and if a ray with unit
direction z traveling in medium n; impinges S at a point P, where the unit normal

at P going from medium n; to medium ns is denoted by v, then the ray is refracted

into medium ny into a ray having unit direction m with © — km = Av, where

AN==z-v—ry1-k2(1—(z-v)2). Since k < 1, then total internal reflection

occurs if and only if
x-v<yV1-—kK2 (4.19)

or in other words, the angle ¢ between the unit vectors z and v satisfies
costh < /1 — k2. (4.20)

We also recall that the critical angle of refraction is 6. = arcsin k. In case of total
internal reflection, the ray is internally reflected within medium n; and into the
direction m =z — 2 (z - v) v.

We assume that we are having a plane wave traveling upwards in the
straight lower part of the waveguide, and want to analyze the energy transmitted
on the circular part. We are assuming the vector direction of propagation of the
plane wave lies on the xy-plane. This wave is realized as a ray impinging the sides of
the lower straight guide that is internally reflected inside the circular section of the
guide. In other words, we assume that the ray forms an angle 6 with either normal
to the walls of the straight guide. We shall then analyze ray tracing and the energy

internally reflected in four cases separately:
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Case A (to be done in Section [4.2.1)): the incoming ray is going
towards the circle of radius of radius Ro and it forms an angle 6 > 6. with x-axis
directed to +oc;

Case B (to be done in Section : the incoming ray is going
towards the circle of radius of radius Ry and it forms an angle 8 > 0. with z-axis
directed to —oo.

Case C (to be done in Section : the incoming ray is going
towards the circle of radius of radius Ro and it forms an angle 8 < 6. with z-axis
directed to +o0;

Case D (to be done in Section : the incoming ray is going
towards the circle of radius of radius R; and it forms an angle § < 6. with z-axis
directed to —oo

The analysis of these four cases is not trivial and it requires a careful
and somehow long geometrical argument to understand and quantify all possible
configurations. The most complicated is Case A, the others somehow follow from

this one. For convenience of the reader we present all details.
4.2.1 Analysis of Case A
Let Ry <z < Ry, 6 > 0. and let us assume
R — (4.21)

Since k < 1 is fixed, this condition always holds when R and Rs are sufficiently

close.
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o Ry X Ry

Figure 4.2: Case A and C
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R

Figure 4.3: Whispering gallery
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Ray tracing analysis at the first striking point

Consider a ray ¢ = ¢(z,6) that passes through (z,0), making an angle 6
with the positive z-axis, and therefore, striking the circle with radius Rs for the first
time at a point A, see Figure We denote by 6 the angle AxRo, and let « be the

angle 0Ax, that is, « is the angle of incidence at A. By the sine theorem we have

i R2

sina  sin(m — )

which implies
. z .
a = arcsin ( sin 9) . (4.22)
Ry

Energy losses analysis at the first striking point

We first analyze when is there total internal reflection at A. From (4.20]),

total internal reflection at A occurs if and only if cosa < /1 — k2. This means

2
cos a = cos | arcsin = sin 6 =4/1— =z sin?6 < /1 — k2,
Ry Ry

which is equivalent to

K R2
x> . 4.23
~ sind (423)
: . KRy : : . :
We see where is the point — 0 located relative to the interval [R;, Rs]. First, since
sin

Kk R kR

0 > 0. = arcsin k, we have that sinf > k, and so — 2 < Rs. Second, R; < — 2
sin 6 sin 6

holds iff sinf < m%. Therefore,
1

R R
if sinf < HR—Z, then total internal reflection at A occurs iff x € [/1_20, R2:| .
1 sin

(4.24)
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On the other hand,

if sinf > n%, then there is total internal reflection at A for all x € [Ry, Ra].
1

(4.25)

Summarizing, (see also Figure

2
)\
o1 %,

7,
%
A

@//~
. kRz) %
arcsin| — | k- Qe ----mmmmmmm e
( R1 /}O,)
¥
¢7

%
S
2

)
S
)
>/
“
resin(k
arcsin(k) R, x R

Figure 4.4: Total internal reflection region

(C1) If 6 € [arcsin k, arcsin (kR2/R1)], then we have total internal reflection at A if

and only if x € [/{RQ
sin 6

5R2:|'

(C2) If 6 € (arcsin (kR2/R1),m/2], then we have total internal reflection at A for

all z € [Ry, Ra.
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Ray tracing analysis at the second striking point

We next analyze the trajectory of the ray ¢ to see where strikes next. After
being reflected at the point A, the ray ¢ continues traveling and either strikes the
inner circle C (see Figure or the outer circle Cy (see Figure at a point
denoted by B. From the point A the angle « for which the ray ¢ is possibly tangential

R
to the smaller circle is o with sin g = R—l So ¢ strikes the smaller circle iff o« < ap
2

R
and ¢ strikes the larger circle iff &« > ap. Suppose a < ar. So sina < R—l, and
2

R
from (4.22) we get sinf < =1 that is, the ray £ strikes the circle C; if and only if
x

Tz < ,Rl . Suppose that Re < ,R—l, that is, sinf < & Recall that z < Ry. So
sin 0 sin Ry

if sinf < %, then the ray ¢ strikes C for all € [R;, Rg]. On the other hand, if
2

ELI Ry, that is, when B 0, then ¢ strikes C; for z € | Ry, EL

sin 6 Ry sin 6

R
strikes Cy, when = € (1, R2:| . Summarizing, (see also Figure i
S

iné
T
2
ks‘OC‘
%
3
8
o KA
0
o‘
7/
“
O,)O
T‘)
%
%
3
&S};;
%
1%
0
(R %,
arcsin| — zo/)
R. o
7
arcsin(k
( ) R; X R,

Figure 4.5: Second striking point region
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(C3) If 6 € [arcsin k, arcsin(Ry/R2)], then ¢ strikes Cy for all x € [Ry, Ra].

