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ABSTRACT

TIME-INHOMOGENEOUS QUANTUM MARKOV CHAINS

Chia-Han Chou

DOCTOR OF PHILOSOPHY

Temple University, August, 2020

Professor Wei-Shih Yang, Chair

In quantum computation theory, quantum Markov chains and quantum
walks have been utilized by many quantum search algorithms which pro-
vide improved performance over their classical counterparts. More recently,
due to the importance of the quantum decoherence phenomenon, decoherent
quantum walks and their applications have been studied on a wide variety
of structures. We study time-inhomogeneous quantum Markov chains with
decoherence on finite spaces and discrete infinite spaces and their large scale
equilibrium properties. In this thesis, we prove the convergence of decoher-
ent time-inhomogeneous quantum Markov chain on finite state spaces, and
a representation theorem for time-inhomogeneous quantum walk on discrete
infinite state space. Additionally, the convergence of the distributions of the
decoherent quantum walks are numerically estimated as an application of the

representation theorem, and the convergence in distribution of the quantum



analogues of Bernoulli, uniform, arcsine and semicircle laws are statistically

analyzed.
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CHAPTER 1

INTRODUCTION

In order to develop more efficient algorithms for tackling a wide variety of
problems in classical computer science, researchers started utilizing random-
ness techniques such as Ulam and von Nuemann’s Markov Chain Monte Carlo
(MCMC) method [14] in 1940s. This method was later refined and made well
known as the Metropolis-Hastings algorithm [9] with applications in different
areas. Even though Monte Carlos methods could sometimes return incorrect
solutions with given probability, the key idea behind the methods was that the
true solution can be approximated with high probability by repeating Monte
Carlo simulations.

More recently, the notion of quantum computation has gained popularity,
"qubit” takes a complex unit instead of ”bit” the usual binary values of zero

and one. To preserve a cohesive quantum system, the family of qubits com-



prising the memory of the computer go through unitary evolution, rather than
the traditional system of gates in classical computation theory. The state of
the quantum system can be observed, and collapsing the system to one unique
state from a superposition of various state after the completion of each al-
gorithm. The probability of observing any given state after observation is
proportional to the absolute value squared of the amplitude of the system at
that state. So, a false solution may in fact be observed which is similar to
Monte-Carlo methods. However, if the algorithm is cleverly constructed, the
correct solution is observed with significant likelihood.

Due to the quantum mechanical nature of quantum computation, new types
of quantum algorithms have appeared. Moreover, these algorithms are more
efficient than existing classical algorithms because the run times are better.
For instance, both integer factorization and discrete logarithms undergo an
exponential speedup using Shor’s algorithm [16]. Not only an exponential im-
provement, Grover’s search algorithm provides a quadratic speedup over any
known classical search algorithm [8], and on a discrete space, Grover’s algo-
rithm is defined by discrete-time quantum walk, which is the natural extension
of a Markov chain driven classical walk to the quantum setting.

On the other hand, if a quantum system were perfectly isolated, it would
maintain coherence indefinitely, but it would be impossible to manipulate or

investigate it. If it is not perfectly isolated, for example during a measurement,



coherence is shared with the environment and appears to be lost with time
which is called quantum decoherence. This concept was first introduced by H.
Zeh [18] in 1970, and then formulated mathematically for quantum walks by
T. Brun [3]. For both coin and position space decoherent Hadamard walk, K.
Zhang proved in [19] that with symmetric initial conditions, it has gaussian
limiting distribution. More recently, the fact that the limiting distribution of
the rescaled position discrete-time quantum random walks with general unitary
operators subject to only coin space decoherence is a convex combination of
normal distributions under certain conditions is proved by S. Fan, Z. Feng, S.
Xiong and W. Yang [7]. The decoherent quantum analogues of Markov chains
and random walks on a finite and discrete infinite space will be defined and
elaborated in Chapter 2.

In fact, classical Markov chain limit theorems for the discrete time walks
are well known and have had important applications in related areas [5] and
[13]. However, the primary goal of this body of work is to examine the limiting
behavior of the new model, discrete time-inhomogeneous quantum walk with
decoherence on finite spaces and infinite discrete spaces, and generalize the re-
sults from the classical theorems to the quantum analogues. In Chapter 3, we
obtain first-return properties of the time-inhomogeneous Markov chain with
decoherence are derived rigorously in detail, and prove the convergence to equi-

librium of the decoherent quantum Markov chains with time-inhomogeneous



unitary operators in general finite spaces using path integral formulas. More-
over, the equilibrium theory is illustrated by numerical simulations.

In Chapter 4, we study time-inhomogeneous quantum walk with decoher-
ence on discrete infinite spaces, and prove a representation theorem for time-
inhomogeneous quantum walk through path integral expressions. As the ap-
plications of the theorem, we introduce a new quantum algorithm with Monte
Carlo technique to numerically approximate not only the classical symmetric
Beta distributions and Bernoulli distributions, but also the limiting distribu-
tions of the decoherent time-inhomogeneous quantum walks.

Lastly, we introduce the quantum analogues of the classical distributions:
arcsine, uniform, semicircle, and Bernoulli laws by considering the quantum
walk in infinite discrete spaces without decoherence in Chapter 5. Even though
it is extremely hard to study analytically the quantized classical distributions,
we study their scaling limits and convergent rates, compare with their classical
analogues, and statistically conclude that the quantum analogues of Bernoulli
and Beta distributions under appropriate scaling exponents in this case are

Bernoulli Laws.



CHAPTER 2

QUANTUM MARKOV
CHAINS AND RANDOM

WALKS

In classical probability, a random walk on Z is a Markov process described
by a stochastic transition matrix T. On the other hand, for a quantum walk,
instead of the transition matrix, the evolution of the system is described by
a unitary operator U acting on a Hilbert space H. Several different models
for quantum walks have been popularized. The two most commonly used
are the coined walk of Aharonov et al [1] and the quantum markov chain of
Szegedy [17]. Recently, S. Fan, Z. Feng, S. Xiong and W. Yang et al. [7]

demonstrated that under certain conditions, the limiting distribution of the



rescaled position discrete-time decoherent quantum coined walks is a convex
combination of normal distributions. All quantum walks elaborated here in

this chapter are based on homogenuous coined Markov chains.

2.1 Decoherent quantum Markov chains

Let’s consider the states |1) and |2) which represent the head and tail
respectively when you flip a coin. Then, we suppose that they are orthonormal,

and the coined Hilbert space H is defined by
H = span{[1),|2)},

which means that any element in H can be written as linear combination of |1)
and |2). And, we denote the inner product of the space by (|i),|j)) = (i|j),

and |i)* = (i| for z = 1,2. Therefore, we have for instance,
(1)1) = 1, and (1]2) =0

On the other hand, let U : H — H be a unitary operator acting on the
Hilbert space H itself. Recall that a unitary operator U satisfies the property
that UU* = U*U = I (where I denotes the identity operator, and U* is the
adjoint of U).

Now, in order to define a decoherent quantum Markov chain over the

Hilbert space H, consider the decoherence parameter p € [0,1], and define



fori=1,2
Ai = /p - i) (il
and
Ag=+/1—p-1
Note that {Ay, A1, Ao} has the property that Y A,"A, = I, and is called a

measurement over the space H. This notion will be generally defined later in

Section 2.2.1.

Definition 2.1 Let|z) € H, and p := |x)(z|, we define the time-homogeneous

decoherent operator ® such as

2
O(p) =Y AUpU*A;

=0

Now, suppose that z € {1,2} is the initial position, and pg = |z)(z|, and

the n step time-homogeneous quantum Markov chain is defined as

pn = D(py), (2.1)

n times
and, the probability of getting y € {1,2} from the initial position = € {1, 2}

after n steps is defined as the trace of |y)(y|p,, we denote it by

Pale,y) = Tr(Iy) (vlon ). (2:2)

Example 2.1 Let U such as,

Sl
Sl

U= (2.3)

Sl-
Sl-



Then the quantum Markov chain is called the Hadamard (fair coined) quantum

Markov chain.

2.2 Quantum random walks

Now, we want to define the decoherent quantum random walk by gener-
alizing the the idea from quantum Markov chain. First, We consider a pure
quantum random walk on the 1-dimensional integer lattices Z. The state space
is a Hilbert space H = H, ® H., where H, denotes the position space, and H,
denotes the coin space, and ® is the tensor product. The orthonormal basis
of the position space are {|z),z € Z} and, the orthonormal basis of the coin
space are |1) and |2). Tensor product of vector spaces and tensor operations

are detailedly explained in [4].

Definition 2.2 The standard shift operator S, : H — H is a linear operator

defined as follows

So(lz) @ [1)) = [z +1) @ [1)

So(lz) @ 12)) = |z — 1) @ [2)

Definition 2.3 The flip-flop shift operator Sy : H — H s a linear operator

defined as follows



Sp(jz) @ 1) = |z + 1) @ 2)

Si(lz) @[2)) = [z = 1) ® 1)

Note that we can also decompose the S, and Sy as following

S,=ST@ {1+ 5S ®2)2]
Sp=S5T®2)(1]+ 5 ®@1)(2]
where ST, 5 : H, — H, are linear operators defined by
§*(|)) = o+ 1) (2.4)
S7(|x)) == |z —1). (2.5)

Let F': H — H be a unitary transformation on H defined by

F=> |o)z|l®C, (2.6)

T€EZ

where C': H. — H, is a unitary operator. We can observe here that |z)(x| is

the projection operator over the position space H,.
Definition 2.4 The evolution operator of quantum random walk is given by
U=SF, (2.7)

where S = S, for a standard quantum random walk, and S = Sy for the

flip-flop quantum random walk.
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Let |¢g) € H. Then |¢,) = U™y) = U‘t_"U"w(ﬁ is called a quantum
random walk with initial state [ig). For convenience, we will use the short
notation |z%) = |z) ® |i).

The probability that at time step n, the quantum random walk is observed

at state |z') is defined by

pi(a') = ('),
and the probability that at time ¢, the quantum random walk is observed at

state |z) is defined by

pi(w) = Zpt(évi) =D Il (2.8)

i=1

If the unitary operator does not depend on the position and time, the

quantum walk is called homogeneous quantum walk.

Example 2.2 Let S = Sy and for all x,

1L
C = V2o V2
I
V2 V2

Then the quantum random walk is called the flip-flop Hadamard quantum ran-

dom walk.

