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ABSTRACT

HYPERBOLIC CONVEXITY OF A STANDARD FUNDAMENTAL
DOMAIN OF A SUBGROUP OF A HECKE DISCRETE GROUP

Omer Yayenie
DOCTOR OF PHILOSOPHY

Temple University, August, 2003

Professor Marvin I.Knopp, Chair

In this thesis we study the most important and practical method of obtain-
ing a fundamental domain through the use of a right coset decomposition as

described below. The sets
1
Ro = {T eH: || >1 & |Re(7)| < 3} (0.1)

and
R°={TE]HI:|T—1|>1&0<RG(T><%}> (02)

are fundamental domains for I'(1). These sets are hyperbolically convex and
simply connected domains in the upper half-plane. It is well known that if I’

is s subgroup of I'(1), and
F(1) =T -{A;, A4, A}, (0.3)
then the set . o
Rr = (U Ak(RO)) (0.4)
k=1

is a fundamental domain, called a standard fundamental domain, for I'. It is
also known that if [['(1) : T'] = g < oo, then there exists a finite number of
elements Cy,- -+ ,C, € I'(1) and Ay, -+, A, € N such that

ry=r. LPJ {Ck, CL.S, ...,C;;S'\“_l} . (0.5)

k=1
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Applying the above result we find that the set

[+
Ac—1

Re = | |J U CeS9(Ro) (0.6)

k=1 j=1
is a fundamental domain, called cuspidal standard fundamental domain, for
r.

It is not clear whether we can always choose the right coset representatives
so that the cuspidal standard fundamental domain is h-convex. In this thesis
I produced a counterexample.

In addition, it is not obvious whether we can choose the complete right
coset system X = {4;,---, A,} so that the standard fundamental domain is
h-convex. I have answered this question partially in this thesis. Moreover, the
proof of the result mentioned above is algorithmic. I have also shown, using
the method that I have developed, if we use R° instead of Ry then we can
always choose a complete right coset system X = {A;,--- , A,} appropriately
so that the set .

RE = (O Ak(RO)) (0.7
k=1
is an h-convex fundamental domain for I'.

All the results mentioned above hold if we can replace ['(1) by the discrete

Hecke groups H(A), where A = 2cos(%) for some g € Z and ¢ = 3.
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NOTATIONS

We write
o C for the set of complex numbers, with the usual topology.
o R for the set of real numbers.
o @ for the set of rational numbers.
¢ Z for the set of integers.
o Z7% for the set of positive integers.
o H:= {r € C: Im{7) > 0} for the upper half-plane.

o Cy, ;= CU {oo}, the extended complex plane. This is the one point
compactification of C. In the topology of Cu, a set A is open if either
(i) A is open subset of C, or (ii) oo € A and C — A is compact in
C. With this topology, C is homeomorphic to the Riemann sphere
{(z,y,2) € R®: 22+ 2+ 22 =1}

o R, := RU {oo}, the one point compactification of R.

e H:=HUR..

o P:=QuU {x}.

« H:=HUP.

. e:={(z 2):a,b,c,deR,ad—bc=l} = SL(2,R).

. f(l):={( ¢ 2):a,b,c,d€Z,ad—bc=l} = SL{2,Z).
c

e H:= {2003(%) 1q € Z, q23}.

e A and A° denote the closure and interior of the set A, respectively.
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CHAPTER 1

INTRODUCTION

By H()) we shall mean the group of linear fractional transformations generated
by the transformations,
Sy:7—=7+ A, and T:T—»%l,

where A is a fixed positive real number. Discrete H(A) are useful in the study
of Dirichlet series with functional equations. It has been shown by Hecke in
[8], and later by Evans in [5], that H()) is discrete if and only if either A > 2 or
A = 2¢os (%) for g = 3,4,5, .... These discrete groups are called Hecke groups.
It is easy to see that I(1) = H (), for A = 2cos (§), where I'(1) = SL(2,Z).
The theory of automorphic forms has been prominent in number theory since
its inception. This theory builds upon classical methods and leads to deep
insight into ancient problems. The theory of automorphic forms is the study of
beautifully symmetric functions on hyperbolic space. The simplest symmetric
functions are periodic functions(see [L5]). A periodic function f of period 8 is

a function which satisfies the functional equations
flz+mpB) = f(U™z)) = f(z),Vz €R & VYm € Z,

where U is translation by 5. Therefore a periodic function of period 3 is a
function which. is invariant under the group (U). The concept of an automor-

phic function is a natural generalization of a periodic function. A function
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f : H — C with the property
f(M(r) = f(r), YM T & Vr e H,

is called an automorphic function on the group I'. An automorphic form

on the group T is a function f: H — C with the property
FM(T)) = gu(r)f(r), VM el & Vr € H,

where j;(7), a function of M and 7, satisfies a certain condition called the
“consistency condition”.

If one wants to investigate the properties of a periodic function of period &,
it is sufficient to study the function on the fundamental period interval or
strip [0, 8] and this makes life much easier. By the same token, to study
automorphic forms on the group I, it is sufficient to study the function on the
fundamental domain for I', which is analogous to the fundamental period strip
for periodic functions.

Two major ways of obtaining fundamental domains for discrete subgroups
of SL(2,R) are the Dirichlet Polygon construction(see [15]) and Ford's con-
struction(see [6]). Both methods give an h-convex fundamental domain for
any discrete subgroup of SL(2,R) as shown in Chapter 3.

But the Dirichlet polygon construction and Ford’s construction are not well
adapted for the actual construction of an h-convex fundamental domain. The
reason for this will be clear in Chapter 3.

A third-and most important and practical-method of obtaining a funda-

mental domain is through the use of a right coset decomposition as described

below.
The sets
Ro = {—reIHI:lrl>l & |Re(r)| <';‘} (1.1)
and
’R,°={TGIHI:|T—1|>1&0<R€(T)<%}1 (1.2)
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are fundamental domains for I'(1). These sets are hyperbolically convex and
simply connected domains in the upper half-plane. It is well known that if I’

is s subgroup of I'(1), and

r(l) =I. {AI,A2’°” )Ap}v (13)
then the set )
“
Rr = (U Ak<7eo)) (14)
k=1

is & fundamental domain for I. The same is true if we replace Ry by R°.
The above type of fundamental domain for T is called a standard fundamental
domain for I'. It is known that if [['(1) : I'] = g < 0o, then there exists a finite
number of elements Cy, -+ ,C, € I'(1) and Ay, -+, Ay € N such that

T()=T- LPJ {Ck, CiS, ..., CLS* 1} (1.5)

k=1

Applying the above result we find that the set

Rp = (U U Cz.-SJ(Ro)) (1.6)

k=1 j=1

is a fundamental domain for I'. The fundamental domain for T’ given in
( 1.8) is called cuspidal standard fundamental domain for I' and the elements
Cr.- -+, Cy are called cuspidal right coset representatives. The integer p, given
in { 1.5), is the number of points of intersection of the closure of cuspidal stan-
dard fundamental domain and R, and it is called the parabolic class number

of the group.

It is not clear whether we can always choose the right coset representatives
so that the cuspidal standard fundamental domain is hyperbolically convex.
I show here that there is a counterexample. The group I'°(¢%), q prime, is a
subgroup of I'(1) such that [I'(1) : I%(¢®)] = ¢* +¢°, and p = 2¢. I have proved
that if ¢ > 5, then we cannot choose the right coset representatives Cy, -+, Caq
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so that the cuspidal standard fundamental domain is hyperbolically convex,
i.e, the subgroup I'°(¢%) has no cuspidal standard fundamental domain which
is hyperbolically convex.

In addition, it is not obvious whether we can choose the complete right
coset system £ = {A;,---,A,} so that the standard fundamental domain,
given by the above theorem, is hyperbolically convex. I have answered this
question partially in this thesis. The result can be stated as follows: If the
subgroup I' of I'(1) is a normal subgroup, then we can always choose a com-
plete right coset system T = {A;,-+-, A,} so that the standard fundamental
domain becomes hyperbolically convex. Moreover, from the proof of the above
result(Theorem) I have developed an algorithm for constructing a set of right
cosets X and hence a hyperbolically convex standard fundamental domain for
I'. I have implemented the above algorithmic construction for principal con-
gruence subgroups and for normal subgroups of the modular group of genus
1. These latter groups are completely described by Newman [16].

I have also shown, using the method that I have developed in proving the
above result that if we use R instead of Ro{which avoids much of the difficulty
we faced in using Rp) in equation ( 1.4), then we can always choose a complete

right coset system & = {4;,--- , A, } appropriately so that the set

RF = (CJ Ak(R°)> (1.7)

k=1
is a hyperbolically convex fundamental domain for I'. This latter result was
originally proved by Kulkarni [14]. The main difficulty in using Ry is that
this set has two elliptic points of order 3, while the set R® contains only one
elliptic point of order 3. Hence the set R has fewer elliptic vertices of order 3
than does the set Rr and therefore the former set has a better chance of being
h-convex. The importance of using Ry instead of R rests upon-among other

things-two facts:

(i) the standard fundamental domains constructed using the former are very

useful in applications to number theory;
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(ii) the standard fundamental domain constructed using the former will eas-

ily give us a set of generators for the group.

I have also considered the discrete Hecke groups H{A), where A = 2cos(’—qr)

for some g € Z and ¢ > 3. The sets defined by
A
R ={TEH: 7[> 1 & |Re(7)| <§} (1.8)

and

1, 1 A

A Dl — s 2 z
R —{TGH.l'r /\[>}‘&0<Re(r)<2}, (1.9)
are fundamental domains for H (). These sets are hyperbolically convex and
simply connected domains in the upper half-plane. It is also known that if T’

is a subgroup of H()) and H(X) =T -{4;, Ag, A3,...} =I'- &, then the set

Rrs = (U A(RA)) (1.10)

AT

is a fundamental domain for I. The same is true if we replace Ry by R>.
But it is not known whether the set Rry has a nice topological structure
such as convexity in hyperbolic geometry and simple-connectedness. If I" is a
normal subgroup of H(A) of finite index, then I have proved here the existence
of a complete right coset system ¥ such that the set Rpy is hyperbolically
convex. I have also proved that if we use R* instead of Ry in equation ( 1.10)
and [H() : T] = p, then we can always choose a complete right coset system

T ={A1,---,A,} appropriately so that the set

RIE = (O Ak(w)) (1.11)

k=1
is a hyperbolically convex fundamental domain for I'{ Kulkarni does not ad-

dress this issue in his long and well-known article [14]). As a byproduct of the

above result I have given a generalization of Farey fractions, what I call the

M-Farey fractions.
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CHAPTER 2

THE UPPER HALF-PLANE
AND THE MOBIUS
TRANSFORMATIONS

2.1 Linear Fractional Transformations

Definition 2.1 A linear fractional transformation, or Mdbius transformation,

is a nonconstant rational function
az+b
cz+d’

where a,b,¢,d are complex numbers satisfying ad — bc # 0.

(2.1)

L:Cyp~—>Cup,z—w=L(2):

The usual convention about the linear fractional transformation defined in

( 2.1) must be adopted. That is,
L{co) =2, and L (‘—d) = .
C c

The references for the material in this chapter are [13], [15}], [25], and [27].
The set of all linear fractional transformations shall be denoted by M&b(CT).
One can easily show that the set Mdb(C) can be redefined as follows:

az+b

Msb(C) = {L:C—»C: L(z) =T a,be,deC, ad—bc= 1}.
(2.2)
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In this section we will see some of the fascinating properties of the elements
of M6b(C).

~

IfL{z)= s s is a Mdbius transformation, then L=(z) = :i;_ ba satis-
fies L(L™}(z)) = L7} L(z)) = z, that is L™ is the inverse mapping of L and it
belongs to Mob(C). If L and M are two linear fractional transformations, then
their composition L o M is also a linear fractional transformation. Therefore

the set of Mobius transformations forms a group under composition.

Theorem 2.1 If L is a Mobius transformation, then L s the composition of

a translation z +«, a dilation Bz, 8 > 0, a rotation €”z , and an inversion 1.

Proof: We consider a transformation L € Mdb(C) such that
az+b
Liz) = cz+d

If c = 0, then L(z) = %z + % which is a composition of a dilation, a rotation

and a translation.

Let ¢ # 0 and put L1(z) = z+ ¢, Laz) = 1, La(2) = z+ 5, and Ly(z) = 2+ &
Then we can easily see that L = Lyo Lzo Lgo [,. B

Theorem 2.2 The linear fractional transformation (2.1) is a one-to-one con-

formal mepping of C,, on itself.

The proof of this theorem is evident from Theorem 2.1 and hence we will

not include it.

Let ¢ : SL(2,C) — Mb(C) be defined by

w(( ¢ 3)) = L where L(z) = Z2H¢ (2.3)

c Cz+d

then we can easily see that ¢ is an onto group homomorphism and

Ker(¢)={(; ?)(';1 _01)}={I,—1} (2.4)
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Therefore SL(2,C)/{I,~1} = M&b(C) and hence we can identify Msb(C)
with SL(2,C) provided we identify M € SL(2,C) with —M.
One of the main reasons people study Mdbius transformations in hyperbolic

geometry is contained in the following theorem.

Theorem 2.3 A Mdbius transformation maps circles in Co onto circles in

Coo-

Proof: By Theorem 2.1 it is enough to prove that the inversion, L(z} = %

maps circles into circles. Let Q be a circle. Since the equation
Azz+Bz+Bz+C =0, (2.5)
where A, C € R, includes all circles, {2 is given by
AzZ+ Bz+ B2+ C =0, (2.6)

for some A4,C € R, and B € C. Then if w = L(2) = 2, L(Q) is given by the
equation
Cwi + B+ Buw+ A= 0. (2.7)

This shows that L{Q) is also a circle.l

2.2 Fixed Points
Definition 2.2 A point z is called a fized point of a map f if f(z) = 2.

Here we are interested only in the fixed points of nonidentity Mdbius trans-
formations. Let L(z) = %IZ be a nonidentity Mébius map. If L(z) = z,
then

e +(d—a)z—=b=0

Since a polynomial of degree two can’t have more than two roots, a Mobius

map L can have at most two fixed points. If ¢ = 0 and a == d, then the set
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of fixed point is {0}, and if ¢ = 0 and a # d, then the set of fixed points is
{ice, ﬁ}.
If ¢ 5 0, then

L(z) =z<=cz*+(d—a)z —b=0

= 21,2 = (a_d)i‘gém.

It is clear that the nature of the roots z;, 20 depends upon the number
(a+d)® — 4 = trace(L)* — 4, where trace(L) :==a +d.

The following lemma follows from the fact that the trace of & matrix is

invariant under conjugation by any invertible matrix over the same field.

Lemma 2.1 The trace of a Mébius transformation is tnvariant under conju-

gation by elements of M6b(C).

Remark 2.1 The two fized points of a Mébius map L are coincident{equal)
if and only if trace(L) = 2, and in this case the transformation is called

parabolic.

If L € M6b(C) is not the identity map, then L has at most two fixed
points. It follows that L € M6b(C) is uniquely determined by the images of

three distinct points of C,. These may be specified arbitrarily:
21 Wy, Zp W, 23— Ws,
and the map may be realized by
L{z) —wn\ {ws— wo _[(z== 23 — Zo (2.8)
L(z) —wa / \ws —uy z—2) \zm—2n/)" -
where suitable modifications must be made for the appearance of co. The

(z ~ 21) (33 = 2:2> =: (z;21, 22, 23) 29)
Z~ 2 @A

is called the cross ratio of the four points z, 21,22, and z3. One other im-

portant fact about the Mdbius transformations is that they preserve the cross

expression
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10

ratio of four points,i.e., if N € M6b(C), then (N{(2): N(z1), N(z2), N(z3)) =
(z; 21, 22, 23).

The following theorem, which follows directly from the above discussion, is
a basis for the classification of Mébius transformation into parabolic, elliptic,

hyperbolic and loxodromic types.