(C4) If 6 € (arcsin(R1/R2), /2], then ¢ strikes C for z € [Rl, sRlﬁ] , and / strikes
in

Cy when z € (,Rl,Rg].
sin 6

Combining |(C1)] [(C2)| [(C3)| and |(C4)| we get the following Figures and

summary:

R\’ Ry R
Case 1. See Figure [4.6 Suppose k < —1) . This means x—2 < -t
Ry Ry Ry

We analyze what happens when 6 belongs to various intervals.

JT

2

6

)
arcsin| — | Fommmmem e T
R

) (kRz)
arcsin| —
R

arcsin(k) B

Figure 4.6: Case 1

Suppose k < sinf < m%. From |(C3)| ¢ strikes Cy for all x € [Ry, Rs], and
1

R
from (4.24)) there is total internal reflection at A for all x € [/@'2, R2:| .

sin 6

R R
Suppose /{R—Z < sinf < R—l From |(C3)| all rays strike C; and from (4.25))
1 2
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there is total internal reflection at A for all z € [Ry, Ra].

R R
Suppose =1 < sin6. From (C4)|¢ strikes Cy for z € | Ry, L
Ry sin 6

R
Cy for x € (19, Rg] , and from (4.25)) there is total internal reflection at A for all
sin

] and strikes

S [Rl,RQ].

2
Case 2. See Figure Suppose <g1> < Kk < % This implies
2 2

Ry Ry
IiRl > R .

AN

n(5)
AreSIN| —= | beemmeee e
Ry

)
arcsin| — | (|
R

arcsin(k)

Figure 4.7: Case 2

Suppose k < sinf < % From [(C3)| £ strikes C for all z € [Ry, Ro], and
2

R
from (4.24)) there is total internal reflection at A for all z € [529
sin

Suppose % < sinf < H%. By|(C4)} ¢ strikes C} for z € [Rl, Rle} ,and £
2 1

7R2:|'

R Ry Ry
strikes C5 when x € (10, Rg]. From , we have ﬁ—e < nd From ,
sin sin sin
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Ry R; |

sinf’ sinf |

R
total internal reflection at A occurs iff z € [/{,26), R2:| .Alsoif z € [Ii
sin

R
then £ strikes C; and if x € (1, Rg], then £ strikes Cs.
s

in6
Ry : . Ry |
Suppose k— < sinf < 1. From [(C4), ¢ strikes C; when z € |Ry, —
R sin @ |

R
and (¢ strikes Cy when z € (,1,R2:|, and from (4.25) there is total internal
S

ind
reflection at A for all z € [Ry, Ra).

Energy losses analysis at the second striking point

Let us analyze what happens at B with internal reflection.
Suppose B € C;. From and this happens only when sinf < R;/Rs and
for each = € [Ry, R2] or when sinf > R;/Ry and for each x € [Ry, R;/sinf]. Let w
be the angle of incidence at B, then the angle OBA is m — w and the angle BAQ is

«. By the sine theorem

Ry Ry Ry

sin(m —w) sinw  sina’

and so from (4.22))

1 1 412 1

w = arcsin (? sin a> = arcsin <g2;: sin 9> = arcsin <}:§ sin 9) . (4.26)

x
Notice that to have the function arcsin well defined we need — sinf < 1, which
1

holds because of the assumption that B € C;. Then

2
CosSw = \/1 — (;) sin 6.

2
R
We have that \/1 — <1§> sin?f < V1 —k2 is equivalent to x > r
1

Since

S

x > Ry and k/sinf < 1, such inequality always holds and therefore, there is total
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internal reflection at B for any x for which B is on C; (regardless of weather or not
there is total internal reflection at A).
Next suppose B € Cy. From this happens when sinf > R;/Rs and x €

(R1/sinf, Rs]. Let w be the angle 0BA and let a be the angle 0AB. By the sine

R R R R
theorem — CH— - 2 , and therefore, w = a. From (4.21] —1 > m,—z. Since
sin «v sin w sin 6 sin 6

x > Ry /sind, it follows that x satisfies (4.23)) and therefore, there is total internal

reflection at B. Summarizing,

(C5) Regardless of weather B € C; or B € (3, there is total internal reflection at

B for each = € [Ry, Ra).

