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This paper gives a classification of the lattices of a four dimensional vector

space over a number field K, which are invariant under a certain action of
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CHAPTER 1

Introduction

In 2008, Ohno, Taniguchi and Wakatsuki obtained a classification of all
G Ly(Z)-invariant lattices in Vo = Q*. In this paper, we aim to generalize their
result by replacing the rational field with an arbitrary algebraic number field,
K. We conclude the paper by connecting the lattices described in our main
result to a zeta function developed by Datskovsky and Wright, which yields a
functional equation for certain Dirichlet series attached to the lattices.

We begin our labors with a discussion of the space of binary cubic forms
over K. This is necessary to describe the action of GL, on K%, and to define
the zeta function mentioed above. To simplify our exposition, we introduce

some notation.

Notation 1.1 Throughout this thesis, V' denotes the four dimensional affine
space. Also, we will let G denote the general linear group of order 2. B

will represent the subgroup of G consisting of lower triangular matrices. Thus

Vi = K%, Gx = GLy(K), and Bx = {A € G : A is lower triangular}.
The space of binary cubic forms over K is the set
{21u® + 2ou®v + z3uv? + 240° 1 € K},

We identify the cubic form z;u® + xouv + x3uv? + 2403 with the point z =

(21, T2, w3, 4) € Vi, and we will denote the form as either x or Fj(u,v). The



group G'i acts on the space of binary cubic forms by linear change of variables.

Indeed, we have:

Definition 1.1 Let g = (¢%) € Gk, and let x € Vi. We define the action of
g on x by

g-x=Fy.(u, v) = det(g)_lF:v ((uv) (¢ Z)) .

The twist by det(g)™! ensures that if g = (&9), then g -z = ax.

For a form z, we let P(x) denote the discriminant of the polynomial F}(u,1):

for x = (1,9, x3,24), we have
2 2 3 3 22
P(z) = x525 + 18w 292304 — 4wy — 4y 2y — 272725,

Observe that for g € G, P(g-x) = det(g)?P(z). We call a form z nonsingular
if P(z) # 0.

We will refer to the roots of the polynomial F,(u,1) as the roots of the
form z, and K(z) will be the splitting field of F,(u, 1) over K. This is either
a cyclic extension of K of degree 3 or less, or a degree 6 extension with Galois
group S3. In this latter case, we may think of K(z) as a conjugacy class of
noncyclic cubic extensios of K. We now recall a Proposition from Section 2 of

[11], giving the orbits in our action of Gk on V.

Proposition 1.1 The Gg-orbits in Vi are as follows:
So = {0} (the zero form)
S1.x ={x € Vk 1 x has a triple root. }
So.x ={x € Vk : x has a double root, as well as a simple root. }
VK(K,) = {37 € Vi : P(SL’) 7£ O,K(Jj’) = K,}
In the fourth class of orbit, K' runs over all conjugacy classes of extensions of

K with degree at most 3.

Indeed, the works of Datskovsky and Wright cited here rely on the fact that
the map © — K (z) induces a one to one correspondence between the orbits of
nonsingular binary cubic forms over K, and the conjugacy classes of extensions

of K of degree not exceeding 3.



[11] also chooses standard representatives for each type of orbit, which we
will use in a future calculation. For Sy, S; k, and Ss g, these are (0,0,0,0),
(1,0,0,0), and (0,1,0,0), respectively. For nonsingular forms z with K(z) =
K, we choose (0,1,1,0) as our standard representative. For forms such that
the degree of K(z) over K is 2, we consider 6 such that K(z) = K(#), and
pick (0,1,0+6,00"), where ' is the Galois conjugate of # over K. When K ()
is a conjugacy class of cubic extensions, we again choose 6 which generates a
member of this class over K, and pick (1,0 +60 +6,00 +00" +6'0",00'0") to
be our standard representative, where again, " and 6 are the conjugates of 6.

The stabilizers of our nonsingular forms are also known. The following

Proposition originally appears in [11].

Proposition 1.2 Let x € Vi, with P(z) # 0.
(i) If [K(z) : K] = 1, then [Staba, (x)| = 6.
(i) If [K(z) : K| =2, then |Stabg, (z)] = 2.
(1i1) If [K(z) : K] =3, and K(x) is cyclic over K, then |Stabg, (x)| = 3.