Example 2.3 Let S = S, and for all x,

Sl
S

C:

Sl
Sl-
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Then the quantum random walk is called the standard Hadamard quantum

random walk.

2.2.1 Decoherent walks

In physics, the quantum decoherence, in other words, lost of quantum co-
herence, is caused by environmental interactions. Mathematically, in quantum

random walks, is defined by measurements.

Definition 2.5 A set of operators {A,} on H is called a measurement if it

satisfies
S AA, =1

Throughout this thesis, we also assume that the measurement is unital, i.e., it

satisfies

S AL =T

Suppose before each unitary transformation, a measurement is performed.

After the measurement, a density operator p on H is transformed by

p—p = ZAnpA;.

Then after one step of the evolution and then under decoherence, the den-

sity operator becomes
p=> AUpU*A; (2.9)

Then the decoherent quantum random walk is defined as follows
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Definition 2.6 Let {A,} a measurement on the Hilbert space H = H, ® H..
Suppose we start from the state |0) ® |®o), with Oy € {1,2}, then the initial
state is given by the density operator py = |0)(0| ® |Po)(Do|, and the decoher-
ent quantum walk {p;}ien with decoherence {A,} is defined by the following

recursive relation:
pr=_ AUpU"A;,
pr = Z A Up U Ay,
We can immediately deduce from the definition and obtain that for all
t=1,2,..
po = [0){0] @ | o) (Po| = (|0) @ |Po))((0] @ (Do),
pr=2_ AU A U(10) ® [20)({0] @ (Ro)UA], - U"A;,
If we define the superoperator £ to be an operator which maps L(H) to

L(H) such that

LB =Y AUBUA;,, VB e L(H), (2.10)
then

pr = L po. (2.11)
For decoherent quantum random walk with decoherence {4, }, the proba-

bility of reaching a point = at time ¢ is defined by

pa(x,t) = Tr(jz ><z[@ L)p]

= Tr|(lz >< z| ® 1.)L" po), (2.12)
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where T'r(-) denotes the trace operator.

Interpreting the definitions in physics, for the measurements we defined
in section 2.1, we perform a measurement at {|i)(i|} with probability p and
no measurement with probability ¢ = 1 — p at each time step n. If at the
measurement step, the outcome is |i), then the system is reset to |i). On the
other hand, we can also easily observe that if p = 1, measurement at each time
step with probability 1, p,, will represent the classical Markov chain or random
walk. Intuitively, p, will be the pure quantum Markov chain or quantum walk
if p=0.

The following examples show different decohorent quantum walks with dif-

ferent types of measurements {A, },en

Example 2.4 Let 0 < p <1, Ay =+/1—ply, and A, = \/p(|z) @ |i))({(z| ®
(i]). Then {Ag, Api;x € Z',i = 1,2} is a measurement on H. When 0 < p <

1, py is called a totally (coin-space) decoherent quantum random walk.

Example 2.5 Let0 <p <1, Ay =+/1—ply, and A, = \/p|lx){z|® .. Then
{Ag, Ap;z € Z'} is a measurement on H, and when 0 < p < 1, p; is called a

position space decoherent quantum random walk.

Example 2.6 Let 0 < p <1, Ay =+/1—ply, and A; = \/pI, ® |i)(i]. Then
{Ag, Aj;i = 1,2} is a measurement on H, and when 0 < p < 1, p; is called a

coin space decoherent quantum random walk.
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Considering the general measurement {A,} and the homogeneous unitary
operator C, one of the recent and important achievements is that in [7], S.
Fan, Z. Feng , S. Xiong and W. Yang proved that under some conditions of

Z
the superoperator L, the rescaled probability mass function on — by

Vit

7
p(z,t) Epd(\/%x,t), T € —

Vit

converges in distribution to a continuous convex combination of normal dis-
tributions. Later in Chapters 3 and 4, we will mainly discuss the large
scale behavior of quantum Markov chains and quantum walks with the time-
inhomogenuous unitary operator from Example 4.3 and the coin space deco-

herence measurement from Example 2.6.
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CHAPTER 3

TIME-INHOMOGENEOUS
QUANTUM MARKOV

CHAINS

In classical probability theory, a discrete-time Markov chain on a finite
state space is a sequence of random variables { X, },,en on a finite state space
with the property that the conditional probability distribution of future states
of the process depends only upon the present state, not on the sequence of
events that preceded it, in other words, the future outcomes depends only on
the present result, not the past ones. We also call this phenomenon Markov
property. With the decoherence parameter p € (0, 1], classical Markov chains

on finite state spaces can naturally extend to decoherent quantum Markov
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chains as we defined in section 2.1.
In this chapter, instead of homogeneous unitary operators U, let’s first

consider U,, : H — H, unitary defined by

Vi-w W
Un - ’
JE iR
time inhomogeneous unitary operators, where A and ( are non negative real
numbers. And we can define the decoherent time-inhomogeneous quantum
Markov chain by extending the definitions from Section 2.1 with
2
On(p) =Y AUnpUn" A} (3.1)
i=0

with Ag = /1 —p-1, and A; = \/p-i)(i|, for p € [0,1], and ¢ = 1,2. Similarly
P = By B (o). (3.2)

Therefore, the probability of getting y € {1,2} from = € {1,2} at time n is

defined as

Pale,y) = Tr(Iy)ylon)- (33)

Note that we can easily obtain the homogeneous case from this setting by
letting ¢ = 0. For example, if ( = 0 and A = %, we have the fair coined

quantum Markov chain from Example 2.1.
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3.1 Path integral formula and basic properties

Let’s start by proving some basic properties before we go to the equilibrium
convergence theorem. First, if we suppose that the quantum Markov chain we
defined is completely decoherent, p = 1, we have

2
®,(p) = > AUnpUy A
i=1

and
Pali,§) = Tr(13) (19l i)
where p is any 2 by 2 density matrix, and ¢,j = 1,2. Using the fact that

|k), k =1,2,... are orthonormal basis, we obtain

2

Paling) = 2 Tr (1418 (10U i) G107 ) k)

k=1
2
= 37 (41 (R0 ) (10 ) kL))
k=1
= Tr (GIUGIUR1) ) = Unio DU (6, 9) = 100
If ( =0 and p = 1, then it reduces to time-homogeneous Markov chain
and it is well known that p, — po when n — oo by the Ergodic Theorem
for finite-state Markov chains. Our focus now will be for the case of ( > 0 or
0<p<l

By Kolomogorov 0-1 law, for 0 < p < 1, there exists an infinite sequence

of measurement when ¢ — co. Therefore, if X;, Xy, ... are the outcome of the
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measurements, then {X,,}° , is a Markov chain (time-inhomogeneous Markov

chain).

Definition 3.1 Let {T,}2°, be i.i.d. geometric random variables with mean

%, and let oo =0 and 0, =Ty + -+ -+ T, and define
. . NP
Quli ) 1= E[[(i1Us, 7, -+ s i)[] (3.4)

Proposition 3.1 Let {T},}5°, be i.i.d. geometric random variables with mean

}—17, and let oo =0 and o,, =11+ ---+1,,. Then

((l) P(Xl == ’él,XQ == ’éQ, ,Xn - ’Ln) = E|:|<Zn‘Ua'n et Ugn_1+1‘in,1>‘2 te
.~~|<i1\Uol---U1|i>|2]

(b) P(Xn = Zn|X1 = ileZ = i?u'-anfl = Z.nfl) = P(Xn = Z.n’anl =
Z.n—l)

= Q (inflv Zn)

2

Proof of 3.1: Let ®4(p) = ZA,-UkpU,in, p € &, where £ =the set of all
i=0

density operators on H. The quantum operation of the partially decoherent

quantum process at step k is given by ®y.

Suppose that the initial state is pg = |i)(i|. Then the state at time ¢ is

pr =Py Di(po)
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The probability at time ¢, the system is found at state |j) is given by

2 2
Tr(() Glo) = Tr (G120 D0 A+ A Up Ay U GIUT A, -+ Uy Ay ) )

j+=0 j1=0

2 2
=3 ST (GlAU - AU AL DD GIUT A, - U7 AG L))
Je=0 j1=0
2

. T
= > |UlAU - AU AL UL )|
In each term of above sum, let 0 < 01 < 09 < ... < 0, < t be the times that

Jo, = lor2, and js =0forall s # 0q,...,0,. 0 <0y <09 <... <0, are called

decoherence time, and we put ¢, = j,,. So, the sum can be written as,

2 2

r(15) (ilpe) = Z S D U Ui
n=0 0=0p<...<on<t =1 i1=1
inlUs, -+ Us i lin-a) |- |(04]Us, - - U1 0)] (3.5)

Now, let’s proof part (a) of the proposition,

P(Xi =iy, Xp=in) = P(Xy=i1,.. X,y = in, 0, =1)
t=1

= Z Z P, ... Umt(il, ...,in,j) where t = 0, and 7 =1,
= Y Tl U U alin) | [0 Uy - U]
0<o1 < <op <0

= B |(ilUs, -+ Uy salin-)[ "+ [0 Us, -+ U i)

To prove (b), note that from (a), by independence of {7},}32,

P(Xl - Z.17)(2 - i27 7Xn = Zn) == Ql(iail) e Ql(influin)
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Then,

P(Xy =1, o0y Xt = in1, X = i)

P(Xn = ’Ln|X1 == il, ...,Xn_l - in—l) = P(Xl _ 7;1 Xnil _ inil)

= Qn(in—la Zn)
We can also note that
P(Xn - ina Xn—l - in—l)
P(anl = Z-nfl)
27?17._"’[:71_2:1 Ql(ia Zl) e Ql(inf% Z-nfl)Qn(inflv Zn)

- 2 = n(infla Zn)

Zil,...,in,2:1 Ql(ia il) T Ql(in—m infl)

P(Xn = in’anl = Z-nfl) =

Remarks:

(a) It follows from Proposition 3.1 (b) that X, X5, ... is a time inhomoge-

neous Markov chain with transition probability
P(Xy = j| X1 =1) = Qu(i,j), 1<4,5 <2,

and this is illustrated in the following diagram

T1 T2 Tn Tn+1
f } } } } } } }
0 1 ... o1 o2 On—1 on t On4+1 time
0 0 ) T )
X4 Xo X1 X, Xna1

(b) This proposition gives a probabilistic interpretation of decoherence time
0<o09g<or<..<o,<..as asequence of arrival times of indepen-
dence Bernoulli trials with success probability p, and {X,}°, can be

viewed as discrete version of a compound Poisson process.
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(c) For o, < t, and from Equation (3.5), we obtain an expression for the
probability that the system is found at state j with exact decoherent

time o4, ...0, and outcomes i1, i, ..., ip.

