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ABSTRACT

IDENTITIES BETWEEN HECKE EIGENFORMS

Dianbin Bao

DOCTOR OF PHILOSOPHY

Temple University, May, 2017

Professor Matthew Stover, Chair

In this dissertation, we study solutions to certain low degree polynomials in
terms of Hecke eigenforms. We show that the number of solutions to the equa-
tion h = af?4+bfg+g? is finite for all N, where f, g, h are Hecke newforms with
respect to I'1 (V) of weight k£ > 2 and a, b # 0. Using polynomial identities be-
tween Hecke eigenforms, we give another proof that the j-function is algebraic
on zeros of Eisenstein series of weight 12k. Assuming Maeda’s conjecture, we
prove that the Petersson inner product (f?,g) is nonzero, where f and g are
any nonzero cusp eigenforms for SLy(Z) of weight k and 2k, respectively. As
a corollary, we obtain that, assuming Maeda’s conjecture, identities between

cusp eigenforms for SLy(Z) of the form X? + 3" | «;Y; = 0 all are forced by



dimension considerations, i.e., a square of an eigenform for the full modular
group is unbiased. We show by an example that this property does not hold
in general for a congruence subgroup. Finally we attach our Sage code in the

appendix.
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Table 2 on page 29 lists the squarefree part of the discriminant of the Hecke

algebra for SLy(Z) of weight k.

Table 3 on page 36 lists notation in the following Sage code.



CHAPTER 1

INTRODUCTION

Fourier coefficients of Hecke eigenforms often encode important arithmetic
information. Given an identity between eigenforms, one obtains nontrivial
relations between their Fourier coefficients and may further obtain solutions
to certain related problems in number theory. For instance, let 7(n) be the
nth Fourier coefficient of the weight 12 cusp form A for SLy(Z) given by

A=qJa—-g¢)* =) rn)e"

n=1
and define the weight 11 divisor sum function oq;(n) = de d''. Then the

Ramanujan congruence

7(n) = o11(n) mod 691



can be deduced easily from the identity

1008 x 756
By — Ef = 69—1A’

where Eg (respectively Fio) is the Eisenstein series of weight 6 (respectively

12) for SLy(Z).

Specific polynomial identities between Hecke eigenforms have been studied by
many authors. Duke [9] and Ghate [11] independently investigated identities
of the form h = fg between eigenforms with respect to the full modular group
I' = SLy(Z) and proved that there are only 16 such identities. Emmons [10]
extended the search to I'g(p) and found 8 new cases. Later Johnson [13] studied
the above equation for Hecke eigenforms with respect to I';(N) and obtained
a complete list of 61 eigenform product identities. J. Beyerl and K. James and
H. Xue [3] studied the problem of when an eigenform for SLy(Z) is divisible by
another eigenform and proved that this can only occur in very special cases.
Recently, Richey and Shutty [19] studied polynomial identities and showed
that for a fixed polynomial (excluding trivial ones), there are only finitely
many decompositions of normalized Hecke eigenforms for SLs(Z) described

by a given polynomial.

Since the product of two eigenforms is rarely an eigenform, in this thesis we

loosen the constraint and study solutions to the equation h = P(f, g), where



h, f, g are Hecke eigenforms and P is a general degree two polynomial. The ring
of modular forms is graded by weight, therefore P is necessarily homogeneous,
i.e., P(f,g) = af?*+bfg+ cg®>. With proper normalization, we can assume

c=1.

The first main result of this thesis is the following:

Theorem 1.0.1. For all N € Z, and a,b € C*, there are at most finitely
triples (f,g,h) of newforms with respect to T'1(N) of weight k > 2 satisfying
the equation

h=af*+bfg+g°. (1.1)

Theorem 1.0.1 is obtained by estimating the Fourier coefficients of cusp eigen-
forms and its proof is presented in Chapter 3. In the same chapter, as further
motivation for studying identities between eigenforms, we also give an elemen-
tary proof via identities of the following theorem:

Theorem 1.0.2. Let F9(2) be the Fisenstein series of weight 12k, and

A:={p € F|E2x(p) =0 for some k € Z,}

be the set of zeros for all Fisenstein series of weight 12k with k > 1 in the
fundamental domain § for SLy(Z). If j is the modular j-function and p € A,

then j(p) is an algebraic number.

For a stronger result, which says that j(p) is algebraic for any zero p of a



meromorphic modular form f = > >°, a,q" for SLy(Z) with a,(h) = 1 for
which all coefficients lie in a number field, see Corollary 2 of the paper by

Bruinier, Kohnen and Ono [4].

Fourier coefficients of a normalized Hecke eigenform are all algebraic integers.
As for Galois symmetry between Fourier coefficients of normalized eigenforms
in the space Sy of cusp forms for SLy(Z) of weight & > 12 | Maeda (see [12]

Conjecture 1.2) conjectured that:

Conjecture 1.0.3. The Hecke algebra over Q of Sy is simple (that is, a single
number field) whose Galois closure over Q has Galois group isomorphic to the

symmetric group S,,, where n = dim S.

Maeda’s conjecture can be used to study polynomial identities between Hecke
eigenforms. See J.B. Conrey and D.W. Farmer [6] and J. Beyerl and K. James
and H. Xue [3] for some previous work. In this paper, we prove the follow-

ing:

Theorem 1.0.4. Assuming Maeda’s conjecture for Sy and So, if f € Sk,
g € So are any nonzero cusp eigenforms, then the Petersson inner product

(f%,g) is nonzero.