Theorem 2.4 Let L € M6b(C). Then

1. If L has two distinct fized points C1, (> € C, then

Lz)~-¢  2-¢G C
L(z)—Cg-hz—Cg’ keC, k#0,1

2. If L has two distinct fized points §; € C,and oo, then
L(Z)—C1=5(Z—§1), Keca H’%Oa |

3. If L has only one fized point (; € C, then

11
Liz)-¢ _Z—Cl

4. If L has ioc as the only fized point, then

+a a€C, a#0, and k=1

Liz)=z2z+4+a, «€C,a#0, £=1

Definition 2.3 For any L € Mob(C), the description of the above theorem is
called the normal form of L and the number s + % is called the multiplier of
L.

Lemma 2.2 Let L € Mob(C) and s+ L be the multiplier of L. Then k + 1
is also the multiplier of ALA™' for any A € Mob(C). Moreover k + £ =
trace(L)* — 2.

Proof: First let us assume that L has two distinct fixed points in C and

az+b

L) = cz+d
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11

and 2o =

a—d—+/la+d)?—4
2¢ ’

i L atrddq/(a+d)~4
. Clearly x is given by & = Dy e and hence

Then the fixed points of L are z; =

a—d++/{a+d)?—4
2¢

;.:+l— a+d+ ‘/(a+d)2*4+a+d_‘/(a+d)2—4-—tmce(L)2-‘>
£ a+d—+latd?—4 a+d+ lat+d2-4 -

Similarly one can show that the above formula holds for any Mébius transfor-

mation. Since trace is invariant under conjugation, x + i is invariant under
conjugation. M

Since & € C, we can write s as
k=8¢, §>0, 0K <2r (2.10)

We can classify members of M&b(C) as follows:

e d=1, 8 #0, L is called elliptic

e 0#1, 8§ =0,L is called hyperbolic

e §=£1, 80, L is called loxodromic

e 0=1, =0, L is called parabolic

We can summarize the above discussion in a single theorem given below.

Theorem 2.5 A necessary and sufficiency condition that L € Mob(C) be
elliptic, hyperbolic or parabolic is that trace(L) be real and |trace(L)| < 2,
[trace(L)| > 2, or [trace(L)| = 2, respectively. Moreover, this classification is

inveriant under conjugation by an element of Mob(C).

In this thesis we are interested only in linear fractional transformations
that map the upper half-plane H onto itself. If L € Méb{C) maps H into
itself, then L must map Ro, onto itself and Im(ZL(¢)) > 0. Let us define a
subset of Mob(C) by

az+b
cz+d

, a.b,c.dER ad—bc=1}.

MEb(R) = {L € Ms(C): L{z) =
(2.11)
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Theorem 2.6 L ¢ Msb(C) preserves H if and only if L € Mb(R).

Proof: (<=) Suppose that L € Méb(R). we want to show that L(H) = H.

Since L(z) = &, where a,b,c,d € R and ad — be = 1, then

I'm{r)

Im(L(’r)) = m >0, ¥Yr € H.

Therefore L{H) C H. Since L is invertible and its inverse is also in M&b(R),
then Hl ¢ L~*}(H) C H. Therefore L{H) = H.

(==) Suppose that L € Msb(C) and L(H) = H. We want to show that
L € Mob(R).
reR=L{z)eR

= L(z) = L(x)

— ez +b\ azx+b
cx+d)  ecx+d
Ec:):+5_“ax+b
ex+d cx+d

= L(z)=L(z), VzeH

:Ezé)ﬂ(:z)

) , then we can easily see that

=1

™

a b

c d

if -
¢ d

o1
S
~—
||
|
/"._-..\

-1

0

Il

[&Y]

b b
and this contradicts the hypothesis. Therefore ( J) = ( ¢ J ) Thus,
¢
Le MobR). R

From now on we consider only linear transformations that preserve H, that

is, members of the group Mob(R) and later we will specialize to subgroups
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of Méb(R). As we did before, we can identify Mob(R) with SL(2,R) by
identifying M € SL{2,R) with —~M. The next section contains some of the
properties of SL{2, R} and its subgroups. Before we go to the next section let

us give one characterization of commutating elements of the group MGb(R).

Theorem 2.7 Two real linear fractional transformations, neither of which is

the identity, commute if and only if they have the same set of fized poinis.

2.3 Discrete Subgroups of SL(2,R)

Definition 2.4 A group I’ C SL(2,R) is called discrete if it contains no con-
vergent sequence of distinct matrices. By convergence we mean enirywise con-

vergence.

From the definition, any finite subgroup of SL{2,R) is discrete and any sub-

group of a discrete group is also discrete.

Lemma 2.3 A group I is discrete if and only if there is no sequence My, — [

where {M,} consists of distinct elements.

Proof: Suppose that there is no distinct sequence {M, } in I' converging to I.
We want to show that I' is discrete. Assume that there is a distinct sequence
{M,} in I converging to M. Then M ;! — M~!. Therefore

.h/[n.f.lfw.;l — I

If we show that the sequence {M,.1 M, '} contains infinitely many distinct
elements then we are done. Hence it is enough to show that the above se-
quence contains infinitely many distinct elements. If {M,., M '} contains
only finitely many distinct elements, then there exists a subsequence { My, 410}
which are identical. Since {Mny1 M} — I, then {M,, 1M} — I. That
means My, M;! = I Vk € N. Hence My, = M,, Vk € N. Thisisa
contradiction. The converse of the statement is not difficult to see. H.

We can characterize discrete groups in another way. To do that we need

the following useful terminology.
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Definition 2.5 Let I" be a subgroup of SL(2,R). The stabilizer of a poini T
with respect to the group I, denoted by Ty, is defined by

[-={MeTl:M{r)="1}

We can easily check that [y ry = MT.M™! for any M € SL(2,R). Moreover
a group I is discrete if and only if for all 7 € H T, has no limit point if and
only if the orbit 7] has no accumulation point in HL.

The following theorem is very useful for our discussion.

Theorem 2.8 Let ['s be a subgroup of finite index p in a group I'y and let
N be a fired element of 1. Then there erist a finite number of elements

My, Mo, ..., M; in T and t disjoint sets

-

My = (M, MiN,.. M NMY ) k=12, (2.12)

where
e =min{l € N: N € M 'ToM;} (2.13)

such that
(ii) T1 = T2 - Upey M-

Moreover, if N has finite order o, then A\ divides ¢ for all 1 < k < t. Also,
if Ty 15 normal subgroup of I'1, then A, = Ay Vk and p = iA.

Proof: Take any M, € T, and define A\; by (2.13); since M 'T2M; has finite
index g in 'y, A; is a finite positive number and the members of M; belong
to A; different right cosets of I'p in I'y. If 4 = A;, this completes the proof
and m = 1in this case. If g > A, we take M, not belonging to I'sM; and
define Ay by (2.13). As before the Ay elements MoN* (0 < & < Ag) belong
to different right cosets of I'y. Moreover, Mo N® ¢ ToM; for if Mo N* € To M,
then M, € ToMN—% = T, M, whichis false. If 4 = A, 4+ Ao the theorem
follows; if 4 > Ar + Ao, we take an M3 ¢ T'o(M;UM3) and proceed similarly.
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Since u is finite and Az > 0 for each %, the process terminates after a finite

number of steps giving the required result. The remainder of the theorem is
an immediate consequence.

2.4 The Modular Group

Notation
0 -1
T =
1 0
11
S =
01
0 -1
P =T7T8=
11
1 n .
We can easily see that P® = 7% = —J and 5" = ( 01 ) As mappings

T and P have order 2 and 3 respectively. Let
r, = (5.7). (2.14)
Theorem 2.9 SL{2,Z) = (S, 7) = T,.

Proof: Since S,T € SL{2 then Iy C SL{2,Z). We shall show that

Q“Q.:A

Z),
SL(2,Z) cT. Let < ) € SL(2,R). If a =0, then

@b _ (% V) oirsien,
c d 1 d
c d ¢ 1

If b= 0, then

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



16
Therefore we may assume that a # 0 and b # 0. Note that for ¢t € Z,

() G)=(2)

where ¥ = gt +b, d = ¢t +d. Choose t € Z so that || < |e|{this is always
possible). If ¥’ = 0, then

(-0 )

I b #0, let ¢ € Z and consider

a b 1 ¢ —-d
T T =: ,
c d 0 1 ¥ —d

where ¢ = ¢~ d'q, o’ = a— g Choose ¢ € Z so that |a’| < |¥|. Thus we

—-d foy
T r=1{"° € SL(2,Z),
¥ —d d d

! 7

have

! d."

)61"1. If o/ #0, we
¢

with |a’| < [§'] < la|. If @’ = 0, then as before ( ¢

repeat the entire process to obtain
” bll
(a )esuzm
c/l dll

la”] < |&'| < |a], ord”=0.

such that

Since a,a’,a” € Z we eventually get an element in SL(2,Z) of one of the two

0
forms ( 0 ? ) or ( * 5 ) Both are in T';. Since all multiplications are
¥ Y

b
by elements of 'y, we conclude that ( ¢ ) € I'y. Therefore SL(2,Z) C I'y.

C

Thus,
SL(2,Z) = (5, T) (2.15)
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|
Let T(1) = {L € M6b(R): L(r) = &£ a.b.c,d € Z} . Then we can eas-

eT+d?
ily see that SL(2,Z)/{I,—I} = T'(1). The group I'(1} is called the inhomoge-
neous modular group or simply the modular group and the group SL(2,Z} is

called the homogeneous modular group. From the above theorem we get

r() = (3,79, (2.16)

where S:7—7+1,and T: 7 — =L,

T

Using the above theorem we conclude that if M € SL(2,Z), then
M = S*TS*T ... TS™, (2.17)
where g, € Z for all 0 < k < n. Since
I =8TSTSTSTSTST = TSTSTSTSTSTS,

the representation 2.17 is not unique. Because of this we need another repre-

sentation.

Theorem 2.10 SL(2,Z) is generated by T and P? and every element M &

SL(2,7Z) can be written uniguely in the form

M = (=1y P*®Tp*p...TP¥ (2.18)
where 0 < r<1,0< . £2(1<k<n), ¢>00<k<n).
Proof: The only thing we have to show is uniqueness. The above representation

is unique if we have

I = (1) PXTPMT ... T P2n, (2.19)

only when n = 0 = r = ¢o. Suppose that (2.19) holds for some n > 0 and
assume that 7 is the least positive integer for which (2.19) holds. Then

I=(=1yTP*T...TP¥nt2o0,
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If g, + go = O(mod 3), then P%~*2® = ] and hence
[ =(=1y~"'p@T...Tphn-
which is a word of length n —2. By assumption n—2 = 0 and so n = 2. Hence
I = (-1yTP®2T.

Therefore I = {(—1)"P* and as aresult, g =0, andr = 0. This is a

contradiction. Therefore ¢o + ¢, % 0{ mod 3). In this case
41 = TPMT ... TP +%0, (2.20)

That means £ is a product of n factors each of which is either

1 1 " 10
TP = , or —TP°= .
G 1 11

Since the entries in TP* and —TP? are all nonnegative the same is true of the

product, which must be . But if
I=TP'-M, or I =(~TP*) M,

then M must have a negative entry. This is a contradiction. Therefore the

above representation is unique.

Definition 2.6 For each M € SL(2,Z) , expressed as in (2.18), we define
¢(M) = n+2r,

and
oM):=q+q+- -+

Theorem 2.11 The maps ¢, ¢ : SL(2,Z) — Z are group homomorphisms
of SL(2,Z) onto the additive groups of residue classes modulo 4 and 3 respec-
tively.
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Proof: Because of the uniqueness of the representation (2.18) the maps ¢
and ¢ are well defined maps. We show that ¢ is a group homomorphism as

described above and the other will follow similarly . The Let M and N be two

elements of SL(2,Z) expressed as

M = (=1)" PYoT P>, . T Pm (2.21)
N = (=1)*pP¥oTp?1T... T P?n, (2.22)
Then ¢(M) = m+2r and ¢(N) = n+2s. Note that if u = r+ s(mod2), 0 <
u < 1, then
P — (_1\e P2 2 2qm D21 2t 2t
MN = (=1)*PXT P ... T pln pRopp¥ip. .. Tpon, (2.23)

If g, + ¢, = v{ mod 3), where 0 < v < 2, then the unique representation of

MN is given by
MN = (=1)*PXTP¥T ... TP TP ... TP (2.24)
and hence ¢(MN) =n+m+2u = n+ m+ 2(r + s} mod 4) = ¢(M) +

¢(N)( mod 4).
Now suppose that ¢, + ¢, = 0( mod 3). Then

e (1Y% P23 2¢ 2051 — 20m D2t 2t .. 2t
MN = (=1)“P*®TPXT ... TP¥n-1 TP f’"TP 1T...TP% (2.25)

so that
MN = (=1)*HpXeTpiy.. . ppYn-1t2 . T pla, (2.26)

If g1 +11 2 O(mod 3), then ¢(MN)=n+m-+2u (mod 4) =n+m+2(r+
s) (mod 4) = ¢(M) + &#(N)( mod 4). Otherwise,

MN = (=1)“+2popp2aT .. T plm-2t2ap. . T p2n, (2.27)

and we continue the process until it stops. At each stage of the process we get
H{MN) =n+m+2u (mod 4) and therefore ¢(MN) = (M) +H(N) {mod 4).
Similarly we can show that @(MN) = p(M) + ©(N) (mod 3).M
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Let
I* = Ker(¢)={M & SL(2,Z) : (M) = 0( mod 4)}

and
I = Ker(p)={M € SL(2,Z) : p(M) = 0( mod 3)}.

By one of the isomorphism theorems I'* and I'* are normal subgroups of
SL(2,7Z). Moreover,
SL(2,Z)/T* = Zy;

and
SL(2, Z)/I‘3 & Za.

Now we have all the tools needed to investigate the commutator subgroup
of SL(2, Z), denoted by SL(2,Z). This group is the smallest group containing
all the commutators [A, B] where A, B, € SL(2,Z) and

[4,B] = ABA™'B.,
Theorem 2.12 SL(2,Z) is generated by two elements
A:=STS T, and B:=TS'TS (2.28)

Furthermore SL(2,Z)Y = I® N\ T*, and SL(2,Z)/SL(2,Z) is a cyclic group
generated by SL(2,Z) - S of order 12.

Proof: Let L, M € SL(2,Z). Since [ = M - M~' = L - L™, by Theorem 2.11
we have
S(M) + ¢(M~Y) = 0 (modd) = &(L) + $(L™1).

Hence
S([L, M)} = ¢(L) + ¢(M) + (L) + (M) = 0 (modd)

Stmilarly, ©([Z, M]) = 0 (mod3). Thereforeif N € SL(2,Z), then N € [*nI*.
Conversely, if M € T* N T4, then we can express M as follows:

M = (=1)" PXeTp*T ... T PHn, (2.29)
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where 0 € 7 < 1,0< g <21 <k <n), ¢ >00 < k <n). Let
trr=¢qo+ ...+ q (0 £k <m). Notethat m must be even and we can write
M as
M = (<1)7[P%, T)[T, P*]-- - [P¥n=2, TI[T, PAn=i]. (230)
This shows that M € SL(2,Z)’. Therefore SL(2,Z) = I NT*. Since
(T, P =[P,T]" =T$™'TS = B,

and
[T,PY =[P, T = STS™'T = A,
then SL(2,Z) is generated by A and B. Here we need one result from group

theory. If H, and K are two subgroups of G such that (|G : H],[G: K]) =1,
then [G: HN K] = [G: H][G : K|(see any abstract algebra book). Therefore

ISL(2,Z) : SL(2,Z)] = [SL(2, Z) : T°ND%) = [SL(2, Z) : T%|[SL(2,Z) : T*¥] = 12.

Now it remains to show that SL(2,Z)’ - S has order 12. For any k € N, we

have
Sk = POTPiTPYT... TPY.

word o?length k
Hence (S*) = 2k and ¢(S*) = k. The smallest natural number & for which

the matrix §* is in the commutator subgroup SL(2,Z) is k = 12.H

We now state the corresponding results for the associated inhomogeneous
modular group. Note that —I ¢ 4. Let D(1)* 2 14, I'(1)* = I3/{I,-I}, and
I'(1) be the commutator subgroup of the group I'(1).