Definition 3.2 (Path integral formula) The probability that the system is
found at state 7 with exact decoherent time o1, ..., 0, and outcomes iy, 1s, ..., iy,
in this case X1 = i1,..X, =i, if o, <t, for the decoherent quantum random

walk for 0 < p <1 can be written as the path integral formula:
o o n o tenl/ - NP : NP
Pol,crz,...,on,t(zhz%"-7Zn7j) =P qt |<.]‘Ut"'Uon+1|Zn>‘ ‘<21|Ucrl UI‘Z>|

The path integral formula defined in Definition 3.2 is not only very intuitive
expression to understand the probability of an specific path from the initial
state, but also very useful for generating numerical simulations. We will discuss

the simulation applications in Section 3.4.

3.2 Convergence to equilibrium

Before we prove the convergence, let’s first observe that @), defined in

Definition 3.1 is doubly stochastic which will be useful later in the proof.
Proposition 3.2 @, is doubly stochastic for all n € N.

Proof of 3.2: Note that a matrix A = (a;;) is doubly stochastic if

Zaij =1 forall j
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and

Zaij =1 forall¢
J

So, we have for all j =1, 2,

2 2

Z Qn(lvj) = Z E[<j|UJn71+Tn U U0n71+1|i><i|U;n,1+1 T U;n,1+Tn|j>}

i=1 i=1

2

= B[S Tr[3)(i1Un, s, - Vst iGIU7, - Ui

=1

= E[Tr(15){l)] =1

And also, Z Qn(i,7) = 1 for all i = 1,2 by similar argument.

j=1
Finally, we have the equilibrium property

Proposition 3.3 If0 < ( <1, then

1/2 1/2
1Q2Q3---Qp — 11 = )
1/2 1/2

asn — oo, forall) <p<1.

Proof of 3.3 : Let’s consider first the homogeneous case, and let § > 0 such

that @@ > 0II. Note that for any o > 0, we can write

Q — oIl

Q:a( )+5H:a@+5n

where Q = Q;‘m is a stochastic matrix, and then

Q" = (aQ +610)"
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= ankek [(Z) terms of different combinations of n-k Q’s and k H’s]
k=0
Now, take a = Z (Q — 5H)(i,j) = 1— 0 and use the fact that @ is doubly

J
stochastic, we have the following,

1. a+ 6 =1 by construction.

2. 1I-1I =1II.

_ Q- QU-dI T4l _1-§

« (07 « (0%

IT=1I

3.Q-11
4. Similarly, we have II - Q=11
5. Q is doubly stochastic.

Now, since o« < 1 we have

Q" = an@n + Zan—kék (Z)H _ an@n + [(a+5)n _ an}H
k=1

= a"Q" 4+ (1 —a™II — I asn — oo

For the inhomogeneous case, X, X3, X3... is a Markov chain, we note that

by independence and properties of conditional probability
Qn(i,J) = P(Xn = j|Xp1 =)

=3 Y P(Xp=jlXu1 =d,001 =5, =t)-Pon_y =5, T, = | X,y =)

s=1 t=1

= ZZ ‘<j|Us+t"'Us+1’i> 2

s=1 t=1

. P(Tn =tlop_1 = s) . P(O‘n_l = 3)
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= ZZ ’<j|Us+t e Us-&-l’i)r

s=1 t=1

- P(T, =1t)- P(op—1=35)

Note that if we consider only the term ¢ = 1, and using the fact that P(Tn =

t/op—1 =s) =q"'p, we have

Z ‘ j’Us+1|

-p- P(O’n_l = 3)

> A
—pz\ywsm " P(on 1=9) 2pY gy Plon =)

:pA-E[m} >4, - 11

Where 9,, = 2p\ - E[ ] .Therefore,

(on +1)

0, = an<@n—_5nﬂ>

Qp

+ 6,11 = a,Q,, + 6,11

Since a,, = 1 — ¢,, and Qn is stochastic.

n

Q1Q2"'Qn=H[OénQn+5nH] ZHaka—F(l—Ha

k=1 k=1 k=1

The last equality can be proved by induction, if n=2
[041621 +(1—ay)] - [042(22 + (1 — ap)II]
= 041062(21@2 + (1 — ()41)0521_[@2 + Oél(l — 042)@11_[ + (1 — (Jél)(l — 042)1_[2
= &1042@1@2 + IT — 0410{21—.[ + OqH - O./lOéQH —1II + a10[2]._.[ + II — O[1H =

105Q1Q + (1 —aqap)ll



25

And now, let’s assume that the formula is true for n, and prove it for n + 1,

n+1

H [anQn + 6,11 [H%Qk +(1- H Qg ] [@nHQnH +(1 - 04n+1)H]

k=1

n+1

= Haka+Hak — A1)+ ( 1—HOék Q1T+ 1_H05k — Q)

n+1 n+1 n+1 n+1

= H Oéka—i-H OékH H OékH—i-Oén_HH H OékH—|—H Oén_HH H O(kH—i-H OAkH

n+1 n+1

= Hakék — (1 — Hak)l_[
k=1 k=1

We observe that if H ap =0, Q1Q2---Q, — II, and we have obtained the
k=1
conclusion.

To check this, note that

o [1 2p/\E[( 1+1><H - > Qp)\E[m]

since In(1 —z) < —z for 0 <z < 1.

Observe that each T, > 1, so we have, % > 1+ for all k&,

and this implies

1 < 1 <1
Ti+..+Tp_1+1 _1+__

k-1

Which means that by the Bounded Convergence Theorem,

1
E[(O'k—l + 1)4]
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1 1 1 1 pS
- E[ ] — =
(ATt (= 1F (BT (k= 1F (k= 1)
as k — oo
Therefore,

3

n

— S 1. 2pAE N S
Hak S e k=1 [(ak,1+1)C} S exp ( _
k=1

=g
(oh_14+1)¢
p¢

(k=1)¢
And, we conclude that, @Q;---@Q, > Il forall 0 < (<land0<p<1. O

Now, since — 1 as k — oo, we have that [[}_j o, — 0if ¢ <1

Note that for the special homogeneous case ¢ = 0, the result is already
known, and it was proved by M. Lagro in [12] that the quantum Markov chain
is convergent.

If we look at the proof of this theorem, we can generalize the technique to

this general theorem in classical probability.

Theorem 3.1 Let P, be the Markov transition matrices on a finite states
space %3, suppose I1P, = P11 =11 for all k and Py > 611, If H(l — ) =0,

k=0
then P, --- P, — 11 as n — oo.

Now, note that if our (Q; satisfies the conditions of Theorem 3.1, and
therefore Proposition 3.3 holds, and this is more general than Proposition 3.3

extending the result to n by n matrices.
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3.3 General case m X m

The idea is to generalize the results to the general m x m case. Let’s

observe the following example.

Example 3.1 Let G = self-adjoint, and U, a 2 X 2 unitary matrix
11

na

such that U,, = eln , Note that G has the eigenvalues A\ = 2 and Ay = 0 with

1 1
their eigenvectors v, = V2 and vy = V2
1 1
V2 V2
I
So, with A = Ve Ve We diagonalize
1 1
V2 V2
2 0 2 0
G=A A=A A
0 0 0 0
Therefore, we have
A 2 0 e2r? 42 ei2p2 _ 2
e’G:A-eXp<i )-A:
0 0 e2r? —p2 292 4 2
where r = \%, which implies
i—2 i—2
o 3V ) 3

)
€Vn< =
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Note that the off-diagonal terms are close to 0 when n is large, and with 6 =

_2
NS
1, i-2 o L, i7 i? 1 0 oy _ L
—[(e Ve =1)P==(e V¢ —1) (e Va¢ —1) = =(2— € —e7") = —(2—2cos )
4 4 4 4
1 2 1 1, 2 2 1
—5[1—008(?)]~§'§(ﬁ) =z
Therefore, with 6,, = %, we have obtained
11
|Un|225n ? ?
11
2 2
and
[Ton=T10—060) ~ e Emce
n=1 n=1

Now, we generalize the idea to high dimensional space. Let’s consider
-G
H = span{|1),...,|m)} with m € N, and U,, = e V»¢ with G a m X m symmet-

ric matrix such that there exists € > 0, |G;;| > ¢, for all ¢, 7 with the following

O,(p) = > AUnpU; A
=0
and
pu =y 1(p) (3.6)

where Ay = /1T —pl and A; = \/pli)(i], 1 < i < m, and let py = [i)(i]

fixed, and

Pu(5) = Tr(|5) (] pn)
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And assume that T}, T, ... are i.i.d. Geo(p), and o, = T +--- T, fix t, define
ny = max{n : o, < t}.

So, we have
PG) = Tr(1i)le) = B| @16, 31)Q2( 32) -+ Qne Uine1:jn)W Gines )]

where Qu(i, 1) = Bl(jlUs, v+ U,y a2 and Wi, ) = B[|GIV; -+ Uy, il

The idea is to show

Proposition 3.4 For all probability distribution V' and i,7 = 1,2,...,m, if

0<(<1land0<p<1, then
sz-Pt(ijj:i,
, m
as t — oo.

Proof of 3.4: Observe that we can write
VQi QW =T =VQ+ QW = VQi Qu+VQi - Qy —TI

=VQi Qu(W —1) + (VQi-+-Q, —TI)
Since 0 < ¢ < 1, the second term tends to 0 as n — oo by Theorem 3.1, and

hence, it’s enough to show that W — I — 0 since V Q1 - - - @Q,, is bounded.
es iG )
W (i, §) = E|(|U - U, sa|D) P = E|(jleVis - - e Vim0 ) |

iGSt 1
= B(jle' o v |
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iGSTE 1
Note that if we show that |(j|e 2okon 1 \/k7|z>|2 — 0 as. for i # j. By

Dominated Convergence Theorem, W (7, j) — d;;, and we obtain the result.

