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ABSTRACT

HIGH ORDER FINITE DIFFERENCE METHOD FOR
INCOMPRESSIBLE FLOW

by Cheng Wang

Doctor of Philosophy
Temple University, 2000

Advisor: Dr. Jian-Guo Liu

This work is concerned about a set of computational methods for incom-
pressible flow. whose behavior can be governed by Navier-Stokes Equations (NSE).
Finite Difference Schemes are concentrated here. The efficiency of these methods
lies in the fact that only Poisson solver and heat equation solver are needed at
each time stage. No Stokes-tvpe equation needs to be solved and there is no cou-
pling between momentum and kinematic equations. This makes the whole scheme
extremely robust. Stability and convergence analysis are also documented. Some
numerical examples are presented. along with perfect accuracy check with each
scheme. The topics in this thesis include: Gauge formulation and the correspond-
ing implicit gange method: Second order scheme based on vorticity formulation.
along with the choice of vorticity boundary condition: Stability and convergence

analvsis of Essentially Compact Fourth Order Scheme (EC4): Computation of

1
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fow on multi-connected domain: A fourth order numerical approximation to

Boussinesq How. which are discussed in each chapter. respectively.
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CHAPTER 1
INTRODUCTION

The subject of Computational Fluid Dynamics has attracted a lot of at-
tentions these vears. The starting point of this subject is to design computational
methods to approximate Navier-Stokes Equations (NSE). which can describe the
motion of incompressible flow very well.

NSE has two widely-used formulations: \elocity-Pressure Formulation and
Vorticity-Stream function Formulation. The velocity-pressure formulation with

no-flow. no-slip boundary condition can be written as

% +{u-Viu+ Vp=viu. in (.
(L.1) V-u=0. in Q.
u=>0. on J92.

where w = {u. v) is the velocity. p is the pressure and v is the kinematic viscosity.
There are three main difficulties in the numerical simulation of incompress-
tble Bow in the primitive formulation:
(D1) The implementation of the incompressibility constraint V-u = 0.
(D2) There is no dynamic equation and no boundary condition for the pres-
sure p. Indeed. p is mainly a Lagrange multiplier to assure the incompressibility.
(D3) The implementation of the no penetration and no-slip boundary con-
dition.
To overcome the above difficulties. E and Liu proposed a new formulation.

Gauge formulation in [ELG1]. Instead of using primitive variables of NSE, the
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gauge formulation replaces pressure by a gauge variable ¢ and introduces the

auxiliary field @ = u—Vo. Then the incompressibility constraint in {1.1) becomes
(1.2) Ho=~-V-a.

and the momentum equation in (1.1} becomes

(1.3} a,+(u-V)u+V(0ﬁ—éAo+p) :é/_\a.

[f we impose

. 1 B
(1.4) do — EEAO_ -p.

we obtain the gauge formulation of NSE

i
a+(u-Viu=—~_Aa. in Q.
Re
(1.5) Ao =-V-a. in 2.
u=a-+ Vo. in 2.

Oue of the main advantages of Gauge formulation is that ¢ is a non-physical
variable. so we have the freedom to assign boundary condition for ¢. Corre-
sponding to the no-flow, no-slip boundary condition uw = 0 on 92, we can either

prescribe:

do do
(1.6) a—n—O, an=0, a-‘r——(:;. on df2,
or
(1.7) o=0, a-nz—a—o, aT=0. on g92.
an

where 7 is the unit tangent vector.

Neumann gauge formulation {1.3) and (1.6) can be written in another form

a¢+(u-V)u-—-—LAa. in Q.
Re
{1.8a) Jo

a-n=0 a-7v=-—. on J.
or
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{1.8b)
6_61 =0. on J02.

(1.8) can be easily solved by finite difference method. which will be discussed
in detail in Chapter 2. For simplicity of presentation. we take Re = 1. For
example. if backward Euler method is used as the time discretization for the
momentum equation, we have

an+! —

o +{u"-Viu" = Aa""t. in Q.

(1.9)

Still. the boundary conditions for @ has to be determined to implement {(1.9).
To avoid the coupling between the momentum equation and the boundary con-
ditions. we use explicit boundary conditions for a@. which are carried out by

vertical extrapolation. For the first order scheme. we can just take

) . ao”
(1.10) a*ln=90. a“*"‘rz-ai on 902
Next we update ¢! at time step 77! by
Aot = —V-a*~ !, in Q.
(1.11) y
3—37 =0. on 2.

and the velocity u™*! is determined by the incompressiblity
(1.12) ul = e + Vol

It can be seen that the momentum equation {1.9) is decoupled from the kinematic
equation (1.11) due to the fact that the boundary conditions for @ in {1.10) are
explicit.  The resulting scheme is very efficient and the computational cost is
reduced to solving a standard heat and Poisson equation.

The main contribution of Chapter 2 is to show that the explicit boundary

condition for @ in {1.10) is unconditionally stable for Stokes flow. In addition.
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the main convergence theorem for Stokes equations is stated below. which is just
Theorem 2.3.1 in Chapter 2:

Theorem 1.1 Let (u, o) be a smooth solution of Stokes equations with smooth
initial data u®{x) and let (u (. 0r,) be the numerical solution of the semi-discrete

gauge method with explicit boundary conditions. Then we have
(113) Hu — u&t“[‘x(o“r;z}) < CAt.

For the full nonlinear Navier-Stokes equations. the time stepping constraint

Fa

is reduced to the standard CFL constraint £ < C. The corresponding conver-

gence theorem is stated below. which is Theorem 2.4.1 in Chapter 2:

Theorem 1.2 Let (u, @) be a smooth solution of the Navier-Stokes equations with
stnooth initial data u®(z) and let (un. o)) be the nurnerical solution of the gauge
method coupled with the MAC spatial discretizations. Assume the CFL constraint
At < Ch for some suitable constant C which we unll specify in detail later, then

we have
(1.14) e — wpllz= < C(At+ A7)

There are some other ways to overcome the three difficulties mentioned for
the primitive formulation {1.1). For 2D flow. the first and second difficulties can
be eliminated in the vorticitv-stream function formulation

Gw + V-(uw) =vAe.
(1.15) Av=w.
U= =g v =00
where o denotes the vorticity and the no-flow. no-slip boundary condition can be

written in terms of the stream fuuction ¢

(1.16) w=C,, -—=0. ateach I,.
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where C, is constants at each boundary section [,. In the simply-connected
domain. Cy can be set to be 0. [t can be seen that the above formulation has
the advantage that it not only eliminates the pressure variable. but also the
incompressibility is automatically enforced. Thus it brings a lot of convenience
in computation. Yet, the main difficulty in the numerical simulation of (i.13).
(1.16) is the boundary condition:

(D3(1)) The implementation of the two boundary conditions for the stream
function in (1.16}.

(D3(2)) When the vorticity is updated in time (in the momentum equa-
tion). there is no definite boundary condition for vorticity.

The methodology to overcome the above difficulties is to solve for the stream
function using Dirichlet boundary condition ¢ = 0 on I'. and then compute the
vorticity at the boundary from the stream function via the kinematic relation

and no-slip boundary condition. For example. either Thom’s formula

- .2'»': 1
1.1 < n = ~
(L.17) 0= s
or Wilkes-Pearson’s formula
‘ 1 1
{1.18) W = E(‘lvxl 2L;.2)

can be used as vorticity boundary condition.

In Chapter 3. it will be shown and argued that either Thom's formula or
Wilkes™ formula, coupled with 2nd order centered difference scheme at the interior
poInts

Auw + Do(ww) + ﬁy(l.'«.,'] = v .
(1.19) Ap = w. v |r=0.
w= —Byz.'. v = Do
give full 2nd order accuracy for the whole scheme. Wilkes™ formula gives higher

order accuracy for the vorticity on the boundary thar Thom's formula by formal
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Tavior expansion. In particular. it will be very useful for non-uniform grids. The

main theorem in Chapter 3 can be stated as

Theorem 1.3. Let u, € L>([0.T: C>2(Q)). v.. w. be the ezact solution of the
Nuovier-Stokes equations (1.15). {1.16) and uy,. 2y be the approzimate solution of
the second order scheme with Pearson-Wilkes formula. then we have
{1.20)

litte — wpllz=go.m.22) + VPIwe = wallizgor ooy

., . CcT Y
< Ch“”“.:”Lx([o.T;.CM)(1 + ”ueilw(ga.rg.csy)exp {7(1 + “ue”iw{[o.r}.cl))} :

which is just Theorem 3.4.1. Full 2nd order accuracy is also demonstrated nu-
merically. Our analysis results in almost optimal regularity assumption for the
exact solution.

The main contribution of Chapter 3 is to show that Wilkes’ formula also
has good stability property. [n addition. this stability argument can be applied
to other long-stencil formulas. It cannot be directly derived from straightforward
manipulations since more interior points are involved in the formula. A new
methodology is developed to establish this stability analvsis. The main idea is to
control local terms by global quantities via discrete elliptic regularity for stream
function.

[n Chapter 4, a fourth order finite difference method based on (1.13), (1.16)
s considered. The scheme is essentially compact fourth order scheme (EC4).
which was proposed by E and Liu in [ELV2]. and can be implemented very
efficiently. Motivated by the fourth order approximation to A in 2-D

Ay +2D2D?
S =TV L O(hY).
I+ﬁAh

(1.21) A=
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they discretize NSE in 2-D by

( W,
9 = (D + = DID)< ~ N L.

h? 2 2 —
(1.22) { G+ SDiDHe =2, v

=
I
©

2

h- _ _
(1 + FAh}W‘ = .

where the intermediate variable T was introduced as T = (1 + %Ah)w‘. and the

approximate nonlinear term N £ is given by

- h® — . h2 —_ —
(123) .’\fﬁ = DI(]. + E‘D;)(Uq") + Dy(l + ED;)(U.&-’) - aAh(UDIw + L'Dyw') .

To compute the third term in (1.23) near the boundary. uD,w + vﬁyw can be set
to be 0 on ['. since the velocity field vanishes on the boundary. In addition. the
velocity w = (—0yw, d; ') can be valued by using the standard long-stencil 4-th
order formulas:

—_ h‘_’ N — ,2 Y
(1.24) u=-D,(1- T D). v=D.1- % D).

Similar to the second order case discussed in Chapter 3, cthe vorticity bound-

ary condition is a very important issue. Either Briley’s formula

2

[ ¥4 . - 1 . . -
{ 1.2')) Lo = h_'.Z(GT’"-I - .—z'L-,;g . +§L‘ ,_3)

which gives 3rd order accuracy for the vorticity on the boundary, or a new higher
order formula

1 8 1
(1.26} Wi = ﬁ(&;':.l - 3wy + 51:';.3 - gt'm) ;

which will be derived in Chapter 1, and indicates 4th order accuracy for the
vorticity on the boundary. can be chosen as the vorticity boundary condition.
The use of either boundary condition results in a stable method. The EC4 scheme
with Brilev's formula was analvzed by E and Liu in [ELV'2). The main result in

Chapter 4 can be stated in the following theorem. which is Theorem 4.3.1:
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Theorem 1.4. Let u, € L>([0.T): C**(Q) ) be the solution of the Navier-Stokes

equations and uy, be the approrimate solution of ECY. then we have

(137) I — walle=<gor.2y < ChUluelic=goriome)
Y

(L + lletelf = io.71.05)exp {CC:T} .

where C* = (1 + llue||L=go.r %))

Since the vorticity boundary condition (1.25) or (1.26) are long-stencil for-
mulas. we adopt the similar technique of stability analysis used in the third
chapter. which is to control some local terms by the diffusion term via discrete
elliptic regularity, thus guaraatees the stability of both formulas. To illustrate
the idea of both stability and consistency analysis more clearly, we choose to
give a detailed analysis of both formulas in a simple 1-D Stokes model in Sec-
tion 4.2. The consistency analysis for Briley's formula is implemented by Strang
type expansion: while that of our new 4-th order vorticity boundary condition is
more straightforward, no correction term is needed. Physical no-slip boundary
conditions are used throughout.

In Chapter 3, an application of finite difference method based on vorticity
and stream-function variables to multi-connected computational domain is con-
sidered. As discussed above. using the vorticity and stream-function variables is
an effective way to compute 2D incompressible low due to the fact that the in-
compressibility constraint for the velocity is automatically satisfied, the pressure
variable is eliminated, and high order schemes can be efficiently implemented.
However. the difficulty arises in the multi-connected computational domain in
determining the constants of the stream function on the boundary of "holes™.
This is an especially difficult task for the calcuiation of unsteady flows, since
these constants vary with time to reflect the total Auxes of the flow in each sub-
channels. An efficient method in finite difference setting is presented to attack

this task. For simplicity of presentation. the following domain is chosen:
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Figure 1.1: An example of multi-connected Domain

The outer boundary A4, 8,C, D, is denoted as [y. the inner boundary ABCD
is denoted as ['y. In more detail, 4. B, C. D have grid indices (n.n), (n,m).
{m.m). and {m.n), and 4;. By. C,. D, have grid indices (0.0), (0, V), (V. .V).
(N, 0}. respectively. n and m are given by n = %\ m = =;\ and the grid size is
chosen as Az = Ay = h.

The starting point of the discussion in Chapter 5 is the following equivalent
formulation of the incompressible NSE for the multi-connected domain in terms

of vorticity-stream function formulation

{ I_’Sa} 0;.4; + (U'V)w' =vAs.
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(1.28b) Av =w.

(‘) .
(1.28¢) ¢ir=C.. =—=0. ateach [,
an
(.)..o' i
{1.28d) — =0. for 0<i<k%.
r, on
(1.28e) u= —dyu. v =00,

where the derivation of the boundary condition fi g—;ll = 0 in {1.28d) is based
on NSE with the primitive variable formulation. Since the stream function is
uniquely determined up to a constant. the constant at the outer boundary [, can
be automatically set as 0, i.e. Cy = 0.

The kev part is the computation of Poisson equation (1.28b) and enforce-
ment of boundary conditions (1.28¢). (1.28d). The standard centered difference
approximation to (1.28b) and the use of Dirichlet boundary condition in {1.28¢)
leads to

Dpe = . in Q.
(1.29)
Ll‘ro=0- & EI‘1=C1~
Yet. the constant C| is not known yet. In Chapter 5 it will be shown that such
constant has to be obtained through the boundary condition in (1.28d).
As mentioned in Chapter 3. the no-slip boundary condition Z%2 = 0 can be
converted into the boundary condition for the vorticity by local formulas, such as

Thom's formula. Especially. on 4D, one boundary section of I';, Thom’s formula

indicates

'217: n-1 = 21-] n
(130) "‘L".l.l"l = h')
The boundary condition [ 3—;’1' = 0 can be implemented by finite difference
. . .. . . -1:.;}_1 —'..u'_g'—3w'
approximation. Using the one-sided difference operator e .)';1 L 2

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



11

as the sccond order approximation to c‘;—;l {at the boundarv section AB8). and

plugging into the boundary condition (1.28d} results in

(131) (0) 1 pb 1 2
., ‘/rl .,{..—3 r! _u_:} rl s .

. k .« .
The notation fr(l ) f is introduced as

(k)

N f =/_w fa-x, +]3Cfx.m+k "i’/CD fm+k.j+/m fin-k.

where the trapezoid rule is applied to the integration at each boundary sections.

(1.32)

The substitution of Thom's formula (1.30) into the left hand side of (1.31). along
with the fact that ¥ is a constant ', on the boundary Iy, gives

, 1 (1}_.42(11'£2(2)
(1.33) cx=ﬁ(/r t,—ifz[_ w+3hﬁ ).

| : :
[t is argued in detail in Chapter 5 that the formula (1.33) plays the role of
a bridge between the constant C; and the boundary condition (1.28d). Then the
coupled svstem {1.29). (1.33) will be used to compute ¢ and the constant C; bv
a fixed point iteration.
As can be seenm, the right hand side of (1.33) depends on C;. Thus an
operator o can be introduced by (1.33): for any constant C. denote ¢ as the

sotution of the svstem

. D = 2. in €.
(1.34)
Ulre=0. ¢|r,=C.

and define

o . 1 (1 i,, F 1., 72
(1.33) o(C) = |T“,_f(/r v - gh-/; e Sh_/r <)

Obviously. the fixed point of . i.e. the constant C such that ¢(C) = C.
atong with ¢ determined by (1.34}. is exactly the solution of the coupled system

(1.29). {1.33). The existence and uniqueness of the fixed point can be guaranteed
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by the following Proposition stating that o is in fact a contraction mapping,
which 1s Proposition 5.2.1:
Proposition 1.5 For any C,. Cy € R. we have

(1.36) lo(Cy) — @(Ch)] < C where C* =1~ h.

C, - Cy.

The above proposition provides a means for solving the system (1.29). (1.33)

fk’ is obtained.

by iteration procedure: once the A-th iteration for the constant C
solve the stream function ©®*) using the boundary condition C'*). then update
the constant C{kﬂ)by {(k + 1)-th iteration: C%k“’ = o(Cgk}). The proposition
indicates that this iteration procedure converges to the real solution of (1.29),
{1.33).

[n addition. the momentum equation and the velocity field in (1.28a), (1.28e)
can be treated by the second order finite difference method in the same way as in
Chapter 3. which can be written as (1.19). The whole scheme can be implemented
very effectively through the explicit treatment of time discretization. such as

fourth order Runge-Kutta time stepping. as discussed in detail in {ELV1]. That

makes the whole scheme extremely effective.

Similar procedure and scheme can also be applied to the fourth order method,

the ECH scheme. which was considered in Chapter 4. The scheme (1.22)-(1.24)
can be carried out here to deal with multi-connected domain. Brilev’'s formula
(1.25) is also valid here. Still. the boundary condition [ %% = 0 is used to
ubrain the value for C,. Yet. the implementation is a little different from the sec-
omd order case. The reason is that the vorticity in the interior points has to be
determined by a Poisson-like equation and the boundary condition for w. which.
i taru. depends on the stream function and C,. by Brilev's formula. To avoid
the coupling between the two svstems. we express 22 in terms of a third order

on

derivative of ¢: as can be seen. on the boundary section AD of [y, gﬁ— = «—ng.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



On the other hand. & can be approximated by

- 1, .
{1;‘) agvi.n ~ F(la‘-.:.n-[ - Gttt.n—'.’ + Cyn-3 — 101-'!.:1) .
Plngging into the boundary condition f, ;’—;’l = 0. we arrive at an equality similar
to {1.32)

(0 3 s 3 r@ 1 73
(1.38) / w=_/ ,;._:/ u.+_/ .
r, 2Je, 3Jr, 10 Jr,

Since v is a constant C; on [;, we have

3 (0 3 (2) I (3)

1.39 Co=— [T 3 [P
(1:39) CE S e C T AT Je E Y TOIE

Again. the formula (1.39) playvs the role of a bridge between the constant
Cy and the boundary condition fr, 5’—;1 = 0. Of course. the right hand side of
(1.39) depends on C|. Then we need to solve (1.39) along with the following
Poisson-like equation

3 2
L0 (A,,+%D';‘Dg)u:(1+ '1’—24}.,,)&.
e p,=0. ele,=C.

which is a coupled system.

A similar procedure of iteration can be carried out in the fourth order
method. First. we define the operator ¢: for anyv constant C. let ¥ be the

solition satisfyving

h'.? 2 N h".?
AL (Ah+€DIDy)L~, = {1 + Eﬂh)u«.
¥ r,= 0. vie=0C.
and o((’) is defined by
_ 3 (L} 3 (2) 1 {3)
142 S (C) = .- -
A2 o) =3 /r ST YT e
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The following proposition. which is Proposition 5.3.1. states that o in (1.42}
is also a contraction mapping.

Proposition 1.6 For any two constants C,. C,. we have
(1.43) [o(Cr) — o(Ca)| < C*ICy = Cof. where C* =1 - 0O(h).

A similar method for solving the svstem (1.39). {1.40) can be obtained by
the iteration procedure: once the £-th iteration for the constant ka) is obtained.
solve the stream function &*) using the boundary condition C* in (1.40). then
update the constant CE“” by (& + 1)-th iteration: C{H” = O(ka’). The above
proposition guarantees that this iteration procedure converges to the real solution
of (1.39). (1.40).

Some numerical experiments including an accuracy check of a forced flow,
flow past a cooling system. etc.. are documented in Chapter 5.

In Chapter 6. a fourth order finite difference method for 2-D unsteady in-
compressible Oberbeck-Boussinesq equations is considered. Boussinesq equation

in vorticitv-stream function formulation can be written as

[ 8,6 + (u-V)0 = k26,

dw + {(u-Vw = Rid.0 + vAw.
{1.44)

u= —0,t. vo=d:v

-

where « is the heat conductivity and Rz is the Richardson number. In a simply-
connected domain. the natural no-flow. no-slip boundary condition can be written
as (1.16) with € = 0. For the temperature #. either the Dirichlet boundary
vondition @ |r= 6, where 8, is a given distribution for the temperature on the
boundary: or. the Neumann boundary condition 25 = 87 on I'. where 8, is a

given heat flux on the boundary. can be imposed.
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The temperature transport equation is treated explicitly by long-stencil

fourth order approximations to d,. d,. and A

h_‘.?

-1-5(0; + D}))8.

- — h2 > - h2 2
(145) 8,6 + uD, {1 — ED;)H +vD, (1 — FD;)Q = H.(Ah -

The temperature at “ghost points” is evaluated by one-sided extrapolation near
the boundary and some information from the original PDE.

If the Dirichlet boundary condition for the temperature is imposed. 8, can
be given accurately on the boundary. Accordingly, (1.45) shall be updated at
interior points. Thus only one “ghost point” value 8, _; needs to be obtained.
Local Tavlor expansion near the boundary along with some information from the

PDE. gives us

20 6 4 1 12,1 -
g — =01 — B0+ —b,3 + —h (=08, — & 1.
116.0 11 A 1181.- + 1102..3 + ilh (ﬂatgb az:gb) +O(l )

{1.16) 6, ., =
The detailed derivation can be found in Chapter 6.

A similar derivation can be carried out to obtain the "ghost point” values
for 8 if the Neumann boundary condition for the temperature is imposed. In
this case. (1.43} is updated at every computational point. This in turn requires
that we determine two “ghost point™ values 8, _;, and 8, _, to carry out {1.43).

The same strategy of one-sided approximations is applied. The approximated

evatuation for 8;, and 6; 5 can be written as

- ) B, 1 ~ h?
{l-{l) 9,._[ = 9:'11 - 2[19f - ?(;gﬂ - ;w’,.QD;fI — EDr)oi.o - 9}‘;_—;) .

8h% /1 1 —~ o,
(148} 6, _y =0, — 4h8; - T(;eﬂ ~ ~woD:(1 = =D} ~ 8r:ez) -

The detailed derivation is also given in Chapter 6.
The momentum equation in {1.43) can be treated as the same way as the

ECY scheme discussed in Chapter 4. The only difference is the gravity term
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R:i0.6. which can be treated by the following approximation

h? ~ R, R,
(1+ 5800 = D.(1+ 5D - 5D%) + O(h')
(1.49) b2 B2
D L N P2 D N 1
= DI -+ I_ZDID"I -— ED:DI 'f'O(h )

The whole scheme coupled with explicit Runge-Kutta time stepping gives a
very efficient fourth order method for Boussinesq equations. Its efficiency can be
seen in that only two standard Poisson-like equations are required to be solved at
cach Runge-Kutta time stage in the computation. An example of the Loren flow
is presented. in which the full accuracy can be seen. The numerical simulation of
a strong shear flow induced by a temperature jump. is resolved by two perfectly

matching resolutions.
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CHAPTER 2

CONVERGENCE AND ANALYSIS OF
GAUGE METHOD

2.1 Introduction and Review

\We start with the homogeneous. incompressible Navier-Stokes equations
(NSE) with no-slip boundary condition:
1 .
u+{(u-Viu+Vp = -é?Au. in 2.
(2.1.1) Vu=0, inQ.
u=0, on 90 .
where w = (u. ¢} is the velocity, p is the pressure and Re is the Reynolds number.

A new formulation, Gauge formulation was proposed by E and Liu in [ELG1].
Instead of using primitive variables of NSE. the gauge method replaces pressure
by a gauge variable ¢ and introduces the auxiliary field @ = u — Vo. Then the

incompressibility constraint in (2.1.1) becomes
{2.1.2) Lo =~V -a.
and the momentum equation in (2.1.1) becomes

1 1
21 -+ . - : = — .
(2.1.3) a, +(u V)u+v(a,o REAO-‘-p) —-Aa

If we impose

1
2144 o — —ANo = —p.
{ O e D
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we obtain the gauge formulation of NSE

[
at+(u.V)u:—&a_ in Q-
Re
(2.1.5) Ap=-V-a. tn 2.
u=a+ Vo. in .

One of the main advantages of gauge formulation is that o is a non-physical
variable. so we have the freedom to assign boundary condition for . As pointed
out in {ELG1]. corresponding to the no-slip boundary condition u = 0 on 90, we

can either prescribe:

(2.1.6) g—f:=0. an=20. a»r:—g—i. on 90 .
Or
(2.1.7) o=20. a-n=—a—az. ar=0. on JQ.

where 7 is the unit tangent vector. The system (2.1.5). (2.1.6) is called Neumann
gauge formulation and (2.1.3), (2.1.7) is calied Dirichlet gauge formulation. In
this chapter. we will concentrate on the Neumann formulation. while we will give
a brief description of the analysis with respect to the Dirichlet formulation.
The idea of gauge formulation has a long history. For example. Oseledets
first used an impulse variable to reformulate Euler equations as in a Hamiltonian
system in {OV]: Buttke first used an impulse variable as a computational method
in {BTj: Maddocks and Pego used an impulse variable to formulate an uncon-
strained Hamiltonian for the Euler equation in [MP]: In [ELG3]. E and Liu found
that the velocity impulse formulation of Buttke [BT} is marginally ill-posed for
the inviscid flow and theyv presented numerical evidence of this instability. In
RS|. Russo and Smereka studied the connection of different impulse/gauge for-

mulations. especially the stretching effects.
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\We can write the Neumann gauge formulation (2.1.5) and {2.1.6) in another

form
a; + (u-Viu = ——I—Aa. in 2.
. Re
(2.1.8a) o
an=0. a-1T=——. on dQ.
or
No=-V-a. in 2.
(2.1.8b) do

on JO.

Il
=t

on

With this new formulation at hand. we can easily solve (2.1.8} by finite
difference [ELG1]. finite element [ELG2]. or other kinds of numerical techniques.
\We only consider finite difference here. In this chapter. we are mainly concerned
with the case wherever the Reynolds number is of O(1). which requires us to treat
the diffusion term implicitly. For simplicity in this presentation. we take Re = 1.
For example. if backward Euler method is used as our time discretization for the

Imomeneten equation, we have

an+1 — N

T + {u"-Viu" = Na™t. in 1.

(2.1.9)

[t is evident that the implementation of (2.1.9) requires that the boundary con-
ditions for a be determined. To avoid the coupling between the momentum
equation and the boundary conditions. we use explicit boundary conditions for
a. which are carried out by vertical extrapolation. For the first order scheme, we
can just take

do™

I on J§.

(2.1.10) a"'n=0, a"'r=-

Next we npdate o™l at time step ¢* 7! by

N = —V-a" "}, in Q.
(2.1.11] Hon+!

n =0, on dQ.
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anc the velocity u”*' is determined by the incompressiblity
[21.12) un_l :an"l_i_voﬂ-é-l'

We shall emphasize that the momentum equation (2.1.9} is decoupled from the
kinematic equation {2.1.11) due to the fact that the boundary conditions for @ in
(2.1.10) are explicit. The resulting scheme is very efficient and the computational
cost is reduced to solving a standard heat and Poisson equation. As reported in
'ELG1]. full accuracy was obtained with this explicit boundary conditions.

2.1.1 Stability of the Explicit Boundary Condition

Onec of the main concerns in the computations is the stability of the scheme.
The main observation of this chapter is that the explicit boundary conditions
{2.1.10) are unconditionally stable for Stokes equations. where nonlinear terms

are neglected. Using the method mentioned above. we can write our scheme as:

an+l_an _ nel .
S = la . in 2.
(2.1.13) , dor
a*'-n=0. a* = — . on 9,
or

then. we obtain ¢! via (2.1.11). finally. the velocity is given by (2.1.12).
For the convenience of our analvsis below. we introduce @" = a®*! + V.

the svstem (2.1.13), (2.1.11), {2.1.L2) can be reformulated as:

"g" +AVo" = AG".  inQ.
(2.1.14a) L
uw" =0, on 90,

un+l_ﬁn+V(¢n_@n+l)=0. inQ,

(2.1.14b}) V-urtl =0, in .
ATV n+1|
a(e—?-——)*—*n-u"“=0. on O%2.
on

This formulation is similar to the pressure increment formulation of the second
order projection method in [BCG|. [VKJ]. So we can apply similar techniques

used in (ELP1] to analyze the stability of the system (2.1.14).
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The basic technique used here is just standard energy estimate. As can be
seent. if we take the inner product of the equation in (2.1.14a) with 2u". and use

the boundary conditions for 4" in (2.1.14a). we have

X ) f&")? = lut® + jla” - u||? + 24| Van]|?
{(2.1.15
= —2A¢ /ﬂﬁ"-VAO“ dr = QAtf(V-ﬁ")'_\o" dz=1.
0
Taking the divergence of the first equation in (2.1.14b). we get
(2.1.16) V-a" = Ao” — o™ ).

Plugging back in to the last term in the right hand side of (2.1.15), we have

[ = —2At/QA(o"*‘ — ") Ao dx

2410 = —At([A0™1* = [l A1) + At Ao — o))
—OH({ 30 2 = [ 30"[?) + At Va7 2

i

whure in the last step we used (2.1.16) again. We note that ||V 4" can be
controlled by the diffusion term |[V4"|[. The combination of (2.1.13) and (2.1.17)
results in

B2 = ([} + [j&" - u™)|? + AdjVar|?

