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ABSTRACT

HARNACK INEQUALITY FOR A CLASS OF DEGENERATE ELLIPTIC

EQUATIONS IN NON-DIVERGENCE FORM

Farhan Abedin

DOCTOR OF PHILOSOPHY

Temple University, August 2018

Professor Cristian E. Gutiérrez, Chair

We provide two proofs of an invariant Harnack inequality in small balls
for a class of second order elliptic operators in non-divergence form, structured
on Heisenberg vector fields. We assume that the coefficient matrix is uniformly
positive definite, continuous, and symplectic. The first proof emulates a method of
E. M. Landis [27], and is based on the so-called growth lemma, which establishes
a quantitative decay of oscillation for subsolutions. The second proof consists in
establishing a critical density property for non-negative supersolutions, and then
invoking the axiomatic approach developed by Di Fazio, Gutiérrez and Lanconelli

[11] to obtain Harnack’s inequality.



iv

ACKNOWLEDGEMENTS

First and foremost, I would like to express my appreciation and admiration
to Prof. Cristian E. Gutiérrez. Over the last five years, he has provided me with the
training necessary to comprehend deep results in mathematics, generously imparted
sage advice whenever I encountered any obstacles, and instilled in me the confidence
required to be an independent researcher. I have no doubt that my solid academic
foundation and consequent achievements are in large part due to Cristian’s direction
and efforts.

My collaborator and good friend Giulio Tralli has been a constant source
of inspiration and guidance. A considerable amount of my knowledge on subelliptic
equations comes directly from Giulio, and I am very appreciative of the time and
effort he has volunteered on innumerable occasions to help me understand various
kinds of mathematics. Despite the fact that he is not a former PhD student of my
adviser, Giulio is nothing short of a true academic brother to me.

Thanks to my committee members: Profs. Shif Berhanu, Wei-Shih Yang
and Dave Futer at Temple, and Prof. Ryan Hynd at University of Pennsylvania.
Thanks also to the letter writers for my job applications: Prof. Brian Rider at
Temple, Prof. Luis Caffarelli at University of Texas, Austin, Prof. Nestor Guillen at
University of Massachusetts, Amherst, and Prof. Maria Lorenz at Temple. Special
thanks go to Prof. Rider for supporting me through a research assistantship during
the academic year 2017-2018, and for his refreshing candor. Many thanks also to

Ryan Hynd and Nestor Guillen for their encouragement.



A number of people have contributed to my mathematical upbringing prior
to Temple: Profs. Justin Corvino, Lorenzo Traldi, Ethan Berkove, Gary Gordon
and the late Art Gorman at Lafayette College; Prof. Huai-Dong Cao at Lehigh
University; Profs. Robin Graham and Hart Smith at University of Washington,
Seattle. I am especially grateful to Justin and Robin for their collective influence on
my academic and personal development. JC is solely responsible for sparking my
interest in analysis and PDEs, and has been a role model both in my professional and
personal life for over a decade. Robin taught me a prodigious amount of mathematics
during my short time at UW, and helped me navigate through a difficult period in
graduate school. I remain indebted to both of them for their firm belief in me and
my abilities.

Numerous friends formed the support system outside of mathematics that
I relied upon daily. Countless thanks must inevitably go (in order of appearance,
and certainly not importance) to Luca, Alessia, Giulia, Walt, Angela and Faith for
being an integral part of my life here in Philadelphia. Thanks also to my fellow
graduate students at the Temple math department, particularly Hussein, Will, Tim
and Thomas. Much gratitude goes to Fahad Khalil and Nandini Abedin of Seattle
for being such marvelous human beings. Alex McAvoy deserves special mention for
all the entertaining times in Seattle and other places. Thanks are also due to my old
comrades in math, Edmund Karasiewicz and Peter McGrath. There are too many
others to mention by name, but I would be remiss if I did not acknowledge Nafis,

Anya, Farah, Faisal, Seamas, Rytis, Serdar and Haotian.



vi

Finally, I would like to thank my family: my father Zainul Abedin, my
mother Samina Abedin, my brother Zeeshan Abedin, my sister Naveen Abedin, my
sister-in-law Adiba Khaled, my uncle Mohammad Anwar, my aunt Shaila Anwar,
my cousins Nareen Anwar, Zayeed Anwar and Zeeyad Anwar, and even my niece
Falak Ara Abedin, who is still too young to be bothered by anything that appears
within these pages. It is nothing short of a miracle to have the unwavering support of
each and every family member while aspiring to understand and practice an esoteric
subject like mathematics. I am immensely appreciative of their love and affection.

This thesis is dedicated to them.

Farhan Abedin

May 15, 2018



vil

TABLE OF CONTENTS

ABSTRACT iii
ACKNOWLEDGEMENT iv
LIST OF FIGURES viii
1 INTRODUCTION 1
1.1 Harnack Inequality in the Heisenberg Group . . . . . . . .. ... .. 3
1.2 Review of Existing Literature . . . . . . .. ... ... ... ..... 6
1.3 Description of Results . . . . . ... ... o oL 8

2 A LANDIS-TYPE APPROACH FOR HORIZONTALLY ELLIP-
TIC EQUATIONS 12
2.1 Basic Notions . . . . . . . . . . . e e 12
2.2 Construction of Barriers . . . . . . . . . . ... 20
2.3 Growth Lemma . . . . . . . . . . . . . e 25
2.4 Harnack Inequality . . . . . . .. ... oo oo 31

3 CRITICAL DENSITY PROPERTY FOR HORIZONTALLY EL-
LIPTIC OPERATORS 46
3.1 Construction of Barriers . . . . . . . . . . ... 47
3.2 Critical Density Estimate . . . . ... ... ... ... ........ 53

REFERENCES 56

APPENDIX: ON THE RELATION BETWEEN THE GROWTH
LEMMA AND THE CRITICAL DENSITY ESTIMATE 60



viii

LIST OF FIGURES

2.1 Theunit d-ballin H'. . . . ... ... ... . ... ... 15
2.2 Growth Lemma . . . . . . . . . . . s 27
2.3 Construction of Bt . . . . . . .. 38



CHAPTER 1

INTRODUCTION

A second order elliptic operator of non-divergence form on an open set

Q) C R” can be written as

L =tr(M(z)D?) = Zn: miij () Oz, Ox, (1.1)

ij=1

where M (z) = (m;;(x)) is a symmetric, non-negative definite matrix for each « € €.
If A(x) and A(z) are, respectively, the smallest and largest eigenvalues of the matrix

M (x), then we have

0 < Ax)|¢]* < Z mij(2)&€ < A(z)|€]*  at each x € Q for all € € R™. (1.2
ij=1

We will assume throughout that the matrix M (-) has uniformly bounded entries on

Q; hence, there exists a constant A > 0 such that sup A(x) < A. The operator L is
Q

said to be uniformly elliptic on  if, in addition, igf A(z) > 0. In this case, there

exists a constant A > 0 such that A(z) > A for all x € Q. Therefore,

0 <AL <D mij(a)&&; < AEP at each € Q for all £ € R™. (1.3)
ij=1



We say the operator L is degenerate elliptic on ) if igf A(z) = 0.
A quintessential property of elliptic operators is the weak maximum prin-
ciple, which states that if L is a second order elliptic operator on a bounded domain

Q, and u € C%(Q) N C(Q) satisfies Lu > 0 (resp. Lu < 0), then

maxu = maxu resp. minu = minu | . (1.4)
a a0 a 9

Uniformly elliptic operators satisfy, in addition, the following Harnack inequality,

which can be viewed as a quantitative form of the maximum principle.

Theorem 1.0.1. Suppose L is a uniformly elliptic operator in non-divergence form,
with coefficients M(-) satisfying (1.3). There exists a constant C' = C(n,A\,A) > 0

such that for all u € C%(Q)) non-negative and satisfying Lu = 0, we have

supu < C igfu for all balls B, such that By, € . (1.5)
B, v

Theorem 1.0.1 is a seminal contribution of N. V. Krylov and M. V. Safonov to the
theory of second order elliptic equations (cf. [24], [25]). Perhaps the most significant
attribute of their work is that the constant C' appearing in (1.5) is independent of
the smoothness of the coefficient matrix M (x). This is of paramount importance
in the regularity theory for fully nonlinear uniformly elliptic equations; see [6], [18],
[21] and [23] for the many applications of Theorem 1.0.1.

A key ingredient in the proof of Theorem 1.0.1 is the so-called Aleksandrov-

Bakelman-Pucci (ABP) Maximum Principle (cf. [16, Lemma 9.3]).

Theorem 1.0.2. Suppose 2 C R™ is a bounded domain and L is a uniformly elliptic

operator in non-divergence form, with coefficients M(-) satisfying (1.3). There ezists



a constant C = C (diam(S2),n, %) such that for all u € C%(Q) N C(Q), we have
supu < supu+C’||LuHLn(F1+), (1.6)
Q o0 ‘

where TF = {y e Q:Ip=py) e R" s.t. u(z) <u(y)+p-(x—y) Ve € Q} is the

upper contact set of u.

Once the ABP maximum principle is at hand, Theorem 1.0.1 can be established
by following a sequence of well-understood steps; see, for instance, [6, Chapter 4],
[16, Chapter 9], [18, Chapter 2] and [22, Chapter 5]. There have been subsequent
efforts to generalize Theorem 1.0.1 to the setting of degenerate elliptic operators.
A pioneering result in this direction was obtained by Caffarelli and Gutiérrez in
[7], where the authors prove Harnack’s inequality for positive solutions of the lin-
earized Monge-Ampere equation; see [18, Chapter 7| for a detailed exposition of this

approach.

1.1 Harnack Inequality in the Heisenberg Group

An important class of degenerate elliptic operators is formed by the ana-
logue of non-divergence form operators in the setting of homogeneous Lie groups.
The most basic example of such an operator is the sub-Laplacian in the Heisen-
berg group, which arises naturally in the theory of several complex variables and
was studied extensively by Folland and Stein [13], [15]; see also [29] for a general
discussion of analysis and geometry in the Heisenberg group. Let us describe these

operators in more detail.