Theorem 2.13 I'(1) =1 NLQ)Y, Q) :T(1)] =6 and F(1)/T(1) isa
cyclic group of order 6 generated by the coset containing the translation S.

2.4.1 Normal subgroups of I'(1) contained in the Com-
mutator subgroup

Here I will mention the most exciting result by Morris Newman [16] about

normal subgroups of I'(1) which are contained in the commutator subgroup
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I'(1). As we have seen before, any element of I'(1)" can be written as a word
in A=S8TS~'T and B =TS8"'TS. Let e4{M) and eg(M) denote the sum of

the exponents of A and B, respectively.

Theorem 2.14 For each triplet of integers (p,m,d) such that p positive, 3 <
m<d—1, andm*+m+1=0( mod d), the set

T(p,m,d) = {M eT(1) : ea(M) =0 (mod p), es(M)=mes(M) (mod dp)}
(2.31)

is @ normal subgroup of the modular group T'(1) of index 6dp®.

2.4.2 Congruence Subgroups of the modular group

Definition 2.7 Let n be a natural number. We define the principal congru-

ence subgroup of level n, by

a b a b\ 10
In) = {(c d)ef(l).(c d):i(o l)(mod.n)}. (2.32)

Let To(n) be the subgroup of T(1) defined by

To(n) = {( Z Z ) eI(1) : n|c} (2.33)

and let T°(n) be the subgroup of T'(1) defined by

n) = {( ¢ b) e T(1) : n|b}. (2.34)
c d

Any subgroup of the modular group which contains I'(n), for somen € N, is

called a congruence subgroup of level n.

The congruence subgroup Fo(n) is called the Hecke congruence group and

is often encountered in arithmetic.

Theorem 2.15 Let n be a natural number. Then
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(i) [T(1) : T'(n)] = { _qginpln (1 - é) ;ifn 2> 3
T [ pin (1 + il’) ’

(it) A set of representatives for To(n)\['(1) is given by

( o ) e (1) with v|n, u (mod E). (2.35)
u v L

(iii) A set of inequivalent cusps for To(n) is given by the following fractions
% with vln, (w,v) =1, u(mod (nfv,v)) (2.36)

and the number of inequivalent cusps, denoted by co(n), i c(n) =
EIRE =

H;.—-l (pk +pk‘ : J)’ wheTe n = H;:I p;:k'
Proof: The proofs of (i) and (ii) are standard, but long, and can be found in
the book of Gunning [7] and Iwaniec [10]. We shall provide the proof of (iii)

using (if). Suppose that ¥, (u,v) =1, vjn and %, (/,') =1, v'|n are two

o
cusps that are equivalent under I'g{n). Then there exists ( ? > € To(n),
v
such that
v ou+fPu
v qu+du’

Then v’ = au + fv, v = yu + v, n|y and hence v|v’. Similarly we can show
that v'|v. Therefore v = v'. Since v’ = yu+dv = yu+6v', we get (6—1)v = yu

and this implies that § — 1 = 0(mod Z). Hence
v = au + Bv = au = adu = u(mod(v, n/v)).

Therefore a set of inequivalent cusps for I'y{n) is given by the following frac-

tions
Y with vln, (u,v) =1, u (mod (n/v,v)). (2.37)
v

Hence, 0oo(n) = 3., [{u (mod (v,7/v)) : (w,v) = 1}|. Let n = p'no, where
(ng,p) = 1. Then,
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Tooln) = 3 [{u (mod (v,n/v)) : (v,v} =1}
fe0 Doainy | {1 (mod (p°s,p'n0/p%s)) : (u,p%s) = 1}
= 3 Yeme | { (mod pimet=e} (s, no/s)) : (u,p%s) = 1}|
= Yoot N 3 0, Hu (mod (s,no/3)) = (u,8) = 1}
= (E;o @(pmin(e't_eJ)) T (nﬁ)
= (pLgJ + pL%J) Goo(20)

Therefore, if n = pi'ps - - - p¥r, then by the same argument as above we get
~ & tx=1
Oeol() =H(p£.“ +pp J). (2.38)
k=1
Using the above equation and the multiplicativity of ¢ we get
- 151 pl52)) = s (a2
aw(n)_ﬂ(p HyplR) = diln: 6((@5), (2.39)

for any n € N.

Remark 2.2 Since T%(n) = TTo(n)T"! = TLo(n)T, I'%n) has ou(n)
inequivalent parabolic cusps and one can easily derive the analog of (i) for
%(n).

2.5 The Hecke Group

The group generated by translation Sy : 7 — 7+ A and inversion T : 7 —
=L, denoted by H(A), is called a Hecke group. Hecke [8] proved analytically
that the group H(A) = (5,7} is discrete if and only if either A > 2 or
A = 2cos(Z) for some g € Zand ¢ > 3. Later Evans [5] provided an elementary
proof of this fact. From now on we restrict ourselves to discrete Hecke groups
H()) where \€ H = {2cos (g) q€Z, and g2 3}

For )\ € H the group H(A) is generated by two elements of finite order

HQA)= (T, £), (2.40)
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where Py 1 7 — % Since 77 = -1, it is enough to show that P, has finite

order. If § = %, then we can easily see that

P = 0 -1 _ __}H —sin(l1-1)8 —siné (2.41)
1 2cos() sin § sin ¢ sin(1 + 1)8

1 (—sin(2~1)9 —sin 28 ) (2.42)

sinf sin2  sin(2+ 1)

and

2 =
Similarly we can prove by induction that
Py = .1 —sin(n — 1) —sinnd ’ (2.43)
sing sinnf sin{n + 1)

for any natural number n. Hence the smallest positive value of n for which
Pp = Iisn=gq. This proves that the Hecke group H(}A) is generated by two

transformations of finite order.

2.5.1 Congruence Subgroups of H(})

The main results of this thesis require a discussion of some subgroups
of the Hecke groups. The groups H(v2) = H(2cos(Z)) and H(V3) =
H(2cos (£)) are of particular interest since they are the only Hecke groups,
aside from the modular group, whose elements are completely known.

It is well known([9], [30]) that H(\/m), m = 2, 3, conmsists of all the

mappings of the following two types:
(i) M(7) = %—%, a,b,c,d € Z,ad —mbc = 1,

(i) M(r) = 28222 g b.c,d € Zadm~be = L.
Let n € N. Define
Hr(n) = (M e H(ym):c=0{mod n)}. (m= 2,3)

Then HF*(n) is a subgroup of H{(y/m). It is well known ([12]} that
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L o T (1), ) =

(ii) The number of inequivalent parabolic cusps of Hy*(n}, denoted by o2(n),

{ 2 Lo (1'*';'1:)’ if (m,n) = 1

is given by

{ > O((d. n/d)), if (m,n) =1
on(n) = |
de o((d,mn/d)), if(m,n)=m .
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CHAPTER 3

FUNDAMENTAL DOMAIN
AND HYPERBOLIC
GEOMETRY

3.1 Definitions

Let T be a subgroup of M6b(R}. Then elements of I" map the upper half-
plane onto itself. Now let us define an equivalence relation on He, which

depends on I as follows:
A7 iff 3M €T such that 7= M(n) . (3.1)

Clearly Lisan equivalence relation on H; let the equivalence class determined

by 7 be denoted by [7] and T'[r]. Then
L] =[7] = {M{r): M €T}

and we call ['[r] the orbit of 7 under I'. An orbit I'[7] consists entirely of
real points or entirely of noareal points. For any two points + and w in H
we can find a Mdbius transformation M € MOb(R) such that M(r) = w.
Hence M&b(R)[7] = H. If T is a subgroup of MGb(R), then by the Axiom

of Choice there exists a set F such that F contains exactly one element from
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each equivalence class. Such sets are called fundamental sets. A singleton in
H is a fundamental set for M&b(R).

The references for the material in this chapter are [2], [11], [13],[15], [27]
and [28].

Definition 3.1 4 set F of H is called o fundemental set for the group T if it

contains exactly one representatives of each equivalence cluss under I,

IEDCF, MeT and F is a fundamental set for I, then the set M(D)U
(F — D) is also a fundamental set for I'. Therefore a fundamental set cannot
be unique. A fundamental set F cannot be open, because if it is open then
points on its boundary will not be equivalent to any of its elements and hence
there exists an element 7 € H such that |7} N F = 0. This is a contradiction.
Since it is convenient to work with sets that are topologically “nice”, at least
open or closed, we shall modify the concept slightly and make the following

definition.

Definition 3.2 An open subset R of H is called o fundamental domain for T’
provided

{1) no two distinct points of R are equivalent under I';
(2) every point of H is ['-equivalent to a point of R.

Given a fundamental domain R for I' we can always construct a funda-
mental set F for T' such that R ¢ F C R. Moreover, if a subgroup I' of
Mob{R) has a nonempty fundamental domain R then the group I' must be
discrete. Suppose there exists a sequence {M, } of distinct elements of T such
that limp—ee M, = [T and M, # I. If 7 € R, then there exist a posi-
tive number & such that D(7,¢) C R. Since lim,—.,c M, = I, there exists
N € N such that M,(r} € D(r,4) for all n > N. Therefore the open set
Q = My(D(7,9)) N D(r,§) C R contains My(7). That means there ex-
ist a point w € Q different from the fixed points of My. Then there exists

71 € D(r,8) such that w = My(m). That means R contains two equivalent
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points w and 7. This is impossible. Therefore I is discrete. The converse,
which can be stated as: if a group is discrete then it has a fundamental do-
main, was proved by Poincaré [23]. Therefore we restrict ourselves to dis-
crete subgroups of Mob(RR), and in particular to subgroups of the Hecke group

H(\), A€ H.

3.2 Hyperbolic Geometry

We consider here Poincaré’s model of the hyperbolic plane. A point in the
hyperbolic plane is represented by a point in H. A line is represented by the
intersection of a vertical line or a circle orthogonal to R and the upper half-
plane H. We call these elements the h-plane, h-point, and h-line, respectively.
In Euclidean geometry, there is one and only one line passing through any
pair of distinct points. One can easily show that between any pair p, and ¢
of distinct points of H there exists a unique h-line through p, and ¢. Asin
the Euclidean case, we say two h-lines are parallel if they are disjoint. We
also define the angle measure in hyperbolic geometry to be the same as the
angle measure in Euclidean geometry. Parallelism behaves much differently in
hyperbolic geometry. Unlike the Euclidean case, if p is a point in H which is
not on h-line £ in H, then there exist infinitely many different h-lines through
p that are parallel to £, as shown below. This is actually the main difference
between these two geometries.

We can make H a metric space by defining a metric dg as follows: let 7
and w be two distinct points in H and let [7,w] be the h-line segment joining
7 and w. We can parametrize {7,w] by a smooth map v : [0,1] — [r,w]. We

define .
d=f _ [ 1l g, 652

¥ S(2)  Jo S((T)

dg(T,w) =

and
du(r,7)=0. (3.3)

We can see that (H, dg) is a metric space and distance is preserved by Mébius
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Figure 3.1: The two lines through P are || to L

transformations which fix Hj i.e., if M € M6b(R), then
d[.g(T, U.a') = d];.;;(M(T) M’(w))

The topology defined by the metric dg is equivalent to the usual euclidean
topology. That is, every open set in one topology contains an open set in
the other topology. Because of the invariance of the hyperbolic metric under
Mobius transformations, in order to evaluate dg(7,w) it is enough to evaluate

dg(ia,b) for b > a. From the definition of the metric we get
.. b
dg(ia,ib) = In (5) , (3.4)

where b > a. The following theorem is very useful for evaluating and deriving
properties of the above metric, and we will use it in this thesis when we discuss

the existence of a fundamental domain for any discrete subgroup of Mo4(R).

Theorem 3.1 ForT, w € H,
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0 =8I

[r =&l —fr — o
() cosh (da(r,w)) = 1+ 2\|“;—(r_)§‘é:5
|7 -l

(i) sinh (3dp(r,w)} =

2(S()Sw)"
=
2(()S(wW)*

In order to prove the existence of a fundamental domain for any discrete sub-

(iv) cosh (Ldg(r,w)) =

group of Mob(R) we need the following definition.

Definition 3.3 A perpendicular bisector of the h-line segment [7,w] is the
unique h-line £ passing through the midpoint of T and w orthogonal to the

h-line segment [r,w](see Figure 3.2).

Figure 3.2:
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Theorem 3.2 A line given by the equation
du(T,70) = dg(7, ™) (3.5)
is the perpendicular bisector of the h-line segment [ry, 71).

Proof: Without loss of generality we can assume that 7 = 4, and 7, = ¢b° for
some b > 0. By Theorem 3.1 the midpoint 7 of {r, 71} is given by 7» = 76 and

the perpendicular bisector is given by |7] = b. If |7] = b, then we can easily

see that
l7 —n|* |- 1|2
1
and hence
L= n/Sm) = nPSe)
2%(71) 23(7)

By Theorem 3.1 we get
cosh(du(r, 70)) = cosh(dg(r,m)).
Therefore
dg{7,70) = dg(r, 7).
[ |
Let £ be the perpendicular bisector of the h-line segment [7o,wp]. Then by
Theorem 3.2 the equation of £ is given by dg(7, 70} = da{7,ws). The open set

given by the equation {r € H: dg(7,70) < dg(7,71)} is the open half-plane
determined by £ and containing 75(the shaded part of Figure 3.2).

Notation 3.1 We shall denote the perpendicular bisector of the h-line seg-
ment [0, M (70)] by Lr(M) and let H,,(M) be the open half-plane determined
by £,,(M) and containing 7o (similar to the shaded part of Figure 3.2).

Next we define the notion of hyperbolic convexity of a set.
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Definition 3.4 A subset D of the hyperbolic plane is hyperbolically convez(h-
convez) if for each pair of points T and w in D the closed h-line segment [T, w]

joining T and w 1s contained in D.

Among the simplest examples of h-convex sets are H|, any h-line, and any
closed h-line segment. As in Euclidean convexity, the intersection of a family
of h-convex sets is h-convex. Given an h-line £ its complement in the upper
half-plane has two components, the two open half-planes determined by L.
We need some of the basic properties of h-convex sets for this thesis and we
state them now. For the proofs of Theorems 3.3, 3.4 and 3.5 one can refer

to the wonderful book of Beardon [2].
Theorem 3.3 (1) If a set D is h-convex and M € Mob(R), then M(D) is
also h-conver.
(2) Open half-planes are h-convez.

{8} The closure and interior of an h-convez set are h-convez.

(4) A subset D of the hyperbolic plane is h-convez if and only if D can be

ezpressed as the intersection of a collection of half-planes.
Definition 3.5 A hyperbolic polygon P is the interior of a closed Jordan curve
[71, 7] U [T, 3] U -+ - U [Tz, 7] U [T, 71

The interior angle 8y of the polygon at 1. is the angle determined by D (1, r)NP

for all sufficiently small discs D(,7) centered at 7.

We allow the vertices 7% to lie on H and if 7, € Ry, then 8 = 0.

To prove the main theorem in this section we need the following theorem
due to Tietze Heinrich [29]. We say that a set E is called locally convex if
and only if for each point 7 € E there exists an open set U containing T such
that the set ENU is convex. The notions of convexity and local convexity are
meaningful in both Euclidean and hyperbolic spaces, and they extend in the

obvious way to the closed hyperbolic plane.
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Theorem 3.4 Let P be the Buclidean plane or the closed hyperbolic plane. A

closed subset E of P is convex if and only if it is connected and locally conver.

Proof: If the result is true when P is the Euclidean plane, the relationship
between the Poincaré and Beltrami-Klein models(the interested reader can
refer to the book of Stahl [28] for an elementary introduction of these models)
shows that the result is also true when P is a closed hyperbolic plane. Thus it
is only necessary to show that if £ is a closed, connected and locally convex
subsets of R? then E is convex (the reverse implication is trivial).

Note that any two points of £ are connected by a polygonal curve in
E. Because of this it is sufficient to show that if the Euclidean segments
[w,v], [v,w] lie in E then so does the segment [u,w]. If u,2,w are collinear
then this is trivial: thus we assume that these points are not collinear.