Ray tracing and energy losses analysis at the third and successive striking

points

We now analyze the next striking point. If B € C}, then the ray ¢ will
continue traveling and will strike C at some point C, as in Figure [4.2] If B € Cs,
then the ray ¢ will continue traveling, it will never strike C again and it will strike
Cy at some point C, as in Figure [I.3]

Let us first analyze the case when B € (4. The ray ¢ then continues
traveling and strikes Cy at some point C. We show that there is total internal
reflection at C' only if holds. In fact, let § be the angle 0C'B, we have that

0BC equals m —w. Again by the sine theorem

R Ry

sind sinw
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so from (|4.26))

6 = arcsin & sinw | = arcsin = sin 0
- Ro - Ry '

2
0085:\/1— (g) sin? 0 < /1 — k2
2

Therefore,

if and only if holds.

Suppose B € C5. Let d be the angle 0C'B and w be the angle CBO. By
the sine theorem Ry /sind = Ra/sinw and so § = w. Therefore, the incident angle at
C equals the incident angle at A since w = «, and there is total internal reflection
at C' if and only if there is total internal reflection at A. Now the analysis of the
striking points follows the same pattern, in other words, the angles of incidence
repeat themselves. Summarizing, under there are no losses at both all the
striking points on the inner circle and all the striking points on the outer circle. We
remark that the points B, C, etc. can all be on the outer circle Cy. From this
is the case when % < sinf, and z € (ﬁ, R2:|. In fact, in this case the striking

9 in6

points are all on the outer circle and have the form
Ry (cos (@ — (2N +1)a+ N7),sin(d — (2N +1)a+ N7)), N =0,1,---

This sequence of points resembles the points on a whispering gallery, see [35], Section
287, p. 115].

Next we consider the complementary case to (4.23)), that is, when

kR
Ri<z< 2

(4.27)

sinf’
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Let us first analyze internal reflection at the first striking point A. Since the angle

of incidence at A is «, then from (4.22) we have

2
cosa = \/1— (1;2) sin2 0

which from (4.27)) is greater than or equal to v/1 — 2 and therefore, there is no total

internal reflection at A and so there are losses at A. At the next striking point B it
was shown before that if B € (4, then there is total reflection at B. On the other
hand, if B € Cy, then from |(C4)| and [(C3)| this happens only when = > R;/sin6.
kR 1
> > —,
sinf ~ "7 sing
assumption (4.21)), and therefore, B cannot be on Cy. Then at the next point C we

Then from (4.27) we must have

which is impossible from the

must have C € Cy. We will show that there is no total internal reflection at C. In
fact, let 6 be the angle 0C'B, we have that 0BC equals m — w. Again by the sine

theorem

R Ry

sind sinw

so from (4.26])

6 = arcsin & sinw | = arcsin £ sinf | = «
B Ry B Ry -

Therefore, from ((4.27)

2
coséz\/l— <Z§> sin?6 > /1 — k2

2
implying that there are losses at C. In summary, under (4.27)) there are no losses
at all the striking points on the inner circle and there are losses at all the striking

points on the outer circle. We will calculate now a formula for the points where the
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ray /£ strike the outer circle under the assumption . The first point on Cs is
A and we have A = Ry (cos(f — a),sin(6 — «)). The next striking point B is on the
circle Cq and the radius 0B forms with the positive z-axis an angle ¢’ + 6 — o, where
0’ = w — a with w being the incident angle at B given by . The next point C

is on C5 and has the form
C = Ry (cos(0 + 2w — 3a),sin(f + 2w — 3a)) .

The next striking point is on C; and after that the following striking point is on Co

and has the form

Ry (cos(48" + 6 — a),sin(48" + 6 — a))

= Ry (cos(f + 4w — ba),sin(0 + 4w — 5a)) ,

since the ¢’ repeats itself. Continuing in this way we get that the Nth-striking point

on the outer circle is given by

Pn = Ry (cos(0 4+ 2Nw — (2N + 1)a),sin(0 + 2Nw — (2N + 1)a)), N =0,1,---

(4.28)
where « is given by and w given by . The angle of incidence at Py is «
for N > 0.

Summarizing,

(L1) If z € |:K/_-R;,R2:|, there are no losses at both all the striking points on the
sin

inner circle and all the striking points on the outer circle.

R
(L2) If x € [Rl, H;) there are no losses at all the striking points on the inner
sin

circle and there are losses at all the striking points on the outer circle.
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R
Notice that if § > arcsin (m%), then R, u is empty.
1 sin 6

4.2.2 Analysis of Case B

The analysis is similar to Case A (Section and we obtain the same
results and
Ray tracing and energy losses analysis at the first striking point. Consider
a ray ¢ that passes through (z,0), Ry < x < Rp, making an angle § > 0. with
the z-axis going to —oco. There are two possibilities: the ray first strikes C or it
first strikes Co. Notice that the ray can be tangential to C1, in fact, this happens
at Op(z) with sinfp(z) = % This is possible for 67 > 6. because from (4.21)),
% > Ry > x. If the ray passing through (x,0) has an angle 6 > 0p(z), then the ray
does not strike Cy and strikes Co. On the other hand, if the angle k < 0 < 0p(z)
then the ray strikes C7 at a point A. This means that x < szlH’ and in this case, the

ray is reflected at A with an angle of incidence « such that z/sin(m —a) = Ry /sin6.