+At([| 20" 17 - [A0™*) < 0.

(2.1.18)

Next. we need to do energy estimate of the first equation in (2.1.14b}. As
can be seen. the incompressibility of #**! together with the boundary condition
u"~ " = 0 on dQ for the normal component of u™~'. can guarantee that u"+!

is orthogonal to the gradient of 6™ — o™ !, i.e.
(2.1.19) /u"+1-V(o"—o"+')d:c =0.
2
If we take the inner product of the first equation in (2.1.14b) with 2u"*!. we have

(2.1.20) a2 — @2 + ™ - a? =0.
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Finallv. the combination of (2.1.18} and (2.1.20) results in
(21.21)  JurT -t - AUVEHE + Ar(lla0™ Y — [[A0")?) < 0.

Then the proof is completed. to wit. that the gauge method with explicit bound-
ary conditions {2.1.10) is unconditionally stable for Stokes equations. The anal-

vsis 1n this chapter follows the philosophs used above.

Remark 2.1.1 The above arguments can also be applied in regard to the gauge
method using the Dirichlet formulation. The only difference is that the boundary
coudition for the gauge variable analogous to {2.1.14b) will be " — é"*! =
T-u""! = 0. Since u"*! is divergence-free. (2.1.19) is still valid, which in turn
vields (2.1.20). (2.1.13)-(2.1.18) are the same. Finally. (2.1.21) still holds. In
other words. the gauge method with explicit boundary conditions (2.1.10), either

in the Neumann or Dirichlet formulation. is unconditionally stable for Stokes

equations.

2.1.2 Connection between Projection Method and Gauge Method

The gauge method shares many similarities with the projection method
[ELG1]. The analysis of projection method has been thoroughly studied in
iS1. S2. ELP1. WBJ]. We will adopt analyses and techniques similar to those
used in ([ELP1]. One of the main differences between the gauge method and the
projection method is that the gauge method is a direct discretization of partial
differential equations (2.1.3), while the projection method is a fractional splitting
of the Navier-Stokes equations with some artificial numerical boundary condi-
tions. Consequently, the projection method results in a singular perturbation of
the original PDE and numerical boundary layers [O[2. ELP1]. This subtle fact is
reflected in our analysis of the numerical method by the fact that the consistency

analysis of the gauge method is much easier than that of the projection method,
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with regular expansions of the numerical scheme. and no numerical boundary
lavers are included. One of the other advantages of the gauge method is that it
overcomes some difficulties in the numerical computations of the incompressible
flow. such as the approximate projection in the projection methods [ABS] and
the pressure boundary conditions [GS]. Extension of the gauge method to the

3D case is also straightforward.

2.2 Time and Space Discretizations

We will use backward Euler method as our first order time discretization.
Crank-Nicholson method as our second order time discretization. and MAC grids
as our spatial discretization. Since our analysis in the following chapters is close

to that of the projection method. we adopt similar notations as in [ELP1].
2.2.1 Time Discretization
Backward Euler
The backward Euler time discretization of {2.1.8) with explicit boundary

conditions for @ can be written as

an+1 —an . .
X + (" V)u® = Aa™"'. in Q.
(2.2.1) t don
a**tn=0. a""'l'r':—a on JOQ,
™
and
Aol = -V.a™t!, in .
(22.2) aén-?'l
: =0. on 992.
on
and the velocity is given by
(2.2.3) 't ="t L Vot
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Crank-Nicholson
\We can also discretize (2.1.8) using second order Crank-Nicholson method.

with explicit boundary conditions for a

n+l _ n . . .
g L (uttE Vi = A_E(a" +a™!). in Q.
o At 2
(22-1) don aon—l
a"'n=0. a™ = —(2 - ). on 952 .

or ar

(" 1. ¥)u""t. On

1o )=

where the term (u“*%-V)u":‘% is defined as %(u"-V)u" —
the boundary. a is determined by the second order one-sided extrapolation of ¢
in the previous time steps, which is called the Crank-Nicholson method. o™**! at
time **! is still determined by @ via (2.2.2). and the velocity can be calculated

by (2.2.3).

Remark 2.2.1 As can be seen. if the implicit boundary conditions for the
auxiliary field a@ in the momentum equation is adopted. for example. if the implicit
bonndary conditions for a is imposed when we solve @ by backward Euler time-

discretization

an—'—l —a”
— + (u"-V)u" = Aa""" . in 2.
.- At
(2.2.3) -1
a"''n=0, a” == on 99 .
or
coupled with the kinematic equation
Aot = —V.a™! . in Q.
(2.2.6) Jont!
: =0. on J.
an
(2.2.7) u"t=a" ! + Vo,

then by {2.2.3). the relation among the velocity u. the auxiliary field @ and the
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gauge variable o. {2.2.5)-(2.2.7) can be rewritten as

4 un-v-l —
e (VYU = T = Aul in Q.
At
)9 . .
(2.2.8) | Vurl =0. in Q.
utl =0, on J9.
\
where
_ ol — o _
(2.2.9) PPl = e T - AR
P At

which becomes the standard backward Euler discretization of the Navier-Stokes
ecquations. The convergence of this scheme is straightforward. However. to im-
plement the implicit boundary conditions in (2.2.5). one has to iterate the system
between {2.2.3) and (2.2.6), which is very costly. Extensive computational evi-
dence shows that this iteration is not necessary. and accuracy is still maintained
with the explicit boundary conditions for @ in {2.2.1). Our analysis will give a

theoretical insight into this.

2.2.2 Dirichlet Formulation
[f we prescribe the Dirichlet boundary condition (2.1.7) of 0. the correspond-

ing first order scheme analogous to (2.2.1)-{2.2.3) becomes

n+l _ 4N

G_A;f}w + {(u® Viu" = Aa""' . in 2.
2.2.10 _
( ] n-+l 30" n-| :

a ~n=wan. a® r=0. on d¥2.
(29 10) Ap®Tl = —V-q™" !, in 2.

ot = 0. on 99 .

(2.2.12) ul=a"! + Vot
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[t ix only necessary to solve three Poisson-like equations with Dirichlet boundary
conditions. This gives some advantage in the iterative methods for the linear svs-
tem generated by the finite element method IELG?2|. Similarly. the corresponding

second order method using the Crank-Nicholson time discretization becomes

r+1 -_— n .t [ 1 8
2 + (Wi V)t = A-(a™ ! +a%). in Q.
(2.2.13) ot 9gn B! 2
a""ltn=-2 4 - ? a" ' r=0. on 902,
an an

along with (2.2.11), which gives us ¢”*! at the time step t"~'. and (2.2.12), which
updates the velocity u™*!.

\We will show later that this Dirichlet gauge method with explicit boundary
conditions is still stable. Yet, since the lack of the normal compatibility on the
boundary, there are some problems in the expansions of the numerical scheme.

We can only get /At order error estimate. However. it is hoped that this is only

a theoretical difficulty, which will not influence practical computations.

2.2.3 Space Discretization

\WWe will concentrate on the sitnation when Q = [—1. 1] x [0. 2] with periodic
boundary conditions in the y direction and no-slip boundary conditions in the
rdirection: w({z.0.4} = u(z,2x.¢t).u{-1.y.t) = u(l.y.{) = 0. I Q is used to
denote the part of the boundary at x = £1. It is assumed that Ar = Ay = A,
The analvsis of the spatial discretization with standard grids is quite difficult. In
this chapter. we only consider the MAC staggered grids for spatial discretization.
Here the gauge variable o (also the pressure p) is evaluated at the points (1. j),
the gauge variable a (also the u velocity) is evaluated at the points (i & 1/2.5),
and the gauge variable & (also the ¢ velocity) is evaluated at the points (2. j£1/2).

The discrete divergence of @ (also u and u) is computed at the points (4. j):

4 — G122 by j+1/2 = by
(vh'a)i.j: i+1/2,; t l')J+ ty+1/2 1.y-1 J.

h h
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Other differential operators are defined as: {For brevityv. we just write out the
definition of these operators on a. ©. where the same definition can be applied
to u. u and p)

Qii3jag — 2Quirya, F Aoty Guegiag.t — 20012, F Gzt

(Apa)y oy, = + _ .
Rilir-172 h2 h2
/ bi—;—l,_}+l/2 - 26i.}+l/2 + bl—l._}*l/? . bl._}+3;"'.’ - 2bi._;+l/'2 + bi,)—!/'_’
(&h ’};._}-—.-l/?z h3 - h'l .
éi-!—l._; - oi,_; Oz._;*I - Oi.)

(oz)x-:-l/‘l.j = . (Oy)z._;*l;"_’ =
h h

Ty jryy2 = _(ai-‘s-l/‘l.j + @125 F Qg F Qg -:-1) :
7 4 2 J

- 1
bisij2; = i(bi+l.j-:~1/2 + bisiy1ye b2 iy )
Qizzsey — Qi-1/2 Qo2+t — Q172 51
2h 2h
bi+l.]+!/‘2 — bt-l.;-é-l,"’.’ C o ) bi.;-:-&/Q - bt.]-l/?
.)h T Cag=1/2 .)h. -

Clearly the truncation errors of these approximations are of second order. The

-‘\"h(u«a)wt/zg = Uir/2j + Uy t/2g

Nu(w. b), j—12 = Ui joap2

first momentum equation {for a) is implemented at right arrow points. the second
momentum cquation is implemented at upper arrow points. and the {discrete)
Poisson equation for ¢ is implemented at dot points.

The boundary condition ¢ = 0 is imposed at the vertical physical boundary
[y. whereas ¢ = 0 is imposed by vy .2 + t1,-1,2 = 0. Similarly. the boundary

condition v = 0 is imposed at the horizontal physical boundary [,. where u = 0

is imposed by w120 + ti—y12,1 = 0. Consequently. the boundary condition
a = 0.h = —-Jyo0 at the left vertical boundary is implemented bv

Q1 i1 — O1, Qo +1 — Oo,
(2.2.14} a=40. le',;_]/z +bo‘j¢1/g = .2kl 2 _ 22 L

h h

Similar boundary conditions for @ are imposed at the other three boundaries.
Ore of the main advantage of the NMAC grids is that the spatial discretization

of (2.2.2) and (2.2.3).

Ahone-l — _vh‘ani-l . una'-l - an+l 4 vhon+1 .
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glves an exact projection
n+l __ n+ti - n-1 n+1 __
a =u — Vo . Viu =0.

and the Neumann boundary condition

a(p'n-f—l

n =0. on d€.

gives the boundary coandition for the normal component of u.
n-u""' =0, on g Q.

Therefore we can rewrite the full discrete scheme analogous to (2.2.1)-(2.2.3} in

the following form which will be used in the convergence and error analysis:

u + Ny(u"™. u") = Na™ . in Q2.
(2.2.15a) At
a*t = —Vyo. on 8Q.
utl = @ttt 4 G, 07, in 2.
(2.2.15b) Vauw'=0. inQ.
n-u*! =0. on 9'Q.

2.3 Spatially Continuous Case for Stokes
Equations

We have aiready shown the unconditional stability of the gauge method with
explicit boundary conditions in the introduction. Now our theorem of convergence

for Stokes equatinns is stated.

Theorem 2.3.1 Let (u. @) be a smooth solution of Stokes equations with smooth
imetial data u'(x) and let (way, Oa¢) be the numerical solution of the semi-discrete

gauge method unth explicit boundary conditions (2.1.10)-(2.1.13). Then we have

(2.3.1) flu — waddli=p.reyy < CAL.
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The convergence proof follows the standard strategy of consistency and sta-
bility estimates. \We have already proven the stability of the scheme in the intro-
duction. [n the consistency part. we first make a transformation of the numerical
scheme. Instead of directly comparing the numerical solutions with the exact
solutions. we compare them with the ones constructed from the exact field. o.
The constructed fields satisfy exactly the boundary conditions in the numerical
scheme. The advantage of this approach is that no error term appears in the
boundary conditions. This simplifies the energy estimates used in the stability
part of the proof.

For simplicity, we just do first order cxpansions in the spatially continuous
case. [n the fully discrete case, second order expansions are required to establish

the a priori estimates needed in the convergence proof.

2.3.1 Truncation Error and Consistency Analysis
We follow the strategy of Strang [STR]| in constructing a high order expan-
sinn from the exact solutions to satisfy the numerical scheme up to high order.
This will enable us to give a sharper a priort estimate.
By introducing the new variable " = a" ™! + Vo". we obtained (2.1.14), an
equivalent reformulation of the scheme (2.1.13). (2.1.11). (2.1.12).
Let u.(x.t) and p.(x.t) be the exact solutions of Stokes Equations, i.e.
du. + Vp, = Au,. in Q.
(2.3.2) Vu, =0. in Q.
u, =0, on JS2.
and let o (. ¢} be a solution of the following heat equation with Neumann bound-

ary condition

o = Do, — pe . in 2.
(2.3.3) ~

90 =0. on 9%2,

an
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where the initial data o.(x.0) is chosen from the following Poisson equation

Do (. 0) = pe(x.0) - Cy . in .
{2.3.4) o 0
900 _  non.
an
where ('} is a constant such that C; = — [, p.(z. 0) dx to maintain the consistency

that follows from the Neumann boundary condition. Obviously. if we introduce
a, = u, — V0. then (a., @.) is an exact solution of Stokes equations in gauge
formulation.

Next. we let u; be a solution of Stokes equations with the prescribed bound-

ary conditions and initial data

6¢u1+Vp1 = Au,. in 2.
V-u =0, in 2,
(2.3.9) £
) = 8¢Vc§e . on df.
| u(x.0)=0.

By the construction of o.(2.0), we have
(2.3.0) A0 (. 0) = Ade(2.0) — p(z.0) =C . on 992 .

which implies that 3,V ée(x,0) = 0 on the boundary. so we can choose u,(z.0) =
(} as n (2.3.5).

Consequently, we let
(2.3.7) Uy =u, +da..
and construct approximate profiles

(2.3.8) (7" =u, + Dt U =u,+ NDtu, . P =0..
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Lemma 2.3.1 We have
e pmn

+ AVP" = AU + Atf". in Q.

(2.3.9a) At

=0, on J§2.

Unl U+ V(9" — @77 = At*g". in Q.
(2.3.9b) V- U+l = Q. in 2.

a(cpn — q)n+1) i

=nl""t'=0. a0l .
an (£ on

(2.3.9¢) (% =u’. in Q.

where f. g" are some bounded functions.

Proof. Substituting (2.3.8) into the equation {2.3.9a) and by direct calcu-

lations. we obtain

n _[n
At

=u, —u, +A4AVo, — Au, — FANFAN THY

+ AV — AL™

(2.3.10)
= (af_ae - &ﬂ,e) - &f.Aﬁ;

= —AtAG, =O(At).  in 9.

In the last step we used the fact that (u..a.) is the exact solution of Stokes

equations in gauge formulation, i.e.
{2.3.11) da. — Ha, =10 . in 0.
By the construction of #; and the boundary condition for u,. we have
(2.3.12) al =ul +dal =du; =0. on J9,
swhich shows that

(2.3.13) L =0. on J2.
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For the equation in (2.3.9b). by direct calculations and Taylor expansions
of L and ® w.r.t. time ¢. we have
grtl — O+ V(@n - o)
= ul + Atdul + Atul + O(At?)
(2.3.14) —ul — Ata} - A Vol + O(AtY)
= Atdal + At(ul — ul) + O(AL?)
=0(At?). in 0.

Since both w, and u; are divergence free. we obtain
(2.3.15) v-Umtt =0, in Q.

and by the construction of our L and ®. we have

n+1
(2.3.16) azn =n{"!' =0, on J.

Then we complete the consistency analysis of the first order gauge method with

explicit boundary conditions. Lemma 2.3.1 is proven.
2.3.2 Proof of Theorem 2.3.1
We define the error functions
(2.3.17) e’ =0" —u". e =0 —a". " =®" - o".
In Section 2.1. by making a transformation. we got (2.1.14). which is an equivalent

formulation of (2.1.13), (2.1.11}, (2.1.12). Subtracting (2.3.9} from (2.1.14), we

get the equations for the error functions:

€ "€ _ N -V + AL, in Q.

(2.3.18a) At

e =0, on 90 .

erH"I*én-f-V(qn—qn;l]——-&fzgn. in Q.
(2.3.18h) V-.e"*! =0, in 2.

n __ Ln+i
o —q"") =e""''n=0. on dQ2.
on
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(2.3.18¢) e =0. in €.

[t can be seen that the system (2.3.18) is very similar to {2.1.14). except for
the local truncation error terms Atf". At?g". So most of the energy estimate
techniques we used in Section 2.1 can be carried out here similarly. The estimates
corresponding to the local error terms can be given by the Cauchy inequality. We
will omit some of the details in the following analysis.

Taking the inner product of (2.3.18a) with 2€" and by the fact that e”

vanishes on the boundary, we have

€™11% — lle™]|? + fie" — e”||* + 24t || ver||®

(2.3.19) . . .
< A8 |12 + At [|87]? - 24t /Qe"-V;\q” dz .

Taking the inner product of the first equation in (2.3.18b) with 2e"¥! and
using a similar argument as in Section 2.1. i.e.. that e"™' is orthogonal to the

gradient of g" — g"*'. we arrive at
(2.3.20) e "2 — || @712 + |le™™! — &*||? < Atfle™ 2 + Ad|ig™]*.

Combining (2.3.19) and (2.3.20). we get

(2.3.21)
fer i — flet]]? + ||€” — e[| + [len! — &7||* + 2A¢[Ven|®

< Cartier]? +{len!|12) + AE(IF12 + Hlg™ll?) - 20t €7 Vighde.

Similar to the analysis in (2.1.17). the estimate of the last term in (2.3.21) is
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determined by integration by parts and then using the first equation in (2.3.18b}.

I = —QAt/ e"-VA¢" dr
a

2Nt /O (V-8")\q" dz

—24¢ [ A" - q")Aq"de - 208 [ (V-g")q" da
Q n
(2.3.22) = —Ot((|A"T? — 1Ag™ ) + AN - g™
—‘2At3/(v-g")Aq“ dz
Q
= —O(IATH® — 1 Ag™*) + AtV -1 + Ar|g™|?

+2At3[0(v-é")(v.gn)dz - mr-"/p(v-g")aq" d .

[t is given by (2.3.22) that

aay TS TAUIACTIE I3 + AUTE? + ACYAG!
ALYV -g™|| 2 + A2 Ver] 2 + APllgh||?.
Going back to (2.3.21). we obtain
(2.3.24)
fe I — fle™® + At Ve ]2 + At([[ag 2 — (|4gM2)

34

<ot (e + e 1?) + ALHAGF + CALUIFMI + llg™ll* + Atllg™lig:) -

Appliying the discrete Grownwall lemma to the last inequality. we arrive at the

following result
(2.3.25) el + A2 IVer]) + AtY? [|Agh) < CAt.

Thus the proof of Theorem 2.3.1 is finished.
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2.4 Spatially Discrete Case for the Full

Navier-Stokes Equations

Theorem 2.4.1 Let (u.0) be a smooth solution of the Navier-Stokes equations
(2.1.1) with smooth initial data u®(z) and let (uy. or) be the numerical solution of
the gauge method (2.2.15) coupled with the MAC spatial discretizations. Assume
the CFL constraint At < Ch for some suitable constant C which we will specify

in detal later. then we have

{(2.4.1) ]|u—-u,,|[Lx SC(A!-F}I?).

Some Notations
Fora = (a.b).c = (¢, d). u = (u.v). we define the following discrete inner

products on the MAC grids:

{2.-0.2)
N-o1 N NN
5 2
(a.c) = h~ Z za1+1/2,jci+1/2.1 + A" Z Z biy—126i 1.2
=1 =1 =t =1
N—1 N NN
! = 11725 @is1, — O, g2 g+l = i3}
(u.Vypo) = h Z Z“ 1725(ix1, — 00,) """"ZZ"U 12{0 o1 = Buy)
=1 =1 =10 =1
Nl N NN
(Vi-u.o)y=h D (tivry2g — Uicry2,)00; + I D (Caymisr — Ciymijz) @iy -
=1 =1 =1 =1

and discrete norms

(2.4.3) flull = (u, u)!’2. el = max|u, |-
1.y

Next we state some preliminary lemmas excerpted from [ELP3] which are

needed in the proof of the theorem.
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Lemma 2.4.1 We have the follourng
(1) Inverse inequality:
(2.4.4) e < St
(11) Poincare inequality: suppose f |;—=, = 0. then
(2.4.3) 1A < TV LA
(iii) Suppose n-u |r=+; = 0, then we have

(2.1.6) (u, Vo) = —(Vy-u.0).

{iv) Suppose u |-+ =0, then we have

{2.4.7) 2{u, Aju) < —IlvhuH"’ - HV,,~uH"’ .

(v) Supposc @ |z==1=0 and ¢n |g=-; = 0. then we have

(2.4.8) Ka. Na(u.0))| < CliclWaalifially .

Lemma 2.4.2 Let (u. p) be a solution of the Navier-Stokes equations with smooth

ttial data u®(x). Let (ug, po) be a solution of the following system:

dieg + Viape + Ny(ug. 1) = Apug . in Q.
Vauy=0, in Q.
(2.4.9) S
ug =0, at r = =*t.
\ up(-. 0) = u®("), in .

Then (uq.0p) ts smooth in the sense that its discrete dertvatives are bounded.

Moreaver. we have

(2.4.10) | — wolle= + llg — polle~e < ChZ.
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Remark 2.4.1 Let ¢y be the solution of the following discrete heat equation:

GG — Apog +po =0. in (2.
{(2.4.11) é;—ip-=0. at r = £1.
@o(+:0) = (). in 2.
and «° is denoted as
(2.4.12) a’=u"-v,0".

Then the solution (ug. @g) of the decoupled svstem (2.4.9). (2.4.11) is smooth in

the sense that its discrete derivatives are bounded and
(2.4.13) |Iu - uO”L" + ”O - Oo”Ls: < Ch*.

where (w. o) is the solution of Navier-Stokes equations in the gauge formulation

with initial data 4°.

Lemma 2.4.3 Let (u.p) be a solution of the linear systern of ODE

4
Su + Vup + AMp{ug. u) + Mp{uw. ug) = Nyu + £ in .
Vh-uzo, in 2,
(2.1.14) <
u=gq. at r ==xl.

| u(-.0) = u°(), in 2.

where f. g. and wg are smooth and satisfy some compatibility conditions. Then
(w.p) s smooth in the sense that its divided differences of various orders are

bowrnded.

Remark 2.4.2 Once again, let ¢ be the solution of the discrete heat equation

ag(i')—;\h0+p=0. in .
(2.4.15) - ,

a—@=0, on d ).

on
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Then the solution (. &) of the decoupled system (2.4.14). (2.4.13) is also smooth

it the sense that its divided differences of various orders are bounded.

2.4.1 Consistency Analysis of Spatial Discretization with MAC grid
As pointed out in Section 2.2. the numerical scheme can be written in the
form of (2.2.13) for the convenience of our analysis. Similar to the spatially

continuous case. if we introduce " = a@"~! + V,0™". (2.2.15) is equivalent to:

(2.4.16a) ﬁ"&un + Np(u”. u?) + Da V4o = Hpa”. in Q.
2.4.16a
a® =0, at r=zxl.
u™tl @ + Vi(o® - 0" =0. in Q.
(2.4.16b) Vau*t! =0, in .
A+t . O .
'(—0'*5}‘—'0)“@“12‘““*1‘:—‘0. at r==l.

We note that (2.4.16) is almost a discrete version of (2.1.14). except for the

appearance of N (u”. ). a nonlinear term.

Let ug(z. t). og(x. t) be solutions of the decoupled system (2.4.10). (2.4.12).
which are guaranteed by Lemma 2.4.2 and Remark 2.4.1 to be smooth in the
sense that the divided differences of various orders are bounded.

Next. we denote u,(x, ¢) as the solution of the following system
( duy + Vipy + Nul(wg. uy) + Na(uy. up)
= AMuy + A Anap — 107a0 . in €.

(2.4.17a) 4
Vh‘ul nO'_ il’l Q.

L u, !x:tl= achGO I::xl .
with suitable initial data for u;, and let o (x.¢) be the solution of the following

discrete heat equation

8;¢1*Ah01+p1=0. in Q.
(2.4.17h) ,

Q?l = Q. on d Q.

on
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with suitable initial data for ¢;. \We know from Lemma 2.4.3 and Remark 2.4.2
that (2.4.17) has a smooth solution.
Let u,(x.t) be the solution of the {spatially) discrete Stokes equations with
the prescribed boundary condition and some suitable initial data
Jtty + Vape = Npuy . in Q.
(2.4.18) Vius=0. inQ.
U2 |r=sy = (%312Vh00 — Sy + OV ,01) 2221 -

Subsequently, we let

(2.4.19) @, = u, + dae.
and
- QN
{2.1.20) Us = Uq + ;)‘32'00 <+ a,u[ - E)chol .

Now we construct
U™ = ug + Aty + At a0,
(2.1.21) UP = ug + Atuy + At u,.
P" = ¢ + Ato, .
and substicute them into (2.4.16). Similar to the computations and arguments in
the spatially continuous case and doing Taylor expansions of u, and V3o w.r.t.

time ¢, we obtain

(2.-1.22a)
% s |
N + N (U™ U) + ApVa®™ = AU+ AL f". in Q.
{"*" =0. at zz==I1.
L.’n+l _ U-n + Vh((b" _ (I)n-:—l) = Atiign . in Q .
{2.4.22h) Vi-Ul =0. i 2.
a¢,n+l .
=n-U"! =0, at r=+1.
an
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where f* and g" are bounded and smooth if (ug. o) is sufficiently smooth. It
can be seen that the only difference between (2.1.22) and {2.4.16) is the higher
order truncations error terms A2 f*. At*g".

{t 1s obvious that
(2.4.23) Og},ggcTHU"(')Hn-a.x <Ct.

{Under the compatible condition

(2.4.24) 8, Vpoe(x.0) =0. ondQ.

we can choose

———
[V
—
Qv
<

—

ui(x.0)=0.
Then we have a second order approximate initial data
(2.4.26) U%z) = uo(z.0) + At*w’(x).

where w” is a bounded function.
2.4.2 Convergence Proof

Assurne a priori that

(2.4.27) max ||u"[|“.-:.x < C:;
0<tn&T

In the following estimate. the constant will sometimes depend on C* and C. We

define
{2.4.28) e =0L"—u". et =" -4, qg" = P" — o".

The following system of error equations is obtained by (2.1.22) and (2.4.16)

(2.4.29a)
e" - e"
JAY,

e' =0. at o =+£1.

+ AR(EN L) + Ny(u™. e") + ViAng" = Aé&" + At in Q.
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el — 8" 4+ Vi(g" - ¢""") = At'gh in O
(2.4.29b) Vi-er!l =0, in 2.
g+t :
gn =n-e*~' =0 at I = 1
(2.-4.29¢) e = At? w®. in .

The system (2.4.29) is similar to the svstem of the error equations for the
spatiallv continuous Stokes equations. (2.3.18). At the first glance. (2.4.29) is
almost a discrete version of (2.3.18). Then most of the techniques used in Section
2.3 can be applied here. Moreover, there are also some differences: the appearance
of nonlinear error terms My (e*, U™} and MV, (u". ). and the local truncation error
terms appearing in (2.4.29) are of higher order than those of (2.3.18). We make
higher order expansions in the spatially discrete case so that we can establish the
11> ostimnate for the numerical 4”. This estimate is needed for nonlinear error
terms so that part {v) of Lemma 2.4.1 can be applied. By making higher order
expansions as we did in the consistency analyvsis part. the only thing we need to
do is to apply the a prior? estimate (2.4.27).

Taking the inner product of the equation in (2.4.29a) with 2é". we obtain

He™l[? — (le™(|® + (18" — e™i|* ~ 24t (€7. Azé™)
(2.-4.30) <AL + Ot e - 20t (€7 Na(en. U)
~20¢ (€" . Np(uh.e?)) ~ 24t (7. Vi drg™).
By Lemma 2.4.1. parts (iv) and (v), and the a priori estimate (2.4.27). we get

(2.4.31)
18"% ~ fje®)l? + 1" - e[| + At Vg™ + At[[V4-2"|®

11

S ORI+ COt(lIeM)2 + [[eM]?) + At VA" - 20t (€7 Vadag™) .

Once again. as can be seen. to use Lemma 2.4.1{v). we must have an a priori
estimate (2.4.27). This requires us to do second order expansions in the spatially

discrete case.
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By the triangle inequality for the discrete L? norm
(2.4.32) e} < lle™ — e”|| + e”|l.

woe have

He]|* — lle™ll® + zlle™ — e™l|” + At[[Vae™* + At]|Vy-en|?

< OISR + COtller]]? + 50t [|[Vae™||* = 20t (€% Vadag™) .

(2.4.33)

Taking the inner product of the first equation in (2.4.29b) with 2e”*! and

applving Lemma 2.4.1(iii) vields
(2.41.34) e [1? — f[&™|* + [le™~! — &™||* < At fle*'|* + At’|ig™|*

Combining (2.4.33) and (2.4.34). we get
(2.4.33)

ije

el + FER - e[+ fle — % + ST + ALV, -&2
S ALSNE + 187112 + C At(llenlf? + {le*H|?) - 24t (€. VrAag™) .
Estimating the last term in (2.4.33) is similar to {2.3.22)
[ = =2Ate". VaArg™)
= 2AH{V4-€". Apg™)

—2AHA (g™ — 7). Aug™) — 201V -g". Ang”)
(2.4.36) = —At(lArg™HI? = 1Ag™I1?) + At An(g™' = ¢M|*
20881V 4-g", Ang™)
= —At([[Arg™ |12 — 11 2ag™ %) + A V4-&%[* + At7|Ig™)} 2
4208V -8 Vy-g") — 201 (V,-g". Ang™) .