() If K(x) is a conjugacy class of noncyclic extensions of K,
then |Stabg, (z)| = 1.

We let Ok be the ring of integers in the number field K. M (K) will stand
for the set of places of K, while M, (K) and My(K) will refer to the sets of
infinite and finite places of K, respectively. For v € M(K), we let K, denote
the completion of K at v, and we let O, stand for the ring of integers in K,,.
Moreover, A will stand for the ring of adeles of K.

To define the zeta function, we first need to introduce invariant measures
on K, and Gg,. On K,, we choose the additive measure dz,, normalized
so that the measure of O, is 1, and the multiplicative measure d*x,, which
is scaled so that the measure of O} is 1. We define our measure on Gy, in
stages. First, we introduce a maximal compact subgroup, Uk, of Gk,. When
v is real, we let Uk, be the group of orthogonal matrices of R. If v is complex,
Uk, will be the unitary group. When v is finite, we let Uy, = GLo(O,). By
the Iwasawa decomposition, we know that an element g € G, can be written

in the form
g=k(E0) (),



for some k € Uk, t,u € K, c € K,. We define

a(t,u) = (§u)
and
n(c) = (1)
We have chosen Uy, to be compact, so we have a measure, dk, such that U,

has measure 1. Observe that a(t,u)n(c) € Bg,, and every element of By, is

of this form. We specify our measure on B, by the formula

BKVbe”:/;/;/KV‘%

where the absolute value is the standard choice on K,. This enables us to give

fla(t,u)n(c))de,d*t,d u,,

a measure, dg, on G, via
f(g)dg, = / f(kb)db,dk,.
Gk, Uk, J Bk,

We define an additive measure on A via H dx,. We similarly define
veM(K)
a multiplicative measure on A, and a measure on GLy(Ag) as products of

local measures.
With our measures defined, we may go on to define the adelic zeta function.

Let ® be a function on Vi admitting a product & = H ®,, such that &,
veM(K)
is rapidly decreasing if v is infinite, or locally constant with compact support

if v is finite, and all but finitely many of the ®, are characteristic functions of
O%, . We will refer to such ® as Schwartz-Bruhat functions. Let s € C, and
let Vj denote the set of nonsingular forms in V. The adelic zeta function is

then defined as
Z26.0)= [ Jdetlg)ly, Y 0o )ds
Gup /G zGV}/(

which converges absolutely for Re(s) > 2. Having defined the function, we

proceed to describe some of its basic properties. One has a functional equation



for the zeta function, obtained in [11] by means of the Poisson summation
formula. We briefly recall the Fourier transform on Vi used in [11]. Let
x = (21,29, x3,24) and y = (y1, Yo, Y3, Y4) lie in V. We introduce the bilinear

form

1 1

[z, y] = T1ys — §i€2y3 + §$3y2 — T4Y1,

and let <> be a nontrivial additive character on K. We let dv be the Haar
measure on Vi self-dual with respect to the character < [z,y] > on VZ. If ®

is a Schwartz-Bruhat function on Vi, we define its Fourier transform by
b) = | @) < foy) > do
Vi
After considerable labor, Wright arrives at the functional equation

Z(2—s,®) = Z(s, D).



CHAPTER 2

Invariant Lattices

2.1 Overview

At this point, we have all the background we need to begin describing our
lattices, and hence, our main result. We begin with a definition, following Weil

[10].

Definition 2.1 Let K be an algebraic number field, and let Ok be the ring of
(algebraic) integers of K. Let V' be a finite-dimensional vector space over K.

A lattice of V' is a finitely generated Ox-module in V' which contains a basis

of V over K.

If K, is the completion of K at a finite prime v, we define lattices in K-
vector spaces in the same way. Working over the completions, one finds that
the ring of integers is a local ring, which greatly simplifies this case. Moreover,
we have the following lemma, whose proof is given by Weil (Chapter 5 of
[We3]).

Lemma 2.1 Let My(K) be the set of finite primes of K, and let L C K be
a lattice of K*. For v € My(K), denote by L, the closure of L in K. Then
L= [ (L,NKY).