T
That is, a = arcsin (sin 9). Total internal reflection at A occurs if and only
1

2
if cosaw < v/1— k2. That is, \/1 - (}2) sin?6 < /1 — k2, which holds if and
1

only if x > &k —1 This holds for all x > R; since n,—l < R; because 0 > 6.
sin 6 sin 6

If sinf > &(Z k), then Ry > i On the other hand, if sinf < &, then
Ry sin 0 Ry

Ry <

R R
- L. Summarizing, if sin§ > “Land x € Ry, —1 , then the ray strikes
sin 6 Ry sin 6

R
C1 at a point A where there is total internal reflection. If sinf < R—l, then the ray
2

strikes C at a point A where there is total internal reflection for all x € [Ry, Ra].

Let us then assume now that @ > 67(x). Then the ray strikes Cy into a point A. If
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w is the angle 0Ax, then by the sine theorem we have

T R2

sinw  sinf’

. xr .
w = arcsin | — sin6 | .
Ry

Total internal reflection at A happens if and only if cosw < v/1 — k2, that is, if and
Ry S Ry

sinf® — sinf’

which gives

only if z > k

R . . R
2 Since 6 > Or(z), we have sinf > “Lsox >
sin x

where the last inequality follows from (4.21)). If sinf < R;/Rs, then R;/sinf > Ry

R
and so x cannot be bigger than R;/sinf. Summarizing, if sinf > R—l and z €
2

R
(,1€, R2:| , then the ray strikes the circle Cy at which there is total internal reflec-
sin

tion.
Ray tracing and energy losses analysis at the second and successive strik-
ing points. We next analyze what happens at the next striking point. Suppose

R
! 7 Then the ray strikes

the first strike is on a point A in C, which means x <

S11

next a point B in Cs. Let w be the angle 0BA and m — « be the angle 0Az. By the

sine theorem R;/sinw = Ry/sina. So w = arcsin (Rl sin a) = arcsin <R sin 0>.
2 2
Ry

Sin

]. Notice that Rle < Ry iff sinf > Ry /R,. If

Total internal reflection at B happens iff ¢ > & . We then have total internal

Ry Ry

sin#’ siné

reflection when z € |k
sin

sinf < Rj/Rs, then total internal reflection happens for = € [KS,R—Qe,RQ]. When
in

N

the first striking point is on C5, that is when z € < 0’
sin

R2:|, we have total inter-

nal reflection at A for all z € (19, R2:|. We also have total internal reflection
sin

at any successive point as in the Analysis of case A (Section 4.2.1]). For the third

and successive striking points the analysis is the same as in case A (Section [4.2.1]).
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Therefore, we have obtained,

(L1) If = € |:§_-R;,R2:|, there are no losses at both all the striking points on the
in

inner circle and all the striking points on the outer circle.

R
(L2) If x € [Rl, H;) there are no losses at all the striking points on the inner
sin

circle and there are losses at all the striking points on the outer circle.

kR
Notice that if 8 > arcsin (n%), then R, —2 is empty.
1 sin 6

4.2.3 Analysis of Case C

This is the analogue of Case A (Section[4.2.1)) for § < 6, but we will indicate
the differences in the analysis. Let R; < x < Ry and let us assume x < Z; Since
Kk < 1 is fixed, this condition always holds when R; and R are sufficiently close.

Consider a ray ¢ = {(z,0) that passes through (z,0), making an angle 6
with the positive z-axis, and therefore, striking the circle with radius R for the first
time at a point A. We denote by 0 the angle AzRs, and let o be the angle 0Ax,

that is, « is the angle of incidence at A. By the sine theorem we have

x Rs

sina  sin(m — 6)

. T .
o = arcsin [ — sinf | .
Ry

We first analyze when is there total internal reflection at A. From (4.20]),

which implies

total internal reflection at A occurs if and only if cosa < v/1 — k2. This means

2
cos a = cos | arcsin = sin 6 =4/1— £ sin?6 < /1 — k2,
RQ RQ
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which is equivalent to

kR
> 2

~ sinf’

2 Ry. Therefore, we have losses at A for

ind
every 0 < 6. and for each x € [Ry, Ra].

Since 0 < 0. = arcsin k, we have

We next analyze the trajectory of the ray £ to see where strikes next. After
being reflected at the point A, the ray ¢ continues traveling and strikes the inner
circle C at a point denoted by B. Differently from Case A (Section [4.2.1]) the ray
¢ cannot strike Cy. From the point A the angle o for which the ray ¢ is possibly

: . . - Ry .
tangential to the smaller circle is apr with sinar = Ry So £ strikes the smaller
2

circle iff @ < ap and £ strikes the larger circle iff & > a7. Notice that in this case

a cannot bigger than ar

rsin® Ry il
> — <= 6 > arcsin —,
R2 R2 X

o> o <—

this is impossible since we assume 6 < arcsin k < arcsin %. Therefore, ¢ strikes C
for every 0 < 6. and for each z € [Ry, Ra].