Then (2.4.36) gives us

g TS AN 13g ) + AUVAEE + A g
FAS NS N |
#2084|9,-7||? + A V482 + ALl
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Going back to (2.4.33), we obtain
(2.4.38)

et — lier]|* + 3[1Va&™|7 + At([dag™ ' 117 = 12ng™]?)

< CAt(jle | + e |2) + ALY Ang™ )2 + CAL(IF 12 + g™ 1* + Atllg™ 7)) -
Grownwall Lemma gives
(2.4.39) le™]] + At||Va&™ || + At Ang™ |+ < C ALE.
By the inverse inequality (2.4.4) we have

At?

(2.1.10) el + hfle™lire + AL i < Cr— .

Under the CFL constraint

(2.4.41) Atg”g—&:.
1

where €' only depends on the exact solution (ug.p) and the a priori constant

C for the estimate of |Ju™|ly-1.» in (2.4.27). we have
(2.4.42) le" = < YCi1AL. fle" My~ < 1.
Therefore in (2.4.27) we can choose

(2.4.43) C =1+ max [[L7()wux.
n<["']

=laz

such that € depends only on the exact solution (wg.@q). This gives
(2.4.44) (o — waflr= < CAL.

By Lemma 2.4.2. we have

(2.4.46) Il — urfle= < C(DE+ A7),

This completes the proof of Theorem 2.4.1.
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2.5 Analysis and Error Estimate of the
Dirichlet Gauge Formulation

Finally we look at the gauge method with Dirichlet boundary condition for
o. For simplicity. we will concentrate on the spatially continuous case for Stokes
equations:

an.-s-l —a®

= Aa™!. in Q.
(2.5.1) ot ,
ntl do" n-1
a -n=—3n, a’ ' -r=0. on gf2 .
and
(2.5.2) Aegrtt = — VU .a?! in Q.
2.5.2
"l =0, on A9 .
(2.5.3) u"tl = g + Vol

Next we state our theorem for Dirichlet gauge formulation:
Theorem 2.5.1 Let (u. o) be a smnooth solution of Stokes equation (2.2.1) with
smooth nitial data w®(x) and let (wa.0n.) be the numerical solution for the
semi-discrete gauge method with Dirichlet boundary condition for the gauge vari-

able (2.5.1)-(2.5.3). Then we have

(2.5.4) e — waellL=or.sy S CYAL.

The analyvsis carried out in Section 2.2 can be applied to this formulation
similarly. First we make a transformation. [f we introduce &#* = a"! + Vo".

(2.5.1}-(2.5.3) can also be reformulated as

u" —u” - o .
T+AVO = Au". in 2.

u" =0, on 90 .

(2.5.5a)
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u*t -t + V(o™ -o" ) = 0. in Q.
(2.5.5b) V-u'tl =0. in Q.
(6" — 0™ =0. on JQ .
Note that (2.5.3) is the same as (2.1.11) except for the boundary condition for o.
We will repeat the procedure in Section 2.2: let u.(x.t). p.(x. t) be the exact

solution of the Stokes Equations

du, + Vp, = Au, . in Q.
(2.5.6a) Vu=0. in ©2.
u, =90, on 902,

and let o.(x. ) be a solution of the following heat equation with Dirichiet bound-
ary condition

a 'e = AOQ - e - il’l Q.
(2.5.6b) o P
G =0. on 99 .

However. there is some trouble when we try to construct %, in the expansion
of the numerical scheme. As can be seen. (2.3.3) does not uecessarily have a
solution in the Dirichlet gauge formulation. Since 3, Vo, is not orthogonal to the
normal vector at the boundary, this leads to the incompatibility of the boundary
condition for w,. Yet, to continue our analysis, we can still construct an arbitrary

field 2, such that
(2.5.7) u, = 3Vo.. on J992.
We still adopt the notation in 2.3: let 4, = u; + d,a,.. and construct
(2.3.8) L™ =u, + Atu,, U'=u, + Atu, . b =o0,.
[t must be mentioned here that L is not divergence free up to an order O{At)

{2.5.9) vV-U = Ath, where h=V u.
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This fact will reduce a /At factor in our estimate as we can see later. Using

similar arguments as in Lemma 2.3.1. we have the following svstem analogous to

{2.3.9)
ren _[°n

(’T+AV<I>" =AU = Atf". in .
(2.5.10a) t

LU'n —=0. on 0.

1 L,'n-:-l_Lf'n_{,.v{(b"*d)”’i):&tzg". in Q.

VU = Ath™L in Q.
(2.5.10b) .

" — o+l =0, on df) .

U0 = 40 + Atw? . in Q2.

-~

where f*. g". h""! and w? are some bounded functions.

Using the same notation as in {2.3.17)
{2-)11) en=(l,'n_un’ én:L-thﬁn. qn=®n‘_‘on_

and subtracting (2.5.10) from (2.5.5). we get the system of error equations:

e’ —-e"
At

e" =0, on J.

=A8" — VA + Atf". i Q.

(2.5.12a}

"

el — g +V(g" — g™ ) = &zzg", in 2.

V-e*tl = Ath™T! . in Q.

—_
Iw
(W |

3.12h} 4
q" — g™t =0, on 9%,

ke°=Atw°, in Q.

We will continue to do energy estimates as in Section 2.2. Applyving the
same procedure, taking the inner product of the first equation of (2.5.12a} with
2e" we get:

18"12 ~ llen||® + [[e” — enl|* + 24t ||Ve”||?

(2.5.13)
< AL 2+ C At len)? - 248 /Q &" VG dx .
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Taking the inner product of the equation of (2.5.12b) with 2e"~! vields

o e 2 — [le*[1* + (le"*! — &™)j*
{3)1‘1} 1112 3 ) t -1
< Atlle™ |7 + Arflgt T -2 /pen‘ V(@' —¢" ) dz.

Next. we estimate the last term of the right hand side. which is caused by the

fact that L™ is not divergence-free:

[I = _QLean.V(qn _qn--l)dx = 2A(v'en_l)(qn _ qn+1)d:c

{2315) —_ QAt/ hrn‘—l(qn _ qn+[)dx
Q
S CALIR™HI2 + Cilig" ~ g™ 1||1*.
Since ¢" — ¢"~! = 0 on the boundary, by the Poincare inequality, we have
g™ —g"*H1? < CallV(g™ —¢™ NI
(2.5.16) < Colj(en! — &") + At?gn|?
< 3C,[len! — &1 + CAt'lgn.
Since we can always adjust C| such that C;C, < % (2.3.14)-(2.5.16) gives
e H? — [[e”]]* + sllen™! — e
< Atfer? + COLIR™? + ALgn2.
The estimates in (2.3.22), (2.3.23) are still valid here. Finally we obtain
e 112 — [le?]|? + ;AL Ver | + At([[Ag™ ' [1* — [|2g*[1*)
(2.5.18) < C At (|ler]? + flemH1?) + ALl g7 ?
+CALRY™ 2 + CAL(LFE + llgni? + Atllg 1) -
Applying the discrete Grownwall lemma to the last inequality. we arrive at

(2.5.19) lie®|| + At |Ver |l + A2 |1 Ag*)| € Cy/ At

where only the VAt error estimate for the velocity field is available. Theorem

2.53.1 1s now proven.
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CHAPTER 3
ANALYSIS OF SECOND ORDER SCHEME

3.1 Preliminary

The 2-D Navier-Stokes equations in vorticity-stream function formulation

read:
dw + V- (uw)=vAe.

au
3.1.2 =0, — =0.
( ) w=0 7n

Here w = (u. ¢) denotes the velocity field. « denotes the vorticity.

Many finite difference schemes. e.g.. [QL]. [ELV'1]. [ELV2]. have been pro-
posed to solve (3.1.1). (3.1.2) numerically. The main difficuity and confusion of
straightforward discretizations of (3.1.1) and (3.1.2) includes two points: there
are two boundary conditions for stream function in (3.1.2). while on the other
hand when we time march vorticity in the dvnamic equation. there is no definite
boundary condition for vorticity (see [QL]). The methodology we employ to over-
come this difficulty is to solve for the stream function using Dirichlet boundary
condition ¢©* = 0 on . and then compute the vorticity at the boundary from the

stream function via the kinematic relation and no-slip boundary condition.
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The subject of vorticity boundary coundition has a long history. going back
to Thom's formula in 1933. See [THOMI]. [OI1]. [QL|. [ELV'1]. Recently, an
efficient explicit time stepping was proposed by E and Liu in [ELV1]. which is
very suitable for unsteady flow at high Revnolds number.

The convergence analysis of this subject has attracted considerable atten-
tions recently. For example. the 2nd order scheme with Thom's formula on the
boundary was analyvzed by Wetton and Hou in [HW]. It was always very con-
fusing that Thom's formula still achieves full 2nd order accuracy even the formal
Tayior expansion of it only indicates 1st order accuracy of the vorticity on the
boundary. Their analysis resorts to Strang type high order expansions. which
are quite complicated. A technical assumption of one-sided physical. one-sided
periodic boundary condition was imposed.

In this chapter. we perform a simple. clean analysis of the second order
scheme with Wilkes” formula for the vorticity on the boundary. As we can see.
both centered difference. which is used at interior points. and the boundarv con-
dition for vorticity give us 2nd order accuracy. This fact is reflected in our paper
that our consistency analysis is more straightforward. no Strang tvpe expansion
is needed. Yet. people are alwavs doubtful about its stability. since it involves
more interior points than Thom's formula. In fact. direct calculations and stan-
dard local estimates cannot work it out as we can see later. \We overcome this
difficulty. which comes from the boundaryv term. by adopting a new technique:
applyving Cauchy inequality to bound local terms by some global terms, then ap-
plying discrete elliptic regularity to control the global terms by the diffusion term,
which therefore guarantees the stability of Wilkes™ formula. The combination of
the consistency and stability leads to the convergence of the scheme. as we can
sce in our main theorem. The physical no-slip boundary condition on both sides

is imposed in our analysis.
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In Section 3.2 we describe our second order scheme for 2-D NSE with a
{0. 1] x {0. 1] box for the domain. Then. in Section 3.3. we give the detailed
stability analvsis of Wilkes’ formula in the case of linear Stokes equations. In
Section 3.4. we show the convergence of the second order scheme with Wilkes’
formula. In Section 3.5. we give the numerical accuracy check for both Thom’'s

formula and \Wilkes™ formula.

3.2 Description of the Second Order Scheme

We look at Navier-Stokes equations in 2-D when no-slip boundary condition
is imposed on both sides. For simplicity of presentation. we take the computation
domain as €2 = [0.1] x [0, 1] with grid size &Ar = Ay = A. The no-slip boundary
conditions are imposed at {y = 0.1} and {r = 0.1}. denoted by [, and T,
respectively. The associated numerical grids will be denoted by {r, = {/N.y; =
J/N 1y =0, - N} At these grid points. NSE can be discretized by standard

centered difference formulas:
Ovw + Dr(ww) + Dy(vw) = vhpu .
(3.2.1) Dpv = w, vir=0.

u=_Dyw. L’=D:L’;.

where D, D, are the centered difference operators

-—

39 . Uit g — Ui-y o Up el = Uy
(3.2.2) Diu,, = . Dyu,, = .

2h 2h

and 4y i1s the standard 5-point Laplacian 4, = D§ + D;";. where

Upopy ~ 2Ui5 + Uy,

h2

Ui j—1 — 2“-:.,: + U,

h?

(3.2.3) Diu,, = Dlu,, =

As we pointed out in the introduction. there are two boundary conditions for

t'. The Dirichiet boundary condition ¢« = 0 on [ was implemented to solve the
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stream function via the vorticity asin (3.2.1). Yet the normal boundary condition.
(',’—"ﬁ = 0. cannot be enforced directlv. The wayv to overcome this difficuity is to
convert it into the boundary condition for the vorticity. As we can see. by the
fact that ¢ |[r= 0. we have the approximation for the vorticity on the boundary

(savon [, j=0)

L(l: + ¢ ) = 2y _ ?_‘-'z.l — U
EAEE N N

(3.2.4) <o = Dgﬂ;'i.o =

where (—1) refers to the "ghost” grid point outside of the computational domain.
[f we take =<47==L = 0. which implies that v_; = v/|. as a second order normal

boundary condition for (9,¢);p = 0. we arrive at Thom’s formula

(323) &Wio =

We should mention here that by formal Tavlor expansion. Thom’s formula is
only first order accurate for « on the boundary. More sophisticated consistency
analysis can guarantee the scheme is indeed 2nd order accurate. which was first
proved in [HW}

The vorticity on the boundary can also be determined by other approxima-
tions of ¢ _;. For example, if we use a 3rd order one-sided approximation for the

normal boundary condition (Jyt}io =0

- ':':— +3/'i - 'l?u’:Q I
(32.6)  (Jyehg = ——— 22 = 0. Gt =3 — St

and plug back into the difference vorticity formula w,g = ﬁ(u‘,-,; + ¥y -1) as in
(3.2.4). we have Wilkes-Pearson’s formula

1

_ 1
(3.2.7) wipn = E('lvx.l - ;"-«".‘.2) .

See [PT] for more details. This formula gives us 2nd order accuracy for the

vorticity on the boundary.
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The scheme (3.2.1). along with the vorticity boundary condition we men-
tioned above. either {3.2.3) or (3.2.7). can be implemented very efficiently via ex-

plicit treatment of the diffusion term and 4th order Runge-Kutta time-stepping.

3.3 Stability of Wilkes’ Formula for Stokes
Equations

One of the main concerns in the computations of Navier-Stokes equations
are numerical stabilities. For simplicity. we onlyv consider Stokes equations in this
section. where nonlinear terms are neglected. The second order scheme applied

to Stokes equations corresponding to (3.2.1} will turn out to be

O = vhpw .
(3.3.1) ‘ me

Dpy =w, Ulr=0.
and either Thom's formula (3.2.3) or Wilkes’ formula (3.2.7) can be chosen to
implement (3.3.1).

Now we introduce some notations.

Notation. \We will use the discrete L2-norm and the discrete L*-inner product

(3.3.2) Null = (e ), u,w)y= 3w, v,k

i <N —1

For « ;= 0. we introduce the notation ||V,uf| by

N1 N=1 N1l NV-]
{3.3.3) iVaull® = Z Z (D u; ;)2h? + Z Z (D;u,-,J)zhz.
1=1 =0 =1 =0

where D7 u. D u are defined as

(3.3.4} Diu,, = u,_*% D;uw =

U gl — Uy,

h

First. we look at the stability argument of Thom's formula. which is straight-

forward. For Stokes equations, the stability analysis can be described as following:
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multiplving the equation in (3.3.1) by —¢ we have —(v.dw) + (L. Apw) = 0.
The first term is exactly

l «

! Y
{3.3.5) —(’U. 8M') = *-(?.'}‘. 8(&;;!.—') = ;ailthH'.

where in the second step we used the fact that ¢« vanishes on the boundary. The

secoud term can be estimated via summing by parts
(3.3.6) (. Apw) = (Dpe.w) +B={lu® + B.

where we used the fact that A,w = w, and the boundary term B is decomposed
into four parts: B = By + B, + B; + B,
N1 N1
B, = : Upwip,Ba = z VLN 1N -

fy ey o~ i=1 i=1
(3.3.7) Nt N

By =) viywe,;.Bi=
i=1 7

H
UN-p W\ -
1

As we can see. to ensure the stability of the scheme. an estimate to control
the boundary term B is required. For simplicity of the presentation. we only
consider B, here. The other three boundary terins can be treated in the same

way. We apply Thom's boundary condition (3.2.5) to recover B,

N-1 .zw N-=-1 2L'2
(3.3.8) Bi=Y vkt =3 T so.
i=1 =

The other three boundary terms can be treated in the same wav. Then we have
the estimate 5 > 0. whose substitution into (3.3.6). along with (3.3.5) gives us
the stability of the second order scheme (3.3.1) with Thom's formula (3.2.3}. This
observation was first made by Meth in [MKZ|. It was also used in [H\W] to prove
the convergence of Thom's formala.

As we can see. Wilkes™ formula (3.2.7) involves more interior points than

Thom's formula (3.2.5). A natural question arises: is Wilkes' formula stable?
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We follow the procedure above. As we can see. (3.3.5). (3.3.6) are still valid.
The only difference is the boundary term B. which is still represented as in (3.3.7).
Similarlv. we only consider B, here. Here. Wilkes' boundary condition (3.2.7) is

applied to recover B,

— i1 1
(3.3.9) Bi= 3 5 (e — st

t=( -

However. a direct calculation cannot controi B;. since two interior points ¢, and
L of stream function are involved in Wilkes™ formula. So the straightforward
argument (3.3.8) does not work here. To overcome this difficulty. we can apply the
property that « vanishes on the boundary and then rewrite the term de;y — ;o

as
- . | . I,
(3310} -{'U(_l - 51.’)1;'3 = 3!.’)1‘1 - 5}?.") Djb’;.l .

The purpose of this transformation is to control local terms by global terms as
we can see [ater. Now B, can be estimated via applyving Cauchy inequality for

s
L.LID‘;L‘L]

Bi= % ‘,’;,‘m,x ~ SRD2)
1=1
vl 3u 1 1%, | U
{3311] > Z( ‘,)—hz—QU - 5|D;L'.‘L1]"’Z')
x—l 2 =
Z - Z —lDylﬂt llzhzt
=1 2

2 - N
where we used the fact that 3 — 3-37 > 0 in the last step. Repeating the same

argument for Bs. B3 and B;. we arrive at

(3.3.12}
N—1 N-1 Y . Y
B> —-= Z ID Lxlf" iD l:,\~1i Z(]D ’«1;[ |D;L'.\'—1.;f2)h"
=1
1 o iy
> =5 D2l - S Dk
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As can be seen. the transformation (3.3.10) and the application of Cauchy
tnequality helps us to bound the boundary term. which is a local term. by global
terms [|D7{|* and [[Dwli®. Our next aim is to control the terms ||D7uv(f* and

1 D;cli* by {|w!]? appearing in the diffusion term. The following lemma is resorted.
Lemma 3.3.1 For any v such that ¢ [r= 0. we have
(3.3.13) ID2ulf? + 1D < (D2 + DY = ol?

Proof.  Since v, is zero on I'. we can take Sine transforms for {¢;,} in

both i-direction and j-direction. i.e.,

(3.3.14) Z Ur g sin(kmr,) sin(éxy,) .

Then Parserval equality gives

(3.3.15) > (wiy)? Z"H|
1.j

[f we introduce

Q- 1 ., €xh
[-3316) fk = ~—-Sln"(-—-—-— ge = —E_E:;;ln"(_—é_ .

we obtain the Fourier expansion of D2y and Dst'

Div, =3 fetngsin(kmr,)sin(éxy,) .
kd

(3.3.17) ' R
Djt.'.,, = Zgz ey sin{kmr,) sin(éwy,) .
k.

which implies that

(3.3.18) Solwn, P =32 100512 =3 g + fil? lenel?
W] [3] k.
Since fi < 0. g¢ < 0. which indicates that (fx + g} > f7 + g;7. we arrive at
(3.3.20) Z iwht.ji'z i Z(ff + gzz)lz;k.tlz = Z(]Dﬁu,_)]? + |D§U:J|2) .
1. kL ¥
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which shows exactly (3.3.13).
The combination of Lemma 3.3.1 and (3.3.12) gives us that 8 > —é“wﬂz.

Plugging back into (3.3.6). along with (3.3.3). we have the stability estimate of

the second order scheme with Wilkes™ boundary condition

l1d s 1 Y
(3.3.20) 5 71 Vaell® + Sellell* < 0.

Remark 3.3.1 The purpose of Lemma 3.3.1 is to control L? norms of D%y and
D;L' by the discrete Laplacian of ¥, which enables us to control local terms by
the global diffusion term. In fact it is a discrete version of the elliptic regularity

for (discrete) Poisson equation.

Remark 3.3.2 Let's review our stability analysis for Wilkes' formula. The
main difficulty comes from the boundary term. Our trick is to rewrite it via
the boundary condition for vorticity. therefore convert it into an expression in
termus of ¢+ near the boundary. Next, we apply Cauchy inequality to bound it
by |DZefi* and {Dic|]?. Then we can apply an estimate like (3.3.13). control
iD3c|? and {|Dicl? by {lwl|®. which leads to the bound of the boundary term

by the diffusion term.
This methodology 1s quite general. The original idea of it was proposed in

{ELV2] to show the stability of a fourth order method. We will use it in the next

chapter to study higher order vorticity boundary conditions in 4-th order scheme.
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3.4 Analysis Of Second Order Scheme for 2-D
NSE

We state our main theorem in our paper.
Theorem 3.4.1. Let u, € L>=([0.7]: C32 (). v,. v, be the exact solution of the
Narvier-Stokes equations (3.1.1), (3.1.2) and u,. <, be the approrimate solution
of the second order scheme (3.2.1) with Pearson-Wilkes forrula (3.2.7). we have
(3.4.1)
lwe = unile=oriesy + VPllwe — wall 2oL

< Ch*lulle=qortcse) (1 + Itellzogorycn Jexp { L1 + el <o ricn)} -

In the convergence proof. we follow the standard procedure of consistency,
stabilitv and errvor analysis. Difficulty in the consistency analyvsis arises from
the fact that centered difference is used at the interior points. while one-sided
formula is used for the vorticity on the boundary. This difficulty is overcorne by
our construction of an approximate vorticity through finite differences of the exact
stream function. All of the truncation errors are then lumped into the momentum
equation. Since Wilkes™ formula is second order accurate on the boundary. we
can avoid Strang tvpe expansion. This resuits in an easy consistency analvsis
near the boundary. which shows that the error function for the vorticity on the
boundary is of order O(A?). The stability of Wilkes’ formula has already been
established in Section 3.3. Our error analysis follows the strategy and arguments

in Section 3.3.
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3.4.1 Consistency Analysis
Let ¥, , = v {r,.y,) for —1 < i.j < N+1. (here we extended v, smoothly to
~0.1+d]*). and construct U. 1". Q through the finite difference of ¥ to maintain

the consistency. especiallv near the boundary.

(34.2) U, ==-D,¥. Vi, =D, ¥. Q,=20¥. for0<ij<N,

Then direct Tavlor expansion for ¥, up to the boundaryv gives us that at

grid points (£..4,). 0 < 6.3 <N,

. h?
U = ue = St + OR)lleellcs -
2
{343} 1" = te + %aid"e + O(hsnlb‘ellcd .

B2
Q= e+ 35008 + 8 + O(hYl|elc.
[t is obvious that at these grid points, {including boundary points)
(3.4.4) U= el + 1V = ve] + @ = wel € CR e D)les -

Now we look at the local truncation errors. We will show that the con-
structed L. 1. Q constructed in (3.4.2) satisfv the numerical scheme (3.2.1),

(3.2.7) up to Q(~*) error. First we look at the diffusion term. (3.4.3) indicates
(3.4.3) AR = Apwe + OB telles .

which along with Tavlor expansion of w, that

(3.4.6) Do = Diie + O(R?)|lweller = Do + Oh*)|[tellcs -

leads to the estimate of the diffusion term: at grid points (z;.y,}. 1 <. j < V-1

(3.4.7) DR = Duwe + O [jee (- Ol s -
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The nonlinear convection terms can be treated in a similar fashion. (3.4.3)
implies that at grid points (z;.4,). 0 <. j < V.

. R? h? . ‘
{3.1.8} O =upw, — —é—u:cagu‘e + ﬁue(ar‘ + a,j)c.*e + Ol esllerelles

which leads to the estimate at interior grid points (r,.y,). 1 < i j <N — L.

DU = Di(tew,) — %b}(;ea’;uﬁ }

(3.4.9) + Eﬁx(ue(a:: +a;)L,‘,,) ":"O(hg)“L‘rH("”Ue“(""
= Diluewe) + O(R)||vellcslivellce -

Moreover. Tavlor expansion for u.w, gives Ez(uevuc) = O (tewe) +O R fuewellcs.

thus

(3.4.10) D:(uewe) = Ox(uewe) + O(R)|elleslitellen -

Then we arrive at

(3.4.11) D(UQ) = 8x(uewe) + O(h?)||welicsllwelics .

The similar result can be obtained for D, (V'Q)

(3.4.12) Dy(V'Q) = 8, (vewe) + OR®)|[wellcslwell s -

Next we deal with the time marching term &,52. The strategy here is to

control the difference between 8,9 and duw. by O(A?) of |8 ie|l =
(3.4.13) 0IQ - at-’*"e - &halve - Aa{we = (Ah - A)at‘—';'e = O(hz)“dl L"’e”(*4 .

Yet. to get an estimate of [[Jyze|[cs. we have to apply Schauder estimate to the

fullowing Poisson equation

A(agc-}) = a!wee inQ‘
(3.4.14)
dve =0. onl.
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which gives us that for a > 0.

(3.415)  9ecelicse < Clldwelicre < Cllltalloss + llelicsaiellesa) -

where in the second step we applied the exact vorticity equation that dy,. + -

V.. = vAx,. The combination of (3.4.13) and (3.4.13) gives us
(3.4.16) 3 - Bpwe = OB (|[ellese + l|Cellenalltellesa).

Combining (3.4.7). (3.4.11}. (3.4.12) and (3.4.16). and applving the original

PDE of the exact solution that duwe + V-{uew.)} = vQAw,.. we conclude that
(3.4.17) 80 + DUQ) + D (VQ) = AxQ + O | telicoa (1 + fjtelics) -

which verifies our claim.

Finally we look at our constructed @ on the boundary. Qur aim is to show
that © satisfies Wilkes™ formula applied to ¥ up to an Q(A®) error. The verifica-
tion of 1t is straightforward. We only consider I';. j = 0 here. The other three
boundaries can be dealt with in the same way. One-sided Taylor expansion for

¥ in the y-th direction near the boundary shows that

L 1 . o
AT = SW) = FFue(r 0) + O(R%)[[uelles
(3.4.18) h 2

= w,(a:,-.O) + O(hz)”L“Je”(u .
On the other hand. (3.4.4) gives us that the difference between 2,3 and . (x,.0)

on [, is also of order O(h%}||we|/c+. then we arrive at

1 1 "
(3.4.19) Q0= ;13(4‘1’1.1 - §‘I‘i,2) + O(h)fewelles

Thus the consistency analvsis is completed.
3.4.2 Error Estimate
For 0 <7, < N, we define

(3.-1.20)

Lhy = Ly — ‘px.; . g T gy T Qi.j-.' Us 3 = Uy — L Ly - by y = b, — lx.; .
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Then the above consistency analysis gives the following syvstem for the error
functions

Qi + D (A0 + ul) + Dy(FQ + ¢3) = vlnl + f .
(3.4.21) Apc=2%.  Clr=0.

i=-Dy. #:=D0, ilr,=0.  {lr.=0.
where | f| < Ch*|lucllesa (L + ([tte|lcs). On the boundary. (sav at ;. j = 0) we
have

-~ 1 - 1 i 5
(3.4.22) S = };"2*(4‘8}‘,"1 — jj'l.f)"g) + h"e, .

where je,] < Clluglles. (3.4.22) comes from Wilkes™ formula (3.2.7) and our
estimate {3.4.19). In other words. the error function of vorticity and the error
function of stream function satisfy Wilkes’ formula up to an O(A?) error.

As we can see. the system (3.4.21), (3.4.22) is very similar to the second order
scheme (3.2.1) along with the Wilkes’ formula (3.2.7) except for the error terms
f and A”e. In other words. as we showed in the consistency part. the constructed
solutions satisfy the numerical scheme except for some local truncation errors. We
have already shown the stability of the scheme in Section 3. so we can apply the
same procedure to estimate the error functions. The error terms corresponding

to f and e can be estimated by Cauchy inequalities.

Multiplying the vorticity dynamic error equation in (3.4.21) by —¢-. we have
(3.4.23) — (. 92) + (. OxD) = (w. D(EQ+ud)) + (v D, (FQ +¢2)) — (. ).

The first term. which is corresponding to time evolution term. can be dealt with

in the way as in (3.3.5) since © also vanishes on the boundary. i.c.
1 d

2
2dt“VhL“ .

(3.4.24) (i AE) = ~ (T, QDT =

The term —{z. f) can be controlled by standard Cauchy inequality. Then the
rest of our work will be concentrated on the estimates of the diffusion term and

the convection terms. We will resort to Lemma 3.4.1 and Lemma 3.4.2 as below.
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Lemma 3.4.1 For sufficiently small h, we have
R - -~ — 1 -~ -4
(3.4.23) {(v. DTy > ;“u,“" - h".

Proof. Our proof of (3.4.25) follows the procedure of stability analysis in

Section 3.3 Summing by parts and using the fact that ¢ |-= 0 gives us
(3.4.26) (0. &pZ) = (0. (D2 + DB)S) = (D?w. 3) + (D2 .Z) + B = [|&]* + B.

where the boundary term B can also be decomposed into B = B, + B, + By + B,

as in (3.3.7)

No1 N-1 |
Bi= ) tiiBig.Ba= Y tin-1DuN-
=1

=1

(3.4.27) Nl Nt
B; = Z Ula":}w By = L’".-\"—l.J-:':\'-J :
):l 1=1

The estunate of B, is also similar to that in Scction 3.3. The only difference
here is that 2, 4. the error of vorticity on the boundary as in (3.4.22). includes
one more error term h’e,. whose L? product with ¢ can be estimated by Cauchy

inequality. By (3.4.22). we can express B; as

N -t - l N=1 _ - I - ) N =1 -
(34.28) By = 3 vii30 = 77 2 Yt — gua) + RT3 vae =L+ b
=1 =1 = =1

As we mentioned just now. /» can be controlled by Cauchy inequality directly

(3.4.29)
5 - I AR 521 1 N-1 6 2 t N=1 :21 _ )
[, = Z{:h"&,-”ez > —5 Z:l h2 - § 2 h e; > ~§ g F - Ch ”up”E‘] .

where in the last step we applied our estimate that |e,| < Clju.[|~:and the fact
that A = . The estimate of /, follows our stability analysis in Section 3.3. First.

we rewrite the term appearing in the parentheses as the way in (3.3.10):

1

- - - 1 -
(*3. 1.30) Ay — st = 3y —

2 2.
; h* (D) -
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which is still valid since i vanishes on the boundaryv. The purpose of this trans-
forination is still to control local terms by global terms as we can see later. Next.
plugging (3.4.30) back into [,
(3.4.31)

1

1 N-1 - - 1 ” - 3
L»‘l,x(3£'-‘.1 - §h‘(D§U}s‘.1) =53

= 715
h =1 =1 =1

3 il S L
I 2 ﬁzwil*s_g. i T3

(3.4.32)
>

Finatly. (3.4.29) and (3.4.32) gives that for sufficiently small /1.