VEMo(K)



In light of the preceeding lemma, we are able to carry out most of our work
in the local fields, and reconstruct our global classification from these results.
Observe that for K, our lattices are free O,-modules of rank 4. To explain

our classification, we recall the notion of primitivity.

Definition 2.2 We say a K-lattice, L, is primitive if it is contained in Of,
and for every prime ideal, p, of Ok, we have p~'L ¢ O%.

Again, we make an analogous definition for local fields. Note that in the
local case, we may replace a prime ideal by any of its uniformizers.

We say that two lattices, L and L’ are equivalent if there is a fractional
ideal, p, of the integer ring of the base field such that pL. = L'. Every lattice
(of a four dimensional vector space) is equivalent to a primitive lattice. Our

goal is to enumerate the primitive, invariant lattices in K*.

Notation 2.1 Throughout, E;, fori =1,2,3,4, will denote the standard basis
vectors for K*. We will write u(c) in place of (§¢), andw for (% ). Finally,
we let U(z) = (u(1) - x) —x, for v € K*. Indeed, we have ¥(x) = (w9 + x3 +
Ty, 223 + 314, 324,0).

We end our overview by presenting the original result of [7]; we will adhere

to their notations for the lattices we introduce.

Theorem 2.1 The SLy(Z)-invariant lattices in Q* are as follows:

L,=7*

L2 ={(a,b,c,d) € Z* : 3|b, c}

={(a,b,c,d) € Z* : 2|b+ ¢}

L4 = {(a,b,c,d) € Z* : 2|b+ ¢, a,d; 3|b, c}
(a,b,c,d) € Z* : 2|b+ ¢, a,d}
(a,b,c,d) € Z* : 2|b + ¢; 3|b, c}
(a,b,c,d) € Z* : 2la + b+ c,b+ c+d}
(a,b,c,d) € Z* : 2|la+ b+ d,a + c+ d; 3]b, c}
(a,b,c,d) € Z* : 2|la+b+d,b+ c+d}
Llo—{(abcd)€Z4 2la+b+c,b+ c+d;3|b, c}.

=1
=
L7—{
=
={



2.2 Results and Proofs
Lemma 2.2 Ifv 12,3, then (L), = (L), = OL.

Proof: Let © = (x1, x9, 23, x4) be primitive for v. First, suppose that either x4
or x4 is a unit of O,,. By applying w if necessary, we may assume, without loss of
generality, that z, € O, the group of units of O,. Let y; = z; 'u(—3"1a, x3)-
x. Then the third and fourth coordinates of y; are 0 and 1, respectively, so
we see that 6710 (¥ (y;)) = (1,1,0,0). Now, Fy = u(—1)-(1,1,0,0), and
Ey, =V(E,), so Fy, Ey € (L),, and one sees easily that Es, Ey € (L), as well.
Hence (L), = O!. Next, suppose z1, 74 ¢ O%. By primitivity, either zo or x3
is a unit, and again, we may assume x3 € O} by means of w. Now, consider
u(l) - x + u(—1) - © — 2z This element has 2x3 as its first coordinate, and
2x3 € O}. Thus, we have reduced the problem to the previous case. This

proves our lemma. O

Lemma 2.3 If v | 3, then (L), = O, @O"@H O PO, for some m €
0,1,2, ..., 0rd,(3).

Proof: Let x be primitive for v. We first assume x5 or x3 to be a unit.
As in the preceeding lemma, we may simply assume that z3 is a unit. Set
Y1 = (2234 324) 710 (2) = (2, 1,74,0), and also yo = (273 + 624) V(¥ (7)) =
(1,5,0,0). Because, ry, = 624(213+624) " and 25 = 3x4(223+314) ", we have
Ty, Ty € 30,. Let ys = y1 — 2192 = (0,1 — 2y27, 25,0). Now, 1 — 252, € OF,
and we have y; = (1 — 252)) '(w - y3) = (0,5, 1,0), where we note that
T, ¢ OF, since it is divisible by x5. So let ys = u(—271a,) - ys = (27,0,1,0),
and ys = ¥(ys) = (1,2,0,0). Then F; = 27'U(ys), and Ey = 27 (ys — E1), so
Ei, Ey, € (L),, and as before, (L), = O