Let’s write U, = UY +UP for every n where Ul are the off-diagonal parts and
n n y n

UP is the diagonal parts of U,. So, for i # j,

. iGZZ:antHﬁ. 2 : . Fy7D D NE
(e S =] S Gl UnUEUR, U2, )

g
l:UNt+1

This expansion is made by U---U(U* + UP) =U---UUF +U---U(U" +

UP)UP = .... By Cauchy-Schwarz,

t

2
S(t—UNt> Z }(ﬂUt"'Ul+1UlFU£1"'U£vt+1|i>

l:UNt"F]-

iG
By definition, we have U,, = eV»¢, where G is symmetric m by m matrix and

Un| < 1.

t

<(t=on) Y |Gl UaUF 1)U (i) - Usy s (3,9)]°

l:UNt+1

t

<(t=on) 3 |0 Uil YU, U1 (58)+ Upyy i)

l:CTNt—l-l k;ﬁl

By Cauchy-Schwarz again,

t

< (t=ow) D (m=1) D [GIU - Unsa )| Uik )| U 0 ) -+ - Upy, 1)

I=o N, +1 ki

Using the fact that |(j|U; - Ul+1|k)‘2 <1, |Uy(k,q)

}2

= O(l%), and

Ui21(3,4) - Uy, 11 (6, 9)|* < 1,
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we conclude

t

1 1
(t—on) D (m=120(7) < (m = 1t - ox, 20 ——)
l:§+l e (UNt + 1)<
. (t—on)? %, +1
Now, it’s enough to prove that - ! — 0 as. The
" s ()¢ = T+ + T

first inequality is trivial, and note that

> (]}

n=1 n=

T2
_n
nS

And by Borel-Cantelli Lemma

P> c10.) =0

Therefore

2

K—)Oas

So, using the law of large numbers, we can conclude that

. = 0
(T +---Tp)¢ (B0 BE(Th)C

O

Therefore, we have the most general convergence theorem for decoherent quan-

tum Markov chains as follows,

Theorem 3.2 Suppose that |G;j| > € for alli,j. Let py = |i)(i], if 0 < ( <1

and 0 < p <1, then

pr— ) M- [i)i
i=1

where 11; = %, fori=1,...m
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Proof of 3.2: First, consider 4 (j) = Tr(|j){j|p:), and we show that 1, — II.

Note that
i1,0rit =0

‘ 2

- Z Z Z ‘<j|Ut'"Uan+1|jn><jn|Ucrn "'Uon,1+1|]'n—1>

t—op—1

q pX

S SN SIS S A H i

n=0 0<o1<-<on<t ji1,...jn=1

9 2
qan—anfl—lp_ .. ‘<j1|UUI ce U1|Z>‘ q01—1p

X ‘ <jn|Uan e U0n71+1|jn—1>

Consider Ty, T, ... iid geometric(p), o, =11 + - -+ Ty,
N; = max{n > 0,0, <t}

Qulir ) = B[ ilUs, -+ s )]
Wi ) = E[|G1Us, - Unysali) ]

So, we also consider

m
2

@) =Bl D0 10 Vs lind [ G3Us, -+ Uoy, a2}

|G |Uy, - U1|i>ﬂ,

m

and Vt(j) = E[ Z ‘(th|U0'Nt T UO’Nt71+1|th_1>}

2

---}<j1|U(,1---U1|z‘)\2}
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. . A2 .
Let Qpu(7,7) = |<J|Uz e Uk+1\z>| , we write

1) = B (@10 Qor02 Qg 1o, ) (027

Note that the Cauchy Criterium ||Qs,, 0.1 =" @on1,00 — I]] = 0 a.s. implies

o
lim Q1,0,Q01,00 " Qo100 = H Qoo_1,00) A-S
n—oo S:1

where oy = 1, now, since N; — oo when t — 0o, we obtain

1 Q0. Qoo+ Qo 1, = f:[@ as.

Therefore, by BCT and independence, when ¢ — oo
i) = B[ T[@orcror] = TLE[ @] 61) = tim [T E[ Qe ] (0.0

s=1 s=1 s=1

Since we have defined Q, (4, j) = E[|(j|U,,n . U(,n71+1|¢>|2],
Tim SﬁlE[Qgs_l,aS] (i,5) = lim Q1Qa -+ Qu(i, J) = (i, )
Now,
|Mt(j) - Vt(j)’ <
< |B[(QuorQorior - Qory s, ) (11)] = E[(QuosQeron Qoo ) 09|
< |E[(@101Qovi2 Qo 1103, Qo) (1:1)~ (@101 Qo+ Qo o, ) ()]
< E|QuoQrron++ Qay v, (Qoea = 1)(0.)

Note that as t — oo

HQ1701Q01702 to QUNt—l’UNt (Qant - [) ||oo
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<1Quailloe 1Qos0llog -+ [|Qon, -sow, | [|Qnt = Tl < Qe = 1|, =0
By Bounded Convergence Theorem, (QJNM —1 ) (1,7) = 0 a.s., and therefore

() — ve(5)] = 0.

We have proved that if py = |i)(i], then Tr(|7)(j|p:) — II;, let’s show now
pe=> D il
j=1
Enough to show that T (|k)(j|p;) — 0 for all k # j. We can see that

Tr(|k)(ilpe) = (Glpelk) = (G1@e - @a@u]i) (il k)

Y GlAU- - AU GIUT A, - UF A k)

11,12,...,5t=0

= E[ Z <j‘Ut tee UcerJrl'th)(.thlUONt T UUNt*1+1|.sz*1> T

(U, - - Uh[i) (i UT U - - Ug [i) -+ (v U Ugy, line) %

Ny—1

X (U0 U7 )

= E[ Z <]|Ut e UUNt+1|th>(Q10'1QG'10'2 T QUNtﬂaNt)(ia th) X
% (U0 U7 )

Now, we define

Wi, j, k) = (U Ugy, a [ (1|Uz 1 - UL [R)

(e

= (JUs -+ Ugy, 11|0)(k|Us - - - Ugy, 117)



So, we have that

T?“(lk) <]‘Pt) = E[Q101Q010‘2 e QUNt—lo'Nt W] (iaja k)

We define

QW (i,5,1) :== | > _Q(, )W (I, j, k)

l

< sup|fw(l, 1) > Qi) = sup fw(l, j, k)| = 0
!

as t — for all j # k. Since either j or k # [, and ¢ > 0, suppose that j # [
. 2
‘<]|Ut"'UUNt+1|Z>} —0

and

[(k|U, -+ Uy, I1D]* < 1

3.4 Numerical simulations

Let’s go back to the path integral formula defined in Definition 3.2 and the

Equation (3.5), and this leads us to the following algorithms for 2 dimensional

case, H = span{|1),|2)}, to generate the numerical simulations:

Step 1: Generate T1,T5, ..., T, iid with geometric distribution with a given 0 <

p<1

Step 2: Define g = 0,01 =T11,...,0, =T1+---+ T,
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Step 3: For each k, calculate Qu, o, (4,5) = |{(|Usy,y * + * Usps1|i)

Step 4: Fix ¢, and oy, <t < on,41, define W, (4, 5) = [(j|U; - - - U,,Nt+1]z'>|2

Step 5: Compute the matrix Qo,0, Qo100 * - oy, 1,05, Won, t

Step 6: Run the k& samples of the simulation and calculate the mean.

Step 7: Calculate the absolute value of the difference between the mean from

step 6. and the matrix

1

N |

1
for each time t.

N |

Some Python codes for basic operator calculations will be annexed in Appendix

B. We assume that A = %, and run 1000 samples for 5000 time steps.

First, we consider the case ( = 0.8, we can observe that the simulation

results with different values of p shown in Figures 3.1, 3.2, and 3.3 that the

absolute value of the difference between the matrix product obtained and

1

the equilibrium matrix
1

2

1

1

2

converges to 0 which is in accord with the

convergence theorems we proved. Moreover, quantum mechanics intuition tells

us that if p is closer to 0, less decoherent, the convergence phenomenon to the

classical result should not be clear. This can be observed in Figure 3.3, that

the convergence is slower compared with Figures 3.1 and 3.2. In other words,

if the probability of the quantum system to be measured is closer to 0, the

system will converge slowly.
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Figure 3.1: Quantum Markov chain convergence for ( = 0.8 and p = 0.9
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Figure 3.3: Quantum Markov chain convergence for ( = 0.8 and p = 0.3
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Another interesting example to analyze is when ¢ = 1. We can observe

from Figures 3.4, 3.5, and 3.6 that the convergence is slower than the case

¢ =08
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CHAPTER 4

TIME-INHOMOGENEOUS
QUANTUM RANDOM

WALKS

Percolation as a mathematical theory was introduced by Broadbent and
Hammersley [2], and it is applied to model probabilities which are affected
by different environment. For instance space-inhomogeneous random walk on
7., the probability of each step depends on the state position in Z. However,
instead of the space, the probability can only depends on the time step. Let’s
define the inhomogeneuous quantum analogue of the random walk on the in-
finite discrete space Z. Avoiding the confusion with the notations in Chapter

3, we will use” for the operators in this chapter. We let H = H, ® H. and for
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n=12 .., Fn : H — H be a inhomogeneous unitary transformation on H
defined by
Fy=>|a)(z] ® Cpa, (4.1)
reZ

where C,, , : H. — H, are unitary operators which depend on the time n
and the position x.
Generalizing from Definition 2.4, the inhomogeneous evolution operator at

time n of quantum random walk is given by

A~

U, = SE,, (4.2)

where S = S, for a standard quantum random walk, and S = Sy for the
flip-flop quantum random walk.