Theorem 1.0.4 says that, assuming Maeda’s conjecture, the square of a cusp

eigenform for SL,(Z) is “unbiased”, i.e., it does not lie in the subspace spanned



by a proper subset of an eigenbasis. The proof of Theorem 1.0.4 is presented

in Section 4.



CHAPTER 2

PRELIMINARIES AND

CONVENTIONS

A standard reference for this section is [8]. Let f be a holomorphic function
on the upper half plane H = {z € C|Im(z) > 0}. Let v = (2}) € SLy(2).

Then define the slash operator [y]; of weight k as

Fle](2) == (cz + d) " f(y2).

If T" is a subgroup of SLy(Z), we say that f is a modular form of weight k& with

respect to I if f|x[v](2) = f(z) for all z € H and all v € I'. Define



a b a b 1 %
['(N) = € SLQ(Z)’ = mod N » ,
c d c d 0 1
a b
Fo(N) = c SLQ(Z) c=0 modN
c d

Denote by My (I'1(N)) the vector space of weight & modular forms with respect

to I'1 (V).

Let x be a Dirichlet character mod N, i.e., a homomorphism x : (Z/NZ)* —
C*. By convention one extends the definition of y to Z by defining x(m) =0
for ged(m, N) > 1. In particular the trivial character modulo N extends to

the function

1 if ged(n,N) =1,
In(n) =

0 if ged(n, N) > 1.

Take n € (Z/NZ)*, and define the diamond operator

(n) : Mi(T'1(N)) = Mi(T'1(N))

as (n)f := flx[y] for any v = (2%) € T'o(N) with d =n mod N. Define the

X eigenspace

Mi(N, x) = {f € Mx(T1(N))[(n) f = x(n)f,Vn € (Z/NZ)*}.



Then one has the following decomposion:

Mi(T1(N)) = D My(N, x),

where y runs through all Dirichlet characters mod N such that x(—1) = (—1)*.

See Section 5.2 of [8] for details.

Let f € Mg(T'1(N)), since (§1) € T'1(N), one has a Fourier expansion:

f2) =Y auf)a"s q=e""

n=0
If ap = 0 in the Fourier expansion of f|[a] for all « € SLy(Z), then f is called
a cusp form. Denote the vector space of weight & cusp forms for I' by Si(I)
For a modular form f € M(I'1(/N)) the Petersson inner product of f with

g € Si(I'1(V)) is defined by the formula
)= [ Tl dudy
H/T1(N)
where z = x 41y and H /T";(N) is the quotient space. See [8] Section 5.4.

We define the space E(I'1(IN)) of weight & Eisenstein series with respect to
'y (N) as the orthogonal complement of Si(I';(N)) with respect to the Peters-

son inner product, i.e., one has the following orthogonal decomposition:
M(T1(N)) = Se(T1(N)) @ Ex(T1(N)).

We also have decomposition of the cusp space and the space of Eisenstein



series in terms of x eigenspaces:
ST (N)) = P Sk(N, x),
X
E(T1(N)) = EP &N, x).
X
See Section 5.11 of [8].

For two Dirichlet characters ¢¥» modulo u and ¢ modulo v such that uv|N and
(@)(—=1) = (=1)* define
By (2) = 0() L1 = kyp) +2 o (n)g", (2.1)
n=1

where 0(¢)) is 1 if ¢ = 1; and 0 otherwise,

By,
k

L(1—k,p)=—

is the special value of the Dirichlet L function at 1 — k, By, is the kth gener-

alized Bernoulli number defined by the equality

e o(a)te™
> Brog =

eNt — 1’
k>0 a=0
and the generalized power sum in the Fourier coefficient is
or () =Y d(n/m)p(m)m*=".

mln
m>0

See page 129 in [8].

Let Ay be the set of triples of (¢, ¢,t) such that ¢ and ¢ are primitive

Dirichlet characters modulo v and v with (¢¢)(—1) = (—=1)¥ and t € Z, such
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that tuv|N. For any triple (¢, p,t) € Ay, define
EP¥N(z) = EV¥(tz). (2.2)
Let N € Z, and let k > 3. The set

{EP?': (4,0,t) € Any}

gives a basis for &/(I';(N)) and the set

(BP9 (1, 0,) € Ang, e = X}

gives a basis for E(N, x) (see Theorem 4.5.2 in [8]).

For £k = 2 and £ = 1 an explicit basis can also be obtained but is more
technical. Therefore we assume k£ > 3 when dealing with Eisenstein series.

For details about the remaining two cases see Chapter 4 in [8].

Now we define Hecke operators. For a reference see page 305 in [16] . Define

A, (N) to be the set

a b
v = € My(Z)|c=0 mod N,dety=m
c d
Then A,,(N) is invariant under right multiplication by elements of T'g(N).

One checks that the set

S = € My(Z)|a,d > 0,ad =m,b=0,...,d—1
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forms a complete system of representatives for the action of I'o(N) on A,,(N).

One defines the Hecke operator T, € End(M (N, x)) as:

f T =m*71 Y " x(ac) flio,
where 0 = (% ) € . and ged(m, N) = 1.

One can compute the action of T}, explicitly in terms of the Fourier expan-

sion:

f|kT = Qg Z ml ml + Z Z mn/qun

mi|m n=1 mq|(m,n)

The multiplication rule for weight k& operators T,, is as follows:

m1|(m,n)

An eigenform f € My(N, x) is defined as the simultaneous eigenfunction of

all T,,, with ged(m, N) = 1.