N—1

1 N1 - 1- - 2 i 1
(3.4.33) Bizos Y oh-53 Dgu;.[t B Sk
t=1 = 1=l

The treatment of the other three boundary terms is essentially the same. Now
we recover B by global terms || D2¢|? and [|D§7:H2
Lom2nz _ Lyp27e 1
(3.4.34) B> —§|IDytL'II = §|]th'|| — h*,
As we can see. since ¢ ir= 0., Lemma 3.3.1 is still valid for ¢ and 2. i.c.
(3.4.35) | Dzeli? + 1Dywl* < (D7 + Dy)ell* = IIZ))®.

I

Substituting (3.4.35) into {3.4.34), plugging back into (3.4.26). we obtain
{(3.4.25) finally. Lemima 3.4.1 is proved.

Lemma 3.4.2 Assurne a-prior that the error function for the velocity field satisfy
(3.4.36) o= < 1,
then we have

= 802 TR 2
(3.4.37) (. Do (aQ + u)y < =LVt + gu;-n-.
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and
- 8C2 _ -, .,
(3.4.38) (. D, (82 + 63)) < L[Vl + gnw--u-.

where C) = 1 + jju.flcr.
Proof. \Ve will only prove {3.4.37). The proof of (3.4.38) is essentially the
same. By the a-prior bound {3.4.36) and our construction of L™ and Q. we have
lulle= S NUMlee + Mlallee S Gywellcr + 1 < [lttellco +1 £ Ch

(3.4.39)
122~ < [P uelico + 182¢ellco < lielicr < €.

where C'| = lju.flc: + 1. Summing by parts and appiying (3.4.3G). we obtain

{3.4.40)
<l.-:, D, (i) + uw)y = —(5,1;', uf) + ul)

~ - 8C?
< CillVaelllan + el < —

< LIVAcI + 12

wliere we used the fact that the norms [[D. |, I[Eyz:“ are bounded by ||V}
(3.4.41) lall = IDyell < (1Vawll, N3l = iDeel] < [Va.

since - vanishes on the boundary. Lemma 3.4.2 is proved.

Now go back to our convergence analysis. First we assume that (3.4.36)
holds. Plugging (3.4.37). (3.4.38), (3.4.25) along with (3.4.24) back into (3.4.23).
we obtain

L d ~ 16C7
(3.4.42) S SIVACIE < ClLAIR + =0
2 v

-~ § 74 —
IVa&ll? = I + h

where we absorbed the term C||w[[? generated by Cauchy inequality: [{¢-. £} <
Clicl]2 + CH £]i? into the coefficient of [|Vr2]j2. which is valid since we can apply

Poincare inequality for ¢ that

(3.4.43) lel? < CliVael?.
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by the fact that ¢ vanishes on the boundary. Applying Gronwall inequality to

(3.4.42). we have

(3.4.44) < C(exp ) /Ot(ilf(-. s)||? + Aty ds + CThH?

} (lel|Zsa (L + ffucdica)? + T) .

Thus. we have proved
(3.4.45)
-
(- t) — u(t)|| gz + Z|*dt
a0 = ut)lle + Vo ([ 1))

2 CcT "
< Ch"(“ucﬂc*.a(l + |juel|cs )exp {7(1 + lluelle )'} + T) :

Il

which implies (3.4.1). Using the inverse inequality. we have
(3.4.46) [|t2]] = < Ch.

Now we can resort to a standard trick which asserts that (3.4.36} will never be

violated if # is small enough. Theorem 3.4.1 is proved.

3.5 Numerical Tests and Accuracy Check

In this section we check the numerical accuracy of our second order scheme.
with etther Thom's formula or Wilkes' formula. The computational domain is

{0. 1}*. The exact stream function. velocity and vorticity are chosen to be

ve(z. ) = Fiysin®(xz)sin’(7y)cost .

u{x.t) = —s-sin’*(7z)sin(2wy)cost .

D e

{3.5.1) ="
ve(x.t) = s=sin(27x)sin’(7y)cost .

ez t) = (sinz(ﬁr)sin(%ry) + sinz(ﬁy)sin(‘zfr;c))cost.
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The force term will come out if we substitute (3.5.1} into the momentum equation
(.}-)-_)] atu.."e +V‘(ue;l.:e) =UA.'.L'€ +f.

where f is expressed as
{3.3.3)

f = =siné(sin’(zr)cos(2ay) + sin’(7y)cos{27x))
—+~%sin(‘.Zry)sin(:?:rr)coszt[—sin'“’(rr)(1 — 4sin*(7y))

+sin’(7y)(1 — dsin?(7.r))]

— 4w veost [cos(:27r:r)cos(27ry) — sin®{xy)cos(2mr) - sinz(ﬁr)cos('_):ry)] .

\We apply our second order numerical scheme (3.2.1). along with either
Thom's formula (3.2.5) or Wilkes™ formula (3.2.7} as the boundary condition
for vorticity. The force term f as in (3.5.3) is added when we update the mo-
mentum equation in {3.2.1). The viscosity v = 0.001. and the final time is taken
to be # = 6.0. Explicit treatment of the diffusion term and the fourth order
Runge-Kutta time stepping were used (see E and Liu [EL\'1] for detail). The
absolute errors between the numerical and exact solutions are listed in Table 3.1.
3.2. As can be seen in Table 3.1. if the second order method with Thom's bound-
ary condition is used. exactly second order accuracy. in both L!. L? and L*>
norins. is achieved for the stream function. The vorticity achieves almost second
order accuracy in L'. L*? norms and a little less than second order accuracy in
L> norm. [t can be seen in Table 3.2 that the second order scheme with Wilkes’
formula on the boundary indicates almost the same result as that with Thom's
formula: exactly second order accuracy for both stream function and vorticity
in L'. L? norms. exactly second order accuracy in L™ norm for stream function
and a little less than second order accuracy in L™= norm for vorticity. In other
words. the orders of accuracy of these two formulas for both stream function and

vurticity are almost the same.
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Table 3.1: Error and order of accuracy for stream function and vorticity at ¢t = 6
when the second order scheme with Thom’s formula for the vorticity at the
boundary are used. CFL=0.5, where CFL = %.
i ] N T L' error [ L order ]| L7 error | L% order | L™ error | L™ order |
1 32 || 3.79e-05 3.73e-05 1.53e-04
64 || 9.45e-06 2.00 1.43e-05 2.00 3.83e-05 2.00
P 128 ) 2.36e-06 2.00 3.58e-06 2.00 9.56e-06 2.00
[L 256 || 5.90e-07 2.00 8.94e-07 2.00 2.39¢-06 2.00
! 32 || 7.48e-04 1.01e-03 2.44e-03
i 64 || 1.96e-04 1.93 2.61le-04 | 1.95 6.57e-04 1.89
!
[
|

;.;.' 128 | 5.07e-05 1.95 6.74e-05 1.95 2.26e-04 1.54
256§ 1.29e-05 1.98 1.72e-05 1.97 6.50e-03 1.80

Table 3.2: Errors and order of accuracy for stream function and vorticity at
t = 6 when the second order scheme with Wilkes® formula for the vorticity at
the boundary are used. CFL=0.5, where CFL = ﬂ

i ﬂ N I L' error [ L' order || L* error | L? order [ L= error ] L> order |
[ 32 || 3.71le-05 2.67e-05 1.52e-04 |

64 | 9.35¢-06 1.99 1.42e-05 2.00 3.81e-05 2.00
v 128 || 2.35e-06 1.99 3.57e-06 2.00 9.55e-06 2.00
I 256 || 5.89e-07 2.00 8.94e-07 2.00 2.3%e-06 2.00
il 32 || 7.78e-04 1.06e-03 2.46e-03
i 61 [ 1.99¢-04] 197 | 2.66e04| 199 | 7.58¢-04 | 1.70
< 1| 128 i 5.09e-05 1.97 6.76e-05 1.98 2.07e-04 1.8
256 || 1.29e-05 1.98 1.72e-05 1.98 6.09e-05 1.57
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CHAPTER 4

CONVERGENCE OF A FOURTH ORDER
METHOD

4.1 Preliminary

As the same in Chapter 3. we start with the 2-D NSE in vorticity-stream

function formulation:

(1.1.1) Av =w.

(1.1.2) e = 0. —'er_

Here u = (u. ¢) denotes the velocity field, w denotes the vorticity.

The subject of fourth order schemes for (4.1.1). (4.1.2) has attracted consid-
crable attention recentlv. For example, E and Liu proposed Essentially Compact
fourth order scheme (EC4) in [ELV'2], and proved the fourth order convergence of
the method. Their analysis resorts to Strang type high order expansion. A tech-
nical assumption of one-sided physical, one-sided periodic boundary condition
was also imposed.

The purpose of this paper is to give a thorough analysis of the fourth order

scheme proposed by them. The boundary condition for vorticity will also be
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analvzed in detail. Briley's formula. which was derived in [BRL]. was used in
ELV2]. We will derive a new formula in this paper. which gives higher order
accuracy for the vorticity on the boundary by formal Taylor expansion. First we
present the main idea of the convergence analvsis and an accuracy check for a 1-D
model for the Stokes problem. The advantage of this 1-D model is its simplicity:
we can easily see why Briley's formula gives full 4th order accuracy although the
formal Taylor expansion of it only indicates 3rd order accuracy on the boundary.
This is accomplished by making expansions which are implemented by a third
order polynomial. Then we treat the full Navier-Stokes equations in 2-D with a
0. l['"’ box as the domain. with the physical boundary condition (4.1.2) applied
on all boundaries. \We then present the convergence proof for the analogous 4th
order (EC4} scheme with our new J4-th order vorticity boundary condition. The
use of this new boundary condition simnplifies the consistency analysis. No Strang
tvpe expansion is needed.

The procedure of our convergence proof is standard: consistency analysis
and error estimate. Consistency analysis is similar to that in the second chapter.
Yet chere are stifl some differences since our fourth order scheme involves an
intermediate variable for vorticity. We construct the approximate intermediarte
vorticity variable via finite difference of the exact stream function. and recover the
approximate vorticity by solving a linear system, whose eigenvalues are controlled.
through the approximate intermediate vorticity variable with suitable boundary
conditions. To maintain higher order consistency for vorticity. which will be
neecded when we compute its finite difference, we add an O(A') correction term
to the exact vorticity on the boundary when we sct our boundary condition for
the approximate vorticity. The approximate velocity will be constructed via finite
differences of the exact stream function. Then we can show that the constructed

profiles satisfy the numerical scheme up to O(A') truncation error. including
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the vorticity on the boundary. Next. we perform a stabilitv analvsis and error
estimate. We adopt the technique used in E and Liu [ELV2] and in the second
chapter. The basic strategy is to use energy estimates. with special care taken
at the boundary. Standard local estimates do not work for the boundars terms.
due to the interior points of stream function involved in the boundary vorticity
formula. so we have to apply elliptic regularity at the discrete level. and then
control chese local terms by global terms.

In Section 4.2 we outline the main idea of the EC4 scheme for a 1-D model
for the Stokes problem. Stability of both two boundary conditions will be estab-
lished there. which is accompanied by numerical accuracy check. The rigorous
convergence proof of the method with Briley’s formula as vorticity boundary
condition will also be presented. by which we hope to explain the ideas in our
consistency analyvsis clearly. including Strang type expansion and the construc-
tion of the approximate profiles. In Section 4.3 we look at the EC4 applied to
2-D full Navier-Stokes equations, and present the convergence analysis for the

scheme. where the new 4-th order vorticity boundary condition is applied.

4.2 Convergence and Accuracy Check for 1-D
Model

To explain the idea of our fourth order scheme more clearly. in this section
we consider a simple 1-D model for Stokes equations. where nonlinear terms are
neglected. The purpose of the introduction of this model is to catch main features
and difficulties both in computation and analysis. The idea developed here can

be applied to full 2-D nonlinear case as we can see in Section 4.3. This 1-D model
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O = v(82 — k).
(4.2.1) (@ - Ky =w.

v=0.,v=0. atr=-1.1.
whose solution is the &-th mode solution of the unsteady Stokes equations in the
domain [—1. 1} x [0.27]
(129) Ow = vAu .

Ay =w.

where the no-slip boundary condition, v = 8¢ = 0. is imposed at r = —1.1.

and periodic boundary conditions are imposed in the y direction. An exact

solution of (4.2.1) is
(1.2.3) we(r.t) = cos(uz)exp { —v(k* + p1?)t} .

where u satisfies ptan g + ktanh & = 0. See [OI2] and [ELV'1] for detail. For
simplicity we take & = L.
4.2.1 Description of Fourth Order Schemes
Essentially compact fourth order scheme (EC4} for 2-D Navier-Stokes equa-
tions was proposed by E and Liu in [ELV2]. We can use the similar idea to
deal with the [-D model (4.2.1). As we can see, the operator 9 — | can be

approximated by compact difference operator
A 2
(1-33)D; -1
hZ N2
1+ TfDr

(4.2.4) N —-1= + O(hY).

Applying (4.2.4) to both the diffusion term in vorticity equation and the kine-
matic relation between stream function and vorticity in {(4.2.1). and multiplving
both equations by 1 + ';—_!D;’ we obtain the following system

o — h*

az =v((l - 0% - l)w,

t-4.2.5)

((1—‘;’—;)D§-1)w:7. v=0. onr=-11.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



~1
o

where the auxiliary term T was introduced as
h%
{1.2.6} T={+ 50w
As we pointed out in the second chapter where we deal with second order
scheme. there are two boundary conditions for ©. The situation here is similar.
The Dirichlet boundary condition ¥ = 0 on r = —1.1 can be implemented to
solve the stream function via (4.2.3). Yet the normal boundary condition d,v = 0.
which cannot be enforced directly, will be converted into the boundary condition

for the vorticity. For example, Brilev's formula

(4.2.7) <o = %(601 - gbz + glﬂs) - %‘,1; (g-;)o

was used in the EC4 scheme (see [BRL], [ELV2]). We should remark here that
Briley's formula is only third order accurate for the vorticity on the boundary
by formal local Tavlor expansion. Later we will show that it still preserves 4th
order accuracy. [t was first proved in [ELV2]. Next. we derive our new ith

order vorticity boundary condition. First, we use a 4th order approximation of

« = (82 — 1)¢ on the boundary:

N l : ! . B
(1.2.8) o = W(lﬁ('cq + 1) — (¥_o + I.'.-g)) + O(h').

where (—1). (—2) refer to the "ghost™ grid points outside of the computational
domain. Note that we neced five points of ¥ to obtain fourth order accuracy for
<. which is different from the second order case, where we only need three points

of v as we discussed in the second chapter. Then we prescribe the values for the

“shost” points of ¢ using the no-slip boundary condition 3—‘; =0.onr=-1.1
atong with a 6-th order one-sided approximations for v

3 1 du
{ 1_)9) L'y = IOL'{ - 5?."’_) + 26’3 - =y - 5h —L + O(hs) .

3 4 oz /,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



and

(4.2.10)

vy = 80Uy — 45w + 16 — 2wy — 30h

du
— | +O(R%).
(01‘)0 (A%)
Combining (4.2.8). (4.2.9) and (4.2.10). we obtain
(4.2.11) 1

_ 8
g = —(8uy — 3w + =
A

o — Ly = 2B (v
9 T 8" Ten\ar),

We will use this new formula to perform our analysis of 2-D ECJ scherne in Sec-

tion 4.3. The syvstem (4.2.3). (4.2.6) along with the boundary condition (4.2.7}

or {4.2.11} can be implemented very efficiently via an explicit time stepping pro-
cedure introduced by E and Liu in [ELV2].

4.2.2 Stability Analysis of the Scheme
One of the main concerns in the higher order schemes are their numericai
stabilities.

We will have a look at the 4th order scheme with the boundary

12)

conditions we mentioned above. First we introduce some notations. Notation.
We will use the discrete L2-norm and the discrete L2-inner product
(4.2.1

lull = . u)’?.

(w.vy= 3>

u, v k.

1<K N -1
For ug = ux = 0. we introduce the notation ||V,u|| by defining
(4.2.13)

. ; U, .
IVaul*= Y. (Dfu)? A, where DFu, = =2
0<< V-1

; .
Similar notations of L* norms and inner products, one sided difference norms

— U,

i 2-D analogous to (4.2.12). (4.2.13) can also be introduced. Note that in 2-D
case. the discrete inner product {(u. ¢) will turn out to be

- b2
Do gy h
1< y<N =1
morcover. ||[Vyuff? includes two parts. for both Dfu,, and D u,,. where the

forward difference operators D7, D7 can be defined similarly as in (4.2.13). We
will use these 2-D notations in Section 4.3.
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4.2.2.1 Stability of Briley’s Formula
We look at the fourth order scheme (4.2.3). (1.2.6) with Briles’s formula

(4.2.7) first. The first step here is to multiply (4.2.3) by —(1 + T_;Dﬁ)u
(1.2.14)

he h? h*? R
~((1+ 5D e (1 + 5 DHaw) + <(1 + =D (1= D% - 1)“,-> —0.

The first term. which is corresponding to the time marching term. can be esti-

mated bv the discrete kinematic relation between ¢ and = as in {4.2.3)

(4.2.15)
. ”202 . h?
{1 + 3 e (L + EDx)ag.’.d)
R R,
- —<(1 + S a0 - 5)p2 - 1)1_.,->
R? h? 2, h? 2 .
= —{(L + ﬁD;)z.“. 3e(1 — E)D;w) —-{(1 + ED;)L'. —dy)
1 R d , R, Rd o, o 1d. ., hd _
=51 - I_Q)E“vhl'“ ey I_Q)E“D‘L/” - 55“’#” ~ Sy Vaet
1d R , h? %o
= 577 (L= DHVael + flef® = 51 = HHDP) -

and the second term. which is corresponding to the diffusion term. can be esti-

mated via sumnming by parts
(4.2.16)
h* " o
<(1 -+ ED:)L. . ((]. - E}Dr - 1)w>

= (. (l— h—z)D'-’

127 F

2

h ” h? .
ﬁ}D;'w’) + (EDf»U- -)

h'.’
<)+ e, —w) + (l—é-ng, (1 -
R: 1 h?
={(l - E)D;L-‘. L)+ H“ - E)(L’zlwa + ¥yowy) + (e w)
W, h? 1 A2

A 3
—i—((l - B)Drt?. T_-;Df,;u’) + (—U) v 1_2'ng) + E'E(L’}w}o + l.-'}_.\'_ltd,\‘)

h? . h? o L :
. <((l — i_—z)DI - l)t.'. (1 + ED‘)W> + E(Uw’o + UN-1wy)

2
= [i{1 + IT)"D}))—'-’iI' + pitie + CN_1WN) -

As we can see in (4.2.16). we have to control the boundary term to ensure

the stability. Here we decompose the boundary term into two parts B = B, + B..
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where 5; = Ez.';u;g and By = Ew;\—_l;‘;;\r. For simplicity of presentation. we only

consider By here. B, can be treated in the same way.

We can apply Brileyv's formula (4.2.7} to update B,

- Y _ 3 2
(1.2.17) B, = h—;(ﬁw; - 51!}2 -+ §L'3) -

However, a straightforward calculation cannot guarantee a bound of B;,. The
difficulty comes from the fact that three interior points of stream function are
involved in Brilev's formula. Here we apply the similar technique used in [ELV2]
and our previous paper when we dealt with second order scheme with Wilkes’
formula in the second chapter: as can be seen. the term (6¢y — %u'g + %L‘g) can

be rewritten as

3 2 11 19
2 - = = Zoah - == 2 2
(1.2.18) 6ey )b>+9b3— 3v1 1ShDL + = hDL .
which is valid since vy = vy = 0. The purpose of this transformation is to

control the local terms in (4.2.17) by global quantitics as we can sce later. Now
(1.2.18). along with Cauchy inequalities applied to vy D%y and vy Dicy. gives us

the estimate of B
1] 11 19

B, = hq(§c1——h202vl+ hzoﬁvg)
1le? 1 192 1 22
2 ! 22 _ 212 = ,-
(4.2.19) 2 33 7h3 [TEAE 'D Gk~ G gavi - [D valh
302

— - ID v 2h — —]Dzv [*h.

where in the last step we used the fact that & — 1(1%; + %) > 2. The term B,

can be estimated in a similar fashion. Now we arrive at

2 2 1 Y y
(4.2.20) B> - S ADIu? 2 -5l D3u.

=12N -1 . N=2

ol —

As mentioned earlier. the transformation (4.2.18) and the application of

Cauchy inequalities give us a bound of the boundary term. which is a local term.
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by a global term ||D32v{]?. Next. we need to control |[[D?.|)? by ||Z|]* appearing

in the diffusion term. which can be resorted to the following lemma.

Lemma 4.2.1 For vy = vy = 0. we have

2

22010 - 2Dl < 1(0 - 2D - 1)ul = 0+ S D2 = )
=2h) i = ) Pevll s 2’7z T el =l Pl = el

Proof. The boundary condition ¥y = vy = 0 indicates that we can Sine

transform o-.
(4.2.22) v, = Y Ugsin(knz,).
&

The Parserval equality gives that

(4.2.23) Do(w)® =3 (we)®
i k
- ‘I k"h 2 -~ . . -
We let f, = —,—,,:».m (—) then we have DZ¢; = Y feuysin(kwr,). which in
" 1S

turn shows the Parserval equality for (1 — %)DZv and ((1 - 8)D: - I)L‘

lu_£w2 —hZu——)n

h‘-’ 3
It - )07

[

I
—
SN
&
R
i
&
-
r--

]
ol T
7.

]
=

On the other hand. fi < 0 implies that (1 — )22 < ((1 ~ %) fi - 1)’, Then

we obtain (4.2.21). Lemma 4.2.1 is proved.
Plugging (4.2.21) back into (4.2.20}, we obtain

2.25 _L_H. h_ 2 _g,—.z
(4.2.25) B2 - sy I+ PRl 2 -5

Substituting (4.2.23} into (4.2.16). along with (4.2.15). and denoting “energy” £

D‘
I~

h' h'
(1.2.26) = (1= =)NVaul + |[u|* — 5 - Dzl
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we finally arrive at

ldE

1 2

(4.2.27)

This completes the stability analvsis of the fourth order scheme (4.2.3) with

Brilev's formula (4.2.7).

4.2.2.2 Stability of the New Fourth Order Formula
The stability of the fourth order scheme (4.2.5) with our new 4-th order
vorticity boundary condition {(4.2.11) can also be ensured by similar arguments.
(4.2.13). (1.2.16) are still valid here. The only difference here is the estimate of

the boundary termm B = B; + B, where B can be expressed as

L . : 8 1
8) Bl = “‘Llw(} ;(8?;‘/'1 — 3 + -3 — -*L:’.;) .

4.2
( 9 8

[N

by our new 4-th order formula {1.2.11). Note that one more interior point of ¢' is
involved in our vorticity boundary formula. The estimate of B, in (4.2.28) also
follows our procedure above. First, we rewrite the term (8t — 3uwo + gl.":; - !%L‘.;}
as

8 1 25 115 23,
(4.2.29) St —Bus+ ot + 2y = — it — ——h2D%, + o h2 D2 —

1)2.
9378 6 72 35" Dzv2—gh Drvs.

and then repeat the procedure and argument as in (4.2.19). which gives that

B, = %(ggc; - l-l—?thz Uy + %h Dy — %thit‘:gJ
9=, .2 =2 2
(1.2.30) = -t:i;;[ 1“ );3 lflf,? v - '02 s - 7%3;2 g %IDE’“"”'Z”
‘z,gg:t"f - 5103'5'3’2’1
> 2}:—‘ -~ —h(iD‘*ull2 + |D%n? + [Dius)?)
where we use the fact that % - %( 171,;2 gg, ) > 2. Then we can also arrive at
B>-1 SID2C|] as in (4.2.20). Lemma 1.2.1. which countrols the term {|DZ¢ | by
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the diffusion term [|Z|]2. ts still valid here. Finally. repeating (4.2.25). (4.2.26).
we obtain (4.2.27). which shows that the fourth order scheme (4.2.3) with the

vorticity boundary condition (4.2.11) is also stable.

4.2.3 Numerical Tests and Accuracy Check

We now present accuracy check for the fourth order scheme with boundary
conditions we mentioned above. The exact solution of {4.2.3) with & = 1. the
viscosity v = (.01, and the corresponding p = 2.88335565358979 which is deter-
mined bv & = 1 will be used for comparison in our numerical experiments. The
final time is taken to be ¢ = 1.0. Explicit treatment of the diffusion term and
the fourth order Runge-Kutta time stepping were used (see E and Liu [ELV'1] for
detail). Table 4.1 and Table 4.2 list the numerical resuits of fourth order schemes
with two different boundary conditions for the vorticity. As can be seen in the
tables. the EC4 method with Brilev’s boundary condition achieves fourth order
accuracy for the stream function, and gets more than fourth order accuracy for
the vorticity. The EC4 scheme with our new th order boundary condition on the
boundary also achieves the fourth order accuracy for the stream function. and
zets almost fifth order accuracy for the vorticity. In other words. the orders of
accuracy of these two formulas for the stream function are almost the same. yet
our new fourth order boundary condition performs better than Brilev's formula

in the accuracy for vorticity.

4.2.4 Convergence Analysis of the Fourth order scheme
In this section. we will give a convergence analysis of the fourth order
method.  The stability of it. with both Rriley’s formula (4.2.7) and our new
4-th order vorticity boundary condition (4.2.11). has been been established in
4.2.2. We only analvze the convergence of the one with Brilexv's forrula here.

since the consistency analysis of it will turn out to be more technical than that

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



of our new 1-th order formula. bv which we hope to explain the methodology
of Strang type expansion. As we can see. direct truncation error analvsis gives
us fourth order accuracy for the momentum equation. but only third order ac-
curacy for the vorticity on the boundary if Briley’'s formula is used. Below. a
more careful truncation error analvsis will be carried out by including a higher
order term. which is known as Strang type analysis to construct approximate
stream function. [n addition. the construction of the approximate vorticity needs
some technique: first. the approximate intermediate vorticity variable will be
constructed via finite difference of the approximate stream function: then. our
approximate vorticity field will be constructed by solving a linear system through
the approximate intermediate vorticity variable. The eigenvalues corresponding
to the linear system are controlied. To maintain higher order consistency for the
approximate vorticity. we add an O(h*) correction term to the exact vorticity on
the boundary when we set its boundary condition. which leads to the convenience
when its finite differences are computed.

All the analysis in this section can be carried out to our new formula. which
is more straightforward. no expansion is needed.

4.2.4.1 Consistency Analysis
Denote ¥..w, as the exact solutions. extend v, smoothly to [~1 —4J.1 + 4].

and construct the approximate stream function ¥ = v, + A'e with
. -~ i ) l 2
(4.2.31) w(r. t) = 1a(t)(r +1)(1 —x)° - IJ(t)(J; +1)*(1 —z).

where a(t) = —%%(??L‘e(—l), 3(t) = —'—ﬂl‘il’('}zt.;.(l). The choices of a(t) and .#{¢} will
guarantec ¥ to satisfy higher order truncation errors in Briley’'s formula. which

we can sec later. It is obvious that (sayv at the left boundary o = —1)

(1.2.32) c(-1)=0. (1) = —f—?aiure(—l).
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To estimate . we can see that J'¢- = 0. which implies that
(4.2.33) fellem = liches < Clieelles. i m >3,

Moreover. our definition of a(t) and J3(¢) implies that |8, (t)|. (3, 3(2)| < CUAP Lilco.
To have a good estimate of |3° L. ||ce. which is exactly {328, vellco. we see that
O L. satisfies
(1230 (92 - 1)dte = Fpwie . in [—1.1] ,
A, =0 atr=-1.1.
which implies that ||g,tellcs £ Clidwwellcs- On the other hand, ||Gyw.|/cs can
be controlled by the order of ||lw,llcs from our original vorticity equation that

)

Orwe = (07 — 1)w.. The combination of the above arguments indicates that
(4.2.33) {Qa(t)]. 18:3(8)] € Clladicellco € Clldrwelles € Cliwelles < Clleeller -
and the fact that d,¢ = Hr + 1L — rY0a(t) — t(z + 1)1 — £)8,3(t) gives
(4.2.36) 19 llem = Howlles < Clivelles . ifm 2 3.

The construction of the approximate vorticity is quite tricky. First we define

_ _ W L
(1.2.37) ao=((1- {5)0; -1, forl<i< V-1,

and then recover 2 by solving the following svstem

(4.2.38) (1+ ?—ij)Q, =1,.

\We should mention that (4.2.38) always has a solution since the eigenvalues of
the matrix corresponding to 1 + ’l‘—jDﬁ are all non-zero. On the other hand. the
implementation of {4.2.38) requires the boundary value for Q. To maintain the
higher order consistency needed in the truncation error estimate below for the
discrete derivatives of the constructed vorticity. we introduce

~ - - 1 . - -
{1239) )=y where <} = —magl;,'f . Ly = (af - 1)1.' .

}

3
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where h'Z) is the O(h') truncation error of ((1 - %)Dﬁ - 1)1_-;,, —{1+ ’;—._';D;’).ue.
h*Z, is the O(h*) part of h*((l - T—;)D‘ﬁ - 1); The boundary condition for 2
(say at ro = —1) is tmposed as

(4.2.40) Qp = (o) + 2.

and Q24 can be determined similarly. The purpose of this choice can be seen in

the following lemma.