Denote points in R?"*! by 2 = (2,t) = (21,...,29n,t) € R?" x R. Let I,

denote the n x n identity matrix, and define the 2n x 2n matrix
J = . (1.7)
The Heisenberg group H" is the homogeneous Lie group (R?"*1, o, §,.) equipped with
the composition law
(z,t) 0 (§,7) = (x+ &t +T7+2(T2,8)), (1.8)
and the family of dilations
6t H" = H", §,(x,t) = (ra,rt), v > 0. (1.9)

Here (-,-) is the standard inner product in R?". The identity element is 0 = (0, 0),
and the inverse is (z,t)~! := (—x, —t). We can define a §,-homogeneous symmetric

norm on H" using the function
p(z,t) = (|z|* + 2)1. (1.10)
The associated metric is
d((z,t), (&, 7)) := p(z,8)"" 0 (€,7)). (1.11)
The balls defined by this metric will be denoted
Bgr((z,t)) := {(5,7’) e R - d((x,t), (€,7)) < R} . (1.12)

The Haar measure on H" is (2n + 1)-dimensional Lebesgue measure, which we will

denote by |- |. For any (z,t) € H" and any R > 0, we have

|Br((z,t))] = |Br(0)] = R*"*2|B1(0).



The number ) := 2n + 2 is thus called the homogeneous dimension of H".

Consider the vector fields
Xi =0, +2(Jx)i0,, i=1,...,2n. (1.13)

These span the first (horizontal) layer of the Lie algebra of H", and the only non-

trivial commutation relations they satisfy are
[Xiin—‘rn] = 404, 1€ {1,...,71}. (114)

The linear second order differential operators we will consider are of the form

2n

ﬁA = Z aij(:v,t)Xin, (1.15)
2,7=1

where A(z,t) = (aij(z,))ij=1..2n € R¥?" is symmetric and satisfies the uniform

ellipticity condition
0 < Ay, < A(z,t) < Allp,, for all (z,t) € Q C H". (1.16)

We refer to these as horizontally uniformly elliptic operators in non-divergence form.
Even though the coefficient matrix A satisfies (1.16), the corresponding operator £ 4

is, in general, degenerate elliptic, as illustrated by the following simple example.

Example 1.1. Consider the sub-Laplacian in H', which corresponds to the case
A(z,t) = Iy. Relabeling the t coordinate x3, we see that the operator L = X? + X3
is of the form (1.1) with coefficients m;;(x1, x2,x3) given by the 3 x 3 matriz

1 0 —2x9

M(z1, 29, 23) == 0 1 21 : (1.17)



It is easy to see that M is non-negative definite, and that det(M) = 0 at any point

(21,2, 73) € R3. Consequently, the operator L is degenerate elliptic.

The book [4, Chapter 5] presents in detail the potential theory associated
to sub-Laplacians formed by left-invariant vector fields in homogeneous Lie groups;
see also [8] for a discussion of the isoperimetric problem in H". More details of the
analytic and geometric properties of the Heisenberg group H™ and the operators £ 4
are provided in Section 2.1.

A central problem in the study of horizontally elliptic operators in non-
divergence form is to establish the analogue of Theorem 1.0.1 for non-negative so-
lutions to Lau = 0. Such a result would bound the supremum of v on a metric
ball Br by a constant times the infimum of u on the same ball, while assuming no
smoothness of the coefficient matrix A. As a first step toward solving this problem,
there have been efforts to prove an ABP-type maximum principle corresponding to
the operators L4 (cf. [19], [9], [3]). However, two obstructions to the development
of such an estimate are the strong degeneracy of L4, and the difficulty in defining

an appropriate “convex envelope” in this setting.

1.2 Review of Existing Literature

Inspired by the techniques introduced by Caffarelli and Gutiérrez in [7]
for the linearized Monge-Ampere operator, an axiomatic approach to Harnack’s
inequality for linear elliptic operators in the setting of doubling Holder quasi-metric

spaces of homogeneous type was developed by DiFazio, Gutiérrez and Lanconelli



n [11]. The Heisenberg group H" and the operators L£4 can be treated using this
approach, and so by the results of [11], a scale-invariant Harnack’s inequality for £ 4

holds once the following two properties are verified:

(i) Critical Density Property: There exist constants ¢ > 0 and M > 1, such that
for all balls By, C €2, and any u > 0 on By, satisfying Lau < 0 in By,., we
have

glfuﬁl = Hu< M}nB,|>¢€|B,.
3

(ii) Double Ball Property: There exists a constant v > 0 such that for all balls

By, C Q and any u > 0 on By, satisfying Lau < 0 on Bs,, we have
infu>1 = infu>~.
Br B,

The Double Ball Property for £4 has been established by Gutiérrez and Tournier
in [20] assuming no smoothness on the coefficient matrix A(-). Thus, the only re-
maining obstruction to proving Harnack’s inequality for £ 4 is the Critical Density
Property. It is worth mentioning here that, for uniformly elliptic operators, the
proof of the Critical Density Property requires the use of the ABP maximum prin-
ciple, Theorem 1.0.2. The lack of an analogous principle for the operator £, is the
key obstruction to proving the most general form of the Krylov-Safonov Harnack
inequality in the Heisenberg group.

Nevertheless, some partial results have been obtained in recent years. In
[20], the authors prove the existence of a dimensional constant C,, > 1 such that

if the constants A, A in (1.16) satisfy 1 < % < (), (the so-called Cordes-Landis



condition), then the Critical Density Property holds for the operator £4. No as-
sumptions are made on the smoothness of the entries of A; however, the constant C,,
degenerates to 1 as the dimension n goes to infinity, and so this greatly restricts the
class of operators L4 for which a scale-invariant Harnack inequality can be shown
to hold. When the coeflicients are assumed to be Holder continuous, Bonfiglioli and
Uguzzoni [5] show via parametrix methods that Harnack’s inequality holds with no
restriction on the eigenvalue ratio %; however, the constant in Harnack’s inequality
now depends on the Holder semi-norm of the coefficients. For more general Carnot
groups and associated horizontally elliptic operators, the Double Ball and Criti-
cal Density properties have been established by Tralli assuming the Cordes-Landis
condition (cf. [30], [31]). As of the writing of this document, the problem of es-
tablishing the Critical Density Property for £4 without any restrictive assumptions
on the smoothness or on the eigenvalue ratio of the coefficient matrix A remains a

challenging open problem.

1.3 Description of Results

In our recent work [1], we establish the critical density property for non-
negative supersolutions of the operator £4 defined in (1.15) in small balls in H',
assuming the coefficient matrix A only satisfies the assumption of uniform equicon-

tinuity in €. In the following, w denotes the modulus of continuity of A(-).

Theorem 1.3.1. There exist constants 0 < € = e(A\,A) < 1, and d9 = do(\, A,w) >

0 such that for all zo € H', 0 < r < &y, and u € C? satisfying



(i) u >0 in Bay(20)
(11) Lau <0 in Bor(z0)

iii) inf u<i
& )B%(zo) 35

we have |{z € By(20) : u(z) < 1}| > €|By(20)| -

For H", n > 1, the analogue of Theorem 1.3.1 holds if the matrix A satisfies
an additional algebraic condition, namely that it is symplectic at every point, once
it is normalized to have unit determinant. We recall below the definition of a

symplectic matrix.

Definition 1.3.2. A symmetric positive definite matriz M € R>™*2" js symplectic

if it satisfies J'MJ = M~ where J is defined in (1.7).

The following Harnack inequality follows by combining Theorem 1.3.1 with the

Double Ball Property established in [20], and invoking the results of [11].

Theorem 1.3.3. Assume that A(-) is uniformly elliptic, continuous and symplectic,
with modulus of continuous w. There exist constants C' > 1 and n > 0 depending
only on A, A\, Q and a constant dy depending in addition on w, such that for any

u € C*(Q) satisfying u > 0, Lau =0 in By, (20) C Q for some r < &, we have

sup v < C inf w. (1.18)
Br(z0) Br(20)

In H', the symplectic condition is unnecessary, as every symmetric positive defi-
nite 2 x 2 matrix of unit determinant is symplectic. Consequently, Theorem 1.3.3

subsumes the case of Hélder continuous coefficients considered in [5] when n = 1.
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The approach to proving Theorem 1.3.1 is a perturbative one: we construct
barriers in small balls by using the fundamental solution of the frozen operator, and
then use the barriers to obtain pointwise-to-measure estimates for supersolutions
of L4. It is in the construction of these barriers where the assumption that A is
continuous and symplectic is used. More precisely, the fact that A is symplectic
allows us to explicitly identify the fundamental solution for a class of constant co-
efficient operators; see Remark 2.1.5. Once the fundamental solution is at hand,
it can be used to construct barriers for £4 on arbitrary open sets of small enough
diameter determined by the modulus of continuity of the coefficients A(-). After the
construction of the barriers, one can use maximum principle arguments to obtain
the desired pointwise-to-measure estimate. See Chapter 3 for all the details of this
argument.

Another goal of this thesis is to furnish an alternate proof of Theorem
1.3.3 by following an approach of E. M. Landis [27]. The main ingredient of Landis’
method is the so-called Growth Lemma (see Theorem 2.3.1), which shows in a
quantitative manner how the oscillation of subsolutions of £4 reduces from a larger
ball to a smaller one. Although the Landis approach does not yield a stronger
result than Theorem 1.3.3, the method of proof is more straightforward compared
to that in [1]. Omne only needs to establish the growth lemma and then perform
an elementary but ingenious iteration argument to obtain Harnack’s inequality (see
Theorem 2.4.3). This bypasses the use of sophisticated tools such as the Besicovitch

covering theorem and the Calderén-Zygmund set decomposition, which are needed
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in the axiomatic approach of [11]. See Chapter 2 for details of Landis’ technique
adapted to the setting of horizontally elliptic operators. For more instances in which
Landis-type growth theorems are established, we refer to [12], [17] for parabolic
equations, and [28] for elliptic equations with unbounded drift.