Let us now suppose that xs, 23, ¢ OF. By primitivity, and possibly using
w, we may assume, without loss of generality, that x4 € O}. Let y; = ¥(x) =
(xo+x3+24, 203+ 324, 314,0). Then, we see that zo+x3+x4 € OF, 34 € 305,

and 2x3 4+ 3z4 € m,0,. For brevity, we write u = xy + 23 + T4, a = 223 + 314,



and b = 3z4. Then y; = (u,a,b,0). We have 3(yz + (§ %) - y7) = (0,4,0,0).
So ys = (u,0,b,0) € (L),. 2;'U(ys) = 3E; + 6E,, and 27'U(3E, + 6E,) =
3E). Also, 3By = 27Y((3E; + 6Ey) — 3E1), and By = u ' (ys — 243E3), so
Ey,3E, € (L),. We already saw that (0,a,0,0) € (L),, and it follows that
7o E, € (L),. Let m be the smallest integer such that 7™ E, € (L),
and note that m € 0,1,2,...,0rd,(3). Suppose cEy + dFEj3 lies in (L),, and
that either ¢ or d has order at v less than m. (We may disregard that F,
and Ej coordinates since we know E, Ey € (L),). Applying ('9) or (§%)
and halving, we see that either (0,¢,0,0) or (0,0,d,0) lies in (L),, violating
minimality of m. So we conclude that (L), = O, PO PO P O,.

Lemma 2.4 If (L), contains an element of the form («,1,1,0), then it con-

tains 2F;, fori=1,2,3,4.

Proof: Let f = («,1,1,0) € (L),. Then V(f) = 2E; + 2E,. Now, V(2E; +
2F,) = 2E;, and the lemma follows easily.

Lemma 2.5 Ifv |2, and [0, /7,0, : Zs/275] > 1, then (L), = (Ly),.

Proof: As before, we choose © = (x1, %2, z3,x4) to be primitive for v. First,
we suppose that either 1 € O} or x4 € O}. Applying w if necessary, we

1

may simply assume that x4 € OF. We set y; = u(—Lix;'x3) - x, and note

3
that the third and fourth entries of y; are 0 and x4, respectively. We next set
Yo = (324) "W (y;), which becomes (z},1,1,0). By Lemma 2.4, 2E; € (L),,
for i+ = 1,2,3,4. Because the residue field extension is nontrivial, there exists
u € OF such that 1—u € OF. Then also 1 —u? € O, for 1 —u? = (1—u)(14u),
and 1 +u = (1 —u)+2u. Let y3 = (u)(}9)-yo = (2}, u,u? 0), and then let
ys = y2 —yz = (0,1 —u,1 —u?0). Observe that (1 —u) + (1 — u?) =
(1 —u)(1+(14+u) = (1—u)(2+ u), which is a unit. So we have shown
that (L), contains an element (0,a,b,0) such that a, b, and a + b are all
units. V((0,a,b,0)) = (a + b,20,0,0), and since we already know 2E, €

(L),, we see that (a +b,0,0,0) € (L),. It follows easily that Ey, Ey € (L),.
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(39)-(0,a,b,0) = (0,a,ub,0), and (0, a,b,0) — (0, a,ub,0) = (0,0, (1 —u)b,0).
But we have chosen u so that 1 — u is a unit, so we see Fy, E5 € (L),. Hence
(L)u = (Ll)y-

Next, assume z; and x4 lie in 7,0,. By primitivity, we have that x5 € O}
or xg € OF. If xo+x3 ¢ O, then both 25 and z3 are units. There exits v € O},
such that 1 + v € O}, and applying (%) to z gives (v™'zy, 29, vT3, v?24).
Summing (xe + x3) + (22 + vs) shows that x5 + vz is a unit, for we have
assumed x5 + 3 € 7,0,. This reasoning lets us assume, without loss of
generality, that © = (1, X9, 3, 24) is such that x5 + x3 € OF. But then we
may apply ¥ to x, and we get a form with a unit in its first coordinate, thus

reducing to the first case of this lemma.