Lemma 4.2.2 We have on the grid points r,, 0 <t < N,
{(4.2.41) O = + AT+ OB el -

Proof. First we note that

h* R,
(1+ ED,)Q = (- 5008 - 1)¥
(4.2.42) A2 B2
= (1= 3D - e + 1A= D - 1)e.

where the first term can be estimated via local Tavlor expansion

h: R, | S _

(1= )02 = Jee = (14 50w — 535h' 300 + O luelle
(4.2.43) - ,: B
1= g - .
= (1 + FD;).JQ, -+ h“w'l + O(he)”we“c'! .

where &, was introduced in {(4.2.39). and the second term appearing on the right
hand side of (4.2.42) can be treated as
4 h2 o - 12 » 61117
A1 - /0% - )= kY82~ 1)u + Oh®)|¥]lce
(4.2.44) -
= h'2 + O(R%)[|leellcs .
where we applied (4.2.33) and 2, was also introduced in (4.2.39). The combina-

tion of (4.2.42). (4.2.43) and (4.2.44) gives us

h* ., R* - PN :
(1 + FD;)Q = (1+ 1—.70;)4:,1 + h'Z + B2 + O(R®)[|[ee]| s
(4.2.43) - N

R A
(1+ 500w + 12+ Oh®)|fwelics -
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On the other hand. the fact that {|D%Z)|co is bounded by the order of {j¢ .l

from our construction of = gives
h?
(1.2.46) (1+ D Muwe +h12) = (1 + —D Do + AT + OR®) || te]le -

The combination of {4.2.43) and (4.2.46) shows that at interior grid points r,.

1<i<N—1.

(4.2.47) ](1 + —D Q- i - h“.;-)! < CA | elicn -
On the boundary {say at : = 0). (1.2.40} indicates

(4.2.48) Qg — {we + ') = 0.

Since the matrix [ + %Df_ is uniformly diagonally dominant. we obtain (4.2.41}
from (4.2.47) and (4.2.48). Lemma 4.2.2 is proved.

Next we ook at the truncation error of the diffusion term. By Lemma 1.2.2
and the fact that & and its divided differences up to second order are bounded

by the order of lfe.,licx. we have

(4.2.49) |D7(Q ~ we)l < Ch'ijuelles

which along with {4.2.41} gives us

(4.2.50) (h- )0 -1)0=(01- g)oﬁ ~ 1)we + O(hY)||2ellc- -

On the other hand. local Taylor expansion of .. shows that

(4.2.51) (1- ff-——)D- ~ 1)we = (1 + %Bﬁ (07 = 1we + O(h")|fwellcs -

The combination of {4.2.30} and {(4.2.51) implies that

(4.2.52) ((1- 5)0; —@)(I2 ~ Lwe + O(hY)|| el -
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Now we estimate the time marching term. At the interior grid points r,.

1<i< V-1
a8 = a(a- };—i)Di - 1)

(1.2.53) B 2 .
= 3((1 - )0 - Dee + '3 ((1 - 507 - 1)o.
where the first term can be treated via local Tavior expansion and the kinematic
relation between v, and .
(4.2.54)
a{(( h*

. h? _, 1
I--i_—))Dﬁ-—l)u’;e = at(1+53;)_~;e+fx*a,(—a%,,-La*wc)+0(hs)na,we||ca :

360 ° 144

and the second term can also be controlled by

h'.Z

(1.2.55) '8, ((1 - )P - Do = 2982 — 1T + O(h®) 10, -

Again. by (4.2.34), we have the following estimate
{4.2.56) 0tellcs < Clldiwelles < Cllwelies < Clivelles .

where the original PDE that dww, = v{3? — 1) was applied in the second
step. The term nat-&;]@ appearing in {4.2.533) can be controlled by {4.2.36). The
conmbination of {4.2.53)-{4.2.56) shows that
h? . h?
(4.2.57) A1 + ED;’,)Q ~ (1 + Eaf)w-c- = O(h Y liwelles -
Combining (4.2.57) and (4.2.52). the estimate for time marching term and
diffusion term respectively. and applying the original vorticity equation which

implies that (1 + %85)(&«:8 - v(F? ~ I)..ue) = . we arrive at

. h® h?
(1.2.38) A1+ 5D - v((1 - D! - 1)Q = Ok |uelles -

at grid points r,. 1 <1<V — 1.
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Finally we look at the boundary condition for Q. We will show that @
satisfies Brilev's formula applied to ¥ up to O(A') error. To verify it, first we

have a look at the expression appearing in Brilev's formula (say near the left

boundary rg = —1)
(4.2.39)
3 2 3 2 P 3- 2.
6\D| - :)"‘pg + 5‘1‘3 = (6?,’}2(.1’[) - 51.'9(.1"_)) + §L',-(I3)) “+ h (Gbl - 5’."«"_) + 5@'3) -

The first term can be estimated via Tavlor expanston of v.. keeping in mind that
telro) = Orie(ro) =0
(4.2.60)

3 2 . s
Gue(r)) = suel(za) + §we(333) = h*0% (o) + 16’1' Fve(xo) + O(A%)|wellcs -

The estimate of the second term appearing in (4.2.539) can also be carried out via

Tavlor expansion and our construction of ¢-

- 3~ 2 - 11 . -~ -
h"(6w1 - 3’&»2 + 51.'»'1) = —3—-}!”8:(‘(;(70) + O(!’-S)HU“C"

{(4.2.61) 1
= ——h v (ro) + O(N%)|leelles .
10

where we used (4.2.32) and (4.2.33). As we can see. the O(h®) terms appearing
in (4.2.60) and (4.2.61) cancel each other if we put them into a combined term
¥, — ::flfl-_: + g% because of our special choice of a(f) and .3(#). The reason of
the choice can be seen more clearly here. The combination of (4.2.39). (4.2.60)
and (4.2.61). along with the fact that w.(rg) = (87 — D {(xry) = Fwe(rg) since

v+, vanishes on the boundary, gives us

3 2 ,
(1.2.62) 60, — ¥, + §¢3 = o (Lo) + OGRS |welles .
in other words.
(-1.2.63) ce(zo) = L(6\11 - '}w + 2y ) + O e[l
sl weo—hz 1 _2‘_"93' Hewl|lge «
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On the other hand. our definition of Q4 in (4.2.40) and the fact that |2y <
Cfleelles implies that the difference between (g and (o) is of order O(A*){| ¢ cs.

Then we obtain the boundary condition for €2:
(4.2.64) (6\1!1 - —‘Ih + lI!;) hieg. where |eg| < Clluellcs -

4.2.4.2 Error estimates

For 0 < i < V. we define
(4.2.65) U=y — 0, Si=a -0
and the error function for T is defined at grid points r,. 1 << N — 1,

-0, =1+ =DHz,.

&

(1.2.66)

Our consistency analysis carried out above gives a closed system for error func-

tions

(1+£D )a,w u((l—— -1+ f.
(4.2.67) o

(1——}02—1) (1+_D) Co=ux =0.

where the local truncation error f satisfies [f,| < Ch'|jt.||¢-. On the boundary,

{say at the left boundary point ry = —1)
1 3 -~ 2 - 3
(-1.2.68) 2o = -'*(61,’1 - ;L,) } 51;’3) + heq.

where jeg) £ Clleelles. (4.2.68) comes from Brilev's formula (4.2.7) and our
estimate for Qg (4.2.64). In other words, the error function of vorticity and the
error function of stream function satisfy Briley's formula up to O(#?) error.
The system of the error functions (4.2.67) along with (1.2.68) is very similar
to the fourth order scheme (4.2.53) with Brilev's formula (4.2.7). except for local
truncation error terms f, h*eg. The procedure of stability analysis carried out

in 4.2.2.1 can be implemented here similarly.
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Multiplying (4.2.67) by —(1 + 2 DZ)0- gives

(4.2.69)
h2 o~ h‘.! . _ . k2 e~ h2 2 _
(~(1+ 3026 (1+ D) + <(1 + HDHC (1= 5)D2 - 1)w>
=(-(1+ 5D f).
The term corresponding to local truncation error can be controlled bv Cauchy
irequality
h2
(4:2.70) (~(1+ 5DIE£) < CIEIE + CIFiP.

and the results corresponding to the time marching term and diffusion term are
analogous to (4.2.13) and (4.2.16)
h? ~ h* . ..
—((1 + —Dz)w. (1+ —Dl)am

(4.2.71) h'3

= 1L - Eywacie « e - o - Bypozae)

(1.2.72)
2 2 2 - ~
(1= 202 (- 202 - 1)2) = 01+ E o2 + 2530 + i),

The estimate of the boundary term B = B, + B,. where B; = %(1;1.30) and
B, = }—l[{.‘:‘\'_;;'_\') is similar to that in 4.2.2.1. The boundaryv condition for 2y in

(4.2.68) gives us
_ 3 - 2 -
(4.2.73) B, = U;(—(Sbl - 5 + 51.'-‘3] -+ h380) .
Analogous to (4.2.18), we can rewrite the term 6y — %zjg + %t_rg as l_.‘—iél -

‘gh Digy + £h? Dzm Then the procedure in (4.2.19) can be repcated to es-

timate B, here. where we will use Cauchy inequality to estimate the error term

(42.74)

B = ;—1(%“ ~ %h?Dﬁ&l +- %hmf&g) + ke
Z [3[,:.-;¥ - ;;;igo ‘D v *h - —;gg;f - [D Lo[ *h — %Z—i hPel
> %lj ~ %EDil;. [*h — w2-|D§t.Zg[2h - h¥%e; .
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Similar to (4.2.20). we arrive at

2792 - 3 1 g
S, AIDIul - #(eg +ed) > — DI - A0

=12 -1, =2

(1.275) B> -

| —

if i is small enough since |ep]. |ex| < Clivfles.

Since 19 = vy = 0. we can use the same argument as in Lemma 4.2.1 to

conclude that

- , h2 5 - h2 “ - /22 o~
(4:276) (1 = Dl < (1= 0% - ol = (1 + 5D

Substitute (4.2.76) into (4.2.73) and (4.2.72). we obtain

(4.2.77) <(1 + h—zb"’)é ((1 ~ h—z)D‘-’ - 1)-;-> > —p8
1277 12°7F =

Combining (4.2.77). (4.2.72) and (4.2.71), denoting £ as

h? h* ,
1 - =)ID;

Bl 121

-

(4.2.78) E

il

h? " - ~ )2
(1~ NVAIP + 4 - oI

along with the Poincare inequality for & which states that ||¢]| < C||V,¢|| since

¢+ vanishes on the boundary, we arrive at

—

dE

— SCUfIF + CI|IP + A® < CUFIP + CUV sl + 1.

(4.2.79)

| —

[Integrating in time. we obtain
- T T -
(1.2.80) E< c/ £ 12 de + c/ NCacli2dt + 2Th® + O(R®).
0 0

where O(h%) is the initial term of E(—.O)- By our construction of ¥, we have
(.0) = h*(.0). Moreover. we get O(h8) < Ch3{|eel|2«. The fact that || D2c|]? <

,%-_»va, L:!i!. which iruplies that |[Vh1;f;||2 < E. along with {4.2.80) leads 1o
- T T T TR
(1.2.81) iV.iE < C/ (F112dt + c/ Va2 dt + CTRY + O} .
0 0
By Gronwall inequality. we have

- T
(4.2.82) Vi < C/ NFC. 9P ds + CTH + O(h®) < CR3(J|w i3~ ~ T).
0
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Thus. we have proved
(1.2.83) V(e (- t) = Ge(E)les < ChY(felics + T).

which gives the convergence of the fourth order scheme along with Brilev's formula

(4.2.7).

4.3 Analysis of EC4 Scheme for 2-D NSE

4.3.1 Description of the scheme
Essentially Compact Fourth order scheme {(EC4) for NSE {4.1.1), (4.1.2} was
proposed by E and Liu in [ELV2]. Motivated by the fourth order approximation

to A 2-D
Aw + £ DID}

(4.3.1) A= . £ + O(hY).
1+%Ah ()

they discretize NSE in 2-D by
(f h:’ 32
ST = (Ah + —S“D;D;)JJ -NL.
he
(-1.3.2) { (Bn+=DIDe =3 e ir=10.

9

h2

where the intermediate variable & was introduced as T = (1 + '%_’,-Ah)- :. and the

approximate nounlinear term A L is given by

h2

(1.33) NL =D, (1 + 5

— R K2 _ —
D?)(uw)+ Dy (1 + %Di)(w) _ éah(uoﬂ,— +vDyw).

Note that the implementation of the third term of (14.3.3) needs the boundary
value of wD,w + ¢D,w. Since the velocity u vanishes on the boundary. we can

SOt

(4.3.4) (¢Dzw +vDyw) | =0.
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The velocity u = (—3,r.8;¢) can be valued by using the standard long-
stencil 4-th order formulas:

) ~— h? - R,
(4.3.3) u = =Dy (1~ e Di)e: v= D1 - 3 Dije.
Note that the implementation of (4.3.3) near the boundary needs "ghost point”
values of ¢, which was discussed in Section 4.2 Corresponding to the new 1-th
order vorticity boundary condition we will state below. we adopt the following 6-
th order one-sided approximations for v at “ghost™ points. (say. near [';. j = 0).

which are 2-D versions analogous to (4.2.9) and (1.2.10) as we presented in 1-D

Case
. ) 1 I
(4.3.6) Gont = 108, — Btz + s — ~ena — 5420 + O(RS) .
3 4 dy
N - . ) 5 a'U 6
{(-1.3.7) LUy = SOL"',_( - 401!){.2 -+ IG‘L‘L’:‘A;; - 3&',_4 - 30:’1( E/-)LO + O(h } .

On the boundary. we use the no-slip boundary condition u {r= 0.

The boundary condition for vorticity has been discussed in Section 4.2. For
simplicity of our analysis below, which does not need the correction term hA'y
as we added in 4.2.4.1. we use our new 4-th order vorticity boundary formula
corresponding to {(4.2.11) in 1-D case. which can be derived from {4.3.6) and
(+4.3.7)

25 de

‘”Ux.-l) - 672'(5 .G -

L 8
4.3. L0 = To(de ) — 2_/),: -y 3 +
(4.3.8) 0 h~’(8 a1 — 3z + g3t g

The last terms tn {1.3.6). (4.3.7) and (4.3.8) vanish if no-slip boundary condition

for velocity is assumed.
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Theorem 4.3.1 Let u. € L>([0.T]:C7°({})) be the solution of the Navier-
Stokes equations (4.1.1)-(4.1.2) and u, be the approrimate solution of ECY. then
we have

{-1.3.9)

CC"T}

e — wnile=oreyy < Ch¥|[te|lp=qor.croy(l + [!ueHL-vcfo.rj.c%)]exp{
where C* = (1 + [[tte || L o.11,05) 7

4.3.2. Consistency Analysis

We denote v, u.. w,. as the exact solutions of NSE. and extend . smoothly
to [~d.1 +d]%. Let ¥,; = we(z;, y;) for =2 < i.j < N + 2. and construct U, V’
via the finite differences of ¥
(£.3.10)
. _ A2 ) —~ - .
L., =—-D,(1 - —6—D§)lp._ Vi, =D (1 - —D I for0<ij<N.

2

The construction of the approximate vorticity is similar to that of 1-D case. First

we define

h* 22 o -
DIDy)‘IJ. for1<ij<N-1.

(4.3.11) Q. = (Op + 6

and then recover (2 by solving the following system
A2
(£.3.12) (1 + ﬁAh)QLJ = 2.‘.} .

once again. (-1.3.12} always has a solution with suitable boundary condition for Q
since the eigenvalues of the matrix corresponding to (1 + ’%‘;Aﬁ) arc all non-zero.
The boundary condition for 2 (say on 'y, j = 0) is set to be
(43 13) Qo= (;.u‘e)g‘o + h4;',_0 . 0<:i< .V,
where the function £ is introduced as

1
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We should mention here that A'Z is just the O(h') truncation error of (A, +
DDA, ~ (1+ %5 A, )w.. which is corresponding to 212y as in (4.2.39) when we
dealt with the 1-D case. Here we don’t need the #'Z, term appearing in (4.2.39),
which corresponded to the correction term h'v-. since we adopted the new 4-th
order vorticity formula (4.3.8) instead of Brilev's formula. The purpose of the
introduction of A*Z is still to maintain the higher order consistency needed in the
truncation error estimate below for the discrete derivatives of the constructed

vorticity, as we can see in the following lemma. which is analogous to Lemma

Lemma 4.3.1 We have at grid points 0 < {.j < V.

(4.3.15) 0 = w, + AT + OR®)[jeulles -

Proof. Our construction of 2 and ¥ and Tavlor expansion of ¢ and .,

indicate that at grid points (z,.y;). 1 €4, <.V - L.

/'.3 f'.’ " h‘.’
(4.3.16) (1+{;Ah)9 - (Ah+%D;D§)we = (1+ 580 )we+ B3OS s

where 2 was introduced in (4.3.14). (4.3.16) gives
g 1= h? FDN h® - 6 6
(4.3.17) (1 + BAh)(Q —we—h'2) = -*;Z*Aauﬂro(h Mwelles = OR M| uelles -

since the second order differences of Z is bounded by [|w.lcs. (1.3.17) along with
{1.3.13). the boundaryv condition for 2, and the property that the matrix / + 'I‘%Ah

is uniformly diagonally dominant, lead to (4.3.15). Lemma 4.3.1 is proved.

One direct consequence of (4.3.13) is that

. fl_’ -y 2] h2 vl % o
(1.3.13) (Ap + gD;D;)Q = (Ax+ gD;Dg)WE + O(}l‘)!]b”g“C’ﬂ .

which along with Tavior expansion of w, that

I h?
(1.3.19) (Dp + %D;Dj}w», = (1 + 38)82 + O f[uelicx -
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indicates the estimate of our truncation error for the diffusion term
2

(-1.3.20) (Dy + %DﬁDs)Q ={l+ %A)A.ﬁ( + Oh YWt e -

Next we look at the convection term. which is the AL term applied to L. V°
and Q introduced in (4.3.3). First we estimate the difference between {". 1" and
u,. Qur definition of L'. 1" and Taylor expansion of ¢, shows that at the grid
points (r,.4,). 0 < i j < N:

(4.3.21)

. . . _ . ;
U=u, + %h"a’;b‘e + O(h*a)"u’e“C‘s . V=re— Eh\:(}zt‘e +O(h }“u'e“CG -

The combination of (4.3.21) and (4.3.13) gives that

-

R: L — h .,
(43.22) D1+ = D)YUQ) = Da(1 + = D) (uewe) + O Mleelles|lvelles -
which along with the Taylor expansion of u.w, that

h? h?

5:(1 + _Ds)(“e*'e) = (1+ —.A)a:(uz-'-"e) + O(h.;)”"‘e-‘-"eHC‘5
o 6 6
(1.3.23) o
= (1 + EA)a:(ue-‘;e) + O(h.t)uue”f’eHL"RH(" .

leads to the estimate that
o ~ o, h? i .
(43.24) De(l + =DPUQ) = (14 £ 8)0:(uewie) + O |eelicelivelies

The other convection terms can be treated similarly

- — R, h? ,
(1.3.25)  D,(1+ %D;)(i» Q) = (1 + = 8)3,(vewe) + O(AYl|eclicellcellcn
o h . L= h? . am .
(43.26) TOAU D21 D,Q) = 75 Aluedwe+eedy) + O uclcsll e

The treatment of time marching term is also similar to that of 1-D case.
Nate that at the grid points (r,.y,), 1 €47 <V — 1.
{1.3.27)
h*

. h?
Ol + 5B = (D + = DID))h

h* h% ., on.
= (&+ 5@ +8) + £70;)0e + ORYIdvelcs
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2
where the first term is exactiyv (1 + ﬁA)aM, and the estimate of the second term

will resort to the Schauder estimate to the following Poisson equation satisfied

by O
_ A(Oywe) = Ouwe - in .
(4.3.28)
G, =0. onl.
which leads to
(43.29)  {itellcse € Cldwelicra < Cllluelicne + fueficerafeesa)

where in the second step we applied our original NSE again. as we did in the 1-D

case. Then we arrive at
"

h? h*
(—1330) ()g(]. + I—;Ah)f)_ = (1 + EA)&we +O(h‘)(” t',:“c.i.n + “L"'e”(‘n'.n “ L'e”cvs.a) .
Finally. the combination of (4.3.20), (4.3.24)-(4.3.26) and (4.3.30) completes
the truncation error analysis for the momentum equation: at grid points (r,. y,).
1<ij< N -1
(4.3.31)

h-

~ hR2
{1 + I';Ah)dzﬂ*- D1+ —

6
e o,
= u(dy + EDZD;)Q + O(h") (|tellcro + llwellcsiluelicr) -

—~ . h2 —~ —_—
D)(UQ) + Dy(1 + %Dj)(m) - %&M’['D:Q +1'D,Q)

where we applied the NSE. which implies that (1 + ';—.':;A}(awe + ¥V {u,w,.) —
virs) = 0.
The estimate of ©2 on the boundary is very straightforward here. As we can

sce. one-sided Tavlor expansion of ¢, at the boundary shows that
- 1 8 i )
(4.3.32) (wedio = ;1‘._;(3‘[’1.1 - 3,5+ 5‘1’:.3 - gq‘;.-t} + O(h) [ eelfe

whose combination with our definition of Q,4 in (1.3.13) and the fact that {2, | <
Clicelle=. indicates the vorticity boundary condition up to O{h') error:

L
W) + O ) wellew .

l 8
{4.3.33) 52,_0 = ;‘7(8‘1’” -— 3‘1’,;‘2 + —‘I’l_g - 3
)2

9
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4.3.3 Error estimates
For 0 < 1.7 € N. we define

(4.3.34)

ey =ty W, Sy =mwii -y, w4y =u, -0 B =0, -0

In addition. the error function for & is introduced here at grid points (r,.y,).
l<ij< N1

- h*
(—1335) ;::,_J = ‘—‘-'-'i.j = (1 + —'Ah)w,J

Our consistency analysis in 4.3.1 shows that

f = h2 2 N2y ~

O + L= v(ln + T DIDYI + f .

h* h? -
(1.3.36) < (A,,+‘—D D) —(1+iah).:». Clr=0.

—

~ . = h? ., -
=-D,(1- gog)w, b= De(1 - =D}

\
where the local truncation error |f} < Ch¥||u.l|cro {1 +{ltte]|c5). and the linearized

convection error L is represented as

h? D? R R? oy -
c=D.(1+=% = D2) (9 + ud) + Dy (L + DR + )
(1.3.37) )
h? A2 —_ _
—1—~A,,(uD,¢, +eD,5) — 5@, +7D,9)

On the boundary (say near [, j = 0). we have

1, - ~ 8 ~
<0 = }?(SU:J — 3w + S—)L’*‘i.s - gl—'x.-z) + h'e,.
(4.3.38) X ' 5

- - 1~ i
Ut = 10wy —3w0 + ng‘,a - 31.-':.4 + O(R°)|luedle -

where ig| < Cllu,ll¢s. The first equality in (4.3.38) comes from our numeri-
cal boundary condition (4.3.8} and our estimate (4.3.33): the second estimate in
(4.3.38) comes from our numerical "ghost point™ value (4.3.3} and Taylor expan-

sion of 1o,
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Our strategy of estimating the error functions is similar to that of 1-D case.
Multiplving the vorticity error equation in (4.3.36} by —{1 + %Ah)l;. using the
fact that ¢ vanishes on the boundary which indicates that (the derivation of the

following identity is similar to that of (4.2.14))

A2 - . A2 2 3
(1339) ~((1+ 5808 93 = ~(1+ 580 (8e+ 2 D200 = 128
where £ is denoted as
{4.3.40)
h? h2
E = {Vhel? 7MWH**MHNM+—WDDHIHWD%H

LdE R* h? h?
tdE w<(1 + 3580)% . (Ba+ DD y)w> - <(1 + LA,,) c)
$QMW+CWW~
The estimates of the diffusion and convection terms are presented in the
fotlowing two lemmas. The proofs of them will be given in Section 4.4.

Lemma 4.3.2 For suffictently small h, we have

B ooy o B
SDDA3) = EE -

h? ~
{4.3.42) <(1 + {__)-Ah)t (&, + 6

Lemma 4.3.3 Assume a-prior that the error function for the velocity field satisfy
(4.3.43) il - < h,
then we have

,..
(1.3.14) r :

(1+ 75 cN<aw@w + I + A2

where £ was defined in (§.3.37) and C = w+C{2+Hu0HC1 12+Cllwejle-
Then we go back to our convergence analvsis. First we assume that (4.3.43)
tolds. Plugging (4.3.44). (1.3.42)} back into (4.3.41), we obtain

1dE
(13.45) 5= < (L+ 0"+ CIFP + CIEI? + (€ + Ol vhe.||2——||:u
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As we can see. |!z;[]2 can be absorbed in the coefficient of |[V,e{|? since the
Poincare inequality for ©: ||wf|2 < C]|Vaul[? can be applied here. Integrating in

time for (4.3.43) gives us
- v T _ . T - rT -
34 + = D|*dt < / 2dt 4 I dt + i
(1.3.46) E 8/0 IS < C [ 11 de TC/O WV a I dt + CTh

Since the property of ¢ that it vanishes on the boundary indicates

TR T h2 - h2 -
(4.3.47) IVali™ < 3(IVavll” = Sl davll = DDyl

which implies that %“V,,t:”? < E. we arrive at
; -~ 3v T _ T - gT -
(4.3.48) [ Vacl? + ?/0 13112 dt gc[o (IFI2 + £®) dt +C'/0 IS nc N2 dt .

By Grouwall inequality. we have

- - T R
IVaclE s Cexp {CT} [T (IF ) + h*) s

(-1.3.49) CcC'T

< Chtexp { o Hiuelldea (1 + fuclie)?.

since € < <_(_u_r where C* was introduced after (4.3.9). Thus. we have proved

cC'T
(-1.3.30) Hu(-.t) — w(t)l: < ChYlulera(l + ||ue||cs)exp{ } :

which implies (4.3.9). Using the inverse inequality. we have
(4.3.51) ||z~ < Ch®.

Now we can resort to a standard trick which asserts that (4.3.43) will never be

violated if # is small enough. Theorem 4.3.1 is proved.
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4.4 Proof of the Lemmas in Section 4.3

For the convenience of the analysis below. we define [[.Z]]is- by
(441} e = Y, ZEA%.
o< < N
Note that the difference between (| Zf[ys- and }|&|] is that |jZl}w involves the bound-
ary values of 2.
To prove Lemma 4.3.2. the estimate of the diffusion term. some preliminary
results in the following Lemma 4.4.1 are needed.

Lemma 4.4.1 We have

TR -~ 9 ~"
(1.4.2) i Die|]® + [ D2eli* < lI&° .
, ) , h> 2 Ty h2 2\ 3 T2 -
(4.4.3) 1L+ =D Dzell” + {1 + g DDyl < 1=

Proof of Lemnma {.4.1  The proof of Lemma 1.4.1 is similar to Lemma 4.2.1

in 1-D case. Since t.',,, [r= 0. we can Sine transform {¢;,} on both directions.

te.
(4.4.4) L:,_J = Z zgm sin{fkmz;) sin{fwy,) .
k.£

Again. Parserval equality gives

(1.4.5) S’ Zlbk ef
1.

If we introduce

4 , Kmh 4 £xh
{1.4.6) fk:—h—_sm(T). gg=—?_—,bm( ).

. . . v T D~
we obtatn the Fourier expanstons of D¢ and Df,'t;;

(14.7) Divi, = 3 it Diui; =3 gr v
k.

k.t
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which in turn implies that

h? 2T (2 h2 st = 2
(1L.4.8) Tl =D (D + FDng)Uz.ﬂ' =Y g+ fu + "G—fk!}z}" Y
k.

t.y 1.

Similarly. we have

B2 2
ST 1*-9 D2, |2 = Z|(1«l—gz Vel
(1.1.9) ’ B2 o,
S+ D )D U, 7 = STHL + ka)grizit'k_zl_ .
t.} k.£

On the cther hand. the fact that —% < fe,9¢ < 0 shows that

h2 > h2 ~ h’_’ 9
(4.4.10) lg¢e + fe + —G*fkgt[" > {1+ ggt)fki" + (1 + Efk)gl‘_-
h:! 92 9 2] 2
(4.4.11) lge + fx + Efkgtl- > (fi +497 — §fkgt) > g(fx +g7).

by direct calculations. The combination of (4.4.8). (4.4.9} and (4.4.10) gives us
(4.4.3). (4.4.2) can be argued in a similar fashion. Lemma 4.4.1 is proved.

Now we go back our proof of Lemma 4.3.2

Proof of Letnma 4.3.2 Summing by parts and keeping in mind that Cle=
0. {which is similar to the process in (4.2.13)), we have
(1.4.12)

/- R, :

-

where the first term is exactly [[J[]° since (Ap + "‘ D? Dz)z_, =(1+4 A,,) = .

and the boundary term 8B can be decomposed as three parts B = B, + B, + B;.
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where

N-1 h h')
B, = ;((1-{*‘—602) l.aqg'l'(l'{-go )L \_lw,\))
piaks h2 el - - h2 3y T -
B Z (1 + T DD, Toy + (1 + D ex-1,02x,))
Rt ¥zl
(4—113) B I)Z(D L;lD".u,()'f-D b,\,_lD ..g..,\}
t=1
h‘ gl

Z ~ 2.5 2~
D t. 1J .yo,j + Dyb;\'_l.JDy.y_\'l’,)
I - ~ - ~ = ~
B; = (_s(t'l.l-u’o.o + Ui yo1don + Uno11@N0 + Ly oL -1 Ny -

Next we estimate the three boundary terms separately.