For each a, b, ¢, let T{a, b, ¢) represent the closed triangle with vertices a, b, ¢
(or the convex hull of the points a,b,¢). Now let K be the set of z in (v,u)
with the property that for some y in (v, w) we have T(v,z,y) C E. As E is
locally convex at v, K contains some interval of positive length. Clearly, K is
an interval of the form [v,z) or [v,z] where = % v and we shall now show that
K ={v,ul

Choose a neighborhood N of z such that EN N is convex and then choose
b€ [v,z)NN and ¢ € [z,u] N N as shown in Figure 3.3. As b € K, there

exists some y € {v, w) with
T(v,b,y) CE.
Choose z € NN (b,y). As EN N is convex we have
T(z,b,c) CE.
With a as shown in Figure 3.3 we also have
T(v,¢,a) CT(v,b,y) UT(b,c,z) C E,

so ¢ € K. This shows that x € K and z = u so K = [v,u]. Note that as
u € K, there is some y € (v, w) with T(v,u,y) C E.
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Figure 3.3:

Now consider the set K; of y € [v,w] such that T(v,u,y) C E. Exactly
as before, K; is some segment [v,1o) or [v,%]. As E is closed, we see that
K\ = [v,)]. The argument in the preceding paragraph (with u,v,w replaced

by , yo, w) shows that y = w so w € K; and
T(v,u,w) C E.
|

Now we have all the necessary ingredients to prove one of the main results in
hyperbolic geometry. This result is the main building block of this dissertation.

Theorem 3.5 A hyperbolic polygon P with interior angles 81, 09,---, 0, is

h-convex if and only if
0<0<m, 1<k<n

Proof: The conditions on the interior angles guarantees us that the set P is
locally convex. Furthermore the set P is connected and closed. Therefore by

Theorem 3.4 the polygon P is h-convex.
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3.3 Existence of a fundamental domain for dis-
crete subgroups of A 6b(R)

In Section 3.1 we have seen that if a subgroup I" of M 6b(R) has a nonempty
fundamental domain, then the group must be discrete. In this section we will

prove the converse.

Theorem 3.6 Let I’ be a discrete subgroup of MOb(R) and let 7o be a point
in H which is not fized by any nonidentity element of I'. Then the set

R ={reH:dg{r,n) <dp{r,M(m)) YMel, M# I} (3.6)

is a fundamental domain for T'. Moreover, R is h-convex. The set R is called

¢ Dirichlet Polygon for T' centered at 7.

Proof: We can easily see that
(1) R = Narer—(zy Hro(M);
(ii) R is open.

Next we want to show that

(iil) R = Nyer-gy Hro (M)

Since R C Mpser-— 0 H, (M), we have to show the reverse inclusion. For
this we need the following fact: for any € > 0 and any 7 € H, the set ['[7] N
D(1, ¢) contains only finitely many elements. First we want to show that for
any € > 0, £, (M) intersects D(rp,¢) for only finitely many M € T’ — {I}. If
£.(M)N D(r,€) # 0, then dg (w, o) < € for some w € £,,(M). By
definition of £,(M) we have da(M{m), 7o) < da(w, ) + da(M(n),w) < 2e¢
and therefore M(7) € D{7,2¢). Using the fact that we mentiored earlier
we can conclude that there are only finitely many M € I' — {I} such that
£.,(M) N D(m,€) # 8. Next we will show that £.,(M) N D{7,¢) # 0 for only
finitely many elements M € I' — {I}, foragiven r ¢ Hand ¢ > 0. Let T € H
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and € > 0. If § = € + dg(r, ), then we can show that D(7,¢) C D(7n,d).
Since there are only finitely many M € T such that £,,(M) N D(7,8) # 8,
then there will be finitely many M € T such that £,,(M) N D(7,¢) #0.

Now let 7 € nMen{r}W' Then v € Ho (M) YM € T - {I}. If
7€ Hpy(M) YM € T—{[}, then T € R C K. Suppose that thereexists V € T’
such that 7 € Hy, (N)\H;, (V). That means dg(7, 7o) = dg(7, N(7)). We want
to show that any deleted neighborhood of 7 intersects R nontrivially. For any
¢ > 0 there exist only a finite number of elements of ', say My,--- ,M, €T
such that

L {MIND(r,e)#0 VYVt =1,---,n.

Then there exist 7/ € H such that

7 e (D(r,e\{r}) N ﬁ Hoo(My).

k=1

Moreover, since 7 € H.,(M) VM € T — {I}, we must have

7€ H (M) VM el —{I,M,--- , M}
and
d]E(T,Tg) > €.

Therefore
D(r,€) C Hoy(M) YM € T\{J, My,--- , M}

and hence 7 € RN D(7,¢). Thus 7 € R. Therefore

R= () Hn(M)

Mer-{I}

To complete the proof we need to show that R contains a point from each
equivalence class and R does not contain two equivalent points. Let 7 € H.
Since T is a discrete group, the T'-orbit I'[r] is a discrete set and hence there

exists 7 € [[7] with the smallest hyperbolic distance from 79. Then

dm (70, 7*) < dm(7o, M(7*)) VM € T\{I}
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and hence 7* € H, (M) for all M € T — {I}. Thus 7* € R, so R contains
at least one point from every I-orbit. It remains to show that no two distinct

points 7, w € R can lie in the same [-orbit. Let 7, w € R and distinct. Then
du(m0,7) < dg(r0, M(7)), YM €T — {I}

and
da(m,w) < da(n, M(w)), YM €T - {I}.

If 7 and w lie in the same I'-orbit, then there exists N € I' — {I} such that
w = N(r) and
dH(TO: T) < dH(TO, N(T)} = dH(TO: W)

and
dH(TO’ w) < dﬂ(fO: Ar—l(w)) = dE(TO: T)'

This is a contradiction. Therefore R comtains at most one point from each
[-orbit. Clearly R is open and h-convex. Therefore % is a path-connected
fundamental domain for I".H

The above theorem is not well adapted for the actual construction of an
h-convex fundamental domain. Among other reasons, it may be very difficult
to determine the orbit T'[rg] of 7, and so to determine the points of H closer
to 79 than to any other point in the orbit. We shall describe another method,
associated with the name of L.R.Ford, which is based on the isometric circle.

Let I be a discrete subgroup of M&b(R) containing translations. Let M =

b
( ¢ J ) € SL(2,R) with ¢ # 0. Then the circle
¢

IMy={r€eH:|er+d = 1} (3.7)

is called the isometric circle of M. The map M acts like a euclidean rigid
motion on the circle /(M), and this explains the name. It is easy to see that
M maps I{M) on I{M~1) and maps Ezt(I(M)) on Int (I(M~1)). Since T

contains a translation, there exists a smallest positive number § such that
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Sg={T€H!%g<§R(T)<§}. (3.8)

Z

Note that if M = ( ¢
c

M € T —T has an isometric circle. Furthermore, if we have a sequence
{I(M,)} of distinct isometric cirles, where M, € T, then the radii of the
isometric circles J(M,) tend to zero. Ford [6] was the first to exploit this

property of isometric circles to prove the following theorem.

b
) € I'with ¢ = 0, then M € T's. Therefore every

Theorem 3.7 The set F defined by

F=SsnS [ Exzt(I(M) (3.9)
Mer—(Sg)

is a h-convez fundamental domain for . F is called Ford fundamental domain.

Proof: Suppose 7 € Fand M € . If M € [y, then M translates 7 out of
Sg hence out of F. Otherwise 7 lies outside J{M); therefore M(7) lies inside
I{M~'} and so outside F. Distinct points of F are not equivalent under I'.

We must now show that every w € H is equivalent to a point of 7. The
radii of the isometric circles are bounded above, as we have observed. Hence
thereis a @ > Osuch that 7 = z+éy € Fifr €Sgandy > a.

Let 7 € H be a boundary point of 7. Then 7 may lie on one of the
vertical sides bounding Sg. If not, 7 lies on some isometric circle, for certainly
7 does not lie inside an isometric circle. Now 7 does not lie on infinitely many
isometric circles, for the radii of these circles tend to zero and this would force
T to be a point of R. A boundary point of F lies on a finite number of isometric
circles but inside none. It follows that a point of H not in F must lie inside

some isometric circle.
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Now let 7o € H. Translate 7 to a point 73 € Sg by an element of ', writing
o= %o + Wo. T = I1+ W,

where y; = y. If 7y is not in F, it is inside some isometric circle 7{M;),
a b

M, = e , and we have
a 4

hn
= —= >
levn + da?

Next, translate 75 to a point in gg, and so on. We obtain a sequence

T = Ty + iy = Mi(n)  ye Y.

T0; T1y 07y T

with

Yo = <Y =Y < Y=Y < -+
If for some 1, Yons1 > @, then To,4y € F and the proof ends. Otherwise there
is an infinite sequence 11 = My(70), 73 = Ma(n); 75 = Ms(7), -, all images
of 7 under I" and all lying in §3. This sequence has a point of accumulation in

™ =z* + iy* € Sgand y* > 0, since yani1 is strictly increasing. Therefore

Yo
Im(M,(7)) = -y
(M) (cao + da)? + (Cag)? °©
and \ \
-
|1Mn(7'0)E2 - (anxo + bn) i (any()) - l,’_.eiz

(cnTo + dn)? + (cnt)?
Hence {¢,}, {d.}, {a.} and {b,} are bounded. That means the sequence {M,}
of distinct elements of I has a convergent subsequence. This is a contradiction.

Even though the above theorem is important, it is not well adapted for the
actual construction of an h-convex fundamental domain. Among other reasons,
it may be very difficult to get the isometric circles and hence the intersection
of their exterior, because the result is highly dependent on knowing almost
all of the elements of the group. This necessitates the development of a new

and practical method. Here we shall describe another method which is very
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convenient in constructing fundamental domains for subgroups I' of a group

G having a fundamental domain with nice topological properties.

Theorem 3.8 Let ' be the o discrete subgroup of Mob(R) and Ty be a sub-
group of T of index n. If

I = 54, UTAx U ---UTHA, (3.10)

is a decomposition of T into Ia-right cosets and if R is a fundamental domain
of T, then the set
Ry =] & (R) (3.11)

k=1

is a fundamental domain for I's.

Proof: We first prove that no two distinct points of R, are equivalent under the
group ['s. Towards this end suppose that 7 and 7, are in R, and equivalent
under I's. Then there exist wy, we» € R, 4, j € {1,2,3,--- ,n}, and M € I*2
such that

= M(7), 11 = Ai(w1), 72 = Aj{we).

It follows that A;{ws) = MA;(wi) or we = A;lMAi(wl). But A;lMAi e I}
hence w; = ws since R is a fundamental domain for I. Hence A;'MA; = [
or A;A;' = M € Ty. This implies that i = j. Hence 7, = 72, so that no two
distinct points of Ry are equivalent under I's.

Now we want to show that any point of H is equivalent under ['; to a point
in R. Givenany 7 € H, there exists N € I'such that 7 = N(w), wherew € R.
On the other hand there exist M € [’y and i(1 <4 < n) such that N = MA,.
Hence 7 = N{w) = MA{w) = M{w;), where w; = A;(w) € A;(R) = A(R).
Therefore w; € Ry. A

Definition 3.6 Let R be a fundamental domain for T'. A parabolic point (or a
parabolic vertez, or a parabolic cusp, or a cusp) of I' in R is any point ¢ € R,

such that ¢ € R.
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3.4

and Their subgroups.

Notation:

-«

Ro:={reH:|R(r)| <}, Ir|>1};

Ryi={r e H: [R(r) <3, Irl>1};

42

Fundamental Domain for I'(1) and H(A)

RO:={reH:0<R(r)<3, [r—1>1}

e R :={recH:0<R(r) <3, |7~} > 1};

S5 = {r e H:[R(r)| <}, [S(r)] =6} where § > 0.

~1f

112

L2

Figure 3.4: Ry and R°

In this section we will show that the sets Ro, and R° are fundamental

domains for I'(1) and the sets R, and R* are fundamental domains for H(}).
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Theorem 3.9 The sets Ry and R° are fundamental domains for the full mod-
uler group T'(1).

Before we prove the above theorem let us prove the following lemma which

is useful for the proof of the theorem.

Lemma 3.1 For any § > 0 and 7 € H the set I'(1)[7] N S; is a finite set.

Proof:
Suppose that 7 = z + iy € H, 0 > 0 and ¢, d be a pair of integers such

a b
that (¢,d) = 1, ¢ # 0. Then there exists a unigue M, q = ( J ) € I'(1)
c

[

¢
exists a unigue n € Z such that N = S*M_.4. Now let N(1) € &5 and

).

Now, S(N(1)) > 6

¥
>4
é(cx+d)2+cgyz -

S (ez+d?+Hy <t
o (22 + 43 + (22)ed + & < L

such that [%[ <i HENeT(l)and N = ’ ;) € I'(1), then there

*

R, %

c

N5 - (

But the last inequality has finitely many integer solutions ¢, d with (¢, d) = 1.
For each solution c,d with (¢,d) = 1, ¢ # 0, there exists a unique n such
that S(S"M,4(7)) > § and |R(S"M_4(7))| < 3. If ¢ =0, then the number of
possibilities for d is 2 and hence there are only finitely many elements N € I'(1)

such that N = ( * : ) and N(7) € Ss. Therefore I'(1)[7] N S; is a finite
¢

set.ll

Proof of Theorem 3.9

First we shall show that for any 7 € H there exists w € Ry such that 7 €
['(1)[w]. Let 7 = z + iy € H. We call y = $(7) the height of 7. There exists
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n, € Z such that if 7 == S™(7), then [R(n)| < 3 and S(n) = S(=). If

7 & Ry, then |ry| < 1. Clearly T(n) € [7] and we note that
8‘(7‘1)

= ]7-1]2 > S‘(Tl) = 7.

(T'(n))

Further, there exists np € Z such that if = := S™(T(n)) = $™T 5™ (1), then
[R(72)|] < & and

S(rz) = S(S™T(n)) = S(T(m)) > $(n) = 87 =y

Either 7 € Ry or else we can continue the process and find a congruent point
73 with |R(73)] < 1 and S(73) > S(72). By the above lemma S, N [7] is finite
and hence the process ultimately terminates after a finite number of steps, say
after k steps. Then the point 7 € [7] N Ro.

Now it remains to show that each orbit contains at most one point of Rg.
Suppose that 7 = z + iy and w = u + v are two distinct points in Ko which
are equivalent under I'(1). Assume, with out loss of generality, that y > v and

7= M(w), where M = ( *

c

:; ) € I'(1). This implies

y=S(Mw)) = E%d[—?
Hence Jaw + d| < 1. We cannot have [¢] > 2, since no circle of radius r < 3 and
orthogonal to R intersects Rp. If ¢ = 0, then M = S*, for some n € Z, which
is clearly impossible. We may therefore assume that ¢ = 1. Then d is either
—1, 0 or 1. One can check that all of the above cases are impossible. That
means we cannot find a map M € I'(1) such that + = M(w). Therefore each
orbit contains at most one point of Ro. Thus, Ry is a fundamental domain for
I'(1). To show that R’ is alsc a fundamental domain for I'(1), first note that

Ry = AU B, where
A;={TeH;-%<m(r)go, |r|>1},

B:={7‘€]H[:%>§R('r)>0, |T|>1}.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



45

Then R° = (TT(A))O and by the remark we made in section 3.1 R° is a
fundamental domain for T'(1). B

The following theorem was first proved by Hecke [8] and later by Evans
[5] using elementary arguments as in the above theorem. Here we state the

theorem without proof.

Theorem 3.10 The sets Ry and R* are fundamental domains for the Hecke
groups H(A) when A >2 or A€ H.

1Y _ iY

Figure 3.5: Ry and R

For convenience we shall combine Theorems 2.8 and 3.8 in the following

theorem.