Lemma 2.6 If v | 2, and [O,/7,0, : Zy/275) = 1, then (Ls), € (L), or
(Lo), € (L),. Here, (L), = {(a,b,c,d) € OF : 7, | a,d,b+ ¢}, and (Lg), =
{(a,b,c,d) € O} : 7, |a+b+d,a+ c+d}.

Proof: If v is unramified over 2, the argument in [7] applies verbatim. So
assume v is ramified. Let x € L be primitive for v. As usual, suppose that
either 1 € O} or z4 € O;. As in the preceeding lemmas, this reduces to
the assumption that x, € O}. This time, we choose the same y, as in the
previous lemma; we have y, = (2],1,1,0) € (L),, and we saw that 2F; € (L),
for i = 1,2,3,4. Pick w = 1+ 7w, € O], so that 1 — u has order 1 at m,.
Following Lemma 2.5, let y5 = (u)(39) - y2 = (2}, u,u?,0). Now, y, — y3 =
(0,1 —wu,1—u%0). Also, 1 +u=1+1+m, =2+ m,, hence 1+ u has order 1
at v. But (1 —u) = (1+u)—2u, and 2 € 720,,, so 1 — u also has order 1, and
it follows that 1 —u? € 7207. Applying matrices of the forms (§9) and (}9),
with (v € O}), to ya—ys3, we find that (0, 7,,72,0) = 7, Ey+72FE3 € (L),. Now,
U((0,7,,72,0)) = (7, + 72,272,0,0). Since 272E,y € (L),, (m, + 72,0,0,0),
and in turn, 7, By, m, By lie in (L),. Then also (0,7,, 72, —372) € (L),. Next,

u(1) - (0,my, w2, —3m2) = (2,m, + m2,0,—372). Here, z is a sum of integer

2 l7r2), so it lies in 7, 0,,. Since w,F; and

multiples of the entries of (0, m,, 72, — 5Ty

m,E, are in (L),, we can show that (0,7, + 72,0,0) € (L),, and it follows
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easily that m,Fy and 7, F3 are in (L),. We have thus shown that 7, E; € (L),
forv=1,2,3,4.

Now, consider the case where z; and x4 are non-invertible, so that zs or
x3 is a unit. If 9 + 23 € O}, we can apply ¥ to x and use the above case to
see that m,F; € (L), for i = 1,2,3,4. Otherwise, we have that xs and z3 are
both units. Choose v € O} so that x5 + vxs = 0, and replace z by ({9) - .
The new x = (x1, x9, x5, x4) satisfies xo + 23 = 0. We proceed as follows: let

/ . !/ .
w (z) =—(94) - 2 that is, w reverses the coordinates.

‘I’(l’) = (132 + X3 + T4, 21’3 + 3$4, 3%’4, 0)

!/

w (V(x)) = (0,3xy, 223 + 324, T3 + T3 + 24).

By choice of 2, we find that w'(U(z)) = (0, 324, 2x5 + 324, 24). Subtracting
this result from z, we get (2',a,b,0), where a,b € Of. Using the matrices
of the forms (§9) and (§9) (for units w,v), we may insist that a = b = 1.
Lemma 2.4 now shows that 2E; € (L), for i = 1,2,3,4, and from here a
previous argument can be used to show that 7, E; € (L), for i =1,2,3,4.

So regardless of which coordinates of x are initially taken to be units,
we have seen that (L), has an element of the form (z,1,1,0). (Here, we
drop the notation from earlier in our proof). Now, observe that (Ls), =
O,(m,E) P O, (m,Ey) B O, (Es+ E3) P O, (1, Es) and (Lyg), = O, (E1 + E2+
E3)P O, (Ey + Es + E) @ O, (1, E2) @ O, (7, Es). In addition to (z,1,1,0),
(L), also contains m,F;, for i = 1,2,3,4. If z ¢ O3, then (z,1,1,0) —
(m'2)m,Ey = Ey + E3 € (L), so (Ls), € (L),. If z € O, then we can
write z = 1 + 2, where z' € 7,0, since 0, /7,0, : Zs/2Zs) = 1. Then
(2,1,1,0) — (72" )7, By = Ey + By + E3 € (L), and by applying w’, we can
conclude that Fy + E5 4+ E4 € (L),. Hence (Lg), C (L),. This completes the

proof of the lemma.