We believe that the Landis approach is quite versatile and has the potential
to be applied to other degenerate PDEs. As an example, we mention our latest work
with G. Tralli [2], where we establish regularity properties of solutions to a class of
parabolic equations in non-divergence form of Kolmogorov-Fokker-Planck type. The

prototypical operator in this class is
Ka:=tr (A(z,y,t)D2) + (2, Vy) — &, (7,y,t) € R x R? x R, (1.19)
where the d x d matrix A(x,y,t) satisfies
0 < My < A(z,y,t) < Alg, for all (z,y,t) € Q Cc R, (1.20)

Note that K 4 is highly degenerate, as the highest order derivatives occur only in the
x variable. However, like £ 4, the operator K 4 possesses an underlying homogeneous
Lie group structure, and moreover, the corresponding constant coefficient operator
has an explicit fundamental solution. Assuming that the coefficients A(x,y,t) are
either uniformly continuous or satisfy a smallness assumption on the eigenvalue
ratio %, we were able to construct barriers for X4 using the fundamental solution
for constant coefficient operators. This allowed us to implement the Landis approach
and establish a parabolic growth lemma and Harnack inequality on cylindrical sets
adapted to the homogeneous Lie group structure of the operator 4. We refer the

interested reader to [2] for details.
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CHAPTER 2

A LANDIS-TYPE APPROACH
FOR HORIZONTALLY

ELLIPTIC EQUATIONS

Our goal in this chapter is to describe a Landis-type approach to proving
Theorem 1.3.3. While we follow closely the presentation in Landis’ book [27], we
deviate in one significant manner; namely, we do not use the notion of s-capacity.
In this regard, we choose to follow the more direct approach for the construction of

barriers, as described in [26].

2.1 Basic Notions

We recall and expand upon some of the notions introduced in Section 1.1.

Denote coordinates in R?**! as (z,t) = (z1,. .., Ton,t) € R?" x R. Recall the matrix
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J from (1.7), and the composition and dilation laws (1.8), (1.9).

(@, 1) o (&) = (z+&t+7+2(Tw,8);
or(x,t) :== (ra,7t), > 0.

The identity element of H" is 0 = (0,0) and the inverse is (x,t)~! := (—x, —t). To
simplify notation, we will from here onwards denote the points in H" as z = (z,t)
and ¢ = (&, 7).

The following lemma shows how to construct a J,-homogeneous norm on

H™. This will naturally yield a metric compatible with group translations.

Lemma 2.1.1. The function
p(z) = plz,t) = (Jz|* + tz)%, z € R¥H (2.1)
defines a d,.-homogeneous norm on H".

Proof. We modify the proof given in [8, pg. 18] for H!. Clearly, p(z) = 0 if and
only if z = 0 and p(d,(z)) = rp(2) for all » > 0. To verify the triangle inequality,
we must show that for all z = (z,t) and ¢ = (£, 7), we have p(z o () < p(z) + p(C).
In the following, we will denote by i the imaginary number y/—1. The notation
|| will perform double duty and denote both the modulus of a complex number
and the length of a vector in real Euclidean space. We also write = = (2/,2”) and

&= (¢,¢"), where o/, 2" ¢ " € R™. Then the complex vectors v,w € C" can be
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defined as v := 2’ + iz” and w := ¢ +i&”. A direct calculation shows that
(,8) +i(JTx, &) = H(v,w),

where H(v,w) =¥ - w is the standard Hermitian inner product on C". Notice that

by the Cauchy-Schwarz inequality,
[H (v, w)| < H(v, )" H(w,w)""* = |2]|¢] < p(2)p(C).
We can thus write

(P00 = [+ &'+ (t+7+2(T2,6)
— ||z + &P +it+7+2(Tz,6)[
= |lz)” +2(2,&) + [¢P + it + 742 <Jx,£>)\2
= [(|o +it) + (J&P +i7) +2 ({2, &) +1(Tz. &)’
< (laf? + 3| + |IE? +ir| + 2|2, &) + 1 (T, €)])?
= (p(=)* + p()? +2/H (v,w)))’

< (p(2)® + p(O)? + 2p(2)p())’

= (p(=) + PO
]
We claim that the function
A(z,¢) = p(="" 0 ¢) (2.2)

defines a metric on H". Indeed, by Lemma 2.1.1, d is positive-definite and satisfies

the triangle inequality. Symmetry follows from the identity 271 o ¢ = —((7! 0 2).
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Figure 2.1: The unit d-ball in H'.
The balls defined by the metric (2.2) (see Figure 2.1 above) are
Bgr(z) == {¢ e R* 1 d(z,{) < R}.

Equivalently, Br(z) = z o Br(0) = z o (6r(B1(0))). Since the Jacobian of dp is
easily verified to be R?"*2, and Lebesgue measure is invariant under translations in
the group, we have |Bg(z)| = |Br(0)| = R?|B;(0)| for all z € H” and R > 0, where
Q=2n+2.

The Lie algebra of H" is generated by the horizontal vector fields
Xi = 0g; +2(JTx)i0, 1=1,...,2n. (2.3)

The following left-invariance and homogeneity properties of the differential operators

X, follow from basic multivariable calculus and will be used frequently.
Lemma 2.1.2. For all f € C*(R?"*1), we have
(i) Xilf((Ttoz)] = (Xif)((T1oz) V2, eRMY

(ii) X;[f(6,2)] = r(Xsf)(0,2) V zeR™MFL r>0.
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The horizontal gradient of a function 1 € C*(R?"*1) is the vector
Vit == (X140, . . ., Xont)).
The horizontal Hessian of a function 1 € C?(R?"*1) is the matrix
Dy = (Xij¥)ijm1.. 2> where X j1 1= %(Xz’Xﬂﬁ + X; X5) .
Direct calculation shows that
Xij(z,t) = 0, 0p,0 + 2(T ) 05,0000 + 2(T7)i0z; 000 + AT 2)i(T ) j0:01), (2.4)

and so DI%I is a pure second order differential operator like the standard Hessian D?.
Let Q ¢ H® = R?**! be an open set. As stated in Section 1.1, we will be

concerned with the second order differential operators

2n 2n
EA = tr (A(Z)D%I ) = Z aij(z)Xi,j = Z a,-j(z)Xin, (25)
7,7=1 7,7=1

where A(z) = (ai;j(2))ij=1,..2n € R27%2n ig symmetric and uniformly elliptic for

each z € Q; i.e., there exist positive constants A, A such that

Ao, < A(z) = AT(2) < Al,, for all z € Q C H™. (2.6)
We claim L4 is an elliptic operator in the sense of (1.1). Indeed, using (2.4), we
find that for any ¢ € C?*(R*"*!), we have Lat) = tr (M (z,t)D*(z,t)), where

Az, t 2A(xz, )T x
M(.’L’,t) _ ( ) ( ) c R(2n+1)><(2n+1)‘ (27)
2(A(z, ) Tx)" 4(A(z, t) T2, Tx)

If ( = (¢,7) € R?™™ x R, it is easy to check that

(TM(2,)¢ = |A2 (2,8)(€ +2rTw)2 > 0. (2.8)
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In fact, £4 is degenerate elliptic; the vector ¢ = (2Jx,—1) belongs to the kernel
of M(z,t), and so det(M(z,t)) = 0 for any (x,t) € R*"*!, The weak maximum
principle (1.4) for £4 follows from the properties (2.6) and (2.8) (see [16, Remark
after Theorem 3.1]).

Since we will only consider solutions u to the equation £ u = 0, we may
assume, without loss of generality, that det(A(z)) = 1 for all z € Q. This implies
A <1 < A. The class of symmetric matrices with unit determinant satisfying (2.6)
will be denoted by M, (A, A, ). From here onwards, any constant that depends
solely on n, A, A will be referred to as a structural constant.

The following algebraic condition on the coefficient matrices will be needed

to establish our results. Recall the definition of a symplectic matrix, Definition 1.3.2.

Definition 2.1.3. A € M, (\, A, Q) is said to be symplectic if A(z) is symplectic at

each point z € Q) in the sense of Definition 1.3.2.

If Ae M,(\ A, Q) is symplectic, we then have the identity

AN 2) = T A()T for all z € Q. (2.9)

Notice that every symmetric, positive definite 2 x 2 matrix with unit determinant
is symplectic. As a result, this condition will be satisfied automatically in H!. Let
us also remark that symplectic transformations arise naturally in the study of the

automorphisms of H", see [14, Theorem 1.22].



18

Example 2.1. Suppose A is given in block form

A(Z) _ AH(Z) A12(Z) ’

Alp(2)  Ax(2)
where Aq1, Aga, A1g € R™ ™ and Ay1, Agg are symmetric. Then A satisfies (2.9) if

and only if the blocks satisfy the identities
A11(2)Aze(2) — Ay(2) = I,
An1(2)Al(2) = Ar2(2)An (2),
Azz(2) Ar2(2) = Aly(2) Ana(2).

In particular the matriz

0 Aﬁl (2)

is symplectic, for any A11 symmetric and positive definite.
For any constant matrix M € M, (\, A, Q) we let
dar(x,t) 1= (M 'z, 2)? + 2. (2.10)

The following lemma (cf. [1, Lemma 3.2]) establishes some useful identities satisfied

by the function ¢p; when M is a symplectic matrix with constant entries.