If f € Mi(N,x) is an eigenform for the Hecke operators with character ¥,
ie., if

f’kTm = )‘f(m)f (ng(mv N) = 1)7 (2'4)

then equation (2.3) implies that

Ap(m)Ag(n) =Y x(ma)mi~ Ap(mn/m3).

m1|(m,n)
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Comparing the Fourier coefficients in equation (2.4), one sees that

ag > x(mi)mi~" = Ag(m)ag, (2.5)

mi|lm

m1|(m,n)

For n = 1 one then has

A, = Ap(m)ay. (2.6)

Therefore if a; # 0 and we normalize f such that a; = 1, then a, =

Am ().

Eisenstein series are eigenforms. Let E;f"p’t be the Eisenstein series defined by

equation (2.2). Then

T,E " = (¥(p) + o(p)p" ) EP"

if uv = N or pf N. See Proposition 5.2.3 in [§].

Let M|N and d|N/M. Let ag = (29). Then for any f:H — C

(flelaal) () = d*7" f(dz)

defines a linear map [ay] taking Si(I'1(M)) to Sp(I'1(NV)).

Definition 2.0.1. Let d be a divisor of N and let iy be the map
ia: (Sp(Ti(Nd™)))? = Si(Ti(N))

given by

(f.9) = f+ glxlad-
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The subspace of oldforms of level N is defined by

SHTUN)) = D ip(Se(Tu(Np™)))?)

pIN
p prime

and the subspace of newforms at level N is the orthogonal complement with

respect to the Petersson inner product,

S(TL (V)" = (Se(T1(N)) ™).

See Section 5.6 in [8].

Let ¢4 be the map (tqf)(2) = f(dz). The main lemma in the theory of new-
forms, due to Atkin and Lehner [2], is the following:

Theorem 2.0.2. (Thm. 5.7.1 in [8]) If f € Sk(I'1(N)) has Fourier expansion
f(z) = > an(f)q" with a,(f) = 0 whenever ged(n, N) = 1, then f takes the
form f = X,y tnf, with each f, € Sy(T1(N/p)).

Definition 2.0.3. A newform is a normalized eigenform in Sy(I'1(N))™".

By Theorem 2.0.2, if f € My(N, x) is a Hecke eigenform with a,(f) = 0, then

f is not a newform.
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CHAPTER 3

IDENTITIES BETWEEN

HECKE EIGENFORMS

In this section we study solutions to equation (1.1) with f, g, h being newforms
with respect to I'1 (V). The first observation is that if a;(0) = a4(0) = 0 then
ap(l) = 0, which implies h = 0 by equation (2.6), hence without loss of
generality we can assume that a,(0) # 0. We normalize g such that a,(0) = 1.
In the following we talk about two cases according to whether or not as(0) =
0.

Lemma 3.0.1. Assume that g, f,h satisfies equation (1.1) with f and g lin-
early independent over C, and let x4, X ¢, Xn be the Dirichlet characters associ-

ated with g, f, h respectively. Then x; = X; = X? = XfXg-
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Proof. Take the diamond operator {d) and act on the identity h = af?+bfg+

g? to obtain

xn(d)h = ax3(d) f2 + bxp(d)xg(d) fg + X2 (d)g*.

We then substitute (1.1) for h to obtain

a(xn(d) = x3(d)) f* + b(xn(d) = xg(d)xs(d)) fg+ (xn(d) — xg(d))g* = 0. (3.1)

Note that since f and g are linearly independent over C, so are f2, fg and g2,
which one can easily prove by considering the Wronksian. Then equation (3.1)

implies that

a(xn(d) = x3(d)) = b(xn(d) — Xo(d)x£(d)) = xa(d) — x(d) = 0.

Since a, b # 0, one finds

xu(d) = x7(d) = x7(d)xy(d) = x5(d).
Since d is arbitrary we are done. O]

Proposition 3.0.2. Suppose that the triple of newforms (f, g, h) is a solution

to (1.1), a;(0) # 0 and a,(0) # 0. Then f = g.

Proof. By Lemma 3.0.1, f and ¢ have the same character. Denote it by Y.
Note that the space of weight k newforms with character y with nonvanishing
constant term is of dimension 1 with basis E,il’x by equation (2.5). Since f

and ¢ are normalized, we have f = g. O]
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Remark. If f = g, then equation (1.1) reduces to h = fg, which was classified

in [13].

Now we focus on the case where af(0) = 0. We have the following solutions
forced by dimension considerations.

Lemma 3.0.3. Let f,g € My(N,x) be two eigenforms that are algebraically
independent, and assume that dime Mog(N,x?) < 3. Then every eigenform

h € Mo (N, x?) satisfies an identity of the form h = af* +bfg + cg?.

Recall that the dimension of M (I") can be computed by the Riemann-Roch

Theorem [21]. If I' = SLy(Z), it reads:

| £ if k=2 mod 12
dime My, =
LI—I“QJ + 1 otherwise
Hence for £ = 12 or 16 one obtains the following examples computed by
Sage [7]:
Eyy = alA® + bEppA + B,
a:_214-38-54-74~132-1571 __28-35~53~72-133-37

103 - 6912 - 2294797 N 103 - 691 - 2294797
E32 = CL(E4A>2 + b(E4A)E16 + E1267

21838557411 132 172 - 4273

“ 37-683- 36172 - 305065927

) —212.34.5%.72. 13- 177 - 23 - 1433
37-683- 3617 - 305065927
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where A = [°7 | q(1—¢")** is the cusp form of weight 12 for SLy(Z) and

is the Eisenstein series of weight k for SLs(Z).