Lemma 4.4.2 We have the estimate

H 3

4.4.14 B, > _—B, - -lT|? - ChH®.
where I3,. is introduced as
No1o ~ N
- 2 T3 9
(4.4.15) Bo=Y (I +elv )+ (Ui, +e ).
=1 J:I

AN-1

Proof. The boundary condition for & in (4.3.38) implies that Z (1 =

=1

}_
; D Je- 1=o includes two parts: [, and 15, where
| h% - - ~ 8 - 1-
I = ] Z(l + “*Dﬁ)‘i’z‘.l(SC}.‘.l — 3w + §L';.3 - gt’a.-:) .
(4.4.16) o 2
2
{3 =h4 Z(l TED }L, 1€ .

The term £, can be controlled by Cauchy inequality directly: first. summming by
N-l 2
h*
parts gives [o = h* 3 o (1 + ED ’}e, o. then we have
=}
T “.2 | Vol 2
10 2) :
gzh(u+ Der—%

=1 1=1

h—,l—Ch
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sinee 1€,9] < Cllu,||~s. Our main concern will be {,. Similar to the argument in
! [

(1.3.2.29}. the term 81;'1 . 3:.,, g o+~ —b, 3 — —L‘, ;1 €an be rewritten as
(1.4.18)

~ .- 8~ 1~ 25 - 115 ,,, ., ~ 23 5 s~ .
Sl-'l.l_'3L'z.‘_’""§’-':.i!_‘§""z.4 = Euz.l_ﬁh (Dyu’f)!'.l'i-%h (Dyt.)z.'.?_gh (Dy }1.3-

which it turn implies that /; can be expressed as

(1.4.19)
25 N1 - h‘.! 1- N—1 h'_’ Y y -
S 6h2 g(‘-"h + = 6 IID Wi1) ~ == Z wia {1 + 6 — D) (Dyeha
23 I - h? \'* -
*+36 ; L-"’(I+_fi_ UD2E)in — = Z Tt 1+~D;)(D;u),_3.

where we summed by parts again. since ¢ [r= 0. Each term in /| can be estimated

bv Cauchyv inequality
A 3 | ]

(1..1.20)
Nov b LY=L
E(L‘1+€LIID L,l) glzlw:l

115 - 2= 1152 - 3., h= 9~
__)L(l(l + *D )(D; Yo 2 “3—"13‘72‘5"3751"1|2 — Ih"(l + ‘é—D )(D;L'):I’ 2
23 - L 23% - 5 3., L 27 2
=01 +—D D 2 o 0 —Ih (1 + =02 (D) h
1“' h 1 2 -y 9 = 2 »
S (L DD 2 5 Sl - 287 (1 + D2 (D2
Since %”ﬁ—’ - X 71,: ?;—é— + ;) > —g we have

AYRS | N=t 2
(4.4.21) > 36!’ Z [L.d‘——h 3 Z D“)DZL.J
=1 )=1.2

The combination of [; and [, gives

v -1 2
(1+ D2z

=1

1 N-1 R
3 & vl - "Z 2

t =123

M'.

—CH.

v

(1+ %205) p:c,,| n?
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The trearment of the other three boundary terms is exactly the same. Finally

we obtain
1 3 2.\'4.\'4 I

> —=B. ~ ~h* > e D2YDZ 00

Bi 2 3558 — 7k = ;gm I+ g D) Dl

(4.4.23)

N=-1N-1

-~y g|(1+— 20,2 = Ch°.

=1 =1
where B, was defined in {4.4.13). The combination of (4.4.23) and (4.4.3) in

Lemma 4.4.1 implies (4.4.14). This completes the proof of Lemma 4.4.2.

B, can be treated in a similar fashion. We still only look at the term

Z DfL-'l‘IDfI:LO here. Once again, {4.3.38), the boundary condition for & in-

dicates that Z Div, D32, includes two parts: [ and /. which are denoted
e
as
l S

- 8 2~ 1 2=
Z D L ). 1(80 Wi 3D§ e+ §D;L,'L3 — gD; L‘J,.,;) .
(4.4.24) s
Z D' : 1D €; .
The estimate of [3 and [, is similar to that of [, and /. respectively. Repeating

the arguments in the proof of Lemma 4.4.2, we can get {(the detail is omitted

here)

(4.4.25) B, > —ﬁ;ﬁnojz)iiu? —CHe.

On the other hand. the fact that [|D2D2u|| < %||D¥| and ||D2D%v|| < 511 DEC
implies

(4.4.26)

1D D = %(liDjD':lf'H + il DIw(*)y < h,l[DZL!I x SIS < h%ni*-n‘-’.

where in the last step we applied (4.4.2) in Lemnma 4.4.1. Substituting (4.1.26)

into (4.4.23). we arrive at

(4.4.27) B, > ~—!!-!{2 - Ch®.
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Finally. B3 can be controlled by standard Cauchy inequality (still. we only

look at the term }uy 1 Zoo)

- e 1. 1 o2 ,
(1.4.28) Ftiafoo 2 — 5 h‘; - e 2 h‘; — ChYe 2.

where in the last step we used the fact that [@go] < ChY{|we|les by our numerical
<« and our construction of  in §3.3.1. As we can see. the first term appearing on
the right hand side of {1.4.28) can be absorbed in the B, term.

K 1 g
(4.4.29) By 2 — 5B — CKY.

Finally. the combination of (4.4.14). (4.4.27) and (4.4.29) shows that B >

—12Z|1? — 4%, whose substitution in {4.4.12) is exactly (4.3.42). Thus we finish

the proof of Lemma {.3.2.

Before we proceed to the proof of Lemma 1.3.3. we need to have a good

estimate of I|Z)|3. introduced in (4.4.1}. which includes the boundary values of .

Lemma 4.4.3 We have

—2 =2 C Ty
(4.4.30) el < CHZ)° + h—._,HVhwllz +Ch?.

Proof. Step 1. Establish a bound for [|5]*
\We follow the pattern of analvsis in the proof of Lemma 4.4.1 We need to
decompose Z since it does not vanish on the boundary: let &° and &° be the

interior part and boundary part of Z. respectively. i.e. & = &% + 2% such that

~0 - -_b - - -
Yy & g . w,, =0, forl <7< N~-1.
(4.4.31) Hag T J J
‘:;:).3 =0. :"?‘) =;'1,J- onl.
and define = = (1 + 5284)&°% Since Z° vanishes on the boundary. we can Sine

transform {;{J} both in the i-direction and j-direction, i.e.

(4.4.3‘2) .u!-’ Z‘-‘-‘k 7 51[1(‘.:! I‘,) N]n([.‘lyJ)
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Then. Parserval equality applied to Z° gives

(4.4.33) S, Z[.‘,uf.
)

.y

Similarly. we have D72}, =5 fi 2y, and D, =3 g Feg as in (4.1.6) and
P k1

(4.4.7). which in turn indicates that

(4.4.34) Z Z] 1+ h——Ah X PE=3|t+ ;l)(fk + g¢)I [ﬂ,‘

i k.
The combination of (4.4.33). (4.4.34). along with the fact that { < 1 + 5 (f, +
ge) < 1. shows that

- =02 1 -1
(4.4.35) 12002 = =1zl

w0

=0 = 3
On the other hand. we note that T, = & ; for 2 < i.j <.V — 2. and near

the boundary (say at j = 1),

(=0 = Lo 13:2 13 o2
(-£.4.36) izl = (& - E*zﬂ) < 3% T Tgg%io
and near the corner {say at : = 1. j = 1)

- =0 .3 = P l _ 2 T;Z T ~
(1.4.37) 127 =G - 1910~ F-‘"D,l)- < gL + i(i"'f.o + <5.4) -
which indicates that

- N

(4438) 120 < G+ 55 25+ 5 +Z K10, 1 + 133, 1%)
The combination of (4.4.38) and (1.4.33) gives us
o) 21.-,0 ?‘)
(4.4.39) <ll” < S I=il” + gh'BJ,

where B, is the total sum of boundary terms for &:

N1

(4.4.40) Z [Zeal® + 120 1%) + Z (IDos|* + [&a,17) -

=1
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Step 2. (4.4.30) is a direct consequence of (4.4.39) and our boundary con-
dition for vorticity error function as in (1.3.38):

By our definition of [|Z|ls in (4.4.1}). we have ||J{|%- = |Z||* + R*B... where
B_. was defined in (4.4.40}. whose substitution into {4.4.30) leads to ||Z]|° <

25?2 + 2#°B_. Then the remaining task is to control B.. For simplicity we
A

just look at the first term Y~ Z7;. Similar to the proof of the diffusion term in
=1

The term appearing in the parenthesis in (4.3.38) can be rewritten as (1.4.18).

whose substitution into (4.3.38) shows that

f(D)

3 '3 12 7 T . -y
wh (D2, + gh*(D;u')h) +2h%e?, .

Similar results are availabie for 27 . 27 . and &% ,. Then we arrive at

C V-1 N—I N—1 N—=1
B. < +C Y SN, +C S SS(DRG,)? + 203
(4.4.42) =i o= oy

< ,—ﬁuvhf-u'-’ + h~._,(||D§En'2 + | Djel®) + 2h°E .

where B, was defined in (4.4.15) and £ is introduced as

-
|

1 N-t
(4.4.43) E=Y (elg+elyv)+ D (e, +ex,).
1 1=l

I3

Ul

In the second step of (1.4.42). we absorbed all the terms of B, appearing in

(4.4.13) into {[Vac]|?. since A2 (—"%—0) = 2, (by the fact that t,o = 0) is
included in |i'i7h::~]|2. Morcover. the second term appearing on the right hand
side of (4.4.42) can be controlied by the order of ||Z||? via (4.4.2) in Lemma
4.4.1. [n addition. we can see that 2% < Ch®fju.)|%s since [€,0] < Cllu,|[¢s.
Plugging these estimates back into {4.4.42). along with our previous argument

that |12 < 2HiZ[1? + 2h%B.. we obtain (4.4.30).

Now we can continue our proof of Lernma 4.3.3.
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Proof of Lemma 4.3.3 \We decompose L into four parts: £ = £, + £, +

L3+ L£L4. where

(4.4.44) _
L :5,(1+%"D;j)(afz+u;). cgzb’y(u%'-oi)(mﬂ-;;.
Ly = —fga,,(uﬁr;- +eD2). Ly = —T—;Ah(ab’zn +5D.9).

We will show that the inner product of (1 + T—;Ah)’f} with each term in (4.4.44)

is bounded by the following result

- hl! -~ 1 - -~ Vo=
(4.4.45) (L+ 5808 ,c,>| < JCIVAH? + B2 + A7

32(1 + lllluelico)“ + C(2+ Jueller)? + Clluellcs.

for i = 1.2.3.4. where C =

We onlyv give the estimate of ({1 + ’l‘—;/_\.h)v:'r. L,). The other three terms can
be treated in a similar fashion. Summing by parts. we have
1 h2 = 5 , hB 2 __,O . ~,
((1+ 58008 Do+ T DI(E2 + u3) )

(4.4.16) Fooe 0
- —<D,(1 + T DLl SANEN + u;~)> + BL, .

where BL, includes boundary terms

(1.4.47)
1, h? -~ = 1. ., h2 - -
BL, = 5}‘- (L + ﬁ&h)b’a.l'DI(UQ)e.o + gh" >+ I.T)‘Ah)u'i..\'—l D (882), x
t = 1 =

2

Dﬁ)f-'z..\f S (T2} y

1 = W2 - - t — h2
+ 1578 2 D1+ =D e (i) + 5 Y D1+

\We look at the right hand side of (4.4.46) term by term. By our construction of

0 as in (4.3.11)-(4.3.14) indicates that
(4.448) {196z~ < CUQN L= + Q2 ir <) < Cllivelle + l[Eelles) < Clludles -
which in turn gives that

h? h* ~
(4.4.49) o1 + EAh)(&Q)” < Qe [l + Eﬂh)ﬁ” < CllulesfiVaef -
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where in the last step we applied the result that ||} < 2[[Vae|l by the relation

between i and ¢-. (4.4.49) along with the fact that
~ R, - —~ - -
(4.4.50) 1D.(1 + %D;)vﬂ < ||Deel] < Vs,

since L' vanishes on the boundary. and Cauchy inequality gives

h*

- 2, h2 -~ | T
(4.451) (Belt + D (1= SAMEY )| < ClluclicsIVac

Now we look at the inner product of — D (1 + %Dg)w with {1 + ’;—;Ah)(ui;].
First. we can rewrite the latter as

; h? _ h*> - -
(4.4.02) (1 -+ ﬁAh)('“‘:)i.} = u,_,(l + ﬁAh)w,“j + DL = Uy iy + DL.

where DL includes four parts: ﬁ:,(zz,_l_,-uw).l';g_u, Tl._;(u,-.*.ld—-uw);',-;_]. ﬁ(tzw_l—
TR #(uw-l — i, , )%, -1- Our construction of U in (4.3.10) and the a-prior

assumption (4.3.43) gives
(4433)  Jlullex < 10w + llillie < feller + A < fluico +1=C

which leads to

= R, - = 32C% i Vo=
4.4.54 — D us —1L — |12 .
(4:4.54) [(Deti + 0210 u3)| < L0417 + 5113
Furthermore. we have
(4-‘1-55) ”ux._,:_‘ut—l.)"!.x < “L"I.J‘(-z-l.)”{." +”ald_ﬁi—l.j”[.°° < h“‘-l‘”("—"*'.zh-

and similar result holds for the other three neighboring points, which shows that
DL < Clilueclic + 2)R||Z(w. Note that {[<|fy- involves the boundary values of

+. Then we arrive at

— h2 9y 3 T2 TS
(4:456)  [(D:1+ TDHEDLY| < Cllelicr + 22Vab]? + RIS (.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



107
and applving Lemma {.4.3. we obtain
(4.4.57) K‘ﬁ,(; + %L)Dj)[-. D£>i < Cluelier + 22UV aell? + CRAZI2 + CR'Y .
The combination of (4.4.32). (4.4.53) and (4.4.57) shows that

- ~ hg 2y T h:! - T Vo= 1
(1.4.58) KD:(i + =D+ i_—zz_\h)(u_d)>| < Call Vsl + ISP + 5

where €y = 25 + C(flucllcr + 2)%.

Applying the similar argument to BL,; we can get
- ey 1
(1.4.59) BL, < ClIVacl? + 5h°.

We omit the detail here. Finallv. combining (4.4.531), {4.4.58)}. (4.4.59). we arrive
at {4.1.45) for i = 1. The other three terms can be estimated in a similar fashion.

Then we proved Lemma 4.3.3.
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Table 4.1: Errors and order of accuracy for stream function and vorticity at t = |
when the fourth order schemes with Briley’s formula at the boundary are used.
CFL=}. where CFL= %&! we took At = 1Ar when N=32.

2

| T N [ LM error | L' order [l L% error | L* order || L> error | L™ order |

: 32 I 1.01e-06 3.22e-06 3.75e-06
E ey 64 || 2.60e-07 3.95 2.17e-07 3.90 2.67e-07 3.81
" 128 4 1.67e-08 3.96 1.43e-08 3.92 1.77e-08 3.91
256 || 1.06e-09 3.98 9.18e-10 3.96 1.14e-09 3.96
32 | 6.15e-05 8.75¢-05 1.81e-04
« 64 | 3.41e-06 1.17 1.71e-06 21 9.60e-06 $.23
128 | 1.96e-07 4.12 2.66e-07 1.14 5.30e-07 4.18
256 || 1.16e-08 1.07 1.56e-08 1.09 3.06e-08 111
Table 4.2 Ervors and order of accuracy for stream function and vorticity at

t = 1 when the fourth order scheme with new vorticity boundary condition

are used. CFL=1, where CFL= Z&!  we took At = 1Az when N=32.

| 0.V | L' error | L' order || L? error | L? order || L™ error | L™ order |

| 32 | 7.52¢-06 6.20e-06 6.87¢-06
| o+ 61 || 4.38e-07 | 4.10 3.68¢c-0r | 41.07 1.14¢-07 105
'; 128 || 2.63¢-08 | 1.06 2.23e-08 | 4.04 2.53e-08 1.03
g 256 || 1.61e-09 | 1.03 1.37e-09 | 4.02 1.57e-09 4.01
! 32 [ 1.24e-05 1.58¢-05 3.29¢-05
b [T 6d 17307 | 171 5.38e-00 | 4.87 1.10e-06 1.90
i 128 | 1.76e-08 [ 1.75 1.696-08 | 5.00 3.04e-08 5.17
7536 || 7.37e-10 | 1.58 6.29e-10 | 4.:4 7.56e-10 5.32
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CHAPTER 5
FLOW ON MULTI-CONNECTED DOMAIN

5.1 Preliminary

The homogeneous. incompressible Navier-Stokes equations (NSE) in velocity-

pressure formulation with no-slip boundary condition can be written as

1
u, +(u-V)u+Vp= —~Au, in €2,
Re
(5.1.1) Vu=0. inQ.
u=20. on J§?.

where u = (u, v) is the velocity. p is the pressure and Re is the Reynolds number.
For simplicity. we denote v = é‘ For the multi-connected domain., 99 is assumed
to be composed of closed. non-intersecting segments [, ¢ = 1, .... k. enclosed by
the closed curve Fg. te. 9Q = [GUT, Ul .Ul The k regions with the
boundaries [\, [, ... [y are called the & holes of the domain 2. See Fig. 3.1
below.

The no penetration. no-slip boundary coundition for the velocity is given by
U h'o: 0. w ]F1= 0, . u |r,‘= 0.

There are three main difficulties in the numerical simulation of incompress-
ible flow in the primitive formulation:

1. The implementation of the incompressibility constraint V-u = 0.

2. There is no dynamic equation and no boundary condition for the pressure

p. Indeed. p is mainly a Lagrange multiplier to assure the incompressibility.
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Figure 5.1: A multi-connected Domain

3. The implementation of the no penetration and no-slip boundary condi-
tion.
In 2D case. the first and second difficulties can be eliminated in the vorticity-

stream function formulation

dw + (u-Vw =vAc.

(5.1.2) N
u=—dyu. vo=dot.
where the vorticity is introduced as w = V x u = ~dyu + O v.

The no penetration boundary condition for u indicates that
(5.1.3) e, =G for 0 < <Ak,
where C, are constants: while the no-slip boundary coundition for u shows that
au

(3.1.) 5;:0. at each [,.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



111

The remaining difficulty involved in the formulation (5.1.2) is the boundary
condition:

1. There are two boundary conditions (5.1.3). (5.1.4) for the stream function.
while there is no boundary condition for the vorticity.

2. How to determine the constants of the stream function, Cy, Cs. ... .Ck.
at the & "holes™. respectivelyv?

The methodology to overcome the first difficulty has been described in detail
in [ELV'1]. [ELV2] by E and Liu: the Dirichlet boundary condition (3.1.3) can
be applied to solve the stream function bv the Poisson equation in (5.1.2}, which
states the kinematic relationship between +* and w: the no-slip boundary condi-
tion (3.1.4) can be converted into the local formula for the vorticity boundary
condition. which can be implemented very effectively by the explicit treatment.

This approach works perfectly in the case of the simply-connected domain.
However. if the domain is multi-connected. the second difficulty. which is a well-

known difficulty, arises. This topic will be the main focus of this chapter.

The starting point of our method is the following equivalent formulation of
the incompressible NSE for the multi-connected domain in terms of vorticity-

stream function formulation

(5.1.5a) Gw +(u- Ve =viAe.
(5.1.3¢) vir=C. S)}—} =0. at each [, .
on
L 1%
{5.1.5d) — =0, for 0 <: < k.
r. dn
{3.1.5¢) u = =4, =t
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Since the stream function is uniquely determined up to a constant. the
constant at the outer boundary [y can be automatically set as 0. i.e. Co = 0.

The derivation of the boundary condition [ 25 = 0 in (5.1.5d) is given
below: on each boundary T',. multiplving the momentum equation in {(5.1.1} with
7. where 7 is the unit tangential vector along the boundary. and using the fact

that the velocity u vanishes on the boundary lead to

(5.1.6) g{i = —ug%:. on [,.

Integrating (5.1.6) along the boundary [',. keeping in mind that p is a single-
valued function, we arrive at the boundary condition in (5.1.5d). Such derivation

can also been found in [GPM], [GMD]. [MA]. [TTE].

5.2 The Second Order Scheme

For simplicity of presentation. the domain in Fig. 3.2 is used to describe

the scheme.

In Fig. 5.2, 9Q 1s composed of the vuter closed boundary T'y: A 8,C D,
and only one segment [;: ABCD. where 4, 8,C,D. ABCD are [0, 3] and [[. 2]?
boxes. respectively. The other geometries of muliti-connected domain can be dealt
with in a similar way. [n more detail. A. B. C'. D have grid indices (n, n), (n.m).
(me.m). and (m,n), and A,. By, C,. D, have grid indices (0.0}, (0, N¥). (.V. V).
(N, 0). respectively. n and m are given by n = %.‘\7. m = ;‘—;:\*’, and the grid size
ix chosen as Ar = Ay = h. .V, is denoted as the number of interior grid points.
D.,. D? are denoted as the standard centered difference operators corresponding
to d;. J7. respectively.

The key part in the numerical simnlation of the svstem (5.1.3) is the com-

putation of Poisson equation (5.1.3b) and enforcement of boundary conditions
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(5.1.3¢). (5.1.3d). We first describe the basic computational strategy to deal
with this part. The Laplacian operator in {5.1.5b) can be approximated by sec-
ond order finite difference operator &, = D? + Ds, and the use of Dirichlet

boundary condition in (5.1.5¢) leads to the following discrete system

Dptr = 2. in .
(5.2.1)

Clre=0. U ]I‘1=C1~
Yet. the constant C) is not known vet. The remaining task is to obtain such
constant by the boundary condition in (3.1.53d).

The no-slip boundary condition 0%_ = (0 can be converted into the boundary
condition for the vorticity by local formulas. such as Thom’s formula. as argued
in {ELV'1]. For example. on the boundary section A,D,. j = 0, Thom's formula
gives

.-ZL':.[ - 2‘-'1.0
R ]

ot
[
i~
—

’ —
“ 0 —

and on AD. one boundary section of I'|. Thom's formula indicates

-)L. — -)L,.
-y « =tin=1 “Sin
(5.2.3) Cim = 2 .

Similar formulas can be applied to other boundary sections.
The boundary condition fr 5’—;’,' = 0 can be implemented by finite difference
approximation. For the convenience of the presentation below. some notations

are introduced.

Notation. For any discrete fieid f on the grid points (:i. j}. we define

(k)
{3.2.4 / :/ —k +/ ,.+/ mek / fn~k 1
) ) e f "‘Bfn k. BC’fLm k ('Df kg T DAf' k

where the trapezoid rule is applied to the integration at each boundary sections.

For example. on the section AB.

) _ 1 m-| |
‘)—)J) [‘B fn—k.] = h (3fn-k.n + Z fn—k.) + ;fn—k.m.) -

}=n-1
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‘l'-“'n—»l.) 2y T 3‘-‘-"n.3

Using the one-sided difference operator >5h as the sec-
ond order approximation to f—f;—"l— {at the boundary section 4AB). and plugging into

the boundary condition (3.1.5d} results in

i 4 D I r(2)
(5.2.6) [oe=3) w-3
Iy r 3 | Y

The substitution of Thom's formula (5.2.3) into the left hand side of {5.2.6). along

with the fact that v is a constant €| on the boundary I'|. gives

. 1 {11.' i, il).'l {2)_
{3.2.7} Cl:ﬁ(/;: t—gh . _;,-,—3}12]; _u),

1 H
where {["}] is the length of the boundary I';. In the case of Fig. 5.2. [} = 4.

The formula (5.2.7) plavs the role of a bridge between the constant C, and
the boundary condition f. £ = 0: Different C; leads to different v; ;. which. in
turn. results in different vorticity « on the boundary. by Thom’s formula (3.2.2)
and (5.2.3). then different fr, 25. On the other hand. this integration has to
be 0 according to {5.1.5d}. the equivalent formulation of incompressible NSE in
vorticityv-stream function formulation.

The coupled svstem {3.2.1). {5.2.7) will be used to compute % and the
constant €| by iteration. as will be explained in detail later. Let’s first count
the number of equations and unknowns of it: there are .V, + 1 unknowns {where
N, is the number of interior grid points). including .V; number of ¢ ; at interior
grid points and the boundary value C;: the number of equations is also .V, + I:
Y, cquations in {5.2.1) and one additional equation (3.2.7).

As argued above. the right hand side of (5.2.7) depends on C,. An operator
o can be introduced by {3.2.7): for any constant . denote v as the solution of
the system

Dyt = w. in €2,

Clre=0. U= C.

(5.2.8)
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- . 41 {11. 42{1}'4-12(2).
(ng) O(C) = m(/ & —‘§}2 < 3h ./[‘ ..u).

r, r !

It should be noted that the term related to ¢ at the right side of (5.2.9)
depends on C. according to (5.2.8). Obviously. the fixed point of ©. i.e. the
constant C such that o(C) = C. along with v determined by (5.2.8), is exactly
the solution of the coupled system (5.2.1). (5.2.7). The existence and uniqueness
of the fixed point can be guaranteed by the following Proposition, which states

that ¢ is in fact a contraction mapping.

Proposition 5.2.1 For any C;. C> € R. we have
(5.2.10) [@(Cy) — o(Ca)| < CTIC, = Cy]. where C* =1—-h.

Proof. Denote ¢''. ¥ be the solutions of the system (3.2.8) with the
houndary condition v! |r, = Cy. % |, = Cs. respectively. Define v = ¢! — 2. It
can be seen that

Ap=0. in Q.
tlre=0. Clr=C —Cs.
The definition of ¢(C) and o(C,). which was indicated by (3.2.9), gives

, 1 il o
{5.2.12) o(C)) — o(Ch) = — (3
Cy] Jr.

The estimate of the right side of (5.2.12) is obtained by the following Lemma.

Lemma 5.2.2 Let u be the solution of the system

Dpu =10. in Q.
{5.2.13)
ufro=0. ule,=1.
then we have
(5.2.14) 0L upy,; SC°. for n<j<m. where C*=1-h.
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Proof. The left half of (3.2.14} comes directly from the maximum principle

of the discrete Laplacian operator 4,. For the right half. the region Q can

be partitioned into four sub-regions: A, ABB;. A, ADD,. D,DCC,. C,CBB,.

denoted by Q. Q.. Q3. Q. respectively. as shown in Fig. 5.3.

[t can be seen that the function

r.in (?[ -
. Y. in Qg .
(5.2.15) —
3—r.in Q:; .
| 3—y.in Q.
satisfies
-‘%. an ,4.41.BBI.CC[.DD1,
_ Aht' =
(5.2.16) 0. otherwise.
vlr,=0. vir=1.
Denote f = —Ape. Obviously. f > 0. Then « can be decomposed into two parts:

u = v + «. where w is the solution of the following svstem

Dpw = f. in Q.
(5.2.17)
w o= 0. w jr,=0.

Since Apw = f > 0, and « vanishes on the boundarv. the maximum principle of

Oy, shows that w < 0 at all grid points. Then we have

(5.2.18) u <. at all grid points.

and especially. up_y, < tp.y, =1 —h=C". Lemma 2.2 is proven.

Obviously, = (Cy = C'3)u where u is given in Lemma 5.2.2. This results in
(5.2.19)

It;n_['JiSC"ICl—Cgf. for n< j < m.
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Similar arguments can be used to Lt,_,n+1. Ll L'—-,_,._i. Proposition 4.2.1 is a
direct consequence of (5.2.19}. along with (5.2.12).

By Proposition 3.2.1. there is an unique fixed point under the operator o.
i.e.. o(C) = C. That’s exactly the solution of the system (5.2.1), (5.2.7). Thus

the existence and uniqueness of the system is proven.

Remark 5.2.1 The above procedure can be applied to a set of veryv general
cases: general domain (either symmetric or non-svmmetric ones). the domain
with more “holes”. different boundary conditions for the vorticity. We can even

extend it to 4-th order scheme. as will be explained in Section 3.3.

Remark 5.2.2  The other choices for the vorticity boundary condition includes

Wilkes’ formula

i~
o

" i,. P, . Lo
(3220) “io = 'h#’:.l - 5L1.2 - EL'I.U _ ~it-‘t.n—l - E‘U’i.n—'.’ -

h2 . “t.n A2

which are analogous to (5.2.2). (5.2.3). The combination of (5.2.6) and (5.2.20)

gives the corresponding formula for

1 ,8 r(b 1 r( 1, 0 1, @
5.2.21 =—-/ '-—-/ --4-/ = -h-f ).
(3 ) CllnﬁrrlL R A LA )

Again. the coupled syvstem (3.2.1). {5.2.21) has to be solved to obtain ¢ and
the constant C; by iteration. The existence of the solution can be guaranteed by
introducing a similar contraction mapping o: for anv constant C, denote ¢ as

the solution of (3.2.8). and define

1 /8 (1) 1 s 1, r(1) 1 (2)
5.2.22 5(C) = — (= S ~_-h-’/ __2/ nE
(5.2.22) dC)!nKTﬁlL TAIL i e gn [ )

Proposition 2.1 is still valid here. the only difference is that C* = 1 — %h +
O{#*). It should be mentioned that C* is the convergence rate corresponding to
different vorticity boundary conditions. For example. 1 — & is the convergence

rate for Thom's formula. and 1 — gh is the convergence rate for Wilkes’ formula.
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The detailed derivation of convergence rates comes from a simple 1-D model.
This convergence rate is consistent with the numerical experiments which will be
presented in Section 3.4.

5.2.1 Iteration Procedure: Fixed Point Iteration

Proposition 3.2.2 also provides a means for solving the system (5.2.1). (5.2.7}
by iteration procedure: once the k-th iteration for the constant CEH is obtained.
solve the stream function v*! using the boundary condition C{k). then update
the constant kaﬂ}b}' (k + 1)-th iteration: C{**" = O(C{H). Proposition 5.2.1
indicates that this iteration procedure converges to the real solution of (3.2.1).
(5.2.7).