Similarly to homogeneous quantum walk defined in Chapter 2. Let |¢)y) €
H. Then |¢y) = At...UQUl|¢)O> is called an inhomogeneous quantum random

walk with initial state |¢)p). The probability that at time ¢, the quantum

random walk is observed at state |z*) is defined by

pe(a’) = (@[], (4.3)

and the probability that at time ¢, the quantum random walk is observed at

state |z) is defined by

() = Z [ ) |- (4.4)
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For decoherent time-inhomogeneous quantum random walks, we suppose
the quantum walk starts at the state |0) ® |®¢), then, the initial state is given

by the density operator
po = [0){0] @ |@o){Po| = (|0) @ |Po))((0] @ (D). (4.5)

After t steps, with the decoherence measurement {A, },cn, the state evolves

to
pe= AnUp- Ay, U1(10) ® |20)) (0] @ (D)) UT AL, - UF AL, (4.6)
= Z A Uipe 1 UF AL (47)

The probability that at time ¢, the decoherent inhomogeneous quantum

random walk is observed at state |z¢) is defined by

pe(a’) = Tr([|l2")(="]] pr) (4.8)

and the probability that at time ¢, the quantum random walk is observed at

state |z) is defined by

= X nle!) = Tr(la)al © 110 (4.9)

If the unitary operator depends on the position or the time, the quantum
walk is called inhomogeneous quantum walk, here we have some examples
of position-inhomogenuous quantum walk and time-inhomogenuous quantum

walks,
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Example 4.1 Let S = S, and C,,, = C, depends on the position such that

( 1 )1/2 (1_ 1 )1/2

O — 1+|z| 1+|z|
1 1
(1 _ m)lﬂ _(1+|x‘)1/2

Then the quantum random walk is called the flip-flop quantum random walk

with linear drift.

Example 4.2 Let S = 5,, and C, , = C, depends on the position such that

( 1 )1/2 (1_ 1 )1/2

o | ‘T T
1 1
L= mm)? ()

Then the quantum random walk is called the standard quantum random walk

with linear drift.

Example 4.3 Let S = 5,, and C,, , = C,, depends on the time step such that

Vi-w /e
C, = i
Ve o

where X and ¢ are non negative real numbers.

4.1 Time-inhomogenuous quantum walk and

its path integral expression

We now concentrate on analyzing the decoherent time-inhomogeneous quan-
tum walk defined with unitary operators in Example 4.3, and the total deco-

herence measurement defined in Example 2.4. We have with the initial density
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operator py = [0)(0] ® |Pg)(Py|, and the decoherence measurement
{Awiz e Z',i=1,2} U{A}
where for p € [0,1], z € Z, and i = 1,2

Ari = /P - ) (| @ [3) (il

and
AOZ \/1—p'Ip®Ic.

Then our time inhomogeneous quantum walk with total decoherence measure-
ment with decoherence parameter p is defined as
pr=AUipiaUF AL+ AgiUipraUS A (4.10)
x,0

with the time-inhomogeneous unitary operators

NI
C, = ! 5 (4.11)
V2 -/i-a
where A\, ¢ > 0.
Let T, Ts... geometric random variables with probability p with oy = T7,...,
op=T1+...4+T,, and py = |0)(0| ® |ig)(io|, we have that the probability after

t steps at the position x

2

pu(@) = > Tr(Jaal © 1) Gl

Jj=1
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Let’s recall the @,,’s defined in Definition 3.1 using the time-inhomogeneous

operators above in (4.11)

Qu(i) = E[|i1Ca, s, -+ Cou il (4.12)

and, for discrete infinite space quantum walks, we generalize the idea to the

following definition,

Definition 4.1 Let Qaigi+1(a€,y,i,j) the probability from x to the state y on
the position space, and i to j on the coin space during the time o; to o;41, and

W(z,y,1,j) the probability from x to the state y on the position space, and i

to j on the coin space during the time o, to t, which is

Qa'kao'kJrl('T’ Y, 27]) = |<y7j|U0k+1 e UUk+1|x7 Z>|2

A

WaNt,t(x7y7i7j) = |<y>]’Ut T 00Nt’$7i>|2

where x,y € Z, and 1,5 = 1,2

Therefore, we have the probability at x after ¢ time steps using the path

integral expression, by coin-space decoherence

A

o QO'Nt—lo'Nt (xO'Nt_17 /L.O'Nt_17 TNy iNt)WUNt 7t('r0'Nt ) iUNt Ly j)]

Note that using the translation invariant property

QU¢U¢+1 (I’, ia y:]) = Q0i0'¢+1 (07 ia Yy — xaj):
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A

WUNt,t<x7i>y7j) WUNt <07Z7y ])
Let’s just denote
QU¢U¢+1 (l’,%]) = QAU«LUZ‘JA (O7i7 xuj)?

and

A A

WO'Nt,t('Ia ’L,j) = WO'Nt,t(Oa i, x,j),

and define for ,j € {1,2}

RUko'k+1 7’ ] ZQOk0k+1 x77/7])

TEL
UNt E WO'N it :E727j
TEL

And, we obtain the path integral expression for p;(z),

. QUU x,z,z Qo row (T — Tp1, 1, i)
p =38 30 3 R T

R0, (1 01) Roy, oy, (ik—1, k)

WaNtt('x — T, Zk?j)
RO'Ntt(/L.k)j)

: R0001 (i07 Zl) e RUNt,l,GNt (ioNtfh IioNt )RUNtt@kv .])

4.2 Representation theorem

Now, suppose that I is the Markov chain defined by I, = 7y with the
property that P(Iyy1 = j|Iy = i) = Ropoy.,(i,7), and I, such that P(I; =
Jjln, =1) = R(,Ntt(z',j). Also let fo,0, (4 4,7) and fisy +(-,4, j) be probability
distributions on Z for 7, j = 1,2 defined as

Q0k70k+1($7i7j)
A AR
ZZ‘EZ QUI@»UI@-H (‘T’ Za])

/’LUkUkJrl (.Z', 7’7]) =
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and

WUNt,t('ra Z?])
ZzEZ WUNt,t(ma 7'7.7)

Let Y5, 5,., (4, 7) independent random variables with distributions jis, s, (-, 7, 7),

/laNtt(xa 27.7) =

and ?C,Nt (7, ) random variable with distribution fi, ((-,7, 7). We have

2
pr(x) => E°EY (nx Yaoor (0, i1) + Yooy (i1,12) + -+ Yo o, (in1, 61)+
j=1

Y0 )]+ R (i0,11) - B, o (in1:78) ol )] )

= BB BY (1 [Youon (0, 11) + Yoroa (11, B) + -+ Yooy, (D1, )+

+Y0'Ntt<[Nt7 [t):|>

We have proved the following representation theorem,

Theorem 4.1 (0-I-Y representation theorem) Let the initial state be |0)®

lig), then the probability of the time-inhomogeneous quantum walk defined in

(4.10) and (4.11) is found in x is

ﬁt<$) = EUEIEY (]lx [YU()!H (i0> Il) + Y0102(]1’ 12) +eet YUNtflUNt (INt—la INt)+

eI 1))

Remark 4.1 Theorem 4.1 not only gives us a new formula about calculating
the probability of a quantum random walk to be found in x at time t, but also

a better visualization of it using path integral expression connecting quantum
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probability and classical analytic probability. We will discuss some applications

and examples for the theorem in Section 4.35.

4.3 Applications and examples

Theorem 4.1 can directly imply the following Monte Carlo simulation algo-
rithms to estimate the probability at  and the distribution of the decoherent

quantum walk at time ¢.

4.3.1 Algorithms

Following the proof of Theorem 4.1, and using the same notations, we have

Step 1: Fix t, generate T1,75, ..., T, T, iid with geometric distribution with
probability p, and let 09 = 0,09y = T1,...,0p41 = T1 + - -+ + T),41, and

suppose that o, <t < 0,41.

Step 2: Let Qo o,y (2,0,5) = (@, 4|Us,, - Usys1|0,0)?, and W, ,(z,4,5) =

|<ij’Ut e ﬁgn|0,i)|2 where € Z, and 7,j = 1, 2.

Step 3: Using the Q%Uk ., and Won’t from the previous step to generate Y1,
independent random variables with distribution is,4,,,(-,4,), and Y;

random variable with distribution fis, +(., 4, j).

Step 4: Fix i, and j, generate Z,(i, ) = Y (i, §) + Ya(i, )+ -+ Y (i, §) + Yi(i, )
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Step 5: Generate different samples of the Markov chain [y = ig, {Ix}}_,, and I
with the transition P(Iyy1 = jlIx = i) = Ro0,,, (4, 7), and P(L; = j|I,, =

i) = Ry, +(i,7) for each Markov chain I; generate sample for Z;(io, I;).

Step 6: Repeat the procedure with different samples of {o,}, and take the av-
erage over Y, I, and o, then we obtain the probability for each x € Z,

and the distribution of the decoherent quantum walk at time .

We run the simulation using the algorithm with different values of A, ¢, and
p in Python, and following examples show that the simulated scaling limits
accord with the theoretical results proven. Some basic operators codes will be

annexed in Appendix B.

4.3.2 Approximation of classical probability distribu-

tion densities

We note that if p = 1, the probability to make the measurement at each
step is 1 which means that the decoherent quantum walk becomes a classical

probability random walk with time-inhomogeneous transition matrix

A
A _ A
nS 1

and J. Englander and S. Volkov in [6] proved that if ( = 1, the scaling limit

7
p(z,t) = py(te,t), = € 7
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converges to the symmetric Beta distribution, Beta(\,)), in [—1,1]. In par-
ticular, p(x,t) converges to arcsine law, uniform law and semicircle law when
A= %, 1, % respectively.

Therefore in our model, with p = 1 and respective parameters above,
our algorithms can generates the approximations of these distributions. By
taking large samplings numbers and time scales, the generated approximated
distributions will converge to the theoretical distributions. With ¢ = 500,
Figure 4.1, Figure 4.2 and Figure 4.3 show the obtained approximated arcsine,

uniform, and semicircle laws in the interval [—1, 1]

25

20

15

10

05

0.0 T T T T T
-15 =10 -0.5 ] 05 10 15

Figure 4.1: Approximated arcsine law for ( =1, A = % and p =1

Another interesting case is when ) % < 00, theory shows that
. Z
p(xut) Epd(t$>t>> T e ?

converges to Bernoulli(3) by Borel-Cantelli Lemma [6] as we can see in Figure

4.4.
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Figure 4.2: Approximated uniform law for (=1, A\=1and p=1
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Figure 4.3: Approximated semicircle law for ( =1, A = % and p=1

4.3.3 Approximation of decoherent Hadamard walk

We can observe that if ( = 0, the model becomes a decoherent homogeneous

quantum walk. For instance, by taking ( =0 and A =

will be

1
29

the unitary operators
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10
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20 -15 -1.0 —0.5 el} 05 10 15

Figure 4.4: Approximated density for {( = %, A= % and p =1

1 VE
2 2
C, =
1 1
2

for all n, and we have the decoherent Hadamard walk with both coin and
position spaces measurement. K. Zhang in [19] proved that the limiting dis-

Z
tribution of the rescaled probability mass function on — by

Vi
h(x,t) = pa(Vix, t) zez
iz, = Dd s U)s \/E’
s PT2y14¢* -2
p

is Gaussian with mean pu = 0, and variance o where

g=1-p.
Figure 4.5 shows the obtained approximated normal distribution with u =

0, and 02 = 44/1 + 1 — 3 generated by our algorithms.
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Figure 4.5: Approximated density for ( =0, A =3 and p = 3

4.3.4 Estimating limiting distributions when p < 1

Physical intuitions tell us that whenever the pure quantum system starts
being interacted by the environment, the system will become classical phe-
nomenons in long term, in other words, the measurements can make the pure
quantum system approximating the classical results. Mathematically, if the
decoherent parameter p is greater than 0, the long time scaling limits should be
similar to the pure classical case when p = 1, analogue results for decoherent
analogue quantum walk were proved in [7] and [19].