Let us analyze what happens at B with internal reflection. Let w be the

angle of incidence at B, as for Case A (4.2.1]) we have

. xr .
w = arcsin | — sin@ | .
Ry

2
x
We have total internal reflection if cosw < +/1 — k2 that is \/ 1-— <R> sin? 6 <
1

kR kR R
V1 — k2% which is equivalent to = > —1 Notice that —1 > Ry if sinf < m—l.
sin 0 sin @ Ry

R
Therefore, If § < arcsin </@'Rl> we have losses for each x € [Ry, Ra].
2



119

If arcsin /1& < 0 < arcsin k we have losses for each = € | Ry, /i_R—l and total
Rs sin 6

R
internal reflection for x € [/@.1, R2:| .
sin 0
As in Case A (Section [4.2.1]), after these two striking points the ray will
keep to zig-zag between Co and C] and the angles of incidence will repeat, that is

if the striking point is on Cy the angle of incidence will be «, if the striking point is

on C the angle of incidence will be w. Summarizing,

R
(L3) If x € [K;, R2:|, there are no losses at all the striking points on the inner
sin

circle and there are losses at all the striking points on the outer circle.

(L4) If z € [Rl, :R;> there are losses at both all the striking points on the inner
in

circle and all the striking points on the outer circle.

Notice that if 8 < arcsin AZ0! , then K_—Rl, Ry | is empty.
Ry sin 0

4.2.4 Analysis of Case D

The analysis is similar to Case C (Section [4.2.3) and we obtain the same
results |(L3)| and (L4)l Consider a ray ¢ that passes through (z,0), R; < x < Rs,
making an angle < 6. with the z-axis going to —oo. While in Case B (Section
4.2.2)) there are two possibilities: the ray first strikes C or it first strikes Cs, in this
case the ray must strikes C;. Indeed, notice that in order for the ray to strikes Co

. . Ry o . . . :
we need sin @ > sinfp(x) = —. This is impossible since sinf < k by assumption

x

Ry Ry

and Kk < T, < —. Call the first striking A. As in case Case B (Section [4.2.2]),
2 x

x
the angle of incidence at A is o = arcsin (R sin 9>. As in the section above, we
1
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2
z
have total internal reflection at A if cosa < v/1 — k2, that is \/ 1— (R) sin6 <
1

kR kR R
V1 — k2, which is equivalent to x > —1 Notice that —1 > Ry if sinf < iy
sin 0 sin 0 Ro

Therefore, if § < arcsin </{§1> we have losses at A for every = € [Ri, Ro]. If
2
. Rl . R1
arcsin [ k— | < 0 < arcsink we have losses at A for every x € |R1,k—— | and
Ry sin 6

R
total internal reflection for z € |:KJ,1, R2:| .
sin 6

The second striking point B has to be in Cy, and as in Case B (Section

4.2.2)) the angle of incidence is w = arcsin <];C sin 0). From (4.20)), total internal
2

reflection at A occurs if and only if cosw < v/1 — k2. This means

2
COSW = COs (arcsin (}:; sin0>> = \/1 — <g) sin? 0 < /1 — k2,

2 2

which is equivalent to

kR
> 2

~ sinf’

. . kR
Since 0 < 0. = arcsin k, we have 2 Rs. Therefore, we have losses at B for

sin

every 6 < . and for each = € [Ry, R]. As in all the cases above, after these two
striking points the ray will keep to zig-zag between C; and Cs and the angles of
incidence will repeat, that is if the striking point is on C5 the angle of incidence will

be w, if the striking point is on C] the angle of incidence will be . Summarizing,

(L3) If z € [ZR;,RQ], there are no losses at all the striking points on the inner
in

circle and there are losses at all the striking points on the outer circle.

R
(L4) If x € [Rl, K;) there are losses at both all the striking points on the inner
sin

circle and all the striking points on the outer circle.

Notice that if 8 < arcsin <I{Rl>, then {'%Rl, R2:| is empty.
Ry sin 0
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4.3 Quantitative estimates of the internally reflected

energy, circular guide

From |(L1)}i(L2)l(L3)kand [(L4)| we conclude there are three different regions

in which we have energy losses (pictured in Figure ;
JT

2

. (kRz)
arcsin| —=
R;

arcsin(k)

. (kR1)
arcsin| —
R

Figure 4.8: Losses regions

(R1) If arcsink < 6 < arcsin </<;§2

), then we have losses at Cy for each = €
1

[Rl, R_RQ>, and we have no losses at Cf.
sin @
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(R2) If arcsin <mgl> < 0 < arcsin k, then we have losses at C5 for each = € [Ry, Rs]
2

and we have losses at Cy for each z € [Ry, /ﬁfﬁ).

(R3) If # < arcsin </€§1>, then we have losses at C1 and Cy for each = € [Ry, Rs).
2

We now give quantitative estimates for the internally reflected energy in
each of the regions above. Without loss of generality we assume the ray ¢ is going
towards the circle Cs. The analysis of region follows from the analysis of
regions and for this reason it will be carry out as last.