Notation 2.2 Up to this, we have defined (L),, (Ls),, and (Lg),. Now, we
introduce (Ls), = {(a,b,c,d) € O : 7, | b+ ¢} and (L7), = {(a,b,c,d) € O :
T | a+b+c,b+c+d}.
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In view of Lemma 2.6, we can prove the following, more precise lemma.

Lemma 2.7 Ifv |2, and [0, /7,0, : Zy/27s] = 1, then
(L)V S {(LI)IM (L3)I/7 <L5>V7 (L7)1/7 (LQ)V}

Proof: By Lemma 2.6, either (Ls), C (L), C (L), or (Lg), C (L), C (L1),.
Case I: Assume that (Ls), € (L), € (L1),. If (L), = (Ls),, there is
nothing to prove, so assume that (L), properly contains (Ls),. We will write
(L1), =0,E1 O, Es P O, (Ey + Es) P O, Es, and
(Ls), = O,m, EE PO, EL P O, (E2 + E3) P O,m,Ey. Then {aE) + bE, +
cEy :a,b e {0,1}} is a set of coset representatives for (L;),/(Ls),. Then the
fact that (Ls), € (L), C (L;), implies that one of our coset representatives
lies in (L),. 0 cannot be the only such representative, as we have assumed
(L), is not (Ls),. Suppose the representative that lies in (L), is Ey, Ey, or
E, + E4. (L), also contains (Ls),, so we can show (L3), C (L),, for (L3), =
O,Ei6pOE.6O,(Es + E3) P O,m,Ey. Indeed, the F; and E, cases are
obvious. If instead, we have Ey+FEy € (L),, note that V(E+Ey) = E1+3(Eqy+
E3), which reduces this case to that of E;. Hence (L3), C (L),, as desired.
But (L1),/(L3), = Z/27Z, and so no lattices lie (properly) between (L;), and
(L3),. Hence either (L), = (Ls3), or (L), = (L1),. Next, suppose that the
coset representative is Fy, E1+ Fs, or Ea+ FEy. Recall that 2E, € (Ls), € (L),.
Now, Fy; = W(Ey) = V(E; + Ey) = V(w(FEy + Ey)) — 2F5, and we can easily
show that both E; and Ej are in (L), . In this case, (L), = (L1),. To finish this
case, suppose the coset representative that lies in (L), is By + Fy + E4. Write
(L7), = O,(Ey+ Es+ E) PO (B + Es+ E) PO, m,Ey P O,m,Ey. Now,
Ey+Es € (Ls),, and clearly, (Ey+ Ey+ Ey) — (Eq+ E3)+2E3 = (Ey+ Es+ Ey),
so (L7), € (L),. Moreover, (Ly),/(L7), has {0, Ey, Ey, Ey + E,} as a set of
coset representatives. (L), must contain one of these, and if it contains any
of the nonzero members of this set, it contains them all (see the argument
above). We have seen that this forces (L), = (L1),. Otherwise, (L), = (L7),.
Case II: Assume that Assume that (Lg), C (L), C (L1),. We have that
(Lo), = O,(Ey + Es + E3)@D O, (Ey + E5 + Ey) @ O,m, E1 @ O,7, Es, and
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(L1), = O (E1+ Es+ E3) D O, (Ea+ Es+ Ey) @ O, Es @ O, Es. A set of coset
representatives for (L1),/(Lo), is given by {aF> + bFE3 : a,b € {0,1}}. Again,
(L), contains at least one coset representative, and if the only representative
in (L), is 0, then (L), = (Lyg),. If (L), contains Ey or Ej, it clearly contains
both, and V(E,) = FE; implies that also F; € (L),. Hence (L), = (L1),.
If instead the coset representative contained in (L), is Es + E3, then (L),
contains (Ey + Ey + E3) — (Ey + Ey) = E;. It follows that £, € (L),, and
thus (Ls3), C (L),. We have seen that this implies that either (L), = (L3), or
(L), = (Ly),. This completes the proof.

We are now in position to state and prove our main theorem.