First, we consider the case ( = 1. However, unlike the decoherent Hadamand
walk case, for ¢ = 1, arcsine, uniform, and semicircle law in the interval [—1, 1]
have no parameters, which we can deduce that it will be difficult to find the
explicit limiting distribution for p < 1. Thus, finding the right scaling param-

eter will be crucial for these cases, but we observe that if the scaling limit is n®
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where a # 1, the densities will spread out to either infinity or accumulate to
only one point. Therefore, we estimate the decoherent densities for 0 < p < 1

with A = %, 1, %, with the scaling exponent v = 1.

12
16
10 14
12
08
10
08 08
0.4 08
o M
02
02
00 . ' ' ' , 00 L— ' ' ' .
-6 -4 -2 0 2 3 -2 -1 0 1 2
(a) p=0.3 (b) p=0.7

Figure 4.6: Estimated partially decoherent densities for ( =1 and A = %
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Figure 4.7: Estimated partially decoherent densities for ( =1 and A =1

Figures 4.6, 4.7, and 4.8 illustrate the transitions of ( =1 and A\ = %, 1, %

(arcsine, uniform, semicircle cases respectively) when p increases. Since they
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Figure 4.8: Estimated partially decoherent densities for ( =1 and A = %

are not parameterizable, we can only observe the transitions and compare
with the classical arcsine, uniform and semicircle densities. Here, it is clear
that they all have the classical distribution shapes, and when the decoherence
parameter p increases, the estimated densities approximate to the classical
distributions.

J. Englander and S. Volkov also proved that if 0 < { < 1, the scaling limit

R (1+¢) Z
plz,t) =pa(t 2 z,t), x € t(l—H)
2

converges to Normal(0, 0?) where o = ﬁ Which means that the
limiting distribution is Gaussian with parameter ¢ when p = 1. Like the
homogeneous case, we expect now that the the variance of the limiting distri-
bution may also depend on the decoherence parameter p. Even though there

is no rigorous proofs about their explicit limiting distributions, we estimate

the limiting distributions through our algorithm.
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Figure 4.9: Estimated partially decoherent densities for ( = % and A = %

Figures 4.9, 4.10, and 4.11 show the simulation results for estimated densi-
ties for ( = %, %, %, and A = % with different p. These figures not only illustrate
the transitions when p increases, but also demonstrate the normality of the
densities. We can observe that for all cases, the estimated limiting distribu-
tions are Gaussian, and the variances are greater when p is small. Moreover,
from Figure 4.11, we note that the convergence is slower. Therefore we can
make a conjecture that the limiting distributions are normal, and the variances
depend on the parameter p such that if p decreases, the variances increase.

Last case we consider is when A > 1, and Figure 4.12 illustrate the esti-

mated densities for p = 0.3 and p = 0.7.
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Figure 4.10: Estimated partially decoherent densities for { = % and \ = %

Note that the applications of Theorem 4.1 give us not only a analytic
visualization of decoherent quantum walks in general, but also an approach to
approximate classical distributions through quantum algorithms which could

be useful in the future when quantum computers are fully developed.
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(a) p=10.3 (b) p=0.7

(c)p=1
Figure 4.11: Estimated partially decoherent densities for { = % and \ = %
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Figure 4.12: Estimated partially decoherent densities for ¢ = 2 and A =1
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CHAPTER 5

QUANTIZING CLASSICAL

DISTRIBUTIONS

It is time to consider the time-inhomogeneous pure quantum walk. In this
case, the probability to make a measurement at each time step is p = 0, that
means that the system maintains in the pure quantum environment. On the
other hand, we know that for the complete space-time decoherent quantum
walk p = 1 from the Chapter 4, the limiting distributions with the appropriate

scaling exponents, converge to
e Beta(\,\) law when ¢ = 1.
e Bernoulli(}) law when ¢ > 1.

As results, our model gives us an algorithm to determine quantum ana-
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logues of these two classical distributions by taking p = 0 with respective
parameters mentioned above. We call them quantized classical distributions.
For instance, we can obtain a quantized normal distribution by considering
the Hadamard Walk, and a quantized arcsine distribution by taking p = 0,
(=1,and A = %

Unlike the decoherent quantum walk, the pure quantum walk calculation
can be executed easily by linear algebra and matrices operations. Therefore,
the explicit distributions can be obtained by simulation, and the quantum ana-

logue of the classical distribution can be visualized and analyzed numerically.

5.1 Quantized Beta and Bernoulli distributions

The fact that the density of Hadamard walks, with scaling exponent 1 with

symmetric initial conditions, converges to

1 1 1
(1 + x)v1 — 222 V2 V2

proven by Konno in [11] (Quantized normal distribution) motivates us to

for x € (

),

study numerically the convergence of
. 7
plz,t) = pa(tz,t), x € et (5.1)

with p = 0 and different (’s and \’s, distributions of time-inhomogeneous pure

quantum random walk. We will analyze statistically the scaling limits and the
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convergence rates v of Equation (5.1).

5.1.1 Scaling exponents for ( > 1

We first consider the case ( > 1, when the classical distributions do not

converge to normal distributions. Using symmetric initial conditions,

1

Po \/5

Figures 5.1, 5.2, 5.3 and 5.4 illustrate the simulation results of the quantized

(10) ® 1) +10) @ [2)),

arcsine, uniform, semicircle , and Bernoulli law using different scaling expo-

nents t* with a = 0.7,0.8,0.9, 1 for £ = 2000.

zeta=1, lambda=0.5 and t=2000

scaling exponent=0.7 scaling exponent=0.8
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Figure 5.1: Explicit density for ( =1, A = % using different scaling exponents
a=0.7,0.8,0.9,1
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zZeta=1, lambda=1 and t=2000
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Figure 5.2: Explicit density for ( = 1, A = 1 using different scaling exponents
a=0.7,0.8,0.9,1
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Figure 5.3: Explicit density for ( =1, A = % using different scaling exponents
a=0.7,0.8,0.9,1
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zeta=1.5, lambda=0.5 and t=2000

scaling exponent=0.7 scaling exponent=0.8
30 60
20 40
= =
o o
10 20
0 0
-10 5 0 5 10 -5 0 5
¥ ¥
scaling exponent=0.9 scaling exponent=1
150 300
100 200
= =
o~ o~
50 100
0 0
4 2 0 2 4 1 0.5 05 1
¥ H

Figure 5.4: Explicit density for ( = 2, A = 1 using different scaling exponents
a=0.7,0.809,1

We observe from these figures that the mass of the densities spreads rapidly
to the end points of the interval. Because of the fact that t" — oo for » > 0,
the mass will spread out to infinity if & < 1, we expect that the correct scaling
exponent is 1. Moreover, we also observe that even for the scaling exponent
equal to 1, the mass will concentrate at the a neighborhood of the end points
of the interval [—1, 1]. Even more, we will show numerically that the mass will

concentrate at exactly two points, —1 and 1.
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5.1.2 Convergent rates to Bernoulli distribution

Let’s statistically analyze the convergent rates, by fixing a large ¢, suppose

that o = 0.03 and define

—t+k 1—a
¢ = min{k € N : Z pali,t) > 5 h

i=—1

Intuitively, since we are using symmetric initial conditions, for fix ¢, more than

97% of the density in the set
{re€el . v=—t,—t+1,..,—t+etU{r €l :x=t—¢,..,t— 1,1t}

In other words, ¢, is the length of the neighborhood from the end points —t
and t such that 97% of the mass is concentrated.

And now we define ay = <. Note that in this case, with fixed t, the
probability that you can find the rescaled quantum walk in the interval in

-1, -1+ o] U [l —y,1] is 1 — «, which is,

1-— Z
Z p(z,t) > T& where = € 7
ze[—1,—14oy]

Assuming the fact that a; converges to 0 as t — oo, we fit two nonlinear

" and rational decay model ct™" in

regression: exponential decay model ce™
Matlab. (See [15] [10] for more details about nonlinear regression and its
applications)

First, suppose that

ap ~ce ",
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taking natural logarithms both side, we obtain that
In(ay) ~ In(c) + (—rt).

Therefore, the exponential decay rate r can be obtained by

r = lim ln(ozt)7
t—o0 t

in other words, if ¢ is large, r is approximately

ln(at)'
t

r o~
Second, if we assume the rational decay model ay ~ ¢t™", we can obtain by
similar argument that the rational decay rate,

r = lim ln(at),
t—00 ln(t)

In(ay)
In(t) *

and if ¢ is large , r ~

Considering t = 2000, by taking initial vectors

111(0(2000)][ ln(OlQOOO)]
2000 "7 In(2000)

[co,m0] = [1,

for exponential and rational models respectively, we fit both models in Matlab.

As results, for all three cases we considered, rational decay model has better

R-squared estimate and root mean squared error (see definitions of R-squared

estimate and root mean squared and Figure A.3 in Appendix A). For instance,

Figures A.1(a) and A.1(b) show better results for rational decay model when
1

¢ =1land A = 5 . The R-squared estimate of the rational decay model is
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0.987, while the R-squared estimate is 0.915 for the exponential decay model.