Lemma 2.1.4. Suppose M is a symmetric, positive definite and symplectic constant
matriz. Then for all (z,t) € H", we have

# (MVun, Vaon) = dpuLladn = 4(Q +2) (M~ 2, z) . (2.11)

Conversely, if the first identity in (2.11) holds for ¢pr in (2.10), then the matric M

must be symplectic.
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Proof. By direct computation, we have
Xjon =AM ); (M2, z) + 46(T2);, (2.12)

XiXjonm = 4M 1) ji (M7 e, 2)+8(M o) (M~ '2)+4tT;i+8(Tx)i(Tx);. (2.13)
Using the antisymmetry of J, we thus have
Xijom =AM 1) (M, 2) + 8(M o) (M~ '2); + 8(T2)i(Tx);.  (2.14)
By (2.9) we obtain

(MVudy, Vaon) = (4 (M 'z, z)x + M T2, A (M w,2) M~ e + 4tJx)
=16 (M 'z, 2)° + 16t (M Tz, T z)
=16 (M 'z, 2)° + 166> (M "'z, )
=16 (M 'z, 2) ¢n(z,t), and
2n

Ly =Y MyXijéum
ig=1

=tr (M (4(M 'z, 2) M +8(M 'z) ® (M 'z) + 8(Jx) ® (Jx)))
=4Q-2)(M 'z, z) +8(M 'z,z) + 8 (MTx, Jx)

=4(Q+2) (M 'z,z),

which proves (2.11).

The converse follows by setting ¢ = 0 in the previous identities for ¢y Ly and

(MVwuonr, Vaou). O

Remark 2.1.5. From (2.11), (2.12) and (2.13), it follows that the function

Q-2

Tari= oy * (2.15)
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is, up to a multiplicative constant, the fundamental solution of Lyr with pole at 0.
In fact, away from the origin we have

¢ 2¢X4% etz (MVuon, Vaou) — dmLyem| =0.  (2.16)

Lyl = ——
MmLm 1 1

2.2 Construction of Barriers

We now proceed to state precisely the continuity assumptions that are
needed on the coefficients A(z) in (2.5). In the following, C'(€2) denotes the set of
continuous matrix-valued functions on €2, and || - || denotes the operator norm of a

matrix.

Definition 2.2.1. Let w : [0,1) — [0,1) be a non-decreasing function satisfying

lim w(s) =w(0) =0. The class C(Q,w) is the set of matrices A € C(Q) for which

s—07F

wa(zo,€) == sup ||A(z) — A(20)|] < w(e) forall zo € Q and 0 < e < 1.
2E€Be(2z0)NQ

Example 2.2. (i) The class of d-Hélder continuous matrices with exponent o €
(0,1) satisfies wa(zo;€) < Ce* for some constant C > 0. In this setting an

invariant Harnack inequality for L4 is proved in [5].
(i) The class of d-Dini continuous matrices consists of matrices A(-) satisfying

1 :
/“’Aimds<Do<+Oo for all zy € Q.
0

We claim this class belongs to C(Q,w) with w(e) = 05701. Indeed, for all

20 € Q and any 0 < € < 1, we have

1 . 1 . 11 1
/stz/ stzwA(zo;g)/ dszwA(zme)log<>-
0 € ¢« 7 ‘

S S
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We are now ready to prove the following important lemma (cf. [1, Lemma
3.6]), which is a key player in both the Landis-type approach outlined in this chapter,
and the proof of the critical density estimates in Chapter 3. The main ingredients

here are the continuity of A(-), the property (2.9), and Lemma 2.1.4.

Lemma 2.2.2. Suppose A € My, (A, A) N C(Q,w) is symplectic. Fix 0 < s < % and

-2
20 € Q. Let a = QT + s and M := A(zy). Consider the function

¢z0,5(o = QS]TJX(C): for ¢ #0. (2.17)

There exists dg > 0 depending only on X\, A, Q,s and w such that
tr (A(2)(Df0,s)(C)) >0,  for all z € Bs,(20) N and ¢ # 0. (2.18)

Proof. For any z € Q and for all { # 0, we have
2n
tr (A(2)(Df¢z0,5)(€)) = Z a;j(2) XiXj02,5(C)

i,j=1

= adyf Q) {(a+ 1) (A(2) Vaor (€), Vo (¢)) — dm ()t (A(2)Dén(Q)) }
= agy 2O {1+ 113,

where

I:=s(A(2)Vuorm (<), Vo (€)),

Q+2

= —=—— (A(2)Vuon(C), Vo (Q)) — dartr (A(z) Do (C)) -

We first estimate I. Since A(:), M € M,(\, A), we have

A

[=s(A(z)Vuom(C), Vaom () = s <A> (MVuéum(C), Vaou (<)) - (2.19)
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To estimate II, we write A(z) = A(z0) + [A(z) — A(z0)] = M + R(z). Using (2.11),

we thus obtain

I = =—=(A(z)Vuoum(C), Vo (C)) — om(Otr (A(2) Dgoar(¢))
= (M + R(2))Vuoun (C), Vuon(€)) — én(Q)tr (M + R(2))Dfipar(C))

(R(2)Vuénm((), Vuoun (€)) — o (Q)tr (R(2) Do (€)) -

By uniform ellipticty of A(-), there exists a positive constant C; = C1(\, A, Q) such

that

942 () Vron (). Veronr(O)) | < GIRE) MV (C), Viow() . (220

Also, by (2.14), we have

tr (R(2)Diignr(C)) = 4(M7'E &) tr(M ' R(2))

+ 8(R(2)M ¢, M~1¢) + 8(R(2)TE TE) .

Since A=! < M~ < A7!, we conclude that there exists a constant Cy = Co(), A)

such that

tr (R(:) Do () | < CalRG P

Multiplying by ¢ar, we have
o0 (REIDEow(0) | < Call RIS ) (2.21)
Now, by (2.11), we obtain

(MT56(0), Vaon(©) = 16 (M6, ) 63(0) 2 1 IePon(©)
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In conjunction with (2.21), this implies the existence of a constant C5 = C3(\, A)

such that

om(Q)tr (R(2) Do (Q)) | < Cs||R(2) || (M Vudn (C), Vadr (Q)) -

With the bounds (2.20) and (2.21), we thus conclude there exists some constant

C =C(M\ A, Q) such that

] < CIRE) {(MVudnm(C), VEdrm(C)) - (2.22)

Combining our estimates (2.19) and (2.22) for I and II respectively, and by noticing

that ¢r > 0, we obtain

tr (AG)HDEO) = a6y (0) {5 () = CIRGI} (V01 (0, Taona(€).

We now choose dg > 0 such that

SA
< —. .
w(dp) < A (2.23)
Since [|R(z)|] < w(d) if |z| < J, this implies (2.18). O

Fix0 < s < % and 2z € . For any bounded, Borel set E C R>**! consider

the function
Up(z) = /E%’S(zl 0() d¢. (2.24)

This function is well-defined due to the restriction on the values of s (cf. [4, Corollary

5.4.5]). The following is immediate from (2.18).

Corollary 2.2.3. We have LoAUg(z) > 0 for all z € Bs,(20)\E, where 69 > 0 is the

constant determined by Lemma 2.2.2.
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We now proceed to obtain pointwise bounds on Ug. These will be required
for maximum principle arguments in the proof of the Landis-type growth lemma for

horizontally elliptic operators, Theorem 2.3.1.

—2
Lemma 2.2.4. Fiz 20 € R*"! 7> 1 and 0 < s < 5. Let a = QT +s. Then
there exist positive constants C1 = C1(A, o, 7),Co = Cao(A, o, 7), C3 = C3(\, &) such

that for any Borel set E C Br(zy), the function Ug satisfies the pointwise bounds
(i) Ug(z) < C1R™|E| for all z € OB;r(20);
(ii) Ug(z) < CoR™**|Bgr(20)| for all z € Brr(20);

(iii) Ug(z) > C3R™*®|E| for all z € Br(z).

Proof. Recall the é,-homogeneous norm p, defined in (2.1), and the corresponding

metric d, defined in (2.2). It suffices to establish pointwise estimates for the function

. 1 _ 1 2n+1
’(ﬁE,a(z) ._/Ed(Z,C)Z’La d¢ = Ep(Zfl o<)4a dc¢, z € R*F , B C BR(Z()).

Indeed, by uniform ellipticity (2.6), we have
Mg o(2) S Up(2) < A% q(2) for all z € Q. (2.25)
(i) Let z € 9B:g(20). Then d(z,{) > (1 — 1)R for all ( € E and so
VEa(2) < (1= H)R)™"|E].
Therefore, by (2.25), we have

Up(z) < A*((r —1)R)™®|E| = CiR™|E|  for all z € dB,r(2).
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(ii) Let 2 € Brr(20). Then E C B(;11)r(2) and so

vEa(2) < Az 07 d¢
Bry1yr(2)
(DR [ g0 de = olBalao) R,
B1(0)
where
_ o (T + 1)@740‘ —4a .
o=o(a,1):= B /Bl(O) p(¢) d¢ < 400 since 4a < Q.

Therefore, by (2.25), we have
Ug(z) < A**0|Br(20)|R™** = CoR™ Y| Bg(20)| for all z € Brr(z0).
(iii) Let z € Br(zo). Then d(z,¢) < 2R for all ( € E and so
VYEa(2) > (2R) 7Bl
Therefore, by (2.25), we have

Up(z) > N**(2R)™*|E| = C3R™*|E|  for all z € Bg(z).

2.3 Growth Lemma

We are now ready to prove the Landis-type growth lemma for subsolutions.
. Q-2 o
Fix 0 < s <2andlet a = 1 + s. Let Cy, C5, C3 be the constants appearing in

Lemma 2.2.4. We choose 7 = 7(a;, A\, A) > 1 so that

Ch(A, a,7) = %cg(A, o). (2.26)
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This is possible because, from the proof of Lemma 2.2.4,
Ci(Aya,7) = A% ((1 —1))™* and C3(\, a) = 2271,

Hence, we need 7 to solve the equation

A 2a
(7_ _ 1)4a — <)\> 240&-&—1.