[t should be pointed out that with the constant C'Ek} obtained at each iter-
ation stage. a linear system soiver for (3.2.1} is required. The Schwarz iteration
is extremely efficient to solve this {discrete} Poisson equation in the overlapping
region. At each sub-domain. which is a rectangle with uniform grids, some fast
Poisson solvers. e.g. FFT. can be applied. The computational evidence indicates
that the combination of the Schwarz iteration and FFT solver gives an excellent
convergence speed in the overlapping region.

Qur numerical experiment also shows that Schwarz iteration and the iter-
ation formula (3.2.9} can be combined into a single iteration to facilitate the
computagion.

The momentum equation in (5.1.3a) can be discretized by the second order

finite difference method
(3.2.23) O + uDpw + Dy = vDpus .

The velocity field v = (u.v) = (—dy¢. d:-¢°) can be updated via the finite differ-

cnee of o

(3.2.2-4) u= —Dys.-'- v = 5;::.
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5.2.2 Explicit Time Stepping Procedure

The above scheme can be implemented very effectively through the explicit
treatment of (5.2.23). as discussed in detail in [ELV1]. The convection and dif-
fusion term can be updated explicitly. which does not result in anv problem
caused by the cell-Revnolds number constraint if the Runge-Kutta method is
applied. Such explicit treatment is especially effective in Poisson solver (3.2.1).
(5.2.7) when we apply the iteration formula (5.2.2), (5.2.3). For simplicity we
only present the forward Euler time-discretization. The extension to multi-step
or Runge-Kutta methods is straightforward.
Time-stepping: Given the vorticity »” at time t". we compute all the profiles
at the time step ¢**! via the following steps.

Step 1. Update {.‘.,"}"} at interior points (r,. y,). using

dn-i-l - — -

{3.2.25) —ar +u" D" + "Dy = v A"
Step 2. Solve for { } at interior points (z,. y,). by the following coupled
syvstem
(5.2.26) Apett = on in €.
3.2.2
c.ne—l |r°:_ 0. c,n»l II‘;= C;H-l .

and

. 1 . 4,
5.2.97 C-n-.—I - [ C,n-.-l L Zh? “;nf _ —}1 , Jn+l
2220 ‘ IFI(r. T30 I 3 )-

The iteration procedure described above is used to solve (5.2, 6) (5.2.27).

Step 3. Obtain the boundarv value for »"*' by Thom’s formula (5.2.2).
(5.2.3).

Step 4. Update the velocity u:‘_;' .v,’fj' using the second order difference

scheme at the interior points. and set u*~! |= 0

(5.2.28) u""t = —Dyt e = Dottt
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5.3 The Fourth Order Method

A fourth order method. Essentiallvy Compact Fourth Order Scheme (EC4).
which was proposed by E and Liu in [ELV\2[|. can be used here. The starting
point of the scheme is the fact that Laplacian operator A can be approximated
with the fourth order by
Dy + DD

1+ 2A,

(5.3.1) A +O(R).

Multiplying the denominator difference operator 1 + fl‘-;-/_\h by the momentum
equation gives

h? _ h? ' h?
(L+ 50800 + (1 + S04) (V) = v(Dn + =

e
(oW}

DiDﬁ)w .

Multiplyving the same operator by the kinematic equation results in

.. R, h*
(5.3.3) (On+ ED;Q;)u = (L+ 30w
with the boundary condition
{5.3.4) Uir,=0. vir=Cq.

Similar to the system (5.2.1) in the second order case. the constant C| is not
known vet. which has to be obtained by the boundary condition in (3.1.3d).
The implementation of the boundary condition fr, 22 = 0 is a little differ-
ent from the second order case. As can be seen later. the vorticity in the interior
points has to be determined by a Poisson-iike equation and the boundarv condi-
tion for w. which, in turn. depends on the stream function and C,. by Briley's
formula. which will be presented later. To avoid the coupling between the two
SVSTCMS. We CXPress —g:ﬁ- in terms of a third order derivative of . so that only

(5.3.3). (5.3.4) needs to be concentrated. which can facilitate a lot of computa-

tions as shown in our numerical experiments. As can be seen. on the boundary
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section AD of [N, w = Av = 0;':.'. which is impiied by the fact that ©» = C| on
the boundary AD. Accordingly. %&£ = —33v on AD. On the other hand. 3} can

be approximated by
s 1, ,
(')‘3'3) 82"‘1.11 ~ ﬁ(lat.:_n—l h 62».1.71—‘2 T Uip-3 — 101’.',.,1) -

The third order derivative of ¢ at other boundary sections of I'; can be obtained
similarly. Plugging into the boundary condition fp, g;;’l = (0, we arrive at an

equality similar to (3.2.6)

(5.3.6) /(0) 3/(1) 3 /(2) 1 (3
2% N V= - L - U4 — .
Iy 2Jr, 24T, 10 /r,

Since ¢ is a constant C; on ;. we have

R 3 b 3 @ 1 {3y
(5.3.7) C1=m . L.—m N o+ T00,] /o,

Again. the formula (5.3.7) plays the role of a bridge between the constant C,
and the boundary condition [r, 5’—;‘; = 0: Different C; leads to different v; ;. which.
in turn, results in different f-, -.j%. while (5.1.5d) indicates that this integration
has to be 0.

The coupled system (3.3.3). (5.3.4). (5.3.7) is used to obtain ¢ and the

coustant €} by iteration. The similar argument can be applied here that the
number of both equations and unknowns is .\ + L.

Of course, the right hand side of (5.3.7) depends on C'). A similar procedure
of iteration can be applied. First, we define the operator ¢: for any constant C.

let ¢ be the solution satisfving

h: . h?

Dy + —D2D2 ) = (1 + —=Dple.
15.3.8) ( 6 ’) 12

¢ lpg=0. ¢ e, =0C.
and o{C) is defined by

3 () 3 (2 i (3)
5.3.9 OC :——/ - e — ie
(539) (C) ATt VT T e Y T Toiny) e
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The following proposition shows that ¢ is a contraction mapping. [ts argu-
ment is similar to that of proposition 5.2.1 in the second order case and the proof

of it will be provided in Section 3.5.
Proposition 5.3.1 For any two constants C,. Cy. we have

(5.3.10) lo(C) — o(Cu)l < CT|Cy = Cai. where C" =1 - O(h}.

By Proposition 5.3.1. there is a fixed point for the operator ¢, i.e.. o(C) = C.
which is exactly the solution of the system (5.3.3). (5.3.4}, (5.3.7). Thus the
existence and uniqueness of the svstem is proven.

5.3.1 Iteration Procedure: Fixed Point Iteration

A similar method for solving the system (3.3.3}. (5.3.4), (3.3.7) can be ob-
tained by the iteration procedure: once the k-th iteration for the constant C'}k’
is obtained. solve the stream function ¢ using the boundary condition C*’ in
(5.3.8). then update the constant C%““ by (& -+ 1)-th iteration: C{H” = O(Cgk}).
This iteration procedure converges to the real solution of (5.3.3), (5.3.4). (5.3.7).
as was guaranteed by Proposition 5.3.1.

Again. it should be pointed out that with the constant C'fk) obtained at cach
iteration stage, the Schwarz iteration combined with FFT is needed to solve the
discrete Poisson-like equation in the overlapping region. In addition, Schwarz

iteration and the iteration formula can be combined into a single iteration to

facilitate the computation.

Let’s go back to the momentum equation. As in [ELV2], the corresponding

nonlinear convection term in the vorticity dvnamic equation can be estimated as

h? —~ B ~ h?
. (1+ 500w V) = D,(l-i——G—D;)(uw'}-i—Dy(l+€D§)(Uw‘)
5.3.11
h? ~ .
- EA,,(U.DN- + ¢Dyw) + O(h).
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The first and the second terms in (3.3.11) are compact. The third term is not
compact. vet it does not cause any problem in practical computations since
wt Do + v”bwy;‘;" can be taken as 0 on the boundarv. The case of bound-
ary condition with slip can be treated similarly. as discussed in [ELV2]. Finally.

by the introduction of an intermediate variable &

- o - _h?
(5.3.12) T=(1+ i—_z-Ah).;./ .

and combining the discussions in (3.3.2}. {5.3.11). (5.3.12). the whole momentum

equation can be approximated by

—_ ,12 . — hg 9
) 8@ + D.(1 +ED;)(M) + D, (1 +-6-D;)(L-.,,.)
(')313) h2 - _ hg o
~ 15 Or(uDow + Dy) = v(On + EDﬁD;)w.

The velocity field u = V' ¢ = (=9, 1°.9;¢') can be obtained by the long-
stencil approximation to dz, d,
h? h?

(5.3.14) u=—-D,(1 — KD;)L‘. v =Dl - ED';:)z;.-.

The vorticity is determined by T via (5.3.12). The implementation of
(5.3.12) needs the boundary condition for «. As already discussed in [ELV2|,

the main point of the vorticity boundary condition is to use the no-slip boundary

condition g—,‘:; = 0. and convert it into « {ga by the kinematic relation Avw = w.

We can use Brilev's formula

1
~ 18h2

(-J?l-)) 5.0 (108U,_1 - 271.-‘,.2 + 4y g — 85(5-‘,_0) .

aloug with the one-sided Tayvlor expansions of the stream function

| 10 dw
(5.3.16) Ci—1 = B6uyy — v, + g — e — 4R = .

3 3 ay 2.0

8 80 boLt
(5.3.17) tia = 400, — 1500 + othg — —uno — 128 — ) .

3 3 /.,
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On the boundary section AD. Brilev's formula gives

(3318) win = (IOSL:n | ;TL'I.R~2 - ‘h—"':.n—.’i - 85C:n) .

18h°

[t should be mentioned that the system (5.3.12} and the boundary condition
(5.3.15). (5.3.18) can be solved very efficiently by the combination of the Schwarz

iteration and FFT solver.

5.3.2 Time Stepping Procedure
Similar to the second order case. all terms in the momentum equation can be
updated explicitly. Again, we only present the forward Euler time-discretization.

The extension to multi-step or Runge-Kutta methods is straightforward.

Initialization: Given {« }. compute

(3.3.19) (1+ EAh).,,-" =20

Time-stepping:
Step 1. Update {I:‘_;’l} at interior points (r,.y,) using

—n+l _ —m 2 ~ .
-y = N +DI(1+%-D;)(“-H-'")+Dy(l+h—D;)(un;‘;“)
(5.3.20) )

h ~ ~ h?
— 3 On(u" De” + e" Dy”) = (B & D; ID})w".

Step 2. Solve for {L" 1} at interior points (.r,. y,) using

h* .
Dy + = DADR) =t = o
(3.3.21) (& 6 /)
u = 0. e e = CTT
aned
(3.3.99) Crt = 3 /(1.\L a3 /m net . L (3}’ .
erll r, 3IFI[ C, lU|F1[ r
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The iteration procedure described above is used to solve the system (5.3.21).
(5.3.22).

Compute ¢™*! at the ~ghost points™ using (5.3.16). (5.3.17).

Step 3. Obtain the boundary value for »"~! by Briley's formula (5.3.15).
(5.3.18).

Step 4. With the boundary values for »"~! updated in Step 3 at hand. we

solve for {.‘.:‘_;'1} at interior points using
fl2
(-)323) (1 -+ _Ah)“.;n‘."l — :n-j—[ )

The combination of Schwarz iteration and FFT is applied. Only Sine transfor-

mations are needed.

Step 5. Update the velocity u)'; " . ¢']" using the 4-th order difference scheme

-~ IS . ~ h? .
- n+l _ 2y, n<1 -l _ 2y .+l
{5.3.24) ittt = —Dy(l - Eoy)t . t = D:(I - _6 Dx)b .

5.4 Numerical Experiment

Two numerical examples will be presented to show the validity of the meth-
ods proposed above. The first example is a flow with a force term. The accuracy
of both the second order and fourth order method is documented. The second
exampte is a flow passing through an engine. e.g. a cooling system. Detailed
structures of vorticity at different time steps will be given.

5.4.1 Accuracy Check
A Taylor vortex type flow in a multi-connected domain is computed by the

methaods proposed earlier. The exact stream function is chosen as

(5.4.1) wel(ax. t) = (cos;r + cosy + cosrc:osy)(rosz X
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Accordingly. the exact velocity and vorticity are determined by

ue(Z.t) = =9yt = (siny + cosrsiny)cost .
(5.4.2) te(z. t) = 8, = (—sinr — sinrcosy)cost .
o(x, t) = Dv, = (—cosr — cosy — 2cosrcosy)cost .
The kinematic viscosity is taken as v = 0.001. Substitution of {5.4.2) into the

momentum equation gives
(343) at.y'e + (uc‘V)w}. = VA.M'(, =+ f .

where f is the force term. The domain has the same shape as in Fig. 0.3. Yet
the dimensions of the boxes 4, B,C D, and ABCD are [—3w.3x]° and [—7. 7]*.
respectively.  Using the same notations as before. denote the outer boundarv
A BC D, as g, and the inner boundary ABCD as I'y. It is obvious that the

boundary condition for the stream function at the outer boundary is
(5.4.4) v(x.t) Ip,= —cost.

which is a constant varving with time ¢. The stream function is also a constant on
[';. (at cach fixed time). denoted by C{. Yet. C; is not given explicitly. We need
to obtain such constant by the procedure described in Section 4.2 and Section

4.3 to determine it.

5.4.1.1 Second Order Scheme
(5.4.3) can be solved via our second order method coupled with the 4-th
order Runge-Kutta time discretization. as discussed in (5.2.23)-(35.2.28). Thom's
formula (5.2.2}. (3.2.3) are chosen as our boundary condition for vorticity. The
results using Wilkes™ formula are similar. The force term f is added when (5.4.3}
is updated. The final time is taken to be f = 6.0. The CFL number. which is
defined as Z\f\—i is taken to be 0.5. The absolute errors of strecam function and

vorticity are listed in Table 5.1. As can be seen. the stream function achieves
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almost exactly second order accuracy. while the vorticity achieves second order
accuracy in L', L? norms. and obviously loses accuracy in L= norm. The reason
for it is still under investigation. All the errors are measured in L'. L* and L™=

norms. where the L? norm is defined as

1 i
(5.4.3) I fliz = (ﬁ/nf"dx)’ . for O<p<ox.

where 1] is taken to be 3272 in this case.
5.4.1.2 Fourth Order Scheme

The fourth order method coupled with the 4-th order Runge-Kutta time
discretization. as discussed in (5.3.19)-(5.3.24). can also be used to compute the
flow. The force term which will be added to the vorticity equation (5.4.3) becomes
(1= 'I‘—,:;A,,)f. since we applied the operator 1 + %Ah to the momentum equation.
The final time is still taken to be t = 6.0 and the CFL number is taken to be
0.5. The absolute errors of stream function. vorticity are listed in Table 5.2. It is
indicated in the table that the stream function achieves more than fourth order

accuracy in LY. L? and L™ norms. The vorticity achieves fourth order accuracy

in L'. L* norms and more than third order accuracy in L> norm.

5.4.2 A Flow Past a Cooling System
An impulsivelv-started incompressible flow in the following region (see Fig.

5.1} was computed using the fourth order method we proposed.

The flow region is similar to a cooling engine. The detailed dimensions of it
are given by: 00, =0T =1, OR = O\R) = }. The inlet points B and M have
).

coordinates (w.r.t. the origin Q) (0. ';). (0. % respectively. The coordinates of

other corner points are

31

{5.4.06) A(0. =}, C(lﬁ._‘) D(Ez). E(——) Fl—=.=).

1
8
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The positions of the outlet points are also determined by their coordinates

3 3001 i
(5.4.7) P(TE.O). Qig-—g)- RO.-3).

[n addition. there are three boxes in the middle. which are denoted by ;5,050

535:0,075. and S5S¢Usl5. The r—coordinates of S,. $,. S3. S,. Ss. S are given

1

[*)
o

T 2 vt o . . - .3 3
. §5- 33 33+ 33 and the y—coordinates of {'| and S, are given by 3. .

|
‘|

by 5.

-
v
-
AV
o

respectively. The coordinates of 4,-7| can be obtained by symmetry.
The no-penetration, no-slip boundary condition u |r= 0 is imposed at the
boundaries of the region. except for the inlet B . B\, and outlet QR. Q;R,.

At the inlet B, the velocity field is given by the standard parabola profile
. 3 1
{5.4.8) u=384= —yMy—=). v=90.
8 4
and consequently. the velocity profile at the inlet B, /| is

(5.4.9) u= 384G -y - ). ¢

Il
o

By the relationship between velocity and stream function that w = V',

we can integrate our velocity field at the inlet and set our boundary condition

for ¢ as:

(5.4.10) On B 1.5( 1) - 128(¢ > P+ 3

3ot iL7 e Uy = — L. - =)+ 12 - — —
T ¥~ 3 Y716 T 33

and

(5.0 11} On By M I —15(:-—-1-)—198(: —-5—)3——3—

J.k- AN b = LY 1 <Oy G 32"

Then the other boundary values for ¢ is given by

On RA.AF.FE.ED.DC.CB.BA. v, =;.

On 4, . W[ .REVLCED.D\C,.CiB, By . vy =—~
On MT. T . T M,. w,=0.

On QP . PP, .PQ,. vy=0.

O {e—r
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At the outlet RQ and R, Q. we adopt the natural normal boundary condi-
ron

v du Ou

{-‘).-1.].3) On RQ,R]Ql. %:0. a—n:O (%=

0.
The boundary value for v on the middle box ['» = 535,07L3 can be obtained

by symmetry
(5.-k.14) wy =0. On [

Yet. the boundary condition for ¢ at the other two cooling boxes: I'} = 5,5,050.
[y = 8;5:L%0L5 can not be obtained directly. The fixed point iteration process
described earlier has to be carried out to get such constants.

The fourth order method proposed in Section 3.3 was used to compute the
flow. with Reynolds number Re = 2000. The calculations were carried out by
two grid sizes: Az = Ay = # and Ar = Ay = ﬁ. (which corresponds to two
resolutions: 312 x 376, 768 x 864. respectively). The vorticity profiles computed
by the grid Ar = Ay = $ at a sequence of times. i.e. ¢; =0.3. fp = 1. t3 = 1.5,

1. = 2 are shown in Fig. 5.5-3.8, respectively. Fig. 5.9 shows the vorticity profile

at f = 6. which is close to a steady state.
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5.5 Proof of Proposition 5.3.1

Proof. Using the similar notations as in Section 5.2: denote ¢ = ! — v2. where
!, ¢? are the solutions of the {5.3.8) with the boundary condition v! |, = C).

3

v? i, = C?. respectively. It can be seen that

R, o -
(An+ DD =0,
(3.5.2) 6
w]I‘o:O- L hl Cl C’-’."

The definition of ¢ in {5.3.9} indicates that

1 ,3 1y o 3 pt2) _ 1 (3 -
;"‘f"': (' —_ " —_— _/ | — —/ 'o+ — . .
(5.5.3) o(Cy —o(C3) |l",l(2 r, ¢ 3Jr c 10 Jr, b)

1
As can be seen, the right side of (5.5.3) is different from (5.2.12) in the second

1 2) ~
order case: three integrals. f{ : j'( e fr v are involved in (3.5.3), where

only ( '+ was involved in (5.2.12). The better control of (5.5.3) is obtained by

rewriting it. Motivated by the idea of the stability analvsis of vorticity boundary

conditions. which were shown in [ELV2]. we can rewrite 3ep_y, — %wn-z,, +

llg‘t.n—.'i.j as

3~ 3~ l =~
5501 }nlj—;bn ZJ‘E'ﬁLn—i.}
IS > 3_'

- 2] * l - . -~

; R - 2 4 4

= -Upn; + t¥n_1,; — -_h D [ —h-D=e —2y -
J 5 n J 3 rn—1y 10 r~n J

The substitution of (5.53.4) into (5.5.3). along with the fact that ¢ is a constant
Cy—Cson ). gives
)

)—o(Ch) =

g_,l

{D.:
()~2 {2) 1 {3)2;)

(C,—Ca) [Ty |+ / czw [ Dpieh? [T DR

TlE
where D} ¢ is D2 on the boundary sections AB. CD. and D;’,t; on the boundary
sections BC. DA

The following Lemma, which is analogous to Lemma 5.2.2 in the second

order case. gives the estimate of ¢ near the boundary [}, The strategy of the
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proof is also similar to that of Lemma 5.2.2: applyving the maximum principle to
the operators (Ah + :—‘D'f_Ds).

Lemma 5.5.1 Let u be the solution of the svstem
h'.!

Dy + —=D2DYu =0,
(5.5.6) ( 6 ’)
u|r0=0. u!r!=1.
then we have
(H.5.7) O0<tpi; <1 —kh. for n<j<m.
Proof. Using the same notations as in the proof of Lemma 5.2.2, the region

Q) can be parrtitioned into four regions: 4, ABB,. A, ADD,. D\DCC,, C,CBB,.
denoted by 2. O, (23, €y, respectively. as shown in Fig. 5.3. The same function
- as in (5.2.15) is considered. Detailed calculations indicate that the constructed

function v in (3.2.13} is concave, which satisfies

R
(An+ =DID})r <0,
(5.5.8) 6
vlr,=0. eley=1.
Then of course. f = —(Ah + %D;’D;’) v > 0. Then u can be decomposed into

two parts: u = ¢ + w. where w is the solution of the foliowing svstem

Dn+ DD w = f > 0.
(5.3.9) ( = D:D})
wlro=0’- UJ[I*{':O.
[t can be argued similarly as in Section 3.2 that the maximum principle

holds for the operator (Ah + %’:DﬁDs). In the uniform grid. the operator has the

formn

h® . 1
(Ah + _aDﬁpg)u:,J = gf;‘_({uz—l.}-l + ‘;“z.‘;--l =+ “t*—i,j—i)

(.5.10) +(duy oy, = 200, + dteay,)

+(u3—f._}~l + “uz.;-i “+ uz-.-l.;-“l)) .
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which indicates the maximum principle. This principle together with (5.3.

shows that «w < 0 at all grid points. Then we have
(3.5.11) u<vu. at all grid points.

and especially. up_g; < taox; = 1 — kh. The left half of (5.5.7) cotnes directly
from the maximum principle of the operator (L\.h + %—D;’Dg) Lemma 5.5.1 1s
proven.

Obviously. v = (C(—Ch}u, where ¢ was given in (3.3.1) and u is the solution

of (5.5.6). which results in the control of the second term in (3.53.3):

- - 3 L)

(5.5.12) -V \ -(1 — B)ICy = CalIT].
3T,

The estimates of the last two terms in {3.5.3) are obtained by the following

Lemma.

Lemma 5.5.2 Let u be the solution of (5.5.6). then we have

oo S £
(5.5.13) h" Dpul.
r

2 2) -3
h* Dhul < 4h.

W

Proof. For simplicity of the presentation. only the integral on the boundary
section A B is discussed here. The boundary sections BC. CD. DA can be dealt
with in the same way. The equation in (5.5.6) gives Diu = —(D; + %D};D:)u
whose application to the grid point (n — 1. j) results in
{5.5.14)

Diun_y, = —(D;

2
¥

R e 152 2 2 Lo
+ -E-Dsz)unkl‘j = —gDyUn_g_J - gDyu,,ﬂU - gDyun_J.

Integration of (5.5.14) along the boundary 4B (by trapezoid rule) gives

) )
.’/ “n (= _E (}_Un—-‘? m=1 " Unp-2m-1| _ }_un—'!.nfl - url—'_’.n—l)
h 6 2 h 2 fr
"g (1 n—lgm=1 — Up_ -1 _ Euu__l_,,.,i - ”n-l.n-—l)
3 2 h 2 I
1 }. nm=i ~ Unsa-1 1 Upnel — Unn-t
ﬁg (2 2 h )
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As argued earlier. the application of the maximum principle in (5.5.6) shows that
{3.3.16) 0Ly, <1. for (z..y,) € Q.

The combination of (3.5.13) and (3.5.16) gives

(5.5.17) 2 D';iu,,_I,J[ <h.

AB

Similar estimates can be applied to boundary sections BC. CD. DA. Lemma
A.2.2 is proven.
As said earlier. & = (Cy ~ Ca)u. The combination of (5.3.53). Lemma A.l.

Lemma A.2, gives

- - ) 3 2 1

(3.5.18) [O(Cl) - O(Cg)[ < (1 - gh. + 'II__—]}IHCI — Cv_yl = (l — Eh)lcl - Cg' -
: l

since |} = 4. Proposition 3.3.1 is proven.
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Table 5.1: Errors and orders of accuracy at ¢ = 6 when the second order method.

which was described in Section 3.2. is used. CFL="!. where CFL=

Ot

Ar”

U1 N J L= error | L= order || L' error | L' order || L? error | L* order |

{ 18 | 5.17e-02 1.57e-02 2.08¢-02
| 72 || 2.20e-02 2.10 6.35¢-03 | 223 || 8.68¢-03| 2.16
o || 96 || 1.26e-02 1.94 3.58¢-03 | 1.99 [[493e-03| 1.95
1417 ]5.990-03 205 1.54e-03| 2.08 | 2.14e-03 | 2.06
1192 ] 3.11e-03 1.98 8.61e-04 | 2.01 1.20e-03 | 2.01

18 | 1.02e-01 1.98e-02 2.83e-02
72 1 6.72e-02 1.03 8.50e-03 | 2.08 1.27e-02 | 1.98
< || 96 | 5.03¢-02 1.01 1.88¢-03 | 1.93 | 7.53e-03 | 1.82
141 || 2.98e-02 1.29 2.11e-03 | 2.03 [ 3.38-03| 1.98
i 192 || 1.98¢-02 1.42 1.23e-03| 1.93 1.96e-03 | 1.90

Table 5.2: Errors and orders of accuracy at ¢ = 6 when the fourth order method.

which was described in Section 5.3. is used. CFL=

ae

where CFL= %

| ] N { L= crror | L= order || L! error | L' order || L? error | L? order
| | 1

; 18 7 4.08¢-03 1.31e-03 1.68¢-03

72 || 6.24e-04 | 463 | 1.90e04| 176 | 2.30e-04 | 41.79

¢ 796 | 1.72e-04 ] 148 || 5.08¢-05 | 4.58 | 6.41e-05 | 1.59

! 41 270e-05 | d.57 || 7.16e06 | 4.63 || 9.7de-06 | 41.65

| 192 7.59¢-06 | 441 2.18¢-06 | 141 | 2.74e-06 | 441
48 | 2.230-02 2.81e-03 3.93e-03

72 | 57003 | 336 | 5.0le01| 125 | 752-04| 1.08

.| 96 | 223003 | 3.28 1.57e-04 | 1.03 | 249¢-01| 3.85

11 ] 5.120-01 | 3.62 | 2.9%e-05| 4.15 || 4.8%e-05| 4.05

| 1927 202¢-04 | 3323 [[9.22e-06 | 1.00 | 1.59e-05 | 3.86
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Figure 5.3: Vorticity plot with 30 equally spaced contours from 1 to 100 and from
-100 to -1. at time ¢; = 0.5, of the flow past the cooling system. Re = 2000. The
i
512°

computation is based on EC4 method with the resolution Az = Ay =
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Inlet

Figure 5.6: Vorticity plot with 30 equally spaced contours from 1 to 100 and from
-100 to -1. at time ¢, = 1. of the fiow past the cooling svstem. Re = 2000. The
computation is based on EC4 method with the resolution Ar = Ay = -

512"
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Figure 5.7: Vorticity plot with 30 equally spaced contours from 1 to 100 and from

-100 to -1. at time ¢t3 = 1.5, of the flow past the cooling system. Re = 2000. The

computation is based on EC4 method with the resolution Ar = Ay = 5.
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Fignre 3.8: Vorticity plot with 30 cqually spaced contours from 1 to 100 and from
-100 to -1. at time ¢4 = 2, of the flow past the cooling system. Re = 2000. The

computation is based on EC4 method with the resolution Ar = Ay = %ﬁ
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Figure 5.9: Vorticity plot with 30 equally spaced contours from 1 to 100 and from
-100 to -1. at time ¢ = 6, which is close to the steady state. of the flow past the

cooling system. Re = 2000. The computation is based on EC4 method with the
resolution Ar = Ay = =

312°

—
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CHAPTER 6

APPLICATION TO BOUSSINESQ
EQUATIONS

6.1 Preliminary

The 2-D dimensionless incompressible Navier-Stokes equations in the Boussi-

nesq approximation are given by

( 1
V)8 = 8.
A6+ (V) = =&
0 1
(6.1.1) { B+ (u-Vu+ Vp=Ri-o( )+§;Au.
4
{ V-u=0.

where u is the velocity, p is the pressure. 8 is the temperature. Re is the Reynolds
number of the flow, Pr represents the Prandtl number. which is the ratio of
the kinematic viscosity to the heat conductivity. Ri. the Richardson number,
corresponds to the gravity force effect and the thermal expansion of the fluid.
Sometimes there are different dimensionless quantities in the above equations
based on the scales relating to the purposes of different setups in physics. Some
other parameters can be introduced in different problems in physics, such as the
Ravleigh number Ra = Ri- Re’- Pr appearing in the Rayvleigh-B'enard problem.
and Gr. the Grashof number, which is defined as Gr = %% = Ri-Re*. For brevity
!

of our presentation below, we denote v = 4. and » = # The system (6.1.1)

is usually identified as Oberbeck-Boussinesq equations. (or. simply. Boussinesq
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equations).
(6.1.1) can also be written in the vorticityv-stream function formulation
2
3[0 T+ (u-V)Q = NAG .
a[..y' - (u‘V)\.‘J = Rz.azg +vAL.
A= 2.

| u= —d,u. r=du
where w = V x u is the vorticity. ¢ is the stream function.
The natural no-slip boundary condition u |r= 0 is imposed in {6.1.1), which

in turn can be written in terms of the stream function v if the computational

domain is a simply-connected domain
(6.1.3) =0 — =0.

For the temperature 8. we can either impose the Dirichlet boundary condi-

tion
{G.1.-1) 0 1r=8,.

where 8, 15 a given distribution for the temperature on the boundary: or. we can
impose the Neumann boundary condition

20

(6.1.:3} 5{;—9;. onl.

where 6 is a given heat flux on the boundary. If the adiabatic boundary condition
is assumed. f; can be taken to be 0.