Internally reflected energy for region Fix 8. We denote by Py
the Nth-striking point on the outer circle. At each of these striking points, the ray
¢ internally reflects energy according to Fresnel’s formula. Let E be the energy that
the ray £ is carrying from the straight waveguide into the circular waveguide. This
ray is incident for the first time on the boundary of the circular waveguide at the
point A = Py € (5. From Fresnel formulas there is an amount Fy that is internally
reflected at Py. The amount Ey will be the incident energy at C' = P; € Cy (since we
have total internal reflection at B € 1) and so a percentage of this energy, denoted
by E1, will be internally reflected at P;. Next E; will be the incident energy at
P, € (5 and then a percentage Fo, will be the internally reflected energy at P». We
can now apply formula relating the incident energy at the first point with
the energy at the last point. With the notation of Section we note that in the
circular case we have that the angle between the incident unit direction x at each

P; and the normal at P; equals « (the angle of incidence at Py = A and so at P;).
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We then have from (4.16[) or (4.17)

2
Ey [ |Ep,]

= [®1(cos )2V HY

iy sveny 1)’
m + [(I)Q(COS Oé)] m,

where ®; and ®; are given in (4.14) and (4.15|) respectively. This means that the

energy internally reflected at the point Py equals

(1f)?

(102 + (172

2
cosa = \/1 — <1§2> sin2 6.

o(t) =t — K1 —K"2(1 —12),

e (HH(OOM)]MH) + [Ba(cos )2 W) P

(102 + (172

From (4.22])

Recall that

and
1 2
2 |1 n — (14K | = ®1(cosa),
TR 2 (1= p(cos ) cosa)
b 1-2k ! (1 — p(cosa) cosa) | + K? | = Pa(cosa)
1— k2 K T ‘
We have

2 2
¢(cosa) = \/1 - <1§2> sin?  — \//{2 — (1;32) sin? ¢

1 — ¢(cosa) cos
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Then
z \2 z \2
K241 — () sin?@ — 4 /K2 — <> sin 6
2 Ry x .
®;(cosa) = - - =G <R sm@) ,
2
K2 \/1 — (;) sin? 0 + \//{2 — <]§2> sin’ 6
and
2 2
1-— () sin26 — | K2 — <> sin? 6
2 2 T .
Dy (cosar) = - - = Go (Rg sin 9>
1— () sin? @ + (|2 — <> sin2 6
2 2
Let

2N +1) (1{)?
(12 + (1)
(4.29)

IA 2
( H ) 5 + [P2(cos )]

B N+ S
F(z,0,N) = [®1(cos a) V! (IHA)z + (I

which represents the fraction of energy internally reflected at the point Py .
We propose the following integral as an average measure of the fraction of

energy internally reflected by all rays £ having direction § and passing through each

x satisfying (4.27)):
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Making the change of variables u = Ri sin 8, the last integral equals
2

1 K
_— L / G(u, N) du (4.30)
sin29 - Rl sin ¢ % sin O
where
(12 (172

Glu, N) = Gl(u)Q(NJrl) m + Gg(u)z(N“) m,

K21 —u? — VK2 — 2
K2 V1 — w2 + VK2 — 2’
V1—u2 - VK2 —u2
GQ(U)Z 5 5 R

V1—u2+ VK2 —u

Gl(u) =

Remark 4.3.1. Consider the case Ry = Rg — € for some € > 0. We showed that if

. . R KR
6 € [arcsin k, arcsin /4;—2] and Ry <z < ——2 ;
1 sin @

then there are no losses at all the striking points on the inner circle and there are

losses at all the striking points on the outer circle. This implies that we have losses

if
K/RQ

R2—6§$< " .
sin 0

Notice that for Ry > ;ﬂ, the interval above is empty, therefore, taking Ro big
1

 sind
enough we will have no losses for every x and 6.

Remark 4.3.2. Consider the case Ry = aRy for some 0 < a < 1. Ifa > 0o’
in

K
si

then we have no losses. If a <

S

Recall that from (4.28)) the point Py is at the end of the arc of the circle Cy starting

K
we will have losses for aRy < x < —— Rs.
sin 6

from (R2,0) and so this arc has length

L=Ry (0+2Nw— (2N +1)a).
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Consider ¢ > 0 such that L = crRy. We obtain

cr=0+2Nw — (2N + 1)a.

We can solve the above equation for N obtaining

N 0+ a
2(w — «)
Recall that o = arcsin (%@) and w = arcsin <%ﬂl(6’)>. Making the change of
variable u = xsg;(ﬁ) and since Ry is aRy we obtain
N — cm — 6 + arcsin(u)

2(arcsin(u 4+ 1=%u) — arcsin(u))

Using the Mean value theorem we have

N 6 + arcsin(u) Ji e

l1—a
QT U

K
for some & € (u,u+ 1TTau) Since we have losses for aRs < x < ,—QRQ, equivalently
sin

we have losses for asinf < u < k. Therefore, we obtain the following estimates:

cm — 6 + arcsin(k)
2(1 —a)sin®

~ , : 2
P 6—|—1aIfS;1’1(aSH’19) 1_(&) <N<

a
2—k
a

Note that these estimates are independent from x and Rs.