Theorem 3.11 Let I be a subgroup of T(1) of indez u. Then

(1) Let T = {Ay,---, A} be a complete right coset system of I' in I'(1).
Then

I(t) = T A4 UT-AU--Ul-A4,=[]JT-A (3.12)

A€ET
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and the set .
R(T) = U Ay (Ro) (3.13)
k=1
s a fundamental domain for T';

(2} there exists a finite number of elements Ay,---, A, such that
p /\k—l
r(1) = (J {J ras’ (3.14)
k=1 j=0
and the set
p A1
Rr = U A4S (Ro) (3.15)
k=1 7=0
is a fundamental domain for T', where X, 1s as defined in Theorem 2.8
for N = §.

Definition 3.7 The set R(I') constructed as in Theorem 3.11 is called @
standard fundamental domain{SFD) for ' and the set Rr is called a cuspidal
standard fundamental domain(CSFD) for I'. The positive integer Ay is called
the width of the parabolic cusp Ax(i00).

Remark 3.1 (i) The parabolic cusps of I' in the SFD R(T') are the points
giwen by Ar(ico) fork =1, 2,--+, u. In this case we may have two

distinet parabolic cusps that are ['-equivalent to each other.

() The parabolic cusps of I" in the CSFD Rr are the points given by Aw(ioo)
Jork=1, 2,---, p. In this case no two distinct parabolic cusps are I'-
equivalent to each other, and this justifies the name cuspidal standard

fundamental domain.
(111} If two cusps are I'-equivalent, then they have the same width.

(iv) The number p in part(2) of the above theorem is the number of inequiva-
lent parabolic cusps or the parabolic class number and we usually denote
it by ooo(l)-
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{v) R(T) and Rr depend on the complete right coset system.

Now we are ready to state the questions raised by my advisor, Professor
Marvin I.LKnopp, and by Professor Mark Sheingorn, which have lead to this
dissertation. First, is the set R{T") connected? If not is it possible to choose a
complete right coset system {A,---, A,} to make R(I") connected? Second,
is the set R(T") h-convex? If not is it possible to choose a complete right coset
system {4,,---, A,} to make R(I") h-convex? Third, is the set Ry h-convex?
If not is it possible to choose a reduced right coset system {A;, -, Asu(m)} to
make R h-convex? We will address these questions in the next two chapters.
(Note that the two fundamental domains constructed by Ford and Poincaré

are h-convex.)
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CHAPTER 4

CONSTRUCTION OF A
CONNECTED CSFD AND ITS
LIMITATIONS

In the first section we will give an algorithmic construction of a connected
cuspidal standard fundamental domain of I, where [['(1) : I'] < o0, which can
be implemented on a computer using any programming language. Actually I
have written a Maple package which gives me such domains for the congruence
subgroup Fp(n) for any n € N. The reference for the material of the first section
is {27]. In Section 4.3 we give an example of a subgroup I' of I'(1) of finite
index which has no h-convex cuspidal standard fundamental domain. This

result appears to be new.

4.1 Construction of Connected CSFD

We need the following lemmas in order to give an algorithmic proof of the
construction of a connected cuspidal standard fundamental domain. We call

the image of Ry by any member of a modular group a modular triangle.
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Lemma 4.1 1. There are exactly 6 modular triangles attached ot the ellip-

tic point p = egfz”i;

2. there are ezactly 6 modular triangles attached at { € [p];

3. there are ezactly two modular triangles attached at each ¢ € |w|, where

w e d(Ro) — {p,0+1,00}.

Proof: A modular triangle is said to be attached at the point w, if w is on its

boundary. Usually w will be an elliptic point.
Consideration of angles would be the ideal way of proving the claim. How-
ar+b

ever, we give here an elementary algebraic proof. Suppose that M(7r) = 2=
with ad — bc = 1 and p € M(Ry). Then either p = M{p) or p=M(p+1).

M{p) = p © ap+b = cp*+dp
& (a—dp+b—cp®* = 0
& (a—dp+b+clp+1) =0
& (a—d+c)p+b+c =0
< (a+c—d) =0, andb+c =0
& M=1I oo M =TS, or M = §°'T.

If M(p+ 1) = p, then MS{p) = p and by the first part MS = T or
MS = TSorMS = S 'Tandhence M = TorM = Slor
M = TST. Therefore there are exactly six modular triangles attached at
the elliptic point p.

The proofs of (2) and (3) are similar and hence left to the reader.

Two modular triangles are said to be adjacent if they have a common side.
Applying the definition of a fundamental domain for a subgroup of the

modular group, we get the following lemma.

Lemma 4.2 (o) If My, Mo € T with My # M, and R is a subset of a
fundamental domain, then My(R) N My(R) = 0.

(b) If Alico) = B(ioo) and A(Ro) is adjacent to B(Ry), then A = BT.
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Theorem 4.1 For any subgroup T' of T'(1) with [[(1) : ] = g < oo we
can choose a reduced right coset system {A;y, As,--- . Ap} suitably to make the
CSFD Rrp connected.

Proof: If u = 1, then & = {I}, and R = Ry, which is connected. Therefore

we may assume that y > 2.

STEP 1. Pick any element A; of I'(1)—T and form the &; := { A}, 4,5, -+, 415N},
where ); is the smallest positive integer such that 4;5* A" belongs to I.
Clearly R, = m is connected.
Terminate the process if either all modular triangles which are adjacent to
R, are equivalent to one of the modular triangles contained in R; or |&;| = p.
(Later we will show that these two statements are equivalent.) Otherwise go

to the next step.

STEP 2. There exists A; € I'(1) such that As ~ G, and A3(Rp) is adjacent
to M(R) for some M € &,. If A, is the smallest positive integer such that
AyS* ATY €T, then form Gy =& U {Aj, 425, , A2S*~'}. Because of
the choice of 4y, Ry = m is connected.

Terminate the process if either all modular triangles which are adjacent to
R, are equivalent to one of the modular triangles contained in R, or |Ss| = .
(Later we will show that these two statements are equivalent.) Otherwise go

to the next step.

STEP k. Suppose we get Gy = USZ{ {45, 45, , 4;5%7'} and
Ri-t = Ulee,_, L(Ro) from STEP k-1 such that Ri_y is connected and
there exists Ay € (1) — T - G_; with Ax(Ro) adjacent to Ry_; and Az »
Gr_1. If A is the smallest positive integer such that 4;S*2A45! € T, then
form & := Gy U {As, AkS,-+-, AxS™ 1}, Because of the choice of Ay,
R = U_L;;[,(_R()) is connected.
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Since [I'(1) : T] = p < o0, the process terminates after a finite number
of steps, say at STEP p. Note that the process terminates if either |&,] = u,
in which case there is nothing to do, or all the modular triangles that are

adjacent to R, are equivalent to one of the modular triangles contained in 72,.

We want to show that these statements are equivalent. Suppose that the
latter one is true. That is, if M(Rg) is adjacent to R, then M L &, or
equivalently M € I' - G,. Since R, has a finite number of sides, M(R;),
M €T, has a finite number of sides and at each side of M(R,) there exists
a modular triangle which is adjacent to it. Moreover, if a modular triangle
M;(Ro) is adjacent to M(R,) for some M € I, then M~ M1(Ro) is adjacent
to R,. Therefore M~'M, € T' - &, and since M € T we can conclude that
M el -G,

Now we define two sets as follows:

A= U M(Ry),

Mel-&,
B = U MR
Mer(l) - I8,
Let ¢ € Uperg L (0(Ro) — {oo}). We want to show that if some modular
triangle attached at ¢ belongs to A, then all modular triangles attached at ¢
belong to A. Consequently, ¢ € (A)°. First note that
A= [ M(R,)
Mer
and there are at most six modular triangles attached at {. Suppose that
a modular triangle M(R,) attached at { belongs to A. Then there exist
M; €T, and L; € &, such that M = M;L,. Since M(Ro) C Mi(R,) ,

¢ € Mi(R,).

Let { € {p]. In this case we have to show that all the six copies of Ry
attached at ¢ belong to A. If { € (M(R,))°, then all the six copies of Rg at-
tached at ¢ belong to M1(R,) and hence belong to A. Otherwise ¢ € dM;(R,)-
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Then at the two sides of M;(R,) containing ¢ there exist M>, M3 € T such
that M:(R,) is adjacent to M>(R,) on one side and adjacent to M3(R,) on
the other side. Now either all the six modular triangles attached at { belong
to M1(R,) U Ma(R,) U M3(R,) or there exist at most three modular triangles
attached at { not contained in Mi{R,) U Ma(R,) U M;3(R,). X the former
is true, then we are done. Otherwise one of the remaining modular triangles
N(Ro) attached at ¢ which are rot contained in M;(R,) U Ma(R,) U M3(R,,)
must be adjacent to either Ma(R,) or Mz(R,). Without loss of generality we
may assume that N(Ro) is adjacent to M(R,,). There exists M; € I such that
M,(R,) contains at least N(Ro) and M,(R,) is adjacent to 32(R,). Hence A
coutains at least 4 modular triangles attached at ¢. Continuing this argument
we can conclude that all the six modular triangles attached at ¢ belong to A.
Therefore ¢ € (A)°.

Let ¢ € L(8(Ry) — {p,p+1,00}). In this case there are only two modular
triangles attached at {. Now we want to show that both of them belong to
A.If ¢ € (M;(R,))°, then both copies of Rq attached at { belong to Mi(R,)
and hence belong to A. Now let { € 9M;(R). Then there exists M, € I' such
that M;(R,) is adjacent to M2(R,). Therefore A contains both copies of Rp
attached at ¢. Hence ¢ € (A)°.

Therefore if some modular triangle attached at ¢ belongs to A, then ¢ €
(A)°.

If ¢ € H, then { € M(Ry) for some M &€ ['(1). If there exists M, € - &,
such that ¢ € M(Ro), then { € A°. Otherwise all the modular triangles
containing ¢ belong to B and hence ¢ € B°. Therefore ¢ € (A)° or ¢ € (B)°.
From the definition of the two sets we can see that A°N B° = . So far we

have shown

(i) H=(A)°U(B);
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(i) (A)y° N (B) =0
(iii) (A)°NH # 0.
Since H is connected and (A NH # @, then B = 0. That means

I(1) — T-6, = 0. Hence |S,| = u and {R,)° is a connected cuspidal

standard fundamental domain for I.

g.ed

Remark 4.1 The above Theorem is also true if we replace the full modular
group by the Hecke group H(A). The only thing which we need to modify in
order to carry out the proof of the theorem is Lemma 3.1: at the elliptic point
of the Hecke group H(N), where A = 2cos(§), there are at most 2q replicas
of the triangle Ry aitached.

We get the following corollary from the proof of the above Theorem.

Corollary 4.1 Let [I'(1) : T'] = i < 0o and suppose E is a finite set consisting

of inequivalent elements of T'(1) modulo T. If R = |J o5 A(Ro) is connected
and every modular triangle adjacent to R is equivalent to a modular triangle

contained in R, then |Z] = p.

4.2 Examples

Example 4.1 We will show that the group I'°(p), where p is prime, has an
h-convex CSFD. Using the above Theorem we get a right coset decomposition

F(1) = I%%)-{87%, 1, ---, §7%, T}.

Let
p-2

R = {J §(Ro) U T(Ra). (4.1)

j=-1
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Then we can easily show that (R)? is h-convex CSFD. Figure 4.1 shows R
forp = 13.

The sides of the CSFD R given in equation 4.1 are paired by the transfor-
mations 7817, S, and S*T'S~™, wherek = 2.3,---, p—2and m is the
solution of the equation km = —I(modp) in the interval -2 < m < p—2.
Therefore by the Poincaré’s Theorem [23, p. 255] the group I'%(p) is generated
by a subset of these transformations, and this is consistent with Rademacher’s
result [24].

Example 4.2 We will show that the group I'°(p?), where p is prime, has an
h-convex CSFD. Applying Theorem 2.15 to the given group we get

G rQ):eH = +p

(i) 05(P%) = p + 1

k | Cusp gx € | width Ay
L [oo] P’
2 0] 1
(iii) 3 m :
p+1 | {p(p—1)] 1
Now we want to choose p + 1 transformations A;, ---, Apy1 such that
p+1
r(1) = YT - {4w A4S, -, A4S}
k=1
and
Pl Ae—1
R = |J | AS(Ro)
;=1 j=0

is an h-convex CSFD. Let 4, = S, Ay = T, Az = ST, .., Ap1 =
S5?(P-DT. Then we can easily see that

p+l
M) = JI0 - {A, 4, -+, A4S™1)

k=1
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and the set
P+}. /\k_

1
R = | | A4S (Ro)

k=1 7=0
is a cuspidal standard fundamental domain for I°(p?). It remains to show that

R is h-convex. First note that the only vertices of R in H are
p—1,p p+1, p+2 -, p+p°—2 and p+p -2

By Theorem 3.5 it is enough to show that the R is locally h-convex at those

vertices listed above. The interior angle at the vertices
ey p+1, p+p=1, ,p+p -, p+plp-1)-1, and p+ p(p—1)

equals 3 (%) = 7 and the interior angle at the remaining vertices except
p — land p +p®—2 equals ¥ and at those exceptional vertices the interior
angle equals 5. Therefore R is locally h-convex. Since R is closed, connected
and locally h-convex, R is h-convex. Figure 4.2 shows an H-convex SFD for
r(25).

The sides of the CSFD described above are paired by the transformations
TS-T, SP°. , SPTSTS™, where [ = 0,1,---, p—1and $*TS~* where
2 < k < p*’~2and p{k+1 and ¢ is a solution of the equation km = —1(modp)
in the interval —2 < m < p — 2. Therefore by the Poincaré’s Theorem [23, p.
255] the group ['(p?) is generated by a subset these transformations.
Example 4.3 We will show that the group I'’(pg), where p and q are distinct
primes, has an h-convex CSFD. We can easily see that o.(pg) = 4. Since
(p.q) = 1, there exist integers! and r suchthat 0 <l <g—~landpl—gr=1.
If we choose 4y = SP, Ay, = S7PT, Ay = T, and 4, = S¥ITSIP,
then )

(1) = Tolpq) - | {Ax, AcS,---, AS¥1} (4.2)

k=1
where My = pg, A = ¢, A3 =1, Ay = p.
Therefore the set given by
4 Ap—1

R =J U 4 (Ro)

k=1 7=0
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is a CSFD for I'%(pq). Furthermore we can show that & is h-convex. Figure
4.3 shows an h-convex CSFD for I'°(15).

To provide the generators of the group I'(pq) by applying the Poincaré’s
Theorem we need to know the sides of the domain found above. The sides of

the domain given above are:

TYPE I: SEC) = S*T(C); k=~pl+1,...,-2,2,..,qlp—7) -1,

TYPE II: S-PT(L), STPITSYL), SUPITS(L), SHP-ITSIP(L),

TYPEIIL:  S7?TS*(C) = §PTS*T(C); n=2,3,..,g—1and
S-S (C) = SUITS™T(C); m=2,3,..,p— 1,

TYPEIV:  S7PL)USPTS(C), ST (L) U §*P-"TS-1(C), TS(L)U S~1(C),
T(L)yu S(C).

Sides of TYPE II are mapped to sides of the same category and as a result we

get two side-pairing transformations
My = SP'TSTS™ and My = SHPHITS PTG alP1),

Sides of TYPE IV are mapped to sides of the same category and as a result

we get two side-pairing transformations
IVI:; = Spq and 1\/14 = TST.

Sides of TYPE III are mapped to sides of TYPE L Foreachn = 2,3,...,¢—
1 there exists an s € {1 —{,....,g — I — 1} such that s(n — 1) +! = 0(modg).

Hence the side-pairing transformation
N, = S7PTS TSP

pairs the sides 57*(C) and S~PT'S™(C). For each t = 2,3, ...,p ~ 1 there exists
anm € {—7+1,....,p —r — 1} such that m(1 — ¢) + » = 0 (modp). Hence the

transformation
B, = ge-nTg-trg-em
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pairs the sides $9(C) and SYP-"TS-(C).