The following two results follows from earlier work by Bruinier, Kohnen and
Ono [4], which describes remarkable algebraic information contained in the
zeros of Hecke eigenforms. Our independent proof starts from the point of

view of polynomial identities.

Let

A= {p € F|Ea(p) =0 for some k € Z,}

be the set of zeros of Eisenstein series of weight 12k that are contained in
the fundamental domain § of SLs(Z). By work of Rankin and Swinnerton-
Dyer [18] we know that A C {e|3 <60 < I}.

Theorem 3.0.4. For all p € A, E15(p)/A(p) is an algebraic number.

Proof. Note that the n + 1 monomials Ej5(2)" 'A(2)! are linearly indepen-
dent over C by considering the order of vanishing at infinity. One also has
dimc Mis, = n + 1, so the above monomials form a basis for M;is,. Therefore

there exist ag,aq,--- ,a, such that

Eion(2) = Y aiE(2)" ' Az)". (3.2)
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For p € A we have Fis,(p) = 0. Divide equation (3.2) by A(p) # 0 to obtain

S (Bualp)/A ()™ = 0. (33)

To show that Ei2(p)/A(p) is algebraic, it suffices to show that all the a; are

rational. One sees this by the following algorithm to compute a;:
First ayp = 1 by considering the constant term.

Suppose ag, - - - , a; are all rational. Then the Fourier coefficients of the function
Eyon(z) — 22:0 apFE12(2)"*A(2)* are all rational since each term has rational
Fourier coefficients. Further we know that the order of the function Fis,(z) —
S arBia(2)"FA(2)F at ico is O(¢). Now set

Bran(2) — Yh_o axEra(2)" FA(2)

1 = A+

100
as the constant term. Then one sees that a;.; is rational since the Fourier

coefficients of the function

Eion(2) = S _g anBra(2)" *A(2)*
AL

are all rational. O

Corollary 3.0.5. For all p € A, the function value of the discriminant j(p)

15 algebraic.

Proof. By the following well known identities:

B3 E2
Alz) = 41728 }
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) = 2
Em@):4ME%gf&H%
one then computes
EAMZS) i) = _436290100.
Therefore j(p) = Fia(p) + 432000 is an algebraic number by Theorem 3.0.4.

Alp) 691
0

Now we prove the finiteness result stated in the introduction.

Theorem 3.0.6. For all N € Z, and a,b € C*, there are at most finitely
triples (f, g, h) of newforms with respect to T'1(N) of weights k > 2 satisfying

the equation h = af?+ bfg + g¢°.

Proof. By Proposition 3.0.2 and the remark thereafter we only need to consider
the case where a;(0) = 0 and g is an Eisenstein series. Let g = E,%"", fe
M (N,p), h = E21,;¢2. For a fixed N and k, the number of triples of such
newforms (f,g,h) is finite. We first show that %k is bounded. Consider the

Fourier expansions

f=a+0(
g=1+p (Z J,f_l(n)q">
h=1+« (Z st_l(n)q">
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where

4k
o= — , 3.4
Bor o (3.4)

2k
—— , 3.5
8 B (3.5)

of_y(n) = p(d)d*".
dln

Comparing the coefficients of ¢ on both sides of the equation h = af?+bfg+g?,
one obtains

b+28=a. (3.6)

Recall that we have the following bound for the generalized Bernoulli number

By, where y is a primitive character with conductor [, and y(—1) = (—1)*:
_1 1
20(2K)C(R) T RI2m) T2 < Byl < 2(R)RIm) TR (37)

See [13]. Applying Stirling’s formula in equation (3.7) and using the fact
that ((2k)/((k) is bounded one sees that | By, | increases quickly as k — oo.
Then by equations (3.4) and (3.5) one sees that o, — 0 as k — oo. The
convergence is uniform for all /,, hence for a fixed b # 0, k is bounded for all

N.

For each fixed k, if [, — oo, then |Bj,| — oo by equation (3.7). Then
equations (3.4)-(3.6) show that [, is bounded. Note that g, h are newforms,
¢ and ¢* are necessarily primitive, i.e., I, = l,» = N. This shows that N

is bounded for each fixed k. Hence there can only be finitely many pairs
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(N, k). Since for each pair there are only finitely many tuples of newforms,

this completes the proof of the theorem. O
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CHAPTER 4

MAEDA’S CONJECTURE

AND ITS APPLICATIONS

In this section, following J.B. Conrey and D.W. Farmer [6], we will show
how Maeda’s conjecure provides information about Hecke eigenform identities.
Throughout this section, all eigenforms are eigenforms for SLs(Z) and we will

write Sy instead of Sk(SLy(Z2)).

Recall that Maeda’s conjecture (see [12] Conjecture 1.2) says the following:
Conjecture 4.0.1. The Hecke algebra over Q of Sk is simple (that is, a single
number field) whose Galois closure over Q has Galois group isomorphic to the

symmetric group S,,, where n = dim S.
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f 91 ge ap = —az
A [ EnA + (12144160 + ZENAT [ o(g,) —“MZ;TGQ
EuA A@E; + (1 — z)EJED) o(9) | s
v — 12\/1829157428894r20532 , 0 is the nontrivial element of Gal(F/Q)
Table 1

The main result of this section is the following:

Theorem 4.0.2. Assuming Maeda’s conjecture for Sy and Sok, if f € Sk,
g € Ss are any nonzero cusp eigenforms, then the Petersson inner product

(f% g) is nonzero.