Theorem 2.2 Let py,po,...,p, be the prime ideal divisors of 30k, and let
Pri1s Pra2s oo, P be the divisors of 20k with residue field Z/27Z. Then the
primitive, G Lo(Og)-invariant lattices of K* are of the form {(a,b,c,d) € O% :
byc € p™--opir; (btc) € py o pia,d, (D+c) € prii e op Y (a bt o),
(b+ct+d) €p i pi(a+b+d), (a+ct+d) €pii - p}, where
0<m; <ordy,(3),0<mn;; <1, and n;; =1 implies n;, = 0 for any k > j.

Proof: Combine Lemma 2.2 through Lemma 2.7, and use the fact that a

lattice L C K* is given by ﬂ (L), ﬂK4), where (L), is the closure in
ZIEMQ(K)
K% of L.
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CHAPTER 3

Dirichlet Series and Functional

Equation

In this section, we connect our invariant lattices to the adelic zeta function
for the space of binary cubic forms [11]. We fix a number field, K, and let A
denote the ring of adeles of K. We abbreviate G Ly(A) simply as G, and write
Gk for GLy(K), viewed as a subgroup of G. We introduce

Observe that the number of double cosets of G/(0)
G /G is just hg, the class number of K. We have the decomposition

G= U GG
tEA* /K *A*(c0)
Observe also that G(00) (§9) Gk = {g € G : det(g) € K*A*(c0)}.
Now, we fix a (primitive) invariant lattice L C K*. We choose a Schwartz-

Bruhat function, ¢ = H ¢, whose finite components are the indicator maps

v
for the respective closures of L. For notational convenience, we also write

o = H ¢, x 1y, where U is the product of the finite closures, and 1y is
VEMoo (K)
the indicator map for U. Let H = A*/K*A*(c0), and let H be the dual of H.



15

We now consider the sum
1
Z(xws, ® —/ — x(det(g))| det(g (g - x)
P _y o T 2 X(etlaDldet(o)]” D o
xGH x€H er

This reduces to

/G o 10 3 o)y

xEVI/{
since ) x(det(g)) = 0 whenever g ¢ G(00)G/Gr. By the isomorphism

theorems, this integral is just

| det(g) (g - x)
/G(OO)/GKHG( ) Z

zeV),
Note that Gk [ G(00) = GL2(Ok). Now if g € G(c0), then g = (g,),, where
g € GLy(0,) for all finite primes v. We have that ¢, - * € GL2(0,) iff
r € g,;'U,, where U, is the local component of U. Now, by invariance of the
lattice, we see that g, -z € GLy(0,) iff x € U,. If x € U, for all finite v, then
we have z € K H UI,:KmU:L. Hence

veMy(K)
/ | det(g) Z¢grcdg—/ | det(g)* > ¢(g-x)dg,
G(00)/GK N G(o0) sV G(0)/GL2(0k) el

where L' = {z € L : P(x) # 0}. This integral can be rewritten as a sum,

namely

S L[ Jdetlg)Polg - n)dg.

G.(O
vectaonr GO0 oo

The integrals under the sum are of the form

[ 1aetto)otg -y =
H /G | det(g,)], 00 (g, - x)dg, % H /GLQ(OV) 1y, (g, - x)dg,.

veEMoo (K) La(Ky) veMo(K)
All of the finite local factors evaluate to 1. We denote the product of the
infinite local factors by Z,_ (s, ¢s). Our work and conventions thus show

1
h Z Z st, = Z mem(s,qﬁO@).

xEH z€GLa(Ok)L
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Write £.(s) for the right hand side of this equation. If we do a change of
variables in each Z, (s, ¢ ) to replace z by its corresponding standard orbital

representative, which, by abuse of notation, we will also call x, we get

=S
2
)

()= Y GO Zu (5. 000) INE (P(2))

xEGLQ(OK)L/

a 7 Dirichlet series” of discriminants, analogous to those in [4]. We conclude by
deriving a functional equation for these series. Using the functional equation,

for the adelic zeta function, we have

1(5) = 1 D0 Znnd) = 3 - . Zwa-nnd) =2 ).

er xGH

Here, we have used the fact that as y ranges over H , so does y 7!, and we have

the proviso that L may not be primitive.
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