Internally reflected energy for region In this region we have
losses at all the striking point on C; and C3. Let E be the energy that the ray
¢ is carrying from the straight waveguide into the circular waveguide. This ray is
incident for the first time on the boundary of the circular waveguide at the point
Py € (5. From Fresnel formulas there is an amount Ej that is internally reflected

at Py. The amount Ej will be the incident energy at P; € C7 and so a percentage
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of this energy, denoted by FE7, will be internally reflected at P;. Next E; will be the
incident energy at P, € Cs and then a percentage Fo, will be the internally reflected
energy at P». The angle of incidence at P; is equals to « if P; € (2 and it is equals

to w if P; € C7. Therefore,

(Ift)? (I£)?
N (n+1) I (1) _ \71)
By = <[¢1<cosa>]2 o (Inq)2+<1f)z+[¢2<cosa”2 " <zﬁ4>2i<ff>2>
IA)2
I

S i
5+ [®5(cosw)]? M) E

5 T [@2(cos Oz)]Q(nH) —(If)2 >

_ (n+1)
Eont1 = ([@1(00504)]2 i (If)z + (If)Q

+ [y (cosw))? Y _ufr E
(102 + (1)

= Hp41(cosa)Hp41(cosw)E,

where @1 as in (4.14), @ as in (4.15)) ,and

(1i)?

(T2 + (172

(1)’

+ [o () m-

H,(t) = [@1(8)]*"
Let

Hp11(cosa)Hy(cosw) if N =2n
H(z,0,N) = (4.31)

Hyyi(cosa)Hyyi(cosw) if N =2n+1,

which represents the fraction of energy internally reflected at the point Py. We pro-

pose the following integral as an average measure of the fraction of energy internally
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reflected by all rays ¢ having direction 6 and passing through each = € [Ry, Ra):

1 Ry

e H(z,0,N)dzx. 4.32
R, A0 (1.32)

Internally reflected energy for region [(R2): In this region we have energy

Ry
sin 0

losses at all the striking points on C; and Cy if x € [Rl, K ) but energy losses

Ry

sin 67

only at the striking point on Cs if x € [K, Rg}. Therefore, for the rays passing

through z € [Rl,ﬁ Ry ) the analysis is the same as for the ray in |(R3), and for

sin 6

the rays passing through x € [f@ Sﬁle,Rg] the analysis is the same as for the ray in
(R1)l We propose the following integral as an average measure of the fraction of
energy internally reflected by all rays ¢ having direction § and passing through each

T € [Rl,RQ]:

Ry
1 Hsin@ Ro
—_— H(x,0,N)d F(x,0,N)d 4.33
Rg_m(/& @b Nydo+ [, Flao, >x>, (4.33)

sin 6

where H(z,0,N) as in (4.31), and F(z,0, N) as in (4.29).

4.4 Asymptotics

Suppose to have a periodic circular waveguide as in Figure [L.9] The ray

passing through (z,0) with an angle 0, with 6 € {arcsin K, arcsin (m?)] and
1

sin 0
energy (see Section|(R1))). The problem we solve on this section is the following: fix

T € [Rl, m&), will keep to zig-zag between C; and C5 until it will lose all of its

0 > O and assume the ray £ is going towards the circle Cy, what is the asymptotics

of integral in (4.30]) for N — oco?
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Figure 4.9: Circular waveguide

From the two theorems below (Theorem and Theorem [4.4.3) will follow that

/ G(u,N)durvg2 as N — oo,
Ry sin6/Ra N

for some constant C' depending only on k, where we recall that

(Iﬁ4)2 2(N+1) (1)
e+ e O Gy

U = u) ) —
G( 7N) Gl( )2 Nt (In4)2+(jf)2’

VT —w? = VR —u?
21— w2+ VR2 — a2
_\/1—u2—\//-£2—u2

VI w2+ VR a2

G1(u)

Ga(u)
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Theorem 4.4.1. Given 0 < x <1 and 0 < b < Kk, we have that

K 1— 2
lerngQ/l) Go(u)*du = 4; :

Proof. Write by integration by parts:

K

Ga(u)*du :/ er 2 gy = 1 GQ(u)d(emnGQ(u))

b z Jy Gh(u)
1 G2(u) T2\7) jzln Ga(u) o l exn Ga(u) @ GQ(U)
=2 Gyu) x/b ( <u>>d
EGQ(K) exlnGg(/i) _ 1G2(b) zlnGg(b " GQ(U) i 2(“) ea:lnGz( )
> Ghy(w) »G0)° o)) Gy (Gim) 2"

Now Ga(k) =1, and G4 (u) — +00 as u — k because

o (\/1—u2—\//<;2—u2>2

Gy(u) =

1— k2 V1— VK2 —u? ’
SO
_1Ga(b) 1 Go(u) d (Gg(u)) InGa(u) U=
*x) = G b r __ o ex nGo(u
0 =2 @Y " 2 ew w \ G -
1 [" amew d (G2 d (G2 _
+x2/be du \ G du G’ du = (+%).
Now
Go(u)  V1—u?VK2 —u?
Gh(u) 2u
d (G’g(u)> B —k2 4 ut
du \Gy(u) ) 2u2V/1—u2VK2 — w2
SO
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If uw = Kk then

SO

~ 1Ga(b) . 1rP=1 1 [(—k2+0b! .
)= ae®Y e el )0
i zlnGg(u)i —k? +’LL4
+ 22 J, ¢ du 4u3 d
__ng(b)G(b)x_iRQ—l_i_i —r* + 0 Cr()*
 zGY(b) ? z2 4k 2 4b3 2

Multiplying by 22, we get

1‘2/ Ga(u)*du =

b
xG2(b) . 1—kK? —K?% 4 b . " o (3K +ut
A0 Ga(b)* + 1 + e Ga(b) +/b Ga(u) Y du.