An immediate corollary of Theorem 4.0.2 is:

Theorem 4.0.3. Assuming Maeda’s conjecture for all S, then identities be-
tween cusp eigenforms for SLy(Z) of the form f? = Z?Zl cig; are all forced by
dimension considerations, where f € Sk, g; € Sor. and ¢; # 0. In particular,

there are only two identities of the form f? = a1g1 + asgs given by Table 1.

Proof. By Theorem 4.0.2, we know that (f?,¢;) # 0 foralli =1,--- ,dim Sa.
Then we have d = dim Sy, i.e., the given identity is forced by dimension
considerations. In particular, if f2 = a1g; + asgs, then a; # 0 and ay # 0
since f? is not itself an eigenform. Then, by Maeda’s conjecture we have
dimec So = 2, and so k = 12 or 16. See Table 1 for the data on the two cases,

which we computed with Sage [7]. O
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We set up notation following [6] before giving the proof of Theorem 4.0.2.
Recall that A = ¢[[>2,(1 — ¢") is the discriminant and

Ey=1+240) o3(n)q"

n=1

is the Eisenstein series of weight 4. Then the set
ipi

forms a basis of S with integer Fourier coefficients [6]. The matrix represen-
tation of the Hecke operator 7;, in the basis Bq has integer entries, hence the
characteristic polynomial T, x(z) of T,, acting on Sy has integer coefficients
and the eigenvalues a,, of T,, are all algebraic integers [6]. Let d = dim Sy.

One defines the Hecke field F' associated with Sy by

F:=Q(a;(n):1<j<dneZ,).

The following two lemmas proved in [6] play an important role in this sec-

tion.

Lemma 4.0.4. The Hecke field F' equals Q(a;(n) : 1 < j,n < d). In particular,

F' is a finite Galois extension of Q.

The Galois group Gal(F/Q) acts on functions with Fourier coefficients in F' in

the following way:

o (Z anq") = Za(an)q". (4.1)
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Lemma 4.0.5. The group Gal(F/Q) acts on the set of B = {f1,---, fa} of
normalized cusp eigenforms. If T, x(x) is irreducible for some n, then the

action is transitive. Furthermore, if T, x(x) is irreducible then F/Q is the

splitting field of T, x(z) and Gal(F/Q) = Gal(T,,x).

Now we begin the proof of Theorem 4.0.2.

Proof. Let f € Si be a normalized Hecke eigenform. Since f? € Sy, we expand

f? in a normalized eigenbasis to obtain

f2 = Z Ci9i (4-2)

for some ¢; € C and dy = dim Syy,. Let Fy (resp. Fy) be the Hecke field for Sy
(resp. Sax) and F1F, be the composite field of F} and F». Then we have the

following:

Lemma 4.0.6. ¢; € 1 Fy for 1 <i <ds.

Proof. Comparing the Fourier coefficients in equation (4.2), one obtains the

linear equations
Z cian(9i) = an(f?) (4.3)
for 1 <n < dy. We claim that the coefficient matrix (a,(¢;))1<n,i<d, 1S nON-

singular. Assume our claim for now. Solve for ¢; by Cramer’s rule and note

that a,(g;) € s and a,(f?) € Fi, then one sees ¢; € FyFy.
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Now we prove our claim. Suppose for a contradiction that the coefficient

matrix (a,(9i))1<n,i<d, 1S singular, then there exit ¢y, --- , ¢, € C such that

0= Z Citn(g;) = an(Z cigi)

for 1 < n < dy, ie., the cusp form g := )", ¢;9; € Sy satisfies a,(g) = 0 for
1 < n < dy. The order of vanishing of g at 0o satisfies v,(g) > do+1 = L%J—i—l.

Recall that the valence formula (Theorem VII. 3.(iii) in [20]) for ¢ reads

1 1 2k
Uso(9) + 5%(9) + ng(g) + Z vr(g) = 12
TEH/SLy(2)

TH#4,W
Since all the terms on the left are positive, one obtains the contradiction

[2:] +1 < 22 This proves our claim, and hence the lemma. O

Lemma 4.0.7. If the stabilizer of f? in Gal(F\F,/Q) acts transitively on the
set By = {g1,++ ,ga,} of cusp eigenforms of weight 2k, then we have (f?, g;) #

0 for1l <i<d,.

Proof. Suppose by contradiction that (f?,¢;) = 0. Using equation (4.2) we
take the inner product with g; and use the orthogonality relation (g;, g;) = &;;
to find ¢; = 0. Then transitivity gives ¢; = 0 for 1 < i < dy, which implies

that f2 = 0, which is a contradiction. O

Lemma 4.0.8. Assuming Maeda’s conjecture for Sy and Sai, the stabilizer of
f? in Gal(F1 F»/Q) acts transitively on the set By of cusp eigenforms of weight

2k.
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Proof. We have
Gal(F1F2/Q) = {(01,02) € Gal(F1/Q) x Gal(F2/Q)’01|FlﬂF2 = 02|mnm )

Note that F} N F, is Galois over Q,since F}, F, are both Galois over Q, and by
elementry Galois theory, the subgroup Hs of Gal(F3/Q) that fixes F1NFy is nor-
mal. Assuming Maeda’s conjecture, we have Gal(F,/Q) = &,4,, Gal(F7/Q) =

Sy, where d; = dim §;, and dy = dim Sy

If dy > 5, then the only normal subgroups of &,, are G4,, the alternating

group Ay, and {1}. Since F; N Fy, C F, by degree considerations, we have

=

H, # {1}, therefore Hy = Ay, or Hy = &g,.