Theorem 2.3.1. Let R > 0 and TR < &y, where 6o > 0 is defined through (2.23)
and T is defined according to (2.26). Consider an open set D C Brr(z9) C Q such
that D N Br(z0) # 0 (see Figure 2.2). Suppose u € C*(D) N C(D) is non-negative
in D, vanishes on 0D N Brr(z0) and satisfies Lau > 0 in D. Then there exists a

structural constant n > 0 such that

sup  u.
DNBRr(20)

[Br(20)\D|
)

supu > <1 +
D K |Br(20)

Proof. Define E := Bg(z9)\D. Consider the auxiliary function

- _ R4a 2) — —4da
v(z) == <s%pu> [1 AEN] (Ur(z) — C1R™*|E|)

where Up is defined as in (2.24), and the constants C7,C> are from Lemma 2.2.4.
Since TR < dg, we may apply Lemma 2.2.2 and Corollary 2.2.3 to conclude that
(LAUE) (2) > 0 for all z € B-g(z0)\E. Hence, by the hypothesis £4u > 0, we have
Lav <0< Liuon D. By Lemma 2.2.4 (i), we have v > s%p u > won dB,g(20)ND.
By Lemma 2.2.4 (ii), we have v > 0 on B;g(29). Since u = 0 on 0D N Brr(z0),

we conclude that v > w on 9D N B;g(z0). Therefore, v > u on 9D, and so by the

maximum principle, v > u on D. In particular, u < v on D N Br(zp).



Figure 2.2: Growth Lemma

27
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On the other hand, by Lemma 2.2.4 (i7i) and (2.26), we have for all z €

Br(20)
r R4a o oy

= () |1~ gy € )

= (o) [~ e (o))

C
Letting n := ﬁ, and using the fact that u < v on D N Bg(zg), we conclude
2

|E| )
sup u < <1 —N=—— | supu,
DB (z0) |Br(20)|/ D

which implies, after rearrangement,

E
supu > <1 + 7]||> sup  u.
D |Br(20)] DNBr(z0)

Finally, since E = Bg(z)\D, we obtain the desired result. O

An immediate corollary of the growth lemma is the oscillation decay and
local Holder continuity of solutions to L4u = 0. For this, we will require the

following definition.

Definition 2.3.2. (d-Hélder Continuity) A function u : R*"*1 — R is said to be
locally d-Hélder continuous at zg € R?*" 1 if there exist constants C,r > 0 and

a € (0,1) such that
lu(z) —u(z0)| < C d(z, 20)” for all z € By(2p).

It follows from the definition of the metric d in (1.11) that d-Hélder con-
tinuity is equivalent to Holder continuity in the usual sense, possibly with different

constants C’ > 0 and o/ € (0,1) (cf. [4, Proposition 5.1.6]).
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Corollary 2.3.3. Suppose u € C?(Brr(20)) N C(B;r(20)) solves Lau = 0 in
B;r(z0) with 7 satisfying (2.26) and TR < 0y, where §o > 0 is defined through

(2.23). Then there ezists a structural constant 1 > 1 such that

0
0sC U > |4 0SC U forallO<R<—0.
B:r(z0) Br(z0) T

Consequently, u is d-Hélder continuous at zg.
Proof. Define the auxiliary function

v(z) :==u(z) — =

2

sup v+ inf wu |, z € Brr(20).
Br(z0) Br(20)

Let D = {v > 0} N B;r(20). Note that DN Br(z0) # 0 if u is non-constant. We may
also assume |D N Br(z0)| < 3|Br(20)|; otherwise, apply this argument to w = —v.

Since L v = 0, we can use Theorem 2.3.1 to obtain

sup v > supv
BrR(20) D

> 1+ 7> sup v (by Theorem 2.3.1)

DNBRr(z0)

1—|—Q> sup v (because v <0 on Bg(z9)\D)
Br(z0)

1
= - (1 + Q) 0osC  U.
2 BR(Z())

Now

1
sup v= sup u— | sup u+ inf wu
B,r(20)  Brr(z) 2 \Br(z)  Br(z0)

1
= osc u-+ iInf u—(osc w4+ inf w4+ inf u)

Brr(20) Brr(20) Br(20) Br(20) Br(20)
. 1 .
= osc u+ Inf w——= osc u— inf wu
BrRr(z0) BrR(z0) Br(20) BRr(20)
< o0scC u— — 0sC u.

B;r(20) Br(20)
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Therefore,

1 1
0SC U — — O0SC u27<1+ﬁ) 0SC  U.
BrR(z0) Br(20) 2 2/ Br(z0)

Rearranging, we obtain

0sc u2<1+ﬁ) osc  u.
Brr(20) 4/ Br(z0)

The oscillation decay thus follows with p:=1+ 7.

The proof of Holder continuity now follows by a standard argument, which
we reproduce here. Let z € Br(zg) be arbitrary, TR < dg, and denote d(z, zg) = p.
Then there exists a non-negative integer N such that 7~ NtV R < p < 7=NR. By

applying the oscillation decay inequality N times, we obtain

2| |ul| 700
osc u<p N osc u< al ”LNﬁBR(ZO)).
By (z0) Br(zo0) 1Y

Since p > 7~ WVHDR and |u(z) — u(zg)| < Bosc) u, we have for all 5 > 0 that
p 20
_ (N+1)B
u(z) —ulzo)l  TNOP
d(z, ZO)B RP By (20)
_ TP 2uflull oo (B (z0))
- RSB ,uN—i-l

_ 2pllulle(Ba(z0) (7° A
RS U ’

Choose 3 = log, i to obtain

2 —_—
u(z) — u(z0)| < ( “”“”LR;BR( 0”) d(z,2)°  for all = € Br(z0).
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2.4 Harnack Inequality

In this section, we adapt an ingenious iteration argument of E. M. Landis
to obtain Harnack’s inequality for non-negative solutions to Lau = 0 as a direct
consequence of the growth lemma, Theorem 2.3.1. We begin by establishing the

following result.

Lemma 2.4.1. Suppose T satisfies (2.26) and 7r < dy, where oy > 0 is defined
through (2.23). Consider an open set D C Br,(z0) C Q such that D N By(zp) # 0.
Suppose u € C*(D) N C(D) is non-negative in D, vanishes on D N Br,(z) and
satisfies Lau > 0 in D. Then for any M > 1, there exists v > 0 (depending on M

and structural constants) such that

|D| <~|By] = supu>M sup u.
D DB (z0)

Proof. Let m = m(n, M) be the smallest natural number such that (1+ 2)™ > M,

where 7 is the constant from Theorem 2.3.1. Consider the concentric balls

Bl = B(l-‘r(T—l)#)T(zo)’ ’L S {07 . e ,m} .

Note that B® = B,(z) and B™ = B;,(z). For each i € {0,...,m — 1}, let & €

D N B be such that u(&) = M; :== sup u. We claim that & € BN D. Indeed, by

DnBt¢
the maximum principle, we have sup v = sup wu. Now we may write (DNB?) =
DnB:¢ d(DNB?)

(D N BY) U (0B' N D). If & € 0D N B, then u(§;) = 0, since u vanishes on
0D N B;g(z) by assumption. This would imply u is identically zero on D N B,
which in turn implies u vanishes on D N By(zp). The lemma then holds trivially,

and so we conclude that & € 0B N D.
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Define the sets
D;,:=Dn B(L—l)r(él) and B':= B(ﬂ)r(fz)

Given M > 1, we let

7::1<71>Q. (2.27)

Therefore, if |D| < «|B,|, then

T—1

. 1 Q@ 1 -.
DinB| < |D| < 4B, = & ( ) B0 = 1|5

Tm

Hence, |B'\D;| > %]BZ\ We now wish to apply Theorem 2.3.1 to u in D; C
B(%l )T(fi), so we check all the hypotheses. Clearly, u is non-negative and satisfies
Lau > 0in D;. Also, u vanishes on dD; N B(%l)r(@) because 0D; N B(%l)r(&) C
9D N By, (), and u vanishes on dD N By,.(zg) by hypothesis. Finally, D; N Bt # ()
because & € D; N B'. Therefore, all the hypotheses of Theorem 2.3.1 are verified in
D; C B(

)T(éi), and so we obtain

T7—1
m

> (1—1— Q) sup u
2 Diﬁéz
> (1+7) ul)
3)
=(14+=)M;
(1+3

Since B(Ll)r(fi) C B! it follows that D; € D N B, We thus obtain the

recursive inequality

Mi+12<1+g)Mi iE{O,...,m—l}.
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Iterating the above, we conclude

m
supu > (1 + Q) sup u>M sup .
D DﬂBT(Z()) DﬂBr(Zo)

O]

The following technical lemma will also be used in the proof of Harnack’s

inequality.

Lemma 2.4.2. Let 0 < % <r < R, and let B, denote the d-ball of radius r centered
at the origin. Let U C R?*"*1 be an open ball centered at a point ¢ € OB,. There

exists a constant C > 0 depending only on U and R such that
|(Br+s\B,) NU| > Cs for all s > 0 sufficiently small. (2.28)

Proof. We begin by recalling the co-area formula (cf. [10, Section 3.4.2, Theorem
1]). Let Q C R?"*! be a bounded domain, u :  — R a Lipschitz function and

g € L'(2). Then we have

| siua: = [ ( AN cmzﬂ(a)) ar,

where Hs,, denotes 2n-dimensional Hausdorfl measure. Recall the definition of the
norm (1.10)

p(z) = plw,t) = (J* +£3)"/*.
The set OB, thus corresponds to the level set {p = r}. We calculate Dp(z):

||z

Oip(a,t) = (2l + 2y

ie{l,...,2n};
t/2

Op(z,t) = (2 + 2y
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If z = (x,t) € Bg, then |z| < R. This implies

Do) = — L pp L/
2" = s T a7y
p (|$’4—|—t2)3/2 (‘J)|4—|—t2)3/2
R2|:E’4+ %tQ
= (|t 22)3/2
1 |z|* + ¢2
< it QO i L
- maX{R ’4} (af* + 2)372
1 1
_ 2 -
- {5 e
Therefore,
1] 1
Dp(z)| < max {R, } — for all z € Bp. 2.29
|Dp(2)] 2 o(2) (2.29)

Now let U be as in the statement of the lemma. By the gradient bound (2.29), we

have for all s > 0 sufficiently small

[ xwl@nIDpe) d < max {R, ;} (Bra\B) (U]
Br1s\Br

where xp is the characteristic function of U. On the other hand, by the co-area

formula,

r+s
/BHS\BT xu(2)p(2)|Dp(z)| dz = /7« </pl(7') xv(a)p(o) d%2n(0)> dr

[ g i) @

r+s
_ / 7 Hon(OB, NT) dr.
Therefore,
r+s 1
/ T Hon(0B NU) dr < maX{R,Q} |(Br4+s\Byr) NUJ.