By Lebesgue dominated convergence, the last integral tends to zero as x — oo, and

since Ga2(b) < 1 we are done. O
Remark 4.4.2. The integration by parts are justified because
A (G g 4 (Gad (G
du \ G} du \ G du \ G
are both integrable functions in [b, K].
Similarly,

Theorem 4.4.3. Given 0 < k <1 and 0 < b < Kk, we have that

T—00

® 1
lim :62/ Gi(u)du = Zm?’(l — K?).
b



132

Proof. As before,

/ G1(u)*du

b

:lGl(’%) eIlnGl(li) o lGl (b) 6zlnGl(b) o i " Gl (U) i Gl(u) d(e:vlnGl(u))
2 () = Gh(b) 2 J, Gl(w) du \Gl(w)

=(x).

Now, G1(k) =1 and G (u) — 400 as u — Kk because

d 2k2 (k2 — 1) u
7 (G1(w)) =~ ( ) 5
V1 —u2VEk2 — 2 <k2x/1 —u? + VE? —u2>
SO
. 1Gi() . 1 G d (Giw)\ smew| "
O ==Y - rewa \dw ) o
1" emew d (G d (G _
T b ‘ du \ G} du \ G du = (xx).
Now,
Gi(u)  V1—uVE2 —u? (K (u? — 1) +u?)
Gi(u) 2k2u
d (Gl(u)> R 3 (KP4 1) ub + k2 (B2 4 1) u? — (2T 4 5k +2) ut
du \G'(uv)) 2k2u2v/1 — u2/(k — u)(k + u) ’
SO
Gi(u) d (Gi(u)
G (u) du \ G} (u)
kS 3 (R 1)% B 4 k2 (3K + TR 4 3) ut — 2 (kS 4 5k 4 52 4 1) ub
N AkAy3 '
If u = K, then

G () =3 041,
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(%)
. 1 Gl(b) T 1 1 1 G1<u) d Gl(u) z
—ameor (e -0) 5 (Gaa (Ge) | L) ao
+ % : exlnGl(“)p(u)du
where,

o= (G (26)

3kS 415 (k2 4+ 1) 2w+ K2 (3K 4 TR? + 3) ut — 6 (kK + 5k + 5% + 1) u

4kAu?
Multiplying by 22, we get
22 [ Gi(u)®du =
b
SL‘Gl(b) 1 3 2 Gl(u) d Gl(u)
— b)* + -k (k-1 — b)*
o OO G\ aw) |, O

/ e’ lnGl(“)p(u)du.
b

By Lebesgue dominated convergence, the last integral tends to zero as x — +o0,

and since G(b) < 1 we are done. O

Remark 4.4.4. The integration by parts are justified because

a4 (G g L(Gd (G
du \G7) " du\Gdu \G]

are both integrable functions in [b, K].
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4.5 Finals remarks

The analysis carried out in this chapter is motivated by the work done by
C. Koos and collaborators in [28]. Their goal is to optimize the shape of a curved
waveguide connecting two straight guides in a photonic circuit so that the energy
losses are minimal. Guides with kinks are not a good option because they lead to
trapped modes and therefore, high losses [31]. Based on numerical experimentation
only, Koos et al. propose that the power loss or attenuation coefficient is approx-
imately x?, where x is the curvature of the outer contour of the waveguide, and
q is a material parameter with g € (2,3). Therefore, they reduce the problem to
the minimization of the variational integral f7 x?ds over all curves « joining two fix
points and with prescribed initial and final tangent lines, where s is the arc length.
However, even if they propose ¢ € (2,3), they use ¢ = 2 in their paper and for the
calculation of the optimal shape of the waveguide. Using this optimal shape, they
numerically show that for 180°-bends, the energy loss remains below 1% of the ini-
tial energy. While, with a 180° circular bend, they calculate an energy loss equals to
4.5% of the initial energy. A theoretical reason that would explain their numerical
results is not provided and is an interesting open question. Our analysis in this
thesis is based on theoretical foundations using Maxwell’s equations. However our
application is made only to the linear and circular geometries. To apply these ideas
to other more complicated geometries seems an interesting but challenging question.
The minimization of the variational integral f7 x?ds, when q = 2, is the well-known

classical variational problem proposed by Daniel Bernoulli and Leonhard Euler in



135

1744, and the curve solution is the so called elastica (see, e.g., [38]). Further very
interesting research in this direction is done by Horn [25], and Melhum [30] to apply
the notion of elastica to computer graphics and computer aided design. In addi-
tion, the elastica has applications to stress in the design of aircraft fuselages [9].
Therefore, the mathematical understanding of the variational problem for ¢ # 2 is

of interest, and we plan to return to it in the future.
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