If H2 = 6d2, then Fl N F2 = Q and

Gal(Fng/Q) = Gal(Fl/Q) X Gal(Fg/Q) = 6d1 X 6d2,
using Maeda’s conjecture to obtain the second isomorphism. The stabilizer of
f? in Gal(FyF/Q) contains a subgroup isomorphic to &,,, hence acts transi-
tively on Bs.
If Hy = A,,, then

[FiNFy: Q] = | Gal(F1 N F2/Q)| = | Gal(F2/Q)|/|Ha| = 2,

so F1 N F; is a quadratic field. Moreover we know that the subgroup of &g,

that fixes F; N F; elementwise is a normal subgroup of index two, i.e., Ay . In
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this case, F1 N F, is generated by the square root of the discriminant of 7}, ()

or T, o (). Then we have
Gal(F1F,/Q) = {(01,02) € Gy, X Gg,|sgnoy = sgnoy}.

In this case, the stabilizer of f2 in Gal(F} F,/Q) contains a subgroup isomorphic

to Ag,, which acts transitively on Bs.

If dy <4, we have [2k/12] < 4,so0 k < 28. It suffices to show that for 12 < k <
28, F1 N Fy = Q. We only need to check the cases (k,2k) = (24,48), (28, 56)
since for all other cases dimS; = 1 and F} = Q. We check these two cases by
showing that no prime ramifies in Fy N F,. Then we obtain that F;NF, = Q by
Minkowski’s theorem. Indeed, if p is a prime that ramifies in F; N F3, then p
ramifies in F; and Fy. Let ay, - - - , ag, be the d; roots of the polynomial T;, ().
Note that the splitting field F} of T}, x(x) can be written as the composite field
of the d; isomorphic subfields Q(«;), then we see that p ramifies in each Q(ay)
by known properties of ramification in towers. Thus p|Dg(a,), Where Dg(q,) is
the discriminant of the field Q(a;). Similarly p|Dqg,), where By, -, By, are
the dy roots of the polynomial T}, o (). Therefore p| ged(Dq(a,), Do(s;))- Thus
it suffices to check that ged(Dgqa,), Do(s;)) = 1 for the two cases. One verifies
this directly by Table 2, where the first column is the weight and the second

column is the discriminant Dg(q,) or Dgs,) computed by Sage [7]. O

Now Theorem 4.0.2 follows easily by combining Lemmas 4.0.6-4.0.8. O



Dq(an)

24

144169

28

131 * 139

48

31 * 6093733 * 1675615524399270726046829566281283

56

41132621 * 4803329672878368729273743950925985544980694 1

Table 2

29
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CHAPTER 5

CONGRUENCE

SUBGROUPS

In this section, we study the Petersson inner product (f?,g) with f, g being
eigenforms for the congruence group I'g(p). The characteristic polynomial
T, (z) of Hecke operator T,, acting on Sk(I'g(p)) can be explicitly computed
using Modular symbols (see Chapter 8 of [22]). Since Si(To(p)) = Spew @ S¢d
is semisimple Hecke algebra module, the characteristic polynomial T),(x) is
no longer irreducible. Moreover the characteristic polynomial of 7}, acting on
the new subspace may fail to be irreducible. Since the Galois action may be
not transitive on the eigenbasis, one may expect that (f2,g) = 0 for certain

cases.
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Note that in the case p = 2, an explicit basis of Moy (I'9(2)) is given by

{(E3)“E%2a + 4b = 2k},

where E3(z) = Eqy(z) — 2E(2z2) and Es(z), E4(2) is Eisenstein series of weight

2 and 4 respectively (see page 56 of [14]).

One checks that S19(Ig(2)) is one dimensional and the Fourier expansion of

its basis is given by

f =q+16¢° — 156¢* + 256¢* + 870¢° + O(¢°),

which can be obtained by the following Sage command:

f = Newforms(2,10,names="a").

Similarly one obtains the eigenbasis of S5 (I'y(2)):

g1 = q— 512¢* — 13092¢> + 2621444* + 6546750¢° + O(q°)

g2 = q + 512¢* — 53028¢° + 262144¢* — 55569304 + O(¢°).

The eigenbasis that spans the old subspace is given by

g3 = A(2)Fs(2) = q + 456¢% + 50652¢® — 316352¢* — 2377410¢° + O(¢%)
g1 = A(22)Eg(22) = ¢* + 456¢" + O(¢°).

Since f? € Sy, there exits a; € C such that f? = 2?21 a;g;. Solving this linear
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system with Sage we find

a; = —1/1992
as =10

as = 1/1992
ay = 128/249.

Note that as = 0, then one obtains (f?, g») = 0. This example shows that the
unbiased property in Theorem 4.0.2 does not hold for the congruence subgroup

To(N).

Here we list a few more examples computed with Sage.