Since U is an open ball centered at a point { € 0B,., there exists a constant o > 0

(depending on U and r) such that Ho, (0B, NU) > 20. The fact that U is open
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also implies (By1s\Br)NU # 0 for all s > 0 sufficiently small. Hence, by continuity
of the function 7 — Ho, (0B, NU) at 7 = r, we have Ha, (0B, NU) > o for all
T € (r,r + s) with s > 0 sufficiently small. Therefore,
rts s
/ T Hon (0B NU) dTZO’/ Tdr
r r
((r+s)* —1?)

(2rs + s?)

O N Q

R R
>ors > %s (since r> 2> .

The claim (2.28) now follows with €' := nmX(«E2RR,1}’ O

We are finally ready to prove Harnack’s inequality in small balls.

Theorem 2.4.3. Suppose T satisfies (2.26) and TR < 0y, where o9 > 0 is defined
through (2.23). There ezists a structural constant C > 0 such that for all B;r(zo) €
Q and for all w € C*(Byr(20)) N C(Brr(20)) non-negative satisfying Lau = 0 in
B;r(z0), we have

sup u < C inf w. (2.30)
Bry2(20) Br(z0)

Proof. By translation invariance and scaling, we may assume without loss of gener-

ality that zp =0 and sup wu = 2; from here onward, we denote by B, the ball of
Bpry2(z0)

radius p centered at the origin. We aim to find a structural lower bound for u on

Bpg. To this end, let

G :={u>1}NBg.

Let M := 29%1 and let v > 0 be the constant appearing in Lemma 2.4.1 correspond-
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ing to this choice of M. Define

€ =~ (;T)Q . (2.31)

We are confronted with two possible scenarios: either |G| > €| Bg|, or |G| < €| Br].

Case 1: |G| > €| Bg].

Consider the function w = 1 — u, which satisfies L4w = 0 in B,r. Let
D = {w > 0} N B;r. We may assume D N Br # (); otherwise, u > 1 on Bg and we
are done. Since u is non-negative, we have w < 1 on B;g. Furthermore, G C Br\D,
and so |Bgr\D| > |G| > €| Br|. Consequently, by applying Theorem 2.3.1 to w, we

obtain

1>supw > (1 +77|BR\D|> sup w > (14 neg) <1 — inf u> .
D | BR| DNBg DNBg

It follows that inf u > 10 . Since inf w > 1, we conclude that inf u >
DNBg 1+ neg Br\D Bp

N€o
1+ neo

, and (2.30) follows.

Case 2: |G| < €|Bg].
The argument for this case is more delicate, and so we break it into a
number of steps. The idea is to construct a sequence of concentric balls {B®¢,¢ > 1}

of radius (1 + s¢) & € (&, R) centered at the origin such that

2

M é

supu > 2| — | (2.32)
Bot 2

where we recall M = 29FL Associated to each ball B¢ is the set

o= () Joom
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The boundedness of u on Bg, coupled with the geometric growth of sup u suggested
B¢

by (2.32), implies there exists a smallest index k for which the radius of B** exceeds

%. This will allow us to show that for some index ig € {1,...,k}, the set G%

satisfies a measure estimate from below. We can then apply an argument similar to

that for Case 1 to extract a lower bound on inf w.

Br
Step 1: Construction of the first ball, B®!.
Define
B® .= B(1+s)§7 0<s<l; (2.33)
G'=G, GY:=G"n(B"\B"). (2.34)

Observe that B? = Bp/s and B! = Bgr. Recalling the definition of €y from (2.31),

we have
0 0 1/2 @ Q
Gl <16 < olBal = (1) IBUOIR? =lByal  (239)
On the other hand, we claim
0 s\@ 0 ]
|G| > (4—) |B1(0)|R* for all s > 0 sufficiently small. (2.36)
T

To see this, choose o € Bp/s such that u(§p) = 2 = sup u. The weak maximum
Br/2

principle allows us to assume §y € dBp s = OBY. By continuity of u, there exists an

open ball U? centered at & such that u > 1 on U (see Figure 2.3). Applying Lemma

2.4.2 to U° with r = g, we find that there exists a constant op > 0 (depending on

U and R) such that

\U on (BS\IBBO)‘ > 00$ for all s > 0 sufficiently small.



Figure 2.3: Construction of B*!

38
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Since UY C GY, it follows from the definition of GY (2.34) that, for all s > 0
sufficiently small
IGY > |U°n (B*\BY)| > ops.
Since @ > 2, we have

agoSs

lim ) = 400
s=0% 5y (£)7 |B1(0)|R?

Therefore,
s\ @ Q .
005 > 7y (4—) |B1(0)|R* for all s > 0 sufficiently small.
T

This finishes the proof of (2.36).
It follows from (2.35), (2.36) and the intermediate value theorem that there

exists s; € (0,1/2) (depending on w and structural constants) for which

S1 Q
G2 =7 () IBi(0)| R = 1| By, (2:37)
T 4T
Since sup u > sup v = sup u = 2, the weak maximum principle allows us to
BT B0 Bry2

choose (y € OB3 such that u(¢p) > 2. By basic metric arguments, we find that

B r(() € B¥1\B® and so, by (2.34),
4
G'n Buur (Go) C G'n (B\B°) = GY.. (2.38)

Define D° := G° N B,z ((p). Observe that {y € DY, since ¢y € G°. Consider the
4
function v = u — 1, which is non-negative on D, satisfies £4v = 0, and vanishes on

0D N B4 r((). By (2.37) and (2.38), it follows that
4

D] <163, | =11 Buyl.
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Applying Lemma 2.4.1 to v in D C B4 r((p), and recalling that ¢y € D°, we obtain
4

supv > M sup v > Muv(() > M,
Do DONB,, k (Co)
17—7

where we have used that v({p) = u(¢p) —1 > 2 —1= 1. Since Bs;r (o) C B** and

4

u > v, it follows that

supu > M.
B*1

Step 2: Construction of the sequence {B%¢, ¢ > 1}.
We now perform an iteration based on the process outlined in Step 1.

Suppose that for some ¢ > 1, the ball B¢ has been constructed so that

M\*
supu > 2 <> .
BSt 2

We show how to construct the ball B%+! with syy1 > s, and sup uw > 2 (%)
BS¢+1

€+1' If

S¢ > %, then proceed to Step 3. Otherwise, we must have 1 — sy > % Define

ol — {u > <A24>Z} N Bg; (2.39)

GL=G'n (B*™\BY), 0<s<1-sg. (2.40)

Since G* C G, we have as in (2.35)

|G¢ | < |G| < eo|Br| = 1/2 QB 0)|R% 2.41
121 = ol Brl =~ Ar [B1(0)| R™. (2.41)

Arguing as in the proof of (2.36), we also have

Q
|GE| > ~ (%) |B1(0)|RY for all s > 0 sufficiently small. (2.42)

Indeed, choose & € B¢ such that u(&) = sup u > 2 (%)e. The weak maximum
Bse

principle allows us to assume & € 0B®¢. By continuity of u, there exists an open
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ball U* centered at & such that u > (%)g on U'. Applying Lemma 2.4.2 to U’ with
r=(1+ 8g)§ < R, we find that there exists a constant o, > 0 (depending on U*

and R) such that

Ut (B \B)

> 0ys for all s > 0 sufficiently small.

Since U* C G, it follows from the definition of G% (2.40) that, for all s > 0 suffi-
ciently small,

IGY) > ’Uf N (B\B*)| > oys.

Since @ > 2, we have

0¢S

lim

s—0+ ~ (2Y91B,(0 RQ:+OO'
v (35)° [B1(0)]

Therefore,
s\@ Q .
oS >y <E) |B1(0)|R* for all s > 0 sufficiently small.

This finishes the proof of (2.42).
It follows from (2.41), (2.42) and the intermediate value theorem that there

exists py € (0,1/2) (depending on u) for which

1 pe\@
Gl =7 (£2) 7 1BU(O)|R? = 7| Bya . (2.43)

. l . ..
Since sup w > sup u > 2 (%) , the weak maximum principle allows us to choose
Py Bse
B¢t 2

(€ OB*T% such that u(y) > 2 (%)E Define sp11 := s; + pg. Then B,,r({) C
4

Bse+1\B*¢ and so, by (2.40),

G'NByr(G) C G' N (B+\B*) =G (2.44)
4
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Define D := G* N B,,z(¢). Observe that {, € D, since ¢, € G*. Consider the
4
function v = u— (%)z, which is non-negative on D!, satisfies £4v = 0, and vanishes

on OD N Byyr((). By (2.43) and (2.44), it follows that
4
DY < |G, = |Bsl.
4T
Applying Lemma 2.4.1 to v in D* C B,z (), and recalling that ¢, € D, we obtain
4

{41
supv > M sup v > Mo(¢) > 2 () ,
Dt DEHBM (Cg) 2
4T

where we have used that v({y) = u({s) — (%)K > 2 (%)Z - (%)Z = (%)g. Since

B,,r () C B+t and u > v, it follows that
4

sup u > 2 <> .
BS¢+1 2

Step 3: Obtaining a lower bound for iél}f Uu.

We claim that the above process must terminate after finitely many steps.
Indeed, notice that if s < %, then B® C Bsg/s. Hence, if there are infinitely many
balls B¢ with s, < %, then by (2.32), the function v is unbounded on Bsp/4, which
is a contradiction. Therefore, there must exist a smallest integer k£ > 1 (depending
on u and structural constants) such that sp > % Denoting pg := s1 and recalling

that sp11 := s¢+ pg for £ € {0, ..., k}, we thus have

1 1
3k+1:PO+Pl+"‘+PkZ§ and 8k=P0+Pl+”'+pk—1<§.