All the remaining sides of TYPE [ are mapped to sides of the same category.
Let % = {k€Z:1-pl Sk <alp—r)— 1|6 > 1, (kp) = (ki) = 1}. For
each k € 2, there exists h € 2 such that k(pg — ) = 1 (mod pq). Hence the

transformation
Uy = ShTs*

pairs the sides $*(C) and S*T(C).
Therefore the transformations

Mj(1<j<4), Na2<n<g—1), B2 <t <p—1),andUy(k € %)

generate the group I'°(pg).

Can we continue this forever and show that any subgroup of finite index of
the modular group has an h-convex cuspidal standard fundamental domain?
The answer is no and the following section gives an example of a subgroup

without such a fundamental domain.

4.3 Limitations

Proposition 4.1 The subgroup T°(125) of I'(1) defined by

r%125) = {( . Z ) eTQ): 125[6}
c

has no h-convexr cuspidal standard fundamental domain.
Proof: Applying Theorem 2.15 to the group I'°(125) we get:
1. [P(1): T°(125)] = 150.

2. The number of inequivalent cusps of T°(125) is 0,,(125) = 10.
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Cusp g € | width A
[00] 125
[0]
25
50
[75]
{100]
B
10
15
20

-y

S| o 1| o en| x| co| o) = |

Ut | O | ped | s | 2| =

4. If two reduced rationals 2 and % are equivalent modulo [%(125), then

(a1,125) = (a2, 125).

We prove the proposition by contradiction. Suppose there are 10-transformations

Al,Az, ,Alo such that

10
(1) =T°(125). | { Ak, AcS, ..., AS™ 71}

k=1

and if Ry = U} AuS¥(Ro) for k = 1,2, ---, 10 and R = U2, Ry, then
R is CSFD for I'°(125) such that R is h-convex.

Without loss of generality we can assume that the first cusp to be co. Since
5125 ¢ 19(125) we can, without loss of generality, take A; = S~ for [ € Z
and 0 <! < 125 — 1. The h-convex polygon R; looks like the shaded region

in Figure 4.4.

. b
Suppose that Ax = (a;, dk ) for k = 1,2,---, 10. By definition
Ck Qi

Ry is an h-convex polygon for all k. Moreover, since R is h-convex and hence
connected, Ry must share a side with Ry, for some & € {1,3.4,...,10}. We
want to show that ¥k = 1. Since R, shares a side with Ry, there exists
0 < ap < A such that Ay(Re) shares a side with AxS*(Ry). By Lemma

be + arar  —ax

42 Ay = AS®T = ( ) From the discussion above

di + apCr,  —Ck
125|a; and hence 125|(b + axar). I k& # 1, then Slax and hence 5[b;. This

is a contradiction. Therefore & = 1 and R, shares a side with R; only.
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Similarly, we can show that R, for m = 3,4,5,and 6 shares a side with R;
only. Next we want to show that R, for n = 7,8,9,and 10 shares a side
with R; only. Since R is connected R, must share a side with R, for some
t € {1,2,3,4,..,10} and t # n. That means there exist 0 < a; < A; and
0 < & < A, such that A,5%(R,) shares aside with A4;5%(R,). By Lemma
4.2 A,8° = A,5T and hence

b + oap * )

Ap = ASHTS™ = (
d¢+atc; *

Note that 25(6, + oya., because (a,,125) = 25 andn > 7. If t # 1, then
5Ja; and hence 5|b;. This is a contradiction. Therefore ¢ = 1. Hence
all of the polygons Ry, k=2,...,10, share a side with R; only. Therefore for
each k = 2,3,---, 10, there exist an integer my, 0 < my < p°, and ay,
0 € o < X — 1, such that A.5%(Ro) shares aside with 4;5™(Ry). By
Lemma 4.2 A S = A;5™7T and

—1
Ap = AS™TS % = §ma-lpg-ex = (mkl * )
*

Also note that my # m,, if k # n. Since 5ay, for each & € {2, 3, ..., 10}, 5jms—L.
If k) # ky and ky, k2 € {2,3,...,10}, then p|my, ~ mg,. That means any two
cusps Ax(oo) = my—Iland A,(c0) = m,—[are at least 5 units apart. Hence
there exists ¢ € {7,8,9,10} such that 5—1 < ¢ = A(o0) = m;—{ <1201
Now let us look R near the parabolic point ¢;. Depending on A := ¢, R looks
like one of the regions in Figure 4.5.

In any of the above 5 cases the interior angle at the vertex v or w equals
4 (%) > =. This is a contradiction to the h-convexity of R. Therefore I'’(125)

has no h-convex cuspidal standard fundamental domain.

Remark 4.2 The above proposition is true for I'(p®), where p is any prime
p > 5. In the proof of the above proposition we used the hypothesis p =5 in
order to get more than 2 inequivalent cusps of widith greater than 1 and this

holds for any prime p greater than 5.
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CHAPTER 5

MAIN RESULTS

5.1 H-convex Standard Fundamental Domains

For Normal Subgroups Of The Modular
Group

We know that the sets, shown in Figure 5.1, Ry = {7 € H:|r|>1 & |Re(r)| < 3}
and R° = {reH:|r + 1]>1 & 0 < Re(r) < 3} are fundamental do-
mains for I'(1). Let £, = {r € Ro: Re(r) = 3}, L2 = {r € Ro: Re(r) = é}

_ __44
Figure 5.1: Ry and R°®
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and C = {r € Ry : |7| = 1}. Then Ry is bounded by the hyperbolic line seg-
ments .Cl, C and Cg.
We also know that if I" is a subgroup of I'(1) such that I'(1) = I'- Z, then the

set

Re = ] A(Ro) (5.1)

A€S
is a fundamental domain for I'. It is not known whether the set (Rz)’ is
h-convex or not. Even though the set (R_g)o may not be connected it is pos-
sible to choose ¥ appropriately, as shown in Theorem 4.1, to make (R_g}o
connected. Until now it has not been known whether there exists a right coset
T of I in T'(1) such that {Rx) is h-convex. In this chapter we will show that
if " is a normal subgroup of I'(1) such that [['(1) : Il = 4 < oo, then we can
construct or choose a right coset decomposition X of I in I'{1) suitably so that

the set {Rg} is h-convex.

Lemma 5.1 Suppose [ is a normal subgroup of T'(1) such that [['(1) : '] =
i < oo and either T € T or §% € I'. Then there exists a set of right coset
representatives T = {A;, Az, ..., A} of T inT'(1) such that I'(1) = T'-X and
if R = Ui, Aj (Ro), then (R)’ is h-conve.

Proof: If 7€ T and §2 €T, observe that

— g-lpo-1_ o-1 -2
TST=85""'TS"=§ TS.\S;_/.
er er

Hence TST € T and by normality S € I'. Therefore I' = I'(1) and Ry is an
h-convex standard fundamental domain for I'.
Let T € T and S? ¢ T. In this case we want to show that I'(1) = T"-
{1,5,8%} and [F(1) : 7] = 3. TS ¢ T, because 5% ¢ T'. But S7!TSS53 =
(TS)YT(TS)"'T € T and hence $S° € T. Therefore {T,5% C I'. One can
easily show that

(a) TST = g_lTi :57%-Sand TS™'T = §T S -S%

er
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(b) 78T =TS*T - STS™L-$* and TS*T = TS°T - $7'TS - §73-5;

er el

Using the above observations and the fact that any element of I'(1) can be
written as a word in $ and T we can show that I'(1) = T'- {1, 5, 5%}. Since
1,5, 5? are inequivalent to each other modulo I, then {['(1) : I'| = 3. There-
fore, if we take ¥ = {I, S, $?}, we get an h-convex standard fundamental
domain for I'.

Let T ¢ ' and 8% € I'. We consider several cases that appear under this cat-
egory. If TS € T, then observe that ST = (TSS™2)"! € T and (7°5,5T) CT.
We want to show that I'(1) = T'- {I,T} and [['(1} : I'] = 2. One can easily
show that

2 __ . -
(a) TS* = TSGFST T;

(b) TS* = w-l .
er
Using the above observations and the fact that any element of I'(1) can be
written as a word in S and T we can show that I'(1) = I'- {1, T’}. Since / and
T are inequivalent modulo T', it follows that [['(1) : T'| = 2. Therefore taking
¥ = {I, T}, we get an h-convex standard fundamental domain for I'.

If TS ¢ T, then we can easily see that ['(2) = (52, (ST)S~2(ST)~") C I
We want to show that [' = T'(2). First note that the mappings I, ST, (ST)*
are inequivalent under the group I and I'(1) = - {I,$,7T,5T,STS,TST}.
It I & ST, then ST € T, which is a contradiction. If I ~ (ST)?, then
(8T)?> =TS €' and as aresult T'S = T'S~152 € T, which is a contradiction.
If ST ~ (ST)?, then ST € T, which is a contradiction. Therefore 3 < [['(1) :
'] < 6. Now it remains to show that [I'(1) : I'] = & > 3. Since the mapping
S is not equivalent to I or ST or (ST)* under the group I, then z > 3.
Since u|6 and p > 3, u must be 6. Therefore I' = T'(2) and if we take
L = {I,8 T, ST, TST, STS} we get an h-convex standard fundamental

domain for T,
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We have covered all the different possibilities and this completes the proof of

the lemma.

g.e.d

Theorem 5.1 Suppose that T is a normal subgroup of T'(1) such that [['(1) :
I = p < 00. Then there exists a complete right coset system T = {Ay, ..., Au}
of T in T'(1) such that

(o) T(1) = - Z;
(b) TR = Upes L (Ro), then (R)° is h-convez.

Proof: Since the case T € I’ or $? € I is proved in Lemma 5.1 it is enough
to prove the above theorem when T ¢ I" and S2 ¢ .

Algorithmic Construction

We define a function 1 : H x 281 — Z as follows

n(¢, Z) := the number of elements L of £ such that { € L(Ry). (5.2)

Note that 7(¢, £) counts the number of modular triangles in R = Upres M (Ro)
which are attached at ¢.
We want to construct a sequence of sets £;, g, 3, ..., Ly, With

Z1] < 1Zef < |55 < oo < [Zai],

and Ry := {Jyes, L (Ro) such that Ry is h-convex and each ¥ consists of el-
ements which are inequivalent modulo the subgroup T' Yk € {12, 3, ..., m}.
From now on let us fix the following convention. The vertices of a hyperbolic
polygon P C H are the vertices, in the usual sense, of the polygon P that lie
in H.

STEP 1. Choose the first set Z; containing only one element . Let M be an

arbitrary element of I'(1). Let £; = {M} and Ry = Uex, L (Ro)- Clearly

R, is h-convex.
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STEP 2. The modular triangles which are adjacent to R; are MS™(Ry),
MT(Rs), and MS(Ro). Now [ claim that M is inequivalent to M7 under T
To prove this we assume the contrary. That means there exists My € [ such

that
M = M -MT.

From this we can easily see that 7 = M~!-M;-M €T, because T is a normal
subgroup. But this is a contradiction. Therefore M % MT. If weset Ty =
{M, MT?}, then we can see that the closure of the set Ry = (Jy.5, L (Ro) is
h-convex and |Zs| > [£1|. Because of the assumption on I', g > 2 = |Z5| and
there exists a modular triangles adjacent to R, but not equivalent to any of
the modular triangles contained in Ry. Go to the next step.

STEP k. Suppose that &1 = {41, -+, An,_, } and Rer = UjE A4;(Ry)
are obtained in STEP k-1. Then there exists B € I'(1) such that B(Ry) is ad-
jacent to Ri~q and B X Si—1. In this case there exists some element of Xy _;,
say Ay, such that B(Rp) and A;(R,) share a common side. Since B S o1
and I is a normal subgroup of I'(1), then [ % Bl.% ;. Therefore, without
loss of generality, we can assume B to be I, by replacing x_; by B~! - Xy,
if necessary. Since I(Ry) and A{(R,) share a common side, then either Ry
shares C with A1 (Ry) or Ry shares £, with A; (Ry) or Ry shares Lo with
A1 {Ro). We will address each of the different possibilities one at a time.

I. I (Ro) shares C with A (Ro).

The shaded modular triangle in Figure 5.2 is contained in Ry_; and the
elliptic points p and p+1 are vertices of Ry—;. Because of h-convexity of Ry_;,

{p Te-1) £ 3and n(p+1,%41) < 3.
Case 1. 7o, Sp—1) <2and p{p+ 1,8k 1) < 2.

The modular triangle F; in Figure 5.2 belongs to Re—y if n(p, £x-1) = 2. The
triangle F» in Figure 5.2 belongs to Ry if 7{p + 1,Zx—1) = 2. Because of
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the assumption on the values of n(p, Zix—1) and n(p + 1, Zi_1), the modular

triangles D; and D, are not contained in Ry_;. Therefore
1
Ri1 € {T € H: |Re(7)| < 3 7| < 1}.

Now let
Ek = Ek_1U{I} and Rk = Rk—l UI(R()).
Then

(a) any two distinct elements of ;. are inequivalent under T;

(b) all the vertices of R;_; remains vertices of Ry, but the interior angles at
pand p + 1 get modified and these are the only ones that are modified.
Depending on the values of n(p, ix—1) and n(p + 1, Zx_1), the interior
angle at p and p + 1 is either # or &. By Theorem 3.5, Ry is

h-convex;
(©) IS = [Sema| + 1.

Remark 5.1 Since Ti_1 might have been modified as mentioned previously,

¥ may not contain Ti_y.

GO TO STEP k+1.

Case 2. 7n(p,Zr-1)= 3andn(p+1,5:1) £ 2.
From the assumption n{p, £x_;) = 3 we can conclude that 7, TS, TST ¢
Xio1-

The shaded modular triangles in Figure 5.3 are contained in Ry_;, but
the modular triangle denoted by F may not belong to Ry_1, depending on the
value of n{p+ 1,Xk_1). Therefore

1
Ri-1 € {TGH:RG(T)<§,IT|<1}.

To get the process going we have to consider the following different cases.
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Subcase 2.1 S1A S,
Then there exist A; € Li_; and M € T such that $7! = MA; with M # I.

Consider the set
E’:—I = {JVIA'I,MAQ,..., MA'nk-t} =M- Ek—l

and Ry ; = M(Re) = U Aess_| A(Roy). Since Ry—; is a subset of a
fundamental domain for I' and M € T, then R;_; NR;_, = 0. Also,

R, NI(Re) =0, and S~ (Ro) CRL_,.

The shaded modular triangle in Figure 5.4 belongs to R;_; and the mod-

uvlar triangles denoted by D are not contained in Rj_;. Therefore, by h-
convexity of R}_,,
Ry, C {TEH: Re(r) < 2,1l > 1}.
Nowlet & = Zp_,U{l/}and Ry = R;_, U1 (Ro). Then
(a) any two distinct elements of X, are not equivalent modulo I';

(b) all the vertices of Rj_, remains vertices of Ry and the new polygon has
one more vertex, namely p + 1. Moreover, the interior angle at p gets
modified and depending on the value of n(p, Z;_,), the interior angle at
p is either 7 or —231 Also the interior angle at p+ 1 is §. By Theorem

3.5, Rr is h-convex;
(©) 2] = [Be—y] + 1.
GO TO STEP k+1.
Subcase 2.2 S~1 % S and §71T £ 5,
Then there exist A; € Ts_; and M & T such that ST = MA; with M # 1

and A; ¢ {T,TS,TST}, because if A; € {T,TS,TST}, then either T or S?
will be in the group I, and this is a contradiction. Let

= {MALMAy . MA,_} =M -Tiy and Ry, = M (Rea).
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Note that J % Z%_,, $~' % i _, and T % §-L.

The shaded modular triangle in Figure 5.5 is contained in R}_,. Since
Ri-1 NR;_, = @, the modular triangles denoted by D are not contained in
Ry,

Since I and $~1! are inequivalent to ;_; and also to Xj_;, the modular
triangles E; and E; are not contained in R},_,.

Since R;_, is h-convex and p — 1 is not an interior point, the modular
triangles F; and Fy are not contained in R}_;.

Therefore
STT(R)CRi, ClreH: |r+1<1&|r| >1}.