I' =Ty(5), f € S4(T') is the unique normalized eigenform with the Fourier

expansion

f=q—4¢* +2¢* + 8¢* — 5¢° + O(¢°),

the weight 8 eigenforms for I' have the following Fourier expansions:

g1 = q — 14¢* — 48¢> + 68¢* + 125¢° + O(¢)

g2 = q+ ag® + (=8a +90) ¢* + (20a — 152) ¢* — 125¢° + O(¢%)

g3 = 0(92)7

where a is a root of the equation 2 — 20z + 24 = 0 and o(a) is the Galois
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conjugate of a.
Write f? = 25’:1 ¢;g;, then we have (c1, c9, ¢3) = (0 La—2 —éa + %)

11527 T 760

[' =Ty(7), Let f € S4(T') be the unique normalized eigenform with Fourier

expansion

f=a-¢—-2¢—7¢"+16¢° + O(¢°),

g1, g2, g3 are weight 8 eigenforms with Fourier expansions

g1 = q—6¢% —42¢> — 92¢* — 84¢° + O(¢),

92 = q+ai1g*+(—2a1 +44) ¢’ +(=3a1 + 86) ¢* +(—10a; + 150) ¢°+O(¢°)
93 = 0(92),

where a; is a root of the equation x? + 3z — 214 = 0 and o(a,) is the Galois

conjugate of ay.

: 2 _ 3 _ 2 3 2 3
Write f2 = >"._, ¢;gi, then we have (¢q, 2, ¢3) = (0, 56501 T 5550 —ges 1 — %).
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CHAPTER 6

SAGE CODE FOR

COMPUTING ¢,

In this section, we provide Sage code for our computations. Our computations
are based on William Stein’s Pari readable tables of dimensions of modular
forms, which are available on his website [1]. To do the computations, one
needs to load Stein’s table by Pari and then generate Sage readable dababase.
The goal of the following code is to solve for the coefficient ¢, in the equation
2= ;¢j95, where [ is weight 2 level [ newform and [ is a prime bounded by
100. The upper bound 100 is chosen according to William Stein’s database.

If we use the Fourier expansions f? =Y as2(n)¢" and g; = > a,(n)q", we
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obtain a linear system
M (cr-va)' = (ag(1),- ,ap(n)) (6.1)

where n is the dimension of the new subspace, i.e., the carnality of the basis
{g;} and M is the n by n coefficient matrix of g;s. In the following code, we
arrange the coefficients of g; in a list named Ist and then generate a square
matrix with complex entries, which corresponds to lines 11,23,37,53 in the
following code. One thing to note is that the coefficients of g; are algebraic
numbers, one need embeds them into C to do computations in practice. We
denote the right side of equation 6.1 by a vector v in our code. Note that
ap(l) = Y, ar(l —k)ay(k) and this is what line 10 in our code does. Let
u be the vector (cy,---,¢,), then we have u = M~1'v, which is what lines
12,24,38,54 in our code compute. Actually these lines do a little more, taking

the Galois conjugates of f into consideration.

The g;s lie in several Galois orbits, which correspond to the irreducible factors
of the characteristic polynomial of the a Hecke operator 7, with p prime to
the level. The main if loop in the code is used to detect the number of irre-
ducible factors or the number of Galois orbits in g;s. In the following code,
E[i,0] is the minimal polynomial of the Hecke eigenvalues of weight 2 and level
i newforms and E41[i,0] is the minimal polynomial of the Hecke eigenvalues

of weight 4 newforms and the last digit labels different Galois orbits. For
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instance if E41[i,0] # 0 and E42[i,0] = 0, then we have that there is only

one Galois orbit in the g;s and the cardinality of the set {g;} is the degree

of the polynomial defined by E41[i,0]. Then E41list[i][l] is the [-th Fourier

coefficient of the weight 4 newforms in Galois orbit 1. The database used in

our computation is too long to be listed here, therefore we only list the essen-

tial part of the program. To make it more readable, here is a table of notation.

i prime level in (1, 98)
E[i,0] | minimal polynomial of weight 2 level ¢ Hecke eigenvalue
FE41[i,0] | minimal polynomial of weight 4 level ¢ Hecke eigenvalue in Galois orbit 1
FE42[i,0] | minimal polynomial of weight 4 level i Hecke eigenvalue in Galois orbit 2
K splitting field of E41[i, 0]
L splitting field of Eli, 0]
n dimension of the new subspace cusp forms of weight 4 level i
v (as2(1), -+, as2(n)), vector formed by the first n Fourier coefficients of f?
M matrix formed by the first n Fourier coefficients of the n g;s
u the vector(cy, -+, ¢p)

for i in prime_range (1,98):

if E[1i,0]<>0:
if E41[i,0]1<>0:
if E42[i,0]==0:
print (i)

K.<a>=NumberField (E41[i,0])
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11

12

13
14
15
16
17
18

19

20

21
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L.<b>=NumberField (E[i,0])

n=(E41[i,0]) .degree ()

v=[[sum ((Elist [1i]1[1-k-1]1*Elist[i] [k-11)
.subs (x=L.embeddings (CC) [j] (b))
for k in range(1,1)) for 1 in range
(1,n+1)] for j in range(0,(E[i,0]).
degree ())]

M=matrix(CC,n,n, [(E411list[i][1]).subs(
x=K.embeddings (CC) [jl1(a)) for 1 in
range (0,n) for j in range(0,n)1)

u=[M.inverse () *vector (v[jl) for j in
range (0, (E[i,0]) .degree ())]

print (i,u)

if (E42[i,0]<>0 and E43[i,0]==0):