The root mean error: 0.0154 for the rational decay model and 0.0389 for the

exponential decay model.
Exponential Model vs Rational Model for Zeta=1 and Lambda=0.5
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Figure 5.5: Non linear regression model comparison for ( =1, A = % andp=20

Exponential Model vs Rational Model for Zeta=1 and Lambda=1
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Figure 5.6: Non linear regression model comparison for ( =1, A\=1andp =10
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Exponential Model vs Rational Model for Zeta=1.5 and Lambda=1
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Figure 5.7: Non linear regression model comparison for ( = %, A=1landp=

On the other hand, Figures 5.5, 5.6, and 5.7 show both fitted model and o
and we observe that the rational decay model fits better . It is clear that the
functions graphed by rational model using estimated coefficients by nonlinear
regression behave more similarly than the functions graphed by exponential
models.

Note that how fast a; converges to 0 determines the rate of convergence
to Bernoulli distribution for each ¢ and A. In order to compare numerically
the rates for different values, we execute nonlinear regression for the rational
model by fixing ¢ = 1 and varying A. then by varying ¢ and fixing A = %
Tables 5.1 and 5.2 present estimated values of the nonlinear regression for the
rational model o, ~ ct™" we considered.

Figures 5.8(a) and 5.8(b) illustrate the convergent rates for thse two sit-
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05106 |07 1] 08109 1 1.1 (1.2 | 1.3 | 14 | 1.5
c|5.64|525|5.17]470|451 440|420 |4.08 |4.03 | 3.84 | 3.87
0.46 | 0.43 | 0.42 ] 0.40 | 0.38 | 0.37 | 0.36 | 0.35 | 0.34 | 0.33 | 0.32

Table 5.1: Estimated coefficients by nonlinear regression for fixed { = 1 and
p=0

¢ 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
c|5.64|723]|10.67 | 12.11 | 13.86 | 17.48 | 15.47 | 17.46 | 14.28 | 13.96 | 12.06
0.46 [ 0.54 | 0.65 | 0.71 | 0.77 | 0.85 | 0.86 | 0.92 | 0.92 | 0.94 | 0.93
Table 5.2: Estimated coefficients by nonlinear regression for fixed A = % and
p=0

uations, i.e. first fixing ¢ = 1 and varying A, and then, varying ¢ and fixing
A= % Therefore, we observe from nonlinear regression results that when we
fix ( = 1, the convergent rate r in function of ( is increasing which means that
the time-inhomogeneous quantum walk converges faster to Bernoulli distribu-
tion while ¢ increases. On the other hand, with fixed A = % the convergent
rate r in function of X is decreasing which means that it converges slower to
Bernoulli distribution if A increases.

Intuitively, if A\, ( > 0 the transition matrix

12 v 2 10
C, = — ,
Vi /11— 01
and the rate the matrix converges depends on the term % in the matrix.

Indeed, it’s clear that for large \’s and small (’s the matrix converges slower

than small A\’s and large (’s which accords to our simulation results.
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Canwergence Rate to Bernoulli with alpha=0.03, lambda=0.5 and t=2000 Convergence Rate to Bernoulli with alpha=0.03, zeta=1 and t=2000
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Figure 5.8: Estimated convergence rates by rational decay model for p = 0

5.2 Comparison with decoherent quantum walk

when p=1and ( > 1

After we study numerically the convergent rates of the quantum analogues
of the classical distributions in the previous section, it is also interesting to
compare the obtained results with the convergent rates of the decoherent walks
with p = 1, their classical analogues. In order to do this comparison, we first

fit nonlinear regression model to our model with p =1 and ¢ > 1.
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5.2.1 Convergent rates of the decoherent walk when ( >
1 to Bernoulli

Note that for p = 1, the densities converge to Bernoulli distribution with

scaling exponent v = 1, which says that

7
p(z,t) = pa(tx,t), z € 7

converges to Bernoulli distribution (See [6]). Therefore, in this section, we
study statistically the convergent rate of them.
Let’s consider a; as we defined in Section 5.1.2, we fit two nonlinear regres-

T

sion: exponential decay model ce™" and rational decay model ¢t in Matlab

with the same initial value formula we considered,

11’1(062000)] [1 ln(OQOOO)]
2000 ' ’ln(2000)’

[co,70] = [L,
for exponential and rational models respectively.

As results, for all two cases we considered, rational decay model has better
R-squared estimate and root mean squared error again (see Figure A.4 in
Appendix A). For instance, Figures A.4(a) and A.4(b) show better results for
rational decay model when ¢ = % and A = 2 . The R-squared estimate of

the rational decay model is 0.997, while the R-squared estimate is 0.85 for the

exponential decay model. The root mean error: 0.00197 for the rational decay
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Exponential Model vs Rational Model for Zeta=1.25 and Lambda=0.5
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Figure 5.9: Non linear regression model comparison for ( = %, A= % and
p=1

Exponential Model vs Rational Model for Zeta=1.8 and Lambda=0.5
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Figure 5.10: Non linear regression model comparison for { = %, A= % and
p=1

model and 0.0131 for the exponential decay model.

Moreover, Figures 5.9 and 5.10 show both fitted model and «; and we
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observe that the rational decay model fits better . It is also clear that the
functions graphed by rational model using estimated coefficients by nonlinear

regression behave more similarly than the functions graphed by exponential

models.
Al 05106 |07 087109 1 1.1 ] 1.2 13|14 | 15
c 3311291254231 |214|1.97|1.89|1.80|1.70 | 1.67 | 1.61
r | 0.300.26|0.22]0.20|0.18|0.16 | 0.15| 0.14 | 0.13 | 0.12 | 0.11
Table 5.3: Estimated coefficients by nonlinear regression for fixed { = % and
p=1
C|1125]135]145]1.55|1.65| 1.75 | 1.85 | 1.95 | 2.05 | 2.15 | 2.25
c| 1.15|1.46 | 2.39 | 4.82 | 8.92 | 14.35 | 18.27 | 18.21 | 19.74 | 13.96 | 10.19
0.05{0.10 | 0.22 [ 0.39 | 0.56 | 0.71 | 0.82 | 0.89 | 0.96 | 0.94 | 0.93
Table 5.4: Estimated coefficients by nonlinear regression for fixed \ = % and
p=1

In order to compare the convergence rates with the pure quantum case in

the previous section, we execute nonlinear regression for the rational model by

3

5 and varying A. then by varying ¢ and fixing A\ = 1 Tables 5.3

fixing ( = 2
and 5.4 present estimated values of the nonlinear regression for the rational
model oy ~ ct™" we considered.

Figures 5.11(a) and 5.11(b) illustrate the convergence rates for these two
situations, i.e. first fixing A = % and varying (, and then, varying A\ and fixing
¢ = % Therefore, we observe from nonlinear regression results that when we

fix ( = %, the convergence rate r in function of { is decreasing which means

that the decoherent quantum walk converges faster to Bernoulli distribution



73

Convergence Rate to Bernoulli with alpha=0.03, lambda=1/2 and t=2000 Convergence Rate to Bernoulli with alpha=0.03, zeta=3/2 and t=2000
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Figure 5.11: Estimated convergence rates by rational decay model for p =1

while ¢ increases. On the other hand, with fixed A\ = % the convergence rate r
in function of X is increasing which means that it converges slower to Bernoulli
distribution if A increases.

The most interesting thing we observe here by comparing the results from
the case p = 0 in previous section is that not only both densities converges to
Bernoulli distribution, but also the estimated convergent rates are increasing
by fixing A\ = % for both p = 0 and p = 1 cases. Moreover, the ranges of
estimated convergence rates for p = 0 and p = 1 are approximately [0.45, 0.95]
and [0.05,0.9] respectively for fixed A\ = % and 1 < ¢ < 2, which means that
the convergence to Bernoulli distribution is faster for the quantum case (see
Figures 5.8(a) and 5.11(a)).

As results, our statistical analysis shows that though our model, not only
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the quantum analogue of Bernoulli distribution in this case is Bernoulli dis-
tributions with the same scaling exponent, but also the convergence speed is

even greater that than the decoherent walk when p = 1.

5.2.2 Densities of the decoherent walk when ( =1

For this critical case, it is proven that the densities don’t converge to
Bernoulli distributions. Instead, they converge to symmetric Beta law with

parameter A, Beta(\,\). (see [6])

T
lambda=0.5
lambda=0.7
18 lambda=0.9
lambda=1
—— —lambda=1.1
lambda=1.3
lambda=1.5

Rescaled density
T
I

o
w
!

Figure 5.12: Probability densities with ¢t = 2000, ( =1 and p =1
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However, Figure 5.12 illustrates the densities simulated by taking ¢ = 2000
with different values of A’s. We observe that when A = %, 1, %, the figure shows
approximated arcsine, uniform and semicircle densities respectively.

Therefore, this concludes statistically that even though the densities of
the decoherent quantum walks for p = 1 converge to different classical dis-
tributions depending the values of A, their quantum analogues converge to
Bernoulli distributions with different rates of convergence showed in Section
5.1.2. Hence, the quantum analogue of the symmetric Beta distribution in this

case is again Bernoulli distribution in the interval [—1,1].
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CHAPTER 6

CONCLUSION

In this thesis we first considered the time-inhomogeneous unitary operators,
and defined the time-inhomogeneous quantum analogue of the classical Markov
chain with decoherence parameter on two dimensional finite state space and
we interpreted the decoherent parameter as the probability to perform a mea-
surement, that means that at each step, we perform a measurement with a
certain probability. We proved the Markov properties at the geometric mea-
surement times using the path integral representation, and the convergence to
a equilibrium limit at large time scale when time tends to infinity.

Moreover, we generalized the result to any finite dimensional state space,
and made the conclusion that the time-inhomogeneous quantum Markov chain
with non zero probability of measurement also converges to an equilibrium

limit as time approaches to infinity.
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Second, we also defined the general time-inhomogeneous quantum walk
with decoherence on the discrete infinite state space. More specifically, we
studied the time-inhomogeneous quantum walk with space-coin decoherence
on the set of integers with the time-inhomogeneous unitary operator using the
path integral formula and its interpretation as probabilistic geometric mea-
surement time and the time-inhomogeneous Markov chain on the coin space.

As results, we proved a representation theorem which not only gives us a
better probabilistic illustration about the probability at each state, but also
gives an approach to approximate the classical distribution through quantum
algorithms and a tool to calculate probability densities of quantum walk with
decoherence in general.