Ty, = 25, \{S™!T}, then the closure of theset Rg, = J Lese, L(Ro)
is h-convex. If we remove a triangle which has at least one vertex not shared
by any other triangle from a convex polygon, then the resulting polygon will
also be convex. Therefore M~1(Rf2,) = Ri-1\A4:1(Ro) has h-convex closure.
Also note that the set of vertices of Ry, is the same as the set of vertices of

Ry_, minus {p}. Now let
Se = (S \ {AD U {87, 57T}

and

Ri = |J L(Ro).

Lexy
Clearly, the shaded region in Figure 5.6 is contained in Ry. The vertex

p of Ry_; now becomes an interior point of Kx. But the vertex M }(p) of
Ri_1 is not a vertex of Ry. Therefore all the vertices of Ry, exeept M~1(p)
together with the newly added vertex p — 1 forms the set of vertices of Ry.
Then

(a) any two distinct elements of £ are not equivalent modulo I';
(b) R is h-convex, by Theorem 3.5;

(€ IZk] = B + 2.
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GO TO STEP k+1.

Subcase 2.3 S~ % poy and ST % Ty
In this case we have I, §~!7, and S~! are inequivalent to Xi_, under T
Moreover, any two distinct elements of {I, $~%, §71T'} are inequivalent under

T. Let

Sei= S UL §7L87TY, and Re= | L(Ro).
LeZy

Note that the vertex p of Rr_; now becomes an interior point of Ry. Therefore
the vertices of R, are the vertices of Ry together with {p — 1} minus {p}.
Then

(a) any two distinct elements of £y are inequivalent modulo T
(b) Ry is h-convex, by Theorem 3.5;
(©) [Tkl = [Zea] +3.

GO TO STEP k+1.

Case 3.  7{p,Te—1) L2 and 9(p+ 1, Zey) = 3.
Repeat Case 2 replacing =1 by S and ST by ST.

Case 4. n(p,Tio1) = 3 and n(p+1,Z1) = 3.
Clearly {T,TS,TST,TS™',STS} C Zi-1 , i.e, the shaded modular triangles

in Figure 5.7 are contained in R;_;. Because of h-convexity

Reei C{reH: |7} £ 1}.
Subcase 4.1 1A g

Repeat Subcase 2.1 .
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Subcase 4.2 51 % Yr_1and S & Phe1.
Repeat Subcase 3.1 .

Subcase 4.3 §1 %%, and S Ty
In this case we have I, S~I, and S are inequivalent to £;_; under I'.

Subcase 4.3.1 ST AT, .
Then there exist 4; € £y_; and M € I' such that ST = M - A;. Let
il = M-Zppand Ry, = M(Ri-y). The shaded modular triangle in
Figure 5.8 is contained in R;_;. By Lemma 4.2 R;_, N Ry = 0.
The modular triangles denoted by D, in Figure 5.8, are not contained in
%_1s because R NR;_; = 0.
The modular triangles E; and E,, in Figure 5.8, are not contained in
R, because I and S~! are inequivalent to £;_, and also to I} _,
Therefore
RiC{rel:r>1, |7+1] <1}

and Rj_, \ S7IT(Ro) is h-convex. If we let X7, = X3, \ {4} and
Ritt = ULesye, L(Ro), then ", is h-convex and ST % £i*,( mod I).

If ST & ~ T* ., then there exists A, € £;*; and M1 € I such that ST

M; - A;. As in the previous case, if ¥ = \ {A} and R}, =
ULeE;'_-l L(Ry), then R is h-convex. Moreover, ST " T and (D] =
|Zk-1] — 2 > 0. Therefore

1,871,87'T, 8, 8T » =5,

and because of the assumption on I any two pair of elements of {1, 51, 5717, §, ST}
are inequivalent under I'.

Let

S U{1.874,87'T,8,5T}, and Re = | L(Ro)
LeL,
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Note that the shaded modular triangles in Figure 5.9 are contained in Ry.

Also note that

{(a) any two distinct elements of £, are inequivalent under T';
(b) Ry is b-convex, by Theorem 3.5;

(e) IZsl = |Zpa] + 3.
GO TO STEP k+1.

If ST % 37, then I,§71,871T,8,ST » i), and because of the
assumption on I' any two pair of elements of {I.S~!, 51T, S, 5T} are in-

equivalent under I'. Let

S = S UL 57,577, 8,8} and Ry, = | L(Ro)
LeZy

Then

(a) any two distinct elements of £, are inequivalent under [
(b) R is h-convex, by Theorem 3.5;

(€) Bk = {Ee-a] +4.
GO TO STEP k+1.

Subcase 4.3.2 ST % ).

If ST ~ Y1, then there exists A, € Zj., and M; € T such that
ST = M - A;. As in the previous case, if £},_; = X 1 \{A:} and R}_, =
ULes;_, L(Ro), then Rr_, is h-convex. Moreover, ST = £f_, and |Z}_,| =
|Zx_1] — 1> 0. Hence we have I,$71,5°!T, 5, ST % Tr_, and because of
the assumption on I, any two pair of elements of {I,97!,S~!T,S, ST} are
inequivalent modulo I. Let

T = 53, U{[,57,87'T,5,5T} and Ry = | L(Ro)
LeX;
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Then

(a) any two distinct elements of £y are inequivalent under I';
(b) Rz is h-convex, by Theorem 3.5;
(©) I1Zk| = |Za] + 4

GO TO STEP k+1.

If ST Sic1, then I, 871 8T, S, ST are inequivalent to Iz, un-
der T and because of the assumption on I', any two pair of elements of
{1,871, 871T,5,5T} are inequivalent under I'. Let

Sk = i U{L87, 57, 8,ST} and R = |J L(Ro).
LeZy

Then

(a) any two distinct elements of Iy are inequivalent under T’
(b) Ry is h-convex, by Theorem 3.5;
(© 12| = |Ze-a| +5.

GO TO STEP k-+1.

II. I (Ro) shares £y with A; (Ry).
The shaded modular triangle in Figure 5.10 is contained in Ry_y, but the
modular triangles denoted by D are not contained in Rg_;. Therefore, by

h-convexity,

2
Since the elliptic point p is a vertex of the hyperbolic polygon Ry, it follows

Ri-1 C {TGH:R&(T) <_—1}

that 17(p, Zk—1) £ 3, by Theorem 3.5. There are two cases we have to consider.

Case 1. (0, 1) < 2.
Let Ek = Elc—l U {I} and Rk = Rk—l UI(RQ) Then
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{(a) any two distinct elements of L, are inequivalent under I';
{b) R is h-convex, by Theorem 3.5;
(¢) 15| =npr + 1.

GO TO STEP k+1.
Case 2. T)(p, 2;;_1) =3.
By our assumption $~!,§7T,TST € T;_; and hence the shaded modular

triangles in Figure 5.11 are contained in Ri—;.
Moreover, the modular triangle T'S(Ry) shares a side T'5(C) with Ry_;.

Subcase 2.1 TS OI;' zk—l-
In this case apply (I) with 7S in the place of [.

Subcase 2.2 TS & D1
There exist M € T and A; € Zy_; such that TS = M - A;. Let
Z—l = M- 2};-1, and 'Rf._l = lVI(Rk_l).

. r .
Since I = i1, then I =« Zf_,. There are two cases we have to consider.

). Tz,
In this case there exist M; € ['and A, € Z;_; such that T = M,-4, =
(M1 M) - Ay, and as a result we get T K Ty, Let

T, o= M -T,, and RiY, = My(Rp_,).

Then I r*, and I(R,) shares a side C with Ry*,. Now we can apply
the first case (I) with Z}* ; in the place of Xy_;.

(i) . T»Zi,.

The shaded modular triangle in Figure 5.12 is contained in R;_;. The

modular triangles E;, E; and E; are not contained in Rj_,, because
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Ri—1NR;_; = 0. Since I and T are inequivalent to 3} _;, the modular

triangles D; and Dy are not contained in R_,. Therefore
Riq C {TE]H[:R&{T) >:2—1 & |Jr+1l< 1}.
Let Zy = X} _,U{T} and Ry, == | ez, L (Ro). We can easily show that
(a) any two distinct elements of Iy are inequivalent modulo I
(b) R4 has heonvex closure interior;
(¢) 2] = g1 + 1.
GO TO STEP k+1.

III. [ (Ry) shares £, with 4, (Ro).

This case is similar to (II).

Since the index [['(1):T] = g < 0o the process has to terminate after
a finite number of steps, say after the m* step. The process terminates if
either £,, = [['(1) : I] or every modular triangle which is adjacent to Ry
is equivalent to some modular triangle in R,,. By Corollary 4.1 these two

statements are equivalent.

Q.E.D

Remark 5.2 Theorem 5.1 remains true if we replace the modular group I'(1)
by the discrete Hecke group H(X), where A = 2cos(3). But the proof is
messier than the one given above, because at each elliptic point of order g

there are 2q replicas of Ry attached.

Example 5.1 Consider the normal subgroup I'(4) of I'(1). We know that
() [0(1): T(@)] = 24;
(i1) The parabolic class number of I'(4) is 6.

An H-convex SFD for I'(4) is given in Figure 5.13.
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Example 5.2 Consider the normal subgroup I'(5) of ['(1). We know that
(1) [0(1) : T(5)] = 60;
(ii) The parcbolic class number of I'(5) is 12.

An h-convex SFD for T'(5) is given in Figure 5.14.

Example 5.3 Consider the normal subgroup T'(6) of I'(1). We know that
(1) [[(1) : T{6)] = 72;
(ii) The parabolic class number of T'(6) 1s 12.

An h-convex SFD for ['(G) is given in Figure 5.15.

Example 5.4 Consider the normal subgroup I'(1,1,3) of I'(1). We know that
(1) (1) : T(1,1,3)] = 18;
(ii) The parabolic class number of I'(1,1,3) s 3.

An h-conver SFD for T'(1,1,3) is given in Figure 5.16.

Example 5.5 Consider the normal subgroup I'(2,0,1) of I'(1). We know that
(1) [C(1): T(2,0,1)] = 24;
(#i) The parabolic class number of I'(2,0,1) s 4.

An h-convex SFD for T'(2,0,1) is given in Figure 5.17.

Example 5.6 Consider the normal subgroup I'(1,4,7) of I'(1). We know that
(1) [T(1) : T(L,4,7)] = 42;
(i) The parabolic class number of I'(1,4,7) is 7.

An h-convez SFD for I'(1,4,7) is given in Figure 5.18.

Example 5.7 Consider the normal subgroup I'(3,0,1) of I'(1). We know that
(i) [0(1) : T(3,0,1)] = 54;
(1z) The parabolic class number of I'(3,0,1) is 9.

An h-convex SFD for I'(3,0,1) is given in Figure 5.19.
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5.2 H-convex Fundamental Domain for arbi-

trary subgroups of finite index of H(\)

The interior of the set
R)‘={TGH:OSR6(T)§:2\-, ir—%iz—i—}

is a fundamental domain for H(}). It is well known that if G is a subgroup of
H()) of finite index such that H{(A\) = G- X, and

Re = | M(RY,

Mes

then the interior of the set R¢ is a fundamental domain for G. For example
A= “’2—-—‘/3 (g = 5), then the shaded region in Figure 5.20 is R*. Moreover,
Figure 5.20 shows the tessellation of the upper half-plane by the fundamental
domain of H (3'-2-‘/—;) i
In this section we will see the advantage of using R* instead of R,.(In section
4.1 the use of R forces us to consider only normal subgroups of H{A).) Among
other things R* avoids much of the difficulty we face in using R, because it
contains only one vertex of order ¢ instead of two. As a result we will be
able to show that for any subgroup G of H(A) of finite index we can choose a
complete right coset system £ = {Ai,---,A,} such that the interior of the

set p
Re = | A(R?) (5.3)

k=1
is an h-convex fundamental domain for G. In this section we will give an

elementary algorithmic proof of the existence of a system of right cosets £ C
H(X) such that the interior of the set R¢ is h-convex. We call the image of
R> by a transformation in H{)) a triangle. Note that the transformations
TSy and T'S; " have finite order and their order is ¢. Before we state the main
theorem we need the following fact. If H = (h} is a cyclic group of order m
and K £ H, then there exists a smallest natural number d such that K = (%)
and H/K = (hK). One application of the above fact is the following lemma.
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Figure 5.20: Tesselation of H

=i
[

Lemma 5.2 Let A = 2cos (g) forqeN, g>3andm=e

(a) If T < H(X) and B € H(}), then there is o smallest positive integer d
with d|q and
-1\¢ -1
Ta(m) = <B (rs;t)" B >

(b) For any M € H()), M (R*) is adjacent only to MT (R*), MS,\T (R*),
and MTS;? (RY).

The following lemma is very useful and easy to see. We state it without proof.

Lemma 5.3 Suppose thatT < H(A), [H(A):T)=pu < oo, and@ # Z C H(})
with the following properties:

(i) Any two elements of £ are ineguivalent with respect to the group I';

(it) R = |Upes A(R?) is h-conves.
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Ifv € H is a vertez of R and Ay, Ay, -+, An are the elements of ¥ such
that Aj(m) = v forell1 < j < m, then

1. foreachj = 2,---, m there exists n; € N such that A; = A(TSTH)™

(reindex if necessary);
g
2. m<i.

Theorem 5.2 If G is a subgroup of H()\) and [H(X) : G] = p < o0, then
there exists a set ¥ such that
(a) HAN) =G5,

(b) the interior of the set Rg = Untes M(R?) is an h-convez fundamental

domain for G.
Algorithmic Proof: We will construct an increasing sequence of sets,
ICECEC..CE, =1L,

where m is at most the index [H()) : G]. At step k we adjoin at least one and

at most q elements of H(A) to L.

STEP 1
Let M, € G. We may always take M, = I, if we choose. Then there exists a

smallest positive integer d; such that
Gy = (MUTSTHHMTY).

Now we let ) = {M,, Mi(TS;"), --- My(TS; )41} If dy = g, then &
contains ¢ elements, otherwise £, contains at most % elements. Therefore the

set
R = |J AR

AED)

is a closed connected set.
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We want to show that R, is h-convex. If d; = g, then R has no vertex
in H and hence it is locally h-convex. Therefore by Theoremn 3.4 R; is
h-convex. If d; < g, then the only vertex of R, in H is vy = M;(7) and the
interior angle at vi is (%") di which is at most () (%") = . Therefore R,
is locally h-convex and hence by Theorem 3.4 it is h-convex.

Note that for any 0 < ¢ < ¢ — dj, we have
A/Il {TS;l)dl + ¢ — Ml (TS;l)dl +ad) + g

= My(TS;HyaM*a Mt My(TSh)o,
&G ez
wheret = ad; + to with 0 <t < d; — 1. Hence

MUTSTHE+tE %, W, 0<t<q—dy.

[Z,] or there is no B € H(A)

T1.(These two statements are

Terminate the process if either [H(A) : G]
such that B(R?) is adjacent to R, and B
equivalent by Corollary 4.1.) Otherwise GO TO STEP 2.

[
]

STEP 2

There exists B € H()) such that B(R?*) is adjacent to R, and B % %,. Then
there exists 4; € Iy such that B(R?) is adjacent to 4;(R*). By Lemma 5.2,
B = AT or B= A;TS;! or B = 4,(T5;")7". Cleatly B = AT, because
ATST £ %, and A,(TS5;1)e! £ %, That means B(R*) and A;(R*) share
the common side B(Z), where Z is the positive imaginary axis. By Lemma

5.2 there exists da, the smallest positive integer such that
—1\é2 e
Goe = (B(TS7)* B™).

First we want to show that for each 0 < £ < dp — 1, B(TS;')* % 3;. Suppose
that there exist 0 < ¢ < dy — 1 such that B(TS5;?)! £ ¥,. Then there exist
M e Gand 0<a<d; —1 such that

B(TSY = MM (TS;Ye,
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B = (MM)(TS; )+t
= (MM)(TS; M My(TS)",
E?-' GEI

where a+q—1%t = bdy + &, 0 <1t <d;—1 Thisis a contradiction
to B % Ty Nowwelet £, = 5 U{B,B(TSTY, -, BITS)%'} and
Ry = Upes, A(R*). Then

(i) w2 = B(m) # v1 = Mi(m):

(ii) a vertex of Ry which lies in H is also a vertex of Ro with the same

interior angle;

(iif) if d < g, then v, is the only additional vertex of Ry which lies in H

and the interior angle at vertex vo (of Rz ) is %Edg <
(iv} if d; = g, then v, is an interior point of Ry;
(v} Ro is closed and connected.