K.<a>=NumberField (E41[i,0])

L.<b>=NumberField (E[i,0])

K2.<c>=NumberField (E42[i,0])

n=(E41[i,0]) .degree()+(E42[1,0]) .degree
@)

v=[[sum((E21list[i][1-k-1]1*E21ist[i] [k
-1]1) .subs (x=L.embeddings (CC) [j] (b))

for k in range(1,1)) for 1 in
range (1,n+1)] for j in range (0, (E[i
,0]) .degree ())]

1stl = [(E411list[i][1]).subs(x=K.
embeddings (CC) [j1(a)) for 1 in
range (0,n) for j in range (0,E41[i
,0].degree ) )]

1st2 = [(E421ist[i][1]).subs(x=K2.

embeddings (CC) [j]1(c)) for 1 in



22
23
24

25
26
27
28
29
30
31

32

33

34

35

38

range (0,n) for j in range(0,E42[i
,0] .degree ())]
Ist =1lstl+1st2
M= matrix(CC,n,n, 1lst)
u=[M.inverse () *vector(v[j]) for j in
range (0, (E[i,0]) .degree ())]
print (i,u)
if (E43[i,0]<>0 and E44[i,0]==0):
K.<a>=NumberField (E41[i,0])
L.<b>=NumberField (E[i,0])
K2.<c>=NumberField (E42[i,0])
K3.<d>=NumberField (E43[i,0])
n=(E41[i,0]) .degree () +(E42[i,0]) .degree
()+(E43[1i,0]) .degree ()
v=[[sum((E21list[i]J[1-k-1]1*E21ist[i] [k
-1]) .subs (x=L.embeddings (CC) [j1 (b))
for k in range(1,1)) for 1 in
range(1,n+1)] for j in range(0,(E[i
,0]) .degree ())]
1stl = [(E411ist[i][1]).subs(x=K.
embeddings (CC) [jl(a)) for 1 in
range(0,n) for j in range(0,E41[i
,0] .degree () )]
1st2 = [(E421ist[i][1]) .subs(x=K2.
embeddings (CC) [j]1(c)) for 1 in
range(0,n) for j in range(0,E42[i
,0] .degree ()]
1st3 = [(E431ist[i][1]) .subs(x=K3.
embeddings (CC) [j]1(d)) for 1 in

range(0,n) for j in range(0,E43[i
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37
38

39
40
41
42
43
44
45
46

47

48

49

50

39

,0] .degree ())]

Ist =1lstl+1st2+1st3

M= matrix(CC,n,n, 1lst)

u=[M.inverse () *vector(v[j]) for j in
range (0, (E[i,0]) .degree ())]

print (i,u)

if (E44[i,0]<>0 and E45[i,0]==0):

K.<a>=NumberField (E41[i,0])

L.<b>=NumberField (E[i,0])

K2.<c>=NumberField (E42[i,0])

K3.<d>=NumberField (E43[i,0])

K4 .<f>=NumberField (E44[i,0])

n=(E41[i,0]) .degree () +(E42[i,0]) .degree
()+(E43[1i,0]) .degree () +(E44[1,0]).
degree ()

v=[[sum((E21list[i]J[1-k-1]1*E21ist[i] [k
-1]) .subs (x=L.embeddings (CC) [jI1 (b))

for k in range(1,1)) for 1 in

range(1,n+1)] for j in range(0,(E[i
,0]) .degree ()]

1stl = [(E411ist[i][1]) .subs(x=K.
embeddings (CC) [jI1(a)) for 1 in
range(0,n) for j in range(0,E41[i
,0] .degree () )]

1st2 = [(E421ist[i][1]).subs(x=K2.
embeddings (CC) [j]1(c)) for 1 in
range(0,n) for j in range(0,E42[i
,0] .degree ())]

1st3 = [(E431ist[i][1]) .subs(x=K3.

embeddings (CC) [j]1(d)) for 1 in



o1

52
93
o4

95

range (0,n) for j in range(0,E43[i
,0] .degree ())]

lst4= [(E441list[i][1]).subs(x=K4.
embeddings (CC) [j1(£f)) for 1 imn
range (0,n) for j in range(0,E44[i
,0] .degree ())]

1st =1lstl+lst2+1st3+1st4

M= matrix(CC,n,n, 1lst)

u=[M.inverse () *vector(v[j]) for j in
range (0, (E[i,0]) .degree ())]

print (i,u)

40

For example the space S5(I'g(11)) is 1 dimensional, whose basis can be com-

puted by Sage using

IECIIR

sage: f = Newforms(11,2,names="a")

In terms of the Fourier expansion

f=a¢-2¢"— ¢ +2¢" + ¢ +2¢° —2¢" — 2¢° + O(¢"")

This is the Hecke eigenform coming from the elliptic curve y> +y =

studied by Eichler.

3

— 72

Let g1, g2 be the two normalized newforms of S4(I'g(11)). Explicitly, let a be

a root of the polynomial 22 — 22 — 2, then

g =q+aq* + (—4a+3)¢* + (2a — 6) ¢* + (8a — 7) ¢° + O(¢%)
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and g is the Galois conjugate of g;.
Let f2 = cig1 + cago, then one easily solves ¢; = _ﬁ? ¢y = —c,. For level

11, the program gives ¢; = —0.288675134594813 and ¢, = 0.288675134594813.

It is straightforward to check that ¢; and ¢y are decimal approximations of

23"
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