For each ¢ € {0,...,k}, we know that the corresponding set Gﬁé defined through

(2.40) satisfies, by (2.43),

641 = (297 1Bi0)IR? = 7 (22)7 1Bl
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and, by (2.39),

M\* )
u > <2> on Gpe'

Now since pg+p1+-- -+ pr > 1/2, there must exist at least one index ig € {0,...,k}

such that
1 i0+2
Thus,
. Q
. pi Q 2—(10—1—2)

Gyl =7 (ﬁ) |Br| = v ( i |Brl (2.45)

and
M\ % .
u > <2> on G,’DOZ,O. (2.46)

Consider the function v = (%)io —u. Then Lav =0, and v < (%)zo on B, g since

u is non-negative on B, . Let

M\™
D={v>0}NBgr= u<<2> N B;R.

Notice that if z ¢ D, then u(z) > (%)lo > 1. Therefore, we may assume DNBpg # ),

for otherwise inf v > 1 and (2.30) follows immediately. By (2.40) and (2.46),

Br

Gﬁgo C Br\D. Hence, by (2.45), we have the measure estimate

, Q
— 2

|BR\D| > |G | > 27l |Bg|

R et Pig = Ar R|-

Consequently,

Ba\D| (2702 *
|BR’ =7 4r '



Applying Theorem 2.3.1 to v in D C B, g, we obtain

M\
<2> > supv
D

Bgr\D
z<1+n’ 2\ ‘) sup v

|Br| ) pnBp

v

This implies

- X 9—(io+2) Q - 2~ (i0+2) ? M
<D1F?BR u) m 4T = 4T (2

. 9—(io+2) Q M 20 -
R/ B <2> Ly

)

1\%/ M\
() )"

Recalling that M := 29%! and noticing that 2~ (0+2) < %, we obtain

é 1\
inf u > where c=nvy | —] .
DnBg  1+¢ 167
Since u(x) > 1 if x ¢ D, we have inf w > 1. Therefore, inf u >
BR\D Br 1

that ¢ is a structural constant, we conclude the proof of (2.30).

We conclude this chapter with a few remarks.

Remark 2.4.4. Note that (2.30) easily implies

sup < C inf .
Bgya(20) Bry2(20)

On the other hand, (2.47) implies

C inf w> sup uwu> sup u.
Bry2(20) Bpy2(z0) Bprya(zo0)

Consequently, (2.30) and (2.47) are equivalent.

¢
+c

44

. Noticing

O]

(2.47)
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Remark 2.4.5. For the argument in Case 1 to work, it is only necessary to assume
u >0 and Lau < 0 on Bg, as this is enough to invoke Theorem 2.3.1. Thus, Case 1
can be interpreted as a critical-density estimate; i.e. there exist structural constants

0<e <1 and M > 1 such that for all non-negative supersolutions u,

inf u<l = |[{u<M}NBg|>e€lBr|

Bry2

1+ neg
T€o

Indeed, the argument above shows M =

. See the appendiz for a discussion

on the connections between the growth lemma and the critical density property.
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CHAPTER 3

CRITICAL DENSITY

PROPERTY FOR

HORIZONTALLY ELLIPTIC

OPERATORS

In this chapter, we provide the proof of the critical density estimate, The-
orem 1.3.1. This was established in our work [1]. As mentioned in Chapter 1,
Theorem 1.3.1 combined with the double ball property proved in [20] allows us to
invoke the axiomatic approach from [11] to obtain the Harnack inequality, Theorem
1.3.3.

For any constant matrix M € M, (A, A, Q) we recall the definition of the
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function ¢y from (2.10).
dar(x,t) = (M~ ', ) + 2.
At times, it will be convenient for us to work with the quasi-norms py; := }\//[4
and the corresponding quasi-metrics dps(z,¢) = pa (¢! o 2), which are both §,-

homogeneous. It is easy to show that p and pjs are equivalent; in fact, recalling

\F< <\/T (3.1)

This implies, in particular, that dj; satisfies the quasi-triangular inequality with

that A <1 < A, we have

constant \/A/\. Moreover, if we denote by B the balls with respect to dys, we
have

Byise,(2) € BM(2) C Bpije,(2) Vr >0,z € H™. (3.2)

Throughout this chapter, we will denote by dist(-,-) and diam(-) the distance and
the diameter of sets with respect to d, whereas we will denote by disty(,-) the

distance with respect to the modified quasi-metric dp;.

3.1 Construction of Barriers

We proceed to construct barriers similar to those used in the proof of
Theorem 2.3.1. Let us provide an informal description of our approach, which is
based on the techniques employed in [20]. Recall the function Ug defined in (2.24),
where E C Bp for some R > 0 sufficiently small. In the proof of Theorem 2.4.1, Ug

was used as a barrier outside the set E. It is evident from the definition of Ug that
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it is not twice differentiable on F, and hence cannot be used for maximum principle
arguments on the set F itself. The strategy is to appropriately modify Ug so that
it can act as a barrier on compact subsets of E. To do this, we use a cutoff function
inside the integral defining Ug(z), which smooths out the pole at z and allows us
to differentiate twice at points inside E. We then break the integral £L,Ug into two
pieces: one over Br and another over the set Bp\E. Lemma 2.2.2 takes care of the
second piece, as long as R < d§y. To control the first piece, we integrate by parts to
obtain an integral over 0Bpg. It can be shown that this boundary term exhibits some
uniform behavior as a function of R, and this allows us to perform comparisons with
appropriately scaled distance paraboloids. All these properties are then used when

carrying out maximum principle arguments in the proof of Theorem 1.3.1.
Fix0<s< %, a point zp € Q, and for A € M, (A, A)NC(Q,w) symplectic,

Q-2 : :
we let M = A(zp). Let a = 1 + s and recall the function ¢, s defined in (2.17).

For any bounded open set O C H", consider the function

h(z) := —;/@078(21 0 () dC. (3.3)
O

(Compare this to the function Ug from (2.24)). Let ¢ be a smooth, non-decreasing
function of one variable such that ¥ (t) = 1 for ¢ > 2 and ¥(t) = 0 for ¢t < 1. For

w > 0, define
1 _
) i= = [ 6 dar(2.0) (a7 o) (34)
o
where 9, (r) := % (r/p). The function h, is smooth, and converges uniformly to h

as  — 07, In the following we denote

= 2A/A+ 1. (3.5)
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Lemma 3.1.1. Let §y be the constant given in Lemma 2.2.2. There exists a positive
constant C' depending only on \, A, Q, s such that for all 0 < r < 69 and zg € Q with

By (20) € Q, and for all open sets O" € O C By(2p), we have

Lahyu(z) > Cr— Vze O, (3.6)

r dist(O',00)

or all 0 < p < min{ —, —————2
J H {ﬁ A

}, and for all A € M,(\A) N C(Q,w)

symplectic.
Proof. Define ¢,(C) := ¥, (pr(€))0z,s(¢). Since dps is symmetric,

() i= [ou 00 e = [ 0,67 o2 d.
O @]
By (3.2) and the hypotheses of the lemma we have for all z € B,(z)

B, (20) C Bay(2) € BY (2) € B. /5 (2) C By(20) C Q.

x QXT

In particular, O C Bé\f/ﬁ(z) C Q for any z € O. By the smoothness of ¢, and the

left-invariance of the vector fields and the Lebesgue measure, we have

1
XiXjhu(z) = T a /(Xin¢u)(<1 02) d(
O
1 1
——2 [ @xeactendrs [ (XiXa)¢es) &
B} () B (:\O
1 1
——2 [ @Xe)©dcy [ (X)) de
Bé”f/ﬁ(()) Bé‘f/ﬁ(Z)\O
— l . LM(O l ¢ -1 o
-5 [ Ee0pES @ [ KX e
ang/ﬁ(o) B;‘;f/ﬁ(Z)\O

where |Dpy| stands for the Euclidean length of the standard gradient in R?"+!

and do is the standard 2n-dimensional Hausdorff measure in R2**1. The final
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equality follows from the divergence theorem, since the vector fields X; in (2.3) are
divergence-free.
We wish to replace ¢, by ¢., s in the final expression above. If 0 < pu <

r/v/A, then for ¢ € GBé‘f/ﬁ(O), prm(C) > 2p and so ¢, = ¢z, in the first integral.

In the second integral, ¢>u(g—1 02) = ¢s5(C"1 0 2) if and only if dps(¢,2) > 2pu.
If O’ is a compactly contained subset of O, then for z € O and { ¢ O we have

dn (€, z) > distar (O, 00) > \}Kdist(O’, d0) by (3.1). So if p satisfies 0 < 2v/Au <

dist(O’,00), then we can eliminate p in the second integral. Therefore, for any

z € O', we obtain

Xipnm(C)

Dpar ()] 7

XZXJhH(Z) = — é / (ngbzo,s)(g)

M
aBZ'r/\/X(O)

+ l / (XinQbZO,S)(C_l © 2) dg.

[0
M
B2r/\F>\(z)\O

Multiplying the previous identity by a;;(z) and adding over i, j yields

/ (A(2)VHz,5(C), VEpm(C))

Dot (0] do(¢)

1
«

(Lahy)(z) = —
983, /(0

< / tr (A(2)(Dfi6z,s) (( 1 02)) d¢ VzeO.

(6%
M
BM (\O

Since z € O" C O C By (29) C Bs,(20) and A(+) satisfies the assumptions of Lemma

2.2.2, we conclude that

tr (A(2)(Dfdz,s) (T 02)) >0 for all ¢ € Bé\:{/ﬁ(z)\O.
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Thus, for all z € O/,

(A(2)VEz,s(C), Vuprm (C))

(Lahu)(z) > — |Dpn(Q)]

do ().