Therefore R is locally h-convex and connected and hence by Theorem 3.4,
Rs is h-convex.

Terminate the process, if either [H(}) : G] = |X2| or there is no B € H())
such that B(R*) is adjacent to Ry and B % Ts. Otherwise GO TO STEP 3.

STEP k

There exists B € H()) such that B(R*) is adjacent to Ry_; and B % Ty_;.
Then there exists 4; € Ti_; such that B(R) is adjacent to 4;(R*). By
Lemma 5.2, B = AT or B = A\TS;" or B = A;(TS;1)¢1. As before we
can easily show that B = A;T. That means B(R") and A;(R*) share the
common side B(Z). By Lemma 5.2 there exists a smallest positive integer dy

such that
Gotny = (B (TS B7).
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As we saw in STEP 2, B(TS;l)" % Yoy forany 0 < ¢ < dp — 1. Now we let
St = e, U {B, B(TSY), -, B(TS,\’I)d*“l} and Ry = UAEE;.. A(RY).
Then

(1) every vertex of Ry in H is a vertex of Ry;
(i) Ry contains one additional vertex v, = B(m) in H, if dp < ¢;

(ili) if v, € His a vertex of Ry, forsomer =1,2, -+, k, and 6, is its interior
angle, thend, <1 and 8, = (%’3) d, <m

(iv) Ry is closed and connected.

Therefore Ry is locally h-convex and connected and hence by Theorem 3.4
R 15 h-convex.

Terminate the process, if either [H(A) : G] = |Z or there is no B € H(A)
such that B(R?) is adjacent to Ry and B % Ti. Otherwise GO TO THE
NEXT STEP.

The process terminates after a finite number of steps, because [H(A) : G] =

1 < 00. Suppose the process terminates at STEP m. At the end of STEP m

we get
S = { My, My(TSSY), - My(TSTDE ™Y L M, M (TSN, -+ M (TS5}
and Rm = ez, A(RY), which is h-convex, where either

Zm| = [H(X): G]

or

B(R*) is adjacent to Ry = B S S
These two statements are equivalent by Corollary 4.1.

Q.E.D
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5.3 Examples

Example 5.8 T'(1,1,3)
Note

o I'(1):T(1,1,3)] = 18

e The set T containing the transformations 7, 7,75}, 8T, §~1, TST,
TS-1T 8, 8-\, TS, TS§~2, TS-2TS~ TS VT S~2, 58%T, 52, TST ST,
TSTS™1, TS*T is a complete right coset system of I'(1} modulo I'(1, 1, 3);

e R = {Jsex A(RP)}°, shown in Figure 5.21, is an h-convex fundamen-
tal domain for I'(1, 1, 3).

e The rank of I'(1,1,3) is 4 and the generators of I'(1, 1, 3} are:
M, = S72T8°T
M, = TS8TS*TS?

Mz = TSTS™*TST
IM4 = TSQTS—2

Example 5.9 I'(2,0,1)
e [[(1):T(2,0,1)] = 24

e The set T containing the transformations TS=3781, 7, $72T, §2,
TSTST, S*T, TS~1TS~2, 81T, 8T, T, 7S}, 81, TS, TST,TS~°T,
TS-3 TS TSTS™1, T8 '\T, 52 82TST, S, TS™2TS™ !, TS ?isacom-
plete right coset system of I'(1) modulo I'(2, 0, 1);

¢ R = {{Jsex A(R®)}?, shown in Figure 5.22, is an h-convex fundamen-
tal domain for I'(1, 1, 3).

e The rank of (2,0, 1) is 5 and the generators of I'(2, 0, 1) are:
*Ml = S—3TS3T
My = S™2TSTS™*T
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Figure 5.21: h-convex SFD for I'(1,1, 3)
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= TSTS*TS-TST
= TS?TS*Ts5-1
= T§31873

Example 5.10 I'(1,2,7) and I'(1,4, 7}

o [I(1

):T(1,2,7)] = 42 = [[(1):T(1,4,7)]

e The set ¥ containing the transformations I, T, T.5~1, ST, S~%, TST,

TS~

T.8,8°\T, TS, TS~2,TS~*TS~, TS~1T8*%, ST, 872, TSTS°T,

TSTS™ Y, TS*T, TS*T,TS~'TS, TS™'TS~°T,S% 57T, TSTS%, TS*TS,
TS?, 788, 783781, TS 2182, TS TS*T, TS™1T'S 73,

TS~

\TS—2TST, $*751, 83T, 873, S 2TST, T'STS*TS™?,

TSTS3T, TSTS™2 TS*TS*T, TS*T S, T8 is a complete right coset
system of (1) modulo I'(1,m, 7) where m € {2,4}.

¢ R = {lUsex A(R?)}°, shown in Figure 5.23, is an h-convex fundamen-
tal domain for I'(1, 2, 7) and also I'(1,4, 7).

e The rank of I'(1,2,7) and I'(1,4,7) is 8 and

(a}.

Ny

Generators of I'(1,2,7) are:
= §-6
= STTSTS'\TS8T

= TSTS*TS'TS*TS™!

= TSTS*TS*TST

= TSTS™*TSTS™'\TST
= TS*TSTS?

= TS*TS~2TSTS!

= TS°T

. Generators of I'(1,4,7) are:
= S_G

Ny = S™2TS*TS-'TST
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Ny = TSTS!TS-2TST

TSTS3TS'TSTS™

Ny = TSTS-2T8*TS!
Ns = TS?TS*TS-*TST
[, = TSATS2TS2

Ny = TS5T

=
I

o We can easily show that I'(1,2,7) NI'(1,4,7) = I(7,4,7)[Use the
definition].

Example 5.11 I'(3,0,1)
e I'(1):T(3,0,1)] = 54

o The set ¥ containing the transformations 2, TSTS*T, TS*T 8T, TS, T
T82TS,T83,T8*TS™, TS~ TS, TS, T8~*TS 1, 87T, 8T, T, TS,
S TS8T, TS8TS?, TS \T572, 872, 82T, TS T S?T, TSTS2, TSTS?TS1,
TSTS* T, TS-1TS*T, TS~2T8~2, TSTS L, T8*T, TS~ T, ST, 573,
S-2TST. TSTS?, ST, TS~2, TS~2TS~1, TS*TS, TS™*T,

82781, 8, TS 1\TS% 82T 83T, TSTST, TSTS*TS 2,

TS TS 2T8T, TS-T8-3 T8, TS\ TS~ T, TS~ \TS3T, TS TS*TS 1,
S:TS-ITST, S*T'S~2, TS*TS~? is a complete right coset system of I'(1)
modulo I'(3, 0, 1);

e R = {Usex A(R®)}°, shown in Figure 5.24, is an h-convex fundamen-

tal domain for I'(3,0, 1).

e The rank of I'(3,0,1) is 10 and the generators of I'(3,0,1) are :
M = S
M, = S2TSTS-'TSTS™T
My = TSTS*TSYTSTS-ITST
My = TSTS*TS'TS*r8?
Ms = TSTS™°TS
Ms = TS*TS?TS-'TSTS!
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M. = TS?*TS*TSTS-2TST
My = TSST

Mg = TS-3TS2TSTS?
My =TS-1TS-STST.

Consider the group H{+/2). It is well known ([9],[30]) that H(v/2) consists
of the mappings of all of the following types:

(i) N()= %{%, a,b,c,d € Z,ad — 2bc = 1,

(i) N(r) =222 a.b.cdeZ, 2d—be=1.

The group H(v/2) tessellates the upper half-plane as shown below.

—
:
=N

i b,

Let n € N. Define
HY?(n) = {M € H(v2) : ¢ = 0( mod n)}.
Then Hy?(n) is a subgroup of H(v/2). It is well known [12] that

nlla (1+1),  if@n)=1

. (5.4)
27 [T oo (1 + ,%) . if2n.

(B2 )] = {
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Using the above Theorem we can generate a fundamental domain for any
congruence subgroup of the form HO‘/§ (n), neN.
Example 5.12 An h-convex fundamental domain for the subgroup Hg@(g) is

given by the following picture.

02 04 06 08 1 12 14
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Example 5.13 An h-convex fundamental domain for the subgroup Haﬁ(l(])

is given by the following picture.

1.4
121

0" o2 04 06 08 1 12 14
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Example 5.14 An h-convex fundamental domain for the subgroup Ha/§(13)

is given by the following picture.

1.4 f |
1.2- '
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5.4 Generalized Farey Sequence

The ordinary Farey sequence is constructed as follows: start with the first

row

0 1
1 1
For the n® row, n = 2, 3,4, 5, ..., we use the rule: form the n** row by copying

the (n — 1) row in order and insert the fraction 22 between the consecutive
c+d

fractions £ and £ of the (n—1)* row. The first four rows of the Farey sequences

are as shown below:

0 1
1 1
0 1 1
1 2 1
o 1 1 2 1
13 2 3 1
0 1121323 1
1 4352534 1

It was proved by Cauchy around 1816, after the sequence was constructed by
the mineralogist Farey, that if ¢ and g are two consecutive fractions in the n®
row of the Farey sequence, say with & to the left of £, then ad — bc = 1. From
this we can also conclude that all the fractions appearing in the Farey sequence
are in reduced form and in each row the size of the fractions increases from left
to right. There is also another way of constructing the Farey sequence from
the tessellation of the upper half-plane, using R° as shown below.

Suppose that A = 2cos (g) for g = 3,4,5,... and let 8 = g We construct
a sequence, which I call the A-Farey Sequence, as follows: Start with the first

row having ¢ — 1 entries:

sinf sin2f sin{g — 3)8 sin(g — 2)8

9 sind sing sin @ sin & _2
1 sin28 sin38 ’"7sin(g—2)8 sin(g—-1)0 1’
sinf sind sind sin &

For the n** row, n=2,3.4,..., we use the rule: form the n** row by copying the

(n — 1)** row in order and inserting the following, ¢ —~ 2, A-fractions between
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the consecutive fractions ¢ and §, where £ is to the left of %, of the (n — 1)*

row

asin® + bsin20 asin 20 + bsin 34 asin{g — 2)8 + bsin(g — 1)8

sin sin 8 sin
csinf +dsin26’ csin28 +dsin36’ 77 csin(g ~ 2)8 + dsin(g — 1)6
siné sin @ sin#

Theorem 5.3 If% and 3 are two consecutive A-Farey fractions in the nt* row,

where % is to the left of £, then ad - be = 1.

PROOF: First let us show that the statement is true for n=1. Any two

consecutive A-Farey fractions of the first row are of the type

sinm#@ sin(m + 1)
sin 8 sin 8
sin{m + 1)’ sin{m + 2)8’
sin @ sin &

form=20,1,...,g — 3. Since

sin(k + 1)@sin(k — 1)§ = (sin kfcosb -+ sin bcoskb) (sin kBcosh — sin Ocoskd)
= sin® kfcos®® — sin®fcos?kd
= sin® kfcos®d — sin’@ (1 — sin® k6)

=sin’kf — sin?4,

we have

sin®(m + 1) — sin mf sin(m + 2)8 _ sin®(m + 1)8 — (sing(m +1) — sin®6)
sin* @ - sin® 6

Therefore the statement of the theorem is true for n=1. Assume that the
statement of the theorem is true for the (n—1)* row. Then any two consecutive

A-Farey fractions in the n‘* row are of the type

asinmf + bsin{m + 1)8 asin{m + 1)8 + bsin(m + 2)8

sin & sin 8
csinmf +dsin{m + 1)8 °  csin(m + 1)@ + dsin{m + 2)8’
sin & sind
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for some 0 <m < g -2, where ¢ and 2, § is to the left of £, are consecutive
asin(m + 1)8 + bsin(m + 2)8

a :

‘ in t — 19 row. ¢ sin §

fractions in the (n — 1)* row. If 7 csin(m + 10 + dsin(m 1 2)8° and
sin ¢
asinm@ + bsin(m + 1)8
vo_ sin # : ; .
7 csmmd T dsin(m £ 8 then a simple computation shows that
sin @

in? 1)8 — sin mé si 2

dd -~ e = (ad—bo) (sm (m+1) '51;1m sin(m + )9) 1
sin® @

Therefore the statement of the theorem is true for the n* row, and the theorem

is proved by mathematical induction.

Example 5.8 For g = 3, A = 2cos (3) = l,and 8 = 3, the first row of the
A-Farey sequence is

0 sin{g — 2)0/sind
1 sin(g—1)§/siné

A1
1 1

Hence the first row of the A-Farey sequence is, as expected,

0 1

1 1

If £ and g are two consecutive A-Farey fractions in the (n — 1)™ row, where dé

is to the left of 2, then the A-Farey fractions in the nt* row which are between

%and%are
b (asin{g—2)8 + bsin{¢ — 1)8)/sinf a
d’ (csin(g—2)f +dsin(g— 1)§)/sinf’ ¢
or
b a+b a
d c+d ¢

This is in a total agreement with the original definition of the Farey sequence.

Hence this justifies the name.

Now we want to investigate the relationship between the A-Farey sequences

and the Hecke groups. Observe that
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(i) The Hecke group H()) is generated by the transformations Py := 755!
and 7.

b
(i) I M = ( ¢ J ) of H(}A), then either M or MT equals
¢

S?(a B), or 5%,
v &

for somen€Z and o, 3,7, € R with 0 < %, %5 A

a b
Theorem 5.4 Let A = 2cos(3), with ¢ € Nys. Then, M = ( d) €
c

H()) if and only if for some k € {0, 1}, either MT* = S} for somen € Z or

there exist two consecutive A-Farey fractions 2 and g and an integer n such

that
urt =se ® P,
v &

Proof: From the above observations we can assume, without loss of generality,

that 0 < 2, 2 < A One can prove by mathematical induction that

¢! d
sin{m~1)8 __sinmé
m siné sin@ :
= rma. B
Py e sin(mtD)d (as a transformation},
sin@ siné

form=1,2,3,...,q. {See (1.43) on p.21).
(<=) Suppose that 2 and ‘3’ are two A-Farey fractions and » is an integer. We

want to show that
a f

M=Sf\‘( )EH(,\).
v &

It is enough to show that ( “ ? ) € H()). First let us show the truth
7

of the statement when £ and % are in the first row of the A-Farey sequence.

In this case one can easily show that there exists an integer m such thaf
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( “ f: ) = P* € H(\). Now assume that if 2 and g are in the (n — 1)
Y

row of the A-Farey sequence, then ( “ ): ) € H{)\). We want to show that

Y
this is true for the n** row. Any two consecutive M-Farey fractions of the n*

row are of the type

asin(m — 1)@ + bsinmf  asinmb + bsin(m + 1)8

P sing sin 6 .
§ csin(m—1)d+dsinmb ' csinmb+dsin{m+1)8 v
sin @ sind

forsomem = 1,2,3,...,¢—1 and % and 2 are two consecutive A-Farey fractions

of the (n — 1)* row. Then by the induction hypothesis

a b
€ H()).
(2 0) e
This implies

asinm@+bsin{m+1)0  asin{m—1)0+bsinmé a b
siné siné — prr
csinmb+dsin{m+1)}4  csin(m~1)8+dsinmb e d At

siné siné

Therefore ( @ f ) € H(A).
v §

(=) Suppose that M € H{A). Then by remark we made we may assume

that M = ( ¢ b

c

b
), with 0 < £, ¢ < )\ Since M = PMTPT..TPY
for some my, My, ..., M1 € Zygo, Mz # ¢ — 1 and m, € Z, we can easily show

that ¢ and g are two consecutive A-Farey fractions appearing in the k% row

for some 1 < k < 7. Therefore this completes the theorem.

Remark 5.3 The above theorem is equivalent to Theorem 1 of [3].
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