Additionally, quantized arcsine, uniform, semicircle and Bernoulli distribu-
tions were introduced by considering the time-inhomogeneous quantum walk
without decoherence on the infinite discrete space. We analyzed their scaling
limits and convergence rates statistically using nonlinear regression model, and
concluded that not only they all converge to Bernoulli distribution with scal-
ing exponent 1, but also the convergence speeds are higher than their classical

analogues.
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APPENDIX A: NONLINEAR

REGRESSION

A regression analysis is called nonlinear regression when observational data
is modeled by a nonlinear predicted function of one or more independent vari-
ables (see [15] and [10] for more details). However, the following definitions of
root mean square error and coefficient of determination are useful for compar-

ing the efficiency of different fitted models.

Definition A.1 (Root mean square error) If we have a data set of n val-
UES Y1, ..., Yn, €ach associated with a fitted value fi,...f,, predicted values, the

root mean square error is defined as

1 n
MSE = |~ )2,
RMS n;:l(yz fi)

Definition A.2 (Coefficient of determination) If we have a data set of n

values y1, ..., yn, each associated with a fitted value fy,...f,, predicted values,
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the coefficient of determination is defined as,

> i (Wi — fi)2
R2 —1— =1
i1y — 9

1 n
where y = - Zyi.
i=1

Definition A.3 (Adjusted coefficient of determination) With the pre-

vious setting, adjusted coefficient of determination is defined as,

] -1
2_1_(1-RP———
s

where p is the total number of explanatory variables in the model.

Simulation results

Figures in this section show the nonlinear regression results for both pure

quantum walk and decoherent quantum walk cases.
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Nonlinear regression model: Nonlinear regression model:
y ~ rl*exp( - r2*x) y o~ rl*x*( - r2)
Estimated Coefficients: Estimated Coefficients:
Estimate SE tStat pValue Estimate SE tstat pValue
rl 0.57935 0.027479 21,083 3.866%e-14 rl 5.6429 0.39236 14,382 2.6014e-11
r2  0.00084697  6.5156e-05 12,999  1.3783e-10 r2 0.46259 0.011568 39.99 4.886e-19

Number of observations: 20, Error degrees of freedom: 18
Root Mean Squared Error: 0,0154

R-Squared: 0.987, Adjusted R-Squared 0.9%6

F-statistic v3, zero model: 3.74e403, p-value = 2,65e-24

Number of observations: 20, Error degrees of freedom: 18
Root Mean Squared Error: 0.0389

R-5quared: 0.915, Adjusted R-Squared 0.51

F-statistic vs. zero model: 580, p-value = 4.5le-17

(a) Exponential model for ( =1 and A = % (b) Rational model for ¢ =1 and A =

Figure A.1: Nonlinear regression model comparison for pure quantum walk
with ( =1, Az%andtzQOOO

Nonlinear regression model: Nonlinear regression model:

y ~ rl*exp( - r2*x) y ~ rlex*( - r2)
Estimated Coefficients: Estimated Coefficients:

Estimate SE tStat pValue Estimate SE tStat pValue

rl 0.68089 0.023883 28.51 1.9703e-1¢ rl 4.4041 0.32746 13.449 7.8848e-11

r2 0.00064711 4.2471e-05 15,236 9.918%e-12 r2 0.37473 0.012027 31.158 4.1054e-17
Number of observations: 20, Error degrees of freedom: 18 Number of observations: 20, Error degrees of freedom: 18
Root Mean Squared Error: 0,037 Root Mean Squared Error: 0,0211
R-Squared: 0.933, Adjusted R-Squared 0.929 R-Squared: 0.978, Adjusted R-Squared 0.977
F-statistic vs, zero model: 1.13e+03, p-value = l,18e-19 F-statistic vs. zero model: 3.52e+03, p-value = 4,6le-24
(a) Exponential model for ( =1 and A =1 (b) Rational model for ( =1 and A =1

Figure A.2: Nonlinear regression model comparison for pure quantum walk
with ( =1, A =1 and ¢ = 2000



Nonlinear regression model:
y ~ rl¥exp( - r2*x)

Estimated Coefficients:

Estimate SE tStat pValue
rl 0.37442 0.032658 11.465 1.0481e-09
r2 0.0025284 0,0002737 9.2379 2.9813e-08

Number of observations: 20, Error degrees of freedom: 18
Root Mean Squared Error: 0.0247

R-Squared: 0.902, Adjusted R-Squared 0.897

F-statistic vs. zero model: 175, p-value = 1.6e-=12

(a) Exponential model for ( = 2 and A =1
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Nonlinear regression model:
y ~ rl*x*( - r2)

Estimated Coefficients:

Estimate SE tStat pValue
rl 17.481 0.81571 21.43 2.9133e-14
r2 0.85218 0.0087906 96.942 6.3298e-26

Number of observations: 20, Error degrees of freedom: 18
Root Mean Squared Error: 0.00342

R-Squared: 0.998, Adjusted R-Squared 0.998

F-statistic vs. zero model: 9.55e+03, p-value = 5,7%e-23

(b) Rational model for ( = 2 and A =1

Figure A.3: Nonlinear regression model comparison for pure quantum walk

with ¢ = 2, A =1 and ¢ = 2000

Nonlinear regression model:
Yy ~ rl*exp( - r2*x)

Estimated Coefficients:

Estimate SE tStat pValue
rl 0.90265 0.0063037 143,19 5.6995e-29
r2 €.0947e-05 €.0091e-06 10.142 7.1804e-09

Number of observations: 20, Error degrees of freedom: 18
Root Mean Squared Error: 0.0131

R-Squared: 0,85, Adjusted R-Squared 0.842

F-statistic vs, zero model: 4.18e+04, p-value = 9,99%e-34

(a) Exponential model for ( = 2 and A = £

Nonlinear regression model:
y o~ rl*x*( - r2)

Estimated Coefficients:

Estimate SE tStat pValue
rl 1,1598 0.0049139 236,01 7.1065e-33
r2 0.046817 0.0006313 74,159 7.7738e-24

Number of observations: 20, Error degrees of freedom: 18
Root Mean Squared Error: 0.00187

R-Squared: 0.997, Adjusted R-Squared 0.996

F-statistic vs. zero model: 1.84e406, p-value = 1,57e-48

(b) Rational model for ¢ =2 and A = 1

Figure A.4: Nonlinear regression model comparison for decoherent quantum

walk with ¢ = 2, A =1 and ¢ = 2000
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Nonlinear regression model:
v ~ rl*x*( - r2)

Nonlinear regression model:
y ~ rltexp( - r2*x)

Estimated Coefficients: Estimated Coefficients:
Estimate SE tstat pValue Estimate SE tstat pValue

rl 0.47258 0.037077 12.746 1.9005e-10 rl 16,789 1.0888 15,42 8.1153e-12

r2 0.0020314 0.00020399 §,9583 §.524e-09 r2 0.77572 0.011952 64.903 8.4947e-23
Number of observations: 20, Error degrees of freedom: 18 Number of observations: 20, Error degrees of freedom: 18
Root Mean Squared Error: 0.033 Root Mean Squared Error: 0.00714
R-Squared: 0.905, Adjusted R-Squared 0.9 R-Squared: 0.996, BAdjusted R-Squared 0.995
F-statistic vs. zero model: 205, p-value = 4,0%-13 F-statistic vs. zero model: 4,55e+03, p-value = 4,55e-25
(a) Exponential model for ¢ = £ and A = 1 (b) Rational model for ( = 2 and A = 1

Figure A.5: Nonlinear regression model comparison for decoherent quantum
walk with ( = %, A= % and ¢t = 2000
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APPENDIX B: PYTHON

CODE

Geometric times

The function ” generateGeometricTimes” generates a sequence of geometric

distribution numbers, and returns the sum of those numbers, see Figure B.1.

def generateGemetricTimes(t,p):

tempVector=random.geometric(p,t);

vector = np.zeros(t+1,dtype=int);

vector[1]=tempVector[@];

i=1;

while vector[i]<t:
vector[i+l]=tempVector[i]+vector[i];
i+=1

vector[i]=t;

return vector[@:1i+1]

Figure B.1: Generation of numbers with geometric distribution
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Time-inhomogeneous unitary operator

The function ”generateMatrixU” returns the unitary matrix

Vi-w e
Un = )
Ve
see Figure B.2.

def generateMatrixU(n,zeta,lmda):

matrix=np.array([[math.sgrt(1-(Imda/(n**zeta))), math.sqrt(lmda/(n**zeta))]
[math.sgrt(1mda/(n**zeta)), -math.sqrt(1l-(Imda/(n**zeta)))]1]);
return matrix;

Figure B.2: Generation of the time-inhomogeneous unitary operator U

Time-inhomogeneous Markov matrix Q

The function ”generateMatrizQ)” generates the matrix Q defined in Defi-

nition 3.1.
def generateMatrixQ(n,m,zeta,lmda):

productQ = np.array([[1,0],
[0,111);

for i in range(n+1,m+1):
productQ = np.dot(generateMatrixU(i,zeta,lmda),productQ);

productQ=productQ**2;
return productQ;

Figure B.3: Generation of the time-inhomogeneous Markov matrix )
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Evolution operator for discrete infinite space

The function ”EvolutionOp” applies the evolution operator defined in Def-
inition 2.4 using standard shift with unitary matrix U.

deft EvolutionOp(state,U):
resultStates = np.zeros((3,2));

resultStates[:,0]= state[:];
resultStates[1,8]= state[1]+1;

resultStates[:,1]= state[:];
resultStates[1,1]= state[1]-1;

if state[2]==1:
resultStates[0,0]= state[@]*U[0,0];
resultStates[@,1]= state[@]*U[1,0];
resultStates[2,1]=2;

else:
resultStates[0,0]= state[@]*U[1,0];
resultStates[2,0]=1;
resultStates[0,1]= state[@]*U[1,1];
resultStates[2,1]=2;

return resultStates

Figure B.4: Evolution operator for quantum walks
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Markov chain 1

The function ”generateMarkovl” generates the Markov chain I defined in

the proof of Theorem 4.1.

def generateMarkovI(I,markovR,numSamplel):

templ = np.zeros((1l,numSamplel));
for k in range(numSamplel):
if I[8,k]==1:
randomI = rv_discrete(values=(range(1,3), markovR[@,:])};
tempI[@,k] = randomI.rvs(size=1);
else:
randomI = rv_discrete(values=(range(1,3), markovR[1,:])};
tempI[@,k] = randomI.rvs(size=1);

return tempI

Figure B.5: Evolution of the Markov chain I