Q|+

We now estimate the boundary integral from below. Recall that ¢, s = ¢,;" = p;fo‘.

Therefore,

(Lahy)(2) > — / (A(2)VEDz,5(<), VEpr ()

Dot (] do(¢)

1
(6%

M
aB27"/\/X(0)

4 / (A(2)Vupm (€), Vrprm (C))
PO Q)]

do(C)

M
8BQT/ \/X(O)

N fott (A(2)Vrpu (), Vapar (Q)
[Dpar ()]

= o (¢)

A <ﬁ) Qi (A(2)Vrprm (€), VEpm(C)) do(¢)

2r 1D (C)]

1-2sy2s
(4 T4s)\ j{) B(M.2r/VN), (3.7)

where

B(M,r) = — / (MVpar(€), Virpa (€)

re-1 [Dpar(Q)]
9B} (0)

do(Q).

We now adapt an argument from [4, Section 5.5] to show that B(M,r) can be
bounded below by a positive constant independent of » and M. First notice that,

for all r > 0,

B(M,r) = 1 / (MYl (2), Vapar (2))

2-Q |Dpar(2)|
9B (0)

do(z), (3.8)

where I"j/ is as in (2.15). Recalling that £,y = 0 outside the origin, we conclude
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from the divergence theorem and (3.8) that for any re > r1 > 0,

1

0= ——
2-Q Jpyo\BYO)

LyTar(z) dz = B(M,ry) — B(M,ry).

Multiplying the above by 7@ ~1, integrating from 0 to 1, and using the coarea formula

yields

1

aB(M, = [ r971B(M,r) dr

S— T

1 (MVwupnr(2), Vapm(2))
/aBTM(o) Do

/ (MViprs (2), Vispaa (2)) d
B (0)
1

_ 1 / (MVuou(2), Vadm(2))

Therefore we obtain that B(M,r) is bounded below uniformly in » and M, and so

from (3.7)
41723/\23 A -~ C
(Lahy)(z) = TKC =5
e ) r dist(O’ 80)}
for all z € O and for all i satisfying 0 < x4 < min {, — 5. O
K ymg K N 29V

Remark 3.1.2. Among all the possible sets O of fixred measure, the set that maxi-

mizes the quantity

1
/o a0 ©
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is the ball centered at z satisfying |Bi| R® = |Br(2)| = |O| (see [20, pg. 2112]). We

thus have

1 1 1
—d ————— d¢ = RO ——d( =
/od4a<z,<> ¢ = /BR@ oo /Bl@ S ©

4o 4o 1
— 0" "< |B Q_l/ - d
0 B4 B1(0) P*(C)

Hence, by (3.1), we get

1 1 A2 1
> = —— | ———dc>—
02 hiz) a/odﬁ;(z,o 62 "0 [ g
A20¢ 1— 4o 404_1/
> = 0" @ |By|e d¢.
! © [B1| B1(0) P**(0)

Therefore there exists a positive constant v depending only on Q, A, a such that

0> h(z) > —~[0]"C . (3.9)

3.2 Ciritical Density Estimate

We now use the barriers constructed in Lemma 3.1.1 to obtain critical
density estimates on balls of radius less than dy, where g is as in Lemma 2.2.2.

Recall that 7 is as in (3.5), and s is a fixed number in (0, 3).

Theorem 3.2.1. There exists 0 < € = €(Q, A, \) < 1 such that for all zy €  and
0 < r < dg with Byr(20) € Q, for any A € Mp(X\,A) N C(Q,w) symplectic and for

any u € C?(By,(20)) satisfying
(i) w >0 in By (20),

(it) Lau <0 in By (20),
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. 1
(i) inf wu<3
Bop(z) 7

we have

{z € Br(20) : u(z) < 1}| > €|B(20)]| - (3.10)
Proof. Let ¢(z) := d(z,20)*. We have

Lap(z) = 4tr(A(2))|z — 20> + 8 (A(2)(z — o),z — x0) + 8 (A(2) T (z — x0), T (z — x0))

< ANQ + 2)|x — x| < AN (Q + 2)r? for any z € B, (2o).

Let C be the constant in (3.6) and consider

07"2_45

1
= — () —1).
0 = oy (U0 + e 1)
By (i), w is nonnegative on 9B, (z0). By (iii), there exists a point Z € Bz (z9) such

that u(z) < 1/2. Therefore,

Cr2—4s ( 1 1 ) TCr2—4s

@) S mata a7 SRTICEDE (3.11)

216
Let O :={z € B,(20) : w(z) < 0}. Notice that O is open, zZ € O, and

O C{z € By(20) : u(z) < 1}.

With this choice of O and by defining M := A(zp), we consider the barriers h, h;, in

(3.3), (3.4) respectively. We claim that
h—w<0 1in O.

By definition, h is non-positive. Since w = 0 on 90, it follows that h — w < 0

on 00. Suppose, for contradiction, that there exists (y € O such that h((y) —
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w({p) = 20 > 0. Since h, converges uniformly to h as p goes to 0, there exists

po > 0 such that h,(¢p) — w() > o for p < po. Let O’ € O containing (p
r dist(0’,00)

and 0 < g < min{ —, —————=, . By (ii), Lau < 0 in B,.(zy), and so
[ {ﬁ Wi Mo} y (ii), La nr(20)

Law < Cr~*% in B,.(z). Therefore, by Lemma 3.1.1, La(h, —w)>0in O'. From
the weak maximum principle for £4 we then infer that max (hy —w) > 0. Letting
i — 0%, we conclude that max (h —w) > o for any O" containing (y. This is a

contradiction, as h — w < 0 on 00.

Therefore, by (3.9), (3.11) and recalling that 4o = @@ — 2 + 4s, we obtain

TCr2—4s

- - 1-2s)
GIA(Q + 2) '

> w(z) > h(z) > —y |0 ¢ = —y|0]a

This, of course, implies

2
‘0‘5(1—25) > 5&64(Q7+2)T2_48
- g PO B ) 30
=t Co|By(z0)[@" 2.
Q

Choosing € = Cj (1729 therefore gives us
{z € By(z0) : u(z) <1} > 10| > €|B,(20)| -
Notice that € depends only on @Q, A, A. O

Theorem 1.3.3 now follows from the double ball property (see [20, 30]) and

the results in [11].
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APPENDIX

APPENDIX: ON THE

RELATION BETWEEN THE

GROWTH LEMMA AND THE

CRITICAL DENSITY

ESTIMATE

The purpose of this appendix is to show how the growth lemma and the
critical density estimate are related . In the following, we let L be any second order

linear elliptic operator of the form (1.1), where M(-) is assumed to be non-negative

!The contents of this appendix were discovered over several illuminating conversations with
Giulio Tralli. We warmly thank him for allowing us to reproduce his notes here.
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definite on some domain 2 C R"™; in particular, L could possibly be degenerate
elliptic. The sets Br(zg) below will denote metric balls centered at xg corresponding

to the operator L. The number 7 > 1 will be a fixed structural constant.

Definition .0.1. (e— M Critical Density) We say that the e — M Critical Density is
satisfied in Brg(xg) € Q if there exist constants 0 < € < 1 and M > 1 such that for
all u € C*(Brg(xo)) N C(Brr(xo)) non-negative and satisfying Lu < 0 in Brg(zo),
we have

[{u < M} N Brr(xo)| < €|Brr(zo)| = inf u>1.
Br(wo)

Definition .0.2. (6 — N Growth Lemma) We say that the § — N Growth Lemma is
satisfied in Brg(xg) € Q if there exist constants 0 < § < 1 and N > 1 such that for
all v € C*(Br(z0)) N C(Brr(wo)) satisfying {v >0} N Br(xo) # 0 and Lv > 0 in

B;r(zg), we have

|{v >0} N Bgr(zo)| <0|Br(zo)] = sup v >N sup v.
Brgr(zo) BRr(zo)

Proposition .0.3. (i) If the e— M critical density property holds, then the § — N

M

growth lemma holds with 6 = € and N = ;=5

(ii) If the § — N growth lemma holds, then the e — M critical density property holds

withezéandM:%.

Proof. (i) Assume € — M critical density holds, and suppose v € C%(B,gr(wg)) N
C(Brr(zo)) satisfies {v >0} N Br(xg) # 0, Lv > 0 in B,g(zp) and |{v >0} N

Br(zo)| < €|Bgr(zo)|. Notice that since {v > 0} N Br(zg) # (), we may assume
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sup v > 0. Consider the function
B Rr(wo)

v(x)
sup v
Brr(z0)

ulx) =M |1-

Then v is non-negative in Brg(xo) and satisfies Lu < 0 in Brr(zg). Moreover,
{u< M} ={v>0}, and so |{u < M} N Br(zo)| < €|Br(xp)|. Consequently, by

€ — M critical density, we have inf w > 1. This implies

Br(zo)
sup v
M1 BrE) s
sup v
B r(0)

Rearranging the above, we get

sup v > ( M > sup v
Brr(wo)  \M =1/ Br(ao)
(i) Assume § — N growth lemma holds, and suppose u € C?(B,r(xg)) N

C(B:rr(x0)) is non-negative, Lu < 0 in Brgr(zo) and

< 6| Brr(z0)].

Hu < N]\_f : } N Brr(xo)

We may asume {u < %} N Br(xg) # 0, for otherwise u > % > 1 on Bgr(zo)

and so inf w > 1. Consider the function

Br(ao)
o(z) =1 (‘NN_l> u(z).

Then Lv > 0 and {u < %} = {v > 0}. Consequently, {v > 0} N Br(zg) # 0 and

{v > 0} N Brr(zo)| < §|Brr(zo)|- By the 6 — N growth lemma, we have

sup v > N sup wv.
Brr(zo) Br(wo)



Now since u is non-negative, we have v < 1 on B;g(x¢). Therefore,

N -1
1> N sup va(l—() inf u>
Br(zo) N Br(zo)

Rearranging, we obtain inf w > 1.
Br(zo)
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