The strategy of developing the fourth order numerical method of the Boussi-
nesqg equations in vorticity formulation is similar to that of the Navier-Stokes
equations. See {ELV1], [ELV'2]. A 1-th order essentially compact approach will
be used to treat the momentum cquat:en. The purpose of this approach is to

rechice the number of numerical boundary conditions for «. This is important
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for the momentum equation since ¢ is coupled with « by a Poisson equation.
The main issue of determining the vorticity on the boundaryv is that there are
two boundary conditions for stream function as in (6.1.3). The no-penetration
boundary condition ¥ [p= 0 can be directly applied in the Poisson solver. The no-
slip boundary condition 5% [r= 0. along with the kinematic relationship between
v and «. will be converted into a vorticity boundary condition, such as Briley's
formula or a new 4-th order vorticity boundary formula proposed in Chapter 4.
Moreover. the main difference between the momentum equation in Boussinesq
equations and the usual fluid equations is the addition of the gravity term, i.e.
the temperature is coupled in the momentum equation with the gravity term.
This coupling will be treated explicitls. Consequently. no numerical difficulty
will be anticipated.

The evolution of temperature in the temperature equation can be treated as
a standard convection-diffusion equation. mainly a passive scalar. This equation
can be updated very efficiently by the 4-th order long stencil difference operators.
The numerical values at the “ghost”™ computation points near the boundary can
be estimated by one-sided extrapolation. To reduce the number of interior points
for both computational convenience and better stability. we can also apply some
information obtained by the temperature equation on the boundary. Similar idea
can be found in [HKR]. The resulting boundary condition can be proven to be
stable. both numerically and theoretically.

The 4-th order Runge-Kutta method will be used in our time discretization
to avoid cell-Reynolds constraint. as discussed by E and Liu in [ELV1]. [ELV2].
The numerical scheme, including the implementation of the time-stepping proce-
dure, is described in Section 6.2.

In Section 6.3. a well-recognized model dealing with Ravleigh-Bénard con-

veetion is used to check the accuracy of our numerical scherne. The stream
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function and the temperature in the two-dimensional flow can be represented by
three parameters with the help of single and double mode analyses. By making
appropriate transformations. the evolution of the three parameters can be de-
scribed as a nonlinear svstem of ODEs. which is known as the Lorenz system.
An accuracy check is carried out for our computational method applied to the
Boussinesq equations (with a single source term) based on the Lorenz system.
Full fourth order accuracy was shown for this flow.

In Section 6.4. we demonstrate the robustness of our numerical method by
simulating an example of strong shear flow induced by a temperature jump. of
the ratio 1.53:1. in an insulated box. The complicated structure of rolling up.
resulting from the vortex sheet and the consequent Kelvin-Helmholtz instability.
is completely resolved. The accuracy of our computation is checked by the perfect

match of the two resolutions: 2048 x 256 and 4096 x 312.

6.2 Description of the Scheme

For simplicity of presentation. we take the same computation domain as in
Chapter 3: © = [0,1] x [0,1] with grid size Ar = Ay = h. The boundary is
composed of I'z: {y =0,1} and ',z {x = 0.1}. The associated numerical grids

will be denoted by {z; =i/N.y, =j/N, i j=0.1.---. N}.

6.2.1 Temperature Transport Equation
For the temperature transport equation d,8 + ©v-V8# = x/A\§. one can approx-

imate d,. d, by the standard fourth order long-stencil operator
~ A2 -
(6.2.1) dr = D(1 — g-Di) +O(kY). 9, =D,(1 - —=D})+O(h").

where D,. D? are standard centered difference operators corresponding to 8,, 92.
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respectively. To approximate A in the diffusion term. one can see that
5 - h? i 3

Thus we have the approximation for the temperature equation

- 2, — h? h? .
(6.2.3} 8,8 +uD,(1 — FD;)a + Dy (1 - ED;)e = »;(A,, - f§(D; + D;))e.

6.2.2 Temperature at Ghost Point(s)
As can be seen, the implementation of (6.2.3) requires the determination of
@ at the “"ghost points”, which are grid points outside the computational domain.
[ts derivation needs the one-sided approximation near the boundary. Shorter one-
sided stencils usually result in better stability and computational convenience.

For brevity of the presentation, we concentrate on the boundary [, j = (.

6.2.2.1 Dirichlet boundary condition for Temperature
If the Dirichlet boundary condition for the temperature (6.1.4) is imposed.
0,0 can be given accurately on the boundary to be 8,(r,.0). Accordingly. under
this boundary condition for the temperature. (6.2.3) shall be updated at interior
points (r.y, ). 1 < ¢ j €< N —1. This indicates that only one “ghost point™” value

f, -1 needs to be obtained. Local Tayvlor cxpansion near the boundary gives us

20 6 1 1 12
= 00 — 301 — 00 + O3 + —H36, R?).
110.‘.) ] __+119,3+“h 3,0.0 + O(R)

(6.2.4) 8,1
Sometimes we can even use information from the PDE. or derivatives of PDE,
near the boundarv to reduce the number of required points in the stencil. As can

be seen. the term 6;’0 on j =0 in (6.2.4) can be evaluated with the help of the

following evaluation on the boundary

(6.2.3) 98 |r,= kD8 |p,= K(B2 + 3})6 |-, = (320, + 320

r.)-
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where in the first step we used the no-slip boundary condition for z and v. which
implies that the convection term disappears on the boundary for the equation in

(6.1.2). (6.2.5) leads to
.y 9 I a2
{()2{)) 3;9 [r:: _C)lgb - C);gb .
IS

where the right hand side is a known function since # is given on the boundary.

Substituting (6.2.6) into (6.2.4). we have

20 6 1 1 2 .1 .
80— —8;y — —b,.+ —86, Zh (=08 — 070 O(h%).
1000 = 10 = e+ pla + R0 o) + O(R)

~1

(6.27) 8, =

The same applies to the other three boundaries. It can be shown that this formula

gives full 4-th order accuracy. See the results in Table 6.1.

Remark 6.2.1 In (6.2.4), we used 3-th order one-sided approximation for the
temperature near the boundary. In fact. the 4-th order Tavlor expansion near
the boundary can also be used, which results in only one interior point in the

formula
(6.2.8) i1 =20;0 — Oy + h?3;8,0 + O(h').

The derivation of 6:95.0 on 'z, (6.2.5) and (6.2.6). is still valid here. The combi-

nation of (6.2.8) and (6.2.6) results in

. s, L, ; .

(6.2.9) 61 = 26,0 — ;) + h* (=06 — 326,) + O(R') .
N

which is a O(h*) formula analogous to (6.2.7). Our computation shows that both
(6.2.7}) and {6.2.9) provides stability and full accuracy. as explained in Section
i.3. Since (6.2.9) ouly requires one interior point. we suggest using (6.2.9) in

practical computation for convenience.
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6.2.2.2 Neumann Boundary Condition for the Temperature

Under Neumann boundary condition. the temperature distribution on the
boundary is not known explicitly. [n this case. (6.2.3) i1s updated at everv com-
putational point (z;.y;). 0 < i.j < .N. This in turn requires that we determine
rwo “ghost point” values #; _; and 6, _» to carrv out {6.2.3). The same strat-
egy of one-sided approximations is applied. It can be seen that the local Taylor

expansion near the boundary gives

B3 ]
(6.2.10) ;1 =6, — 2h3,0,0 — ;—039,_0 +~O(R) .
and
5 81 o, ]
(6.2.11) 8iz =iz — $h0,8,0 — — y0.0 + O(R%) .

The term 8,8, appearing in (6.2.10). (6.2.11) has already been given by 8. In
the no-flux case. this term disappears. Then the remaining task is to determine
0;9,\0. As discussed above, the information from the PDE. or derivatives of PDE.
near the boundary can be used for the derivation of “ghost point™ values of the
temperature. [f the normal derivative on the boundary. which is d, on [, is

taken for the original temperature transport equation. we arrive at
(6.2.12) Oyt + uyBr + ubpy + vyfy, + 18y, = (0,22 + (')‘;0) ) onl,.

All the terms in {6.2.12) are evaluated on the boundary [;. The first term
on the left side of {6.2.12) is a known function &;,. which in the no-flux case
disappears: the third and fifth terms on the left side of {6.2.12) disappear because
of no-slip boundary condition; the fourth term on the left side also disappears
because of the no-slip boundary condition and the incompressibility which implies
that v, = —u,; = 0 on [;; the first term on the right side of (6.2.12) is also a

known function #... which disappears in the case that no heat flux is on the
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boundary. Then the remaining task is to determine the second term on the left
side of (6.2.12). uy8;. As can be seen. u, is in fact —« on the boundary I,
because w = —uy, + v; and v; vanishes on the boundary. Moreover. since (6.2.3)
is updated at all grid points. including the boundarv points. 8, on ['; can be
calculated by the standard fourth order long-stencil operator (6.2.1). Combining

all the arguments above and substituting back into (6.2.12). we obtain 636 onl,

1 ~ h?
(6.2.13) 8300 = ;(0,, ~ w0D:(1 = = D6, 0) = 2z

Plugging (6.2.13) back into {6.2.10). (6.2.11). we get the two "ghost point” values
for @ near the boundary [,

3 2
(6.2.14) 6\ = 6;, — 2h8; — %( 5 — L,DD (1- h—D 2)6:0 — Bf2z) .

R
(6.2.15)  6,_2 = 6,5 — 1hb) — —( B — l,,,,DD (1~ = D)o — em).

In the no-flux case (in other words. é; disappears). the above formulas can be

simplified to

(6.2.16) 61 =6y + %-"—“D (1- —-D 10,0 .
L 8h3 h?
(6.2.17) 8. 2_t';nﬁ?——o (1 ——G—D }9.0

Still. the other three boundaries can be treated in a similar manner.

6.2.3 Momentum Equation
To solve the fluid part equations. we can use the Essentially Compact Fourth
Order Scheme (EC4). which was proposed by E and Liu. The starting point of
the scheme is the fact that Laplacian operator & can be approximated with the

fourth order by

(6.2.18) A = 5270 4 O(hY).
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Multipiving the denominator difference operator 1 + %Ah to the momentum
cquation gives
(6.2.19)

. B2 B2

h* N : : ; h
L+ 5800 + (1 + SART (uw) = Rl + 3504)0:6 = v(An + EDiog)w.

and multiplying the same operator to the kinematic equation leads to

o h‘.’ 5 g h‘.!

(6.2.20) (on+ gD:Dy)t“ = (1+ 58w

As in {[ELV2]. the corresponding nonlinear convection term in the vorticity dy-

namic equation can be estimated as

2 2

(1+ ?—;Ah)(u-vu;) = D.(1+ %Dg)(u..-;) + D, (1+ %Dﬁ)(w)

h? - ~ s
= 3n(eDew + uDyw) + ORY).

The first and the second terms in (6.2.21) are compact. The third term is
not compact. vet it does not cause any trouble in practical computations since
u" D™ + v"b‘y.ﬂ-“ can be taken as 0 on the boundary. The case of boundary
condition with siip can be treated similarly. as discussed in [ELV2]. The gravity
term (L + 'l—‘.f;A,,)é?IG can be dealt with in a similar fashion. The formal Tavior

expansion gives

h? Fa) h? 2 h? 2 1
(1+ 58): = D:(1+ 5D) - D7) +O(h")
(6.2.22} B2 B2
D “hH p2_ A 1
= D:+ 5D:D) ~ 5D:D; + O(R')

where the first and the second terms can be updated easily. vet the third term
has to be implemented by “ghost points™ value of 8. which was discussed in the

last subsection. Finally. by the introduction of an intermediate variable ©

hz
)Ah)iu'..

(6.2.23) T=(1+ -
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and combining the discussions in (6.2.19)-(6.2.22). the whole momentum equation

can be approximated by

(6.2.24) . ‘
2=+ D1+ %Dg)(w) +D,(1+ %Dﬁ)(t-w-)
h=

_ — — A , h?
~ 5 8n(uDes + vDyw) = RiD: (1 + (D) ~ D)8 = v(D + 5 DIDj)w.

The stream function can be solved by (6.2.20) with the boundary condition
t* jr= 0. The velocity u = V¢ = {~3,v.d, ') can be obtained by (6.2.1), the

long-stencil approximation to d;. d,

~ h2 . :
(6.2.25) u=—Dy(1— ng)w, v =D/l - KD;)L’.
The vorticity is determined by & via (6.2.23). The implementation of (6.2.23)

needs the boundary condition for w. which is discussed in the next subsection.

6.2.4 Fourth Order Boundary Condition for the Vorticity
We only see the boundary I'; where ; = 0 here. As already discussed in
Chapter 3. the main point of the boundarv vorticity is to use the boundary
condition ¢ {r=10. ;’T’:’l = 0, and convert it into « {r bv the kinematic relation
Av = . We can either use Briley's formula

1
T 18A2

(6.2.26) i (108%, , — 27ey, + 4w, 3) .

along with the one-sided Taylor expansions of the stream function

1 d
(62.23_) Lpm = Gwi.l _ 21’1’;‘.2 + —Uh3 — -Ul —L .

3 Ay /..

8 Je
(6.2.28) Cos = 40U — 1502 + ouns - 120 28)

3 ay 1.0

Or. we can use a new 4-th order formula for the vorticity. which was proposed in
Chapter 3

I\ 8 1
(6.2.29) -0 = ;;5(8‘&'(,1 ~ 3w, + §L'._3 - gt.-‘,_.;) ]
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along with the estimate of the stream function at “ghost points”

5 ] e
(6.2.30) Lot = 10Uy — Blis + oths — —tng —5h | == )+ O(h5).
3 + dy 0

and

(6.2.31) Lty 2 = 80wy — 43¢ 2 + 16,3 — gL',_; — 30h (g—l*) + 0 (hs) .
- Y X3}

As pointed out in Chapter 4. both formulae give us fourth order accuracy
for the 2-D Navier-Stokes equations. For computational convenience. we suggest

using Brileyv’s formula along with (6.2.27). (6.2.28) in the caiculation.

Remark 6.2.3 This one-sided vorticity boundary condition was proven to be
stable and be consistent with the centered difference applied at interior points.
The whole scheme. including the one-sided approximations of the temperature
near the boundary and the vorticity boundary condition. has been shown to have

full 4-th order accuracy.

6.2.5 Time Discretization

As discussed in [ELV1], [ELV2]. the convection. diffusion terms and the
gravity term appearing in the Boussinesq equations. together with the 4-th order
spatial discretizations discussed above. can be updated explicitly. Such explicit
treatment does not result in any problem caused by the cell-Revnolds number
constraint if the Runge-Kutta method is applied. For simplicity we only present
the forward Euler time-discretization. The extension to multi-step or Runge-
Kutra methods is straightforward.
Initialization: Given {«{ }. compute

. . h2 Q —0
(6.2.32) (1 + 15 Dp)d =

Time-stepping: Given the vorticity w” and the temperature 8" at time ", we

compute all the profiles at the time step "' via the following steps.
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Step 1. Update {3;‘;”} at interior points {r,.y,). for 1 < 1. j < V-1 using
(6.2.33)
T B+ B e + B, (1 - D2 e
I * 6 Y AT
h? npyy .n npy n - h? 2 2 n h? 2 n
_EAh(u D™ + " Dywm™) - RzDr(l + E(D; — D;))ﬁ E= U(Ah + —G—Df.D;).u )
Step 2. Obtain 67! using
(6.2.34}
pr-t —pn ., npQ h? 2\ gn nQ h? 2y an h? Kl * n
—; T De{l = D)8+ "Dy (1 - - Dy)e” = x(Dn - E(DI+Dy})6 :

If the Dirichlet boundary condition is imposed for the temperature. (6.2.34) is
updated at interior points (r;,y;). 1 < i.j € N — L. and the boundary value of
7! is given by (6.1.4); if the Neumann boundary condition is imposed for the

temperature. (6.2.34) is updated at all computational points (r,. 4,). 0 < i.j < V.

Step 3. Solve for {t_!;{ffl}K_ v using
<EGEN -
(Ah + h—zDzDz)cr"*‘ ="+
(6.2.35) 6 F v
wht p=0.

where only Sine transformations are needed. Compute ¢*7' at the ~ghost points”
using (6.2.27). (6.2.28) (together with Briley’s vorticity boundary condition (6.2.26}),
or using (6.2.30). {6.2.31) (together with the new vorticity boundaryv condition
(6.2.29)). We note that solving (6.2.35) only requires ="' at interior points

(r..y;). 1 £i.5 <NV =1, which has been updated in Step 1.

Step 4. I the Dirichlet boundary condition is imposed for the temperature,
calculate “ghost point™ value 8; _, by the formula (6.2.7) or (6.2.9}): if the Neu-
mann boundary condition is imposed for the temperature, use (6.2.14}. {6.2.13)
to calculate & at “ghost points™.

Step 5. Since ¢"**! (including the “ghost point™ value) has been computed
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in Step 3. now we are able to obtain the boundary value for <"~' by Briley’s

formula (6.2.26) or the new fourth order formula (6.2.29).

Step 6. Now we use the boundary values for ."~! updated in Step 3. to

solve for ~""'} using
>0

At W1
(6.2.35) (1+h—2A Jurtt =zt
o 2" v
Step 7. Update the velocity uf ' . ¢'7! using the 4-th order difference scheme
0 — R: L L = h> .
(6.2.36) = =Dy (1 - -(;D;)w"*' . v* = D (1 — E‘D;)U“T .

for i.j > l.and u™*! |p=0, ¢! |r= 0.

Remark 6.2.4 In the above time-stepping procedure. the most computations
involved are the solvers for the two Poisson-like equations appearing in Step 3
and Step 5. respectively. Our numerical experiment shows that over 90 percent of
the CPU is spent in the two Poisson solvers. That makes the method extremely

efficient.

6.3 Accuracy Check Using the Lorenz System

\We consider a well-known model dealing with Rayleigh-Bénard convection.
which was proposed by Lorenz{1963). He expanded the equations describing
two-dimensional nontinear convection on a uniformly heated plane with free-free
boundaries in double Fourier series. The resulting syvstem of equations was then

truncated radically. so that only three ODEs remained. These are the so-called
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Lorenz svstem

[ dX . )
E——O’.\ +0'} >
Ny &y
(6.3.1) ¢ T = rY -1} ZX.
dzZ
— = =b Y.
| aT Z + X1

in which .\ is proportional to the amplitude of the convection motions. } is pro-
portional to the temperature difference between the ascending and descending
motions. i.e. the horizontal temperature difference across a roll. and Z is propor-

tional to the deviation of the vertical temperature profile from the linecar profile:
Ra
R,

critical Rayleigh number. & is a parameter related to the wavenumber as can be

a stands for Prandtl number, r = . the ratio of the Rayleigh number to the

shown later.
Now we fit the Lorenz system to the Boussinesq equations. A single-mode

stream function can be chosen as

(6.3.2) velx. t) = P(t) sin(kx)sin(y) .

and the temperature can be chosen as

{6.3.3) B.(x. t) = A(t)cos(kx)sin(y) + B(t)sin(2y) + (= — y) .

where & is the wavenumber. It shall be noted that two different modes were used
in the temperature proftle. The interaction between these two modes reveal a
rich nonlinear dyvnamics phenomenon. The term 7 — y in the temperature stands
for the linear profile. Accordingly. the corresponding velocity u, = (-3d,¢.J,¢ )

and the vorticity «, = Ou, are computed to be

(6.3.4) ulx. t) = —P(t)sin(kz)cos(y). ve(z.t) =k P(t)cos(kr)sin(y).
. . ) = AuP(8) sin(kz) sin(y) -
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where A\, = —(k% + 1). Plugging (6.3.2)-(6.3.4) into the momentum equation.
{(6.3.5) agu.«'e + (ue'V)w'e - Rt()rﬂe = I/A.u'e .

we obtain the following nonlinear ODE

dP &
.3, — . -—  — 4 .
(6.3.6) 7 vir P — Ri i

However. these profiles do not satisfy the temperature transport equation exactly-
In the original derivation of the Lorenz equation. the high order production term
was truncated. which leads to the Lorenz system {6.3.1). This can be reformulated
by adding a force term. which represents the truncated term. to the heat transport

equation. so that the profiles satisfy

(6.3.7) 30, + u.- V8, = kA6, + [ .
where
(6.3.8) f = 2PBcos(kz)sin(y){cos(2y) — 1} .

(6.3.7) and (6.3.8) result in the following ODEs

i‘_‘! =kP+cMA-2LBP.
(6.3.9) oy .
Et— = —-4RB - §P.'l.

We can see that (6.3.6). {6.3.9) form a closed system of ODEs for the pa-
rameters £2(t). A(t). B(¢). The equivalence between them and the parameters
X. Y. Z appearing in the Lorenz system (6.3.1} can be derived by the following
scaling transformations: denoting X = aP. }Y = JA. Z =Bt = —,TI\" and

substituting into {6.3.1). we get

(6.3.10) =2, r=
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and

k Ri-k* 2RIk
6.3.11 = L3 = o= = .
( ! RS W URAL ' URA;

from which it can be seen that o is the Prandtl number. 4 is one parameter related
to the wavenumber. r is the ratio of the Rayleigh number to the critical Ravleigh

number.

6.3.1 Accuracy Check

We use our fourth order method proposed in §2 to solve the Boussinesq
flow with force term (6.3.3). (6.3.7). (6.3.8). The initial data is taken as the
profiles (6.3.2)-(6.3.4) when ¢ = 0. and A(0). B(0), C(0) are chosen to he 1. The
vorticity boundary condition is taken to be the new 4-th order formula (6.2.29).
The application of Brilex's formula (6.2.26) leads to a similar accuracy result.
Both the Dirichlet and Neumann boundary condition for the temperature can be
imposed in this example. In the case of the Dirichlet boundary condition. the
3-th order formula (6.2.7) is used as our extrapolation for the temperature near
the boundary. while the 4-th order formula (6.2.9) leads to almost the sarme result
in our computation. In the case of the Neumann boundary condition. (6.2.14).
(6.2.15) 15 used as our extrapolation for the temperature near the boundary. while
the force term has to be added and the slip velocity on the boundary. which can
be seen from (6.3.4). will be taken into consideration when we derive 858 onl,.

We choose the wave number & = 1. The final time is taken to be ¢ = 2.0. The
other physical parameters are chosen as: Ri = 1, v = & = 0.001. Accordingiy.
r=1.23x 10°. 6 =1 and b = 2. The computational domain is chosen as [0. 7]*
with uniform spatial grids Ar = Ay = h. and the time step At = %Ar.

The exact solutions of strearn function and temperature are given by (6.3.2),
{6.3.3). where the coefficients £2{f). A(t) and B(t) are computed by the 4-th order

Runge-Kutta method applied to the system {6.3.6), (6.3.9).
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322, 64%. 1282, 256%. The absolute errors of stream function. vorticity and
temperature are listed in Table 6.1 and Table 6.2, with Dirichlet and Neumann
boundary conditions for the temperature imposed. respectively. We can see in
the tables that the temperature and the stream function achieve exactly fourth
order accuracy. The vorticity achieves almost fourth order accuracy in L'. L?

norms and a little [ess than fourth order accuracy in L™ norms.
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6.4 Computation of Marsigli Flow

To illustrate the performance of the fourth order method, we compute an
example of Marsigli flow which has been known since the 17th centurv. This
example can be found in the work of Marsiglt (1681). The detailed story is

described tn Gill's book " Atmosphere-Ocean Dynamics™ [GILL] as follow.

[t seems that when Marsigli went to Constantinople in 1679 he was
told about a well-known undercurrent in the Bosphorous: “... for the
fisherman of the towns on the Bosphorous sayv that the whole stream
does not flow in the direction of Byzantium. but while the upper
current which we can see plainly does flow in this direction, the deep
water of the abyss. as it is called. moves in a direction exactly opposite
to that of the upper current and so flows continuously against the
current which is seen”. That is. the undercurrent water flows toward
the Black Sea from the Mediterranean. Marsigli reasoned that the
effect was due to density differences: water from the Black Sea is
lighter than water from the Mediterranean. The lower density of
the Black Sea can be attributed to lower salinity resulting from river
runoff. He then performed a laboratory experiment: A container
is initially divided in two by a partition. The left side contained
water taken from the undercurrent in the Bosphorous. while the right
side contained dved water having the density of surface water in the
Black Sea. The experiment was to put two holes in the partition to
abserve the resulting flow. The fow through the lower hole was in
the direction of the undercurrent in the Bosphorous. while the flow

through the upper hole was in the direction of the surface flow.
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\We simulated the above physical process in a simple setup: Boussinesq
flow with two initiallv piecewise constant temperatures in an insulated box Q =
{0.8] x [0. 1]. The partition was located at r = 4. The temperature was chosen to
be 1.5 at the left half. which tindicated the lower denstty. 1 at the right half. which
indicated the higher density. (By Boussinesq assumption. the density difference
can be converted into temperature difference with the reverse ratio). The whole
flow was at rest at ¢ = 0. A no-slip boundary condition was imposed for the ve-
locity and adiabatic boundary condition was imposed for the temperature. The
computational method was based on the fourth order scheme discussed above
coupled with 4-th order Runge-Rutta time stepping. as described in 2.5. Bri-
lev’s formula {6.2.26) was used as the boundary condition for the vorticity. The
adiabatic boundary condition imposed for the temperature indicated the use of
(6.2.16). (6.2.17) to evaluate the temperature at “ghost point™. In our computa-
tion. the Reynolds number was chosen to be Re = 5000, the Prandt]l number was
chosen to be 1, and the Richardson number R:. which corresponds to the gravity
effect. was chosen to be 4. We repeated the computations using two resolutions:
2048 x 256. 4096 x 312.

The computation results on the resolution of 2048 x 256 of temperature and
vorticity at a sequence of times: ¢ = 2. ¢ = 1. t;3 = 6. ty = 8 are shown in
Fig. 6.1. Fig. 6.2, respectively. To save the space. we only plot the vorticity
on the left-half domain [0.4] x [0.1]. The vorticity on the right-half domain
[1.8] x [0.1] is axis-symmetric to that of the left-half domain. Like Riemann
shock-tube probiem, once the partition was removed. the flow was driven by the
gravity force. The results indicated clearly the appearance of an upper current
flow. which moved from the left side to the right side. and an undercurrent
tlow. which moved in the opposite direction. It coincided with the phenomenon

observed by Marsigli. Consequently. a sharp interface was formed between the
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two currents. In other words, two currents with different moving directions were
separated by an interface. Strong shear flow and vortex sheet came into being
along the interface. This vortex sheet exhibited the Kelvin-Helmholtz instability.
As a result. at ¢ = 2. two svmmetric vortices and the rolling up structures
were formed. As the time goes on. more and more rolling-up structures were
generated and swelled. To see the details. we plot the temperature and vorticity
in a zooming region of [2.5, 3.3| x [0. 1} at {3 = 6. on the resolution of 4096 x 512.
tn Fig. 6.3 and Fig. 6.4, respectively.

The numerical simulation for this tvpe of Kelvin-Helmholtz instability is
quite challenging. To verify the accuracy of our method. we compare the tem-
perature and the vorticity at time f =6 on a y = % cut between two resolutions:
2048 x 256. 4096 x 312 in Fig. 6.5 and Fig. 6.6. respectively. It is evident that
cven though there are so many rolling up structures and sharp transitional areas
for temperature and vorticity profiles. the results using two resolutions match

perfectly well.
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t=2

Figure 6.1: Temperature plots at a sequence of times at £, = 2. f, = 4. {3 = 6.
t; = 8. of the interaction between two flow with different densities 2 : 1 in an
insulated box Q = {0.8] x [0. 1]. Initially, the two flows are partitioned at r = 4.
Other physical parameters: Re = 5000, Pr = 1. Rt = 4. The computation is
based on the fourth order method with 2048 x 256 resolution.
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Table 6.1: Errors and orders of accuracy for Boussinesq equation at £ = 2 when
the fourth order method is used and the Dirichlet boundary condition for the
teruperature is imposed. CFL=1, where CFL= &£,

I N [ L= error [ L= order | L™ error | LT order || L* error | L? order |

: 32 1.25e-04 4.82e-04 2.00e-04

I‘ 64 7.85e-06 3.99 3.11e-05 3.96 1.27e-05 3.98
8 1 128 || 4.89e-07 4.00 1.96e-06 3.99 7.95e-07 4.00
EL 256 || 3.07e-08 4.00 1.23e-07 41.00 4.99e-08 4.00
! 32 1.97e-05 1.46e-04 6.50e-05

; 64 3.21e-06 3.95 9.45e-06 3.95 1.21e-06 3.95
! vl 128 || 2.0le-07 4.00 5.94e-07 3.99 2.64e-07 4.00
i 256 | 1.27e-08 3.99 3.74e-08 3.99 1.66e-08 3.99
[ 32 | 6.38e-04 8.500.01 3.93e-04

5 64 || 4.46e-05 | 384 [[4.88e-05| 1.12 |[2.33e-05 | 407
[« i 128 || 4.31e-06 3.37 3.07e-06 3.99 1.57e-06 3.90
’ 256 || 4.6%e-07 3.20 2.07e-07 3.89 1.15e-07 3.7

Table 6.2: Errors and orders of accuracy for Boussinesq equation at { = 2 when
the fourth order method is used and the Neumann boundary condition for the

temperature is imposed. CFL=1%, where CFL=

Ja¥s
ArT

LN J L* error | L™ order [| L' error [ LT order [| L? error | L? order |
32 1.23¢-04 4.92e-04 [ 2.01e-04
(B! 7.18¢-06 3.98 3.16e-05 3.96 1.28e-05 3.97
& 128 || 1.86e-07 1.00 1.99e-06 3.99 8.01e-07 4.00
2536 [} 3.05e-08 4.00 1.25e-07 3.99 3.03¢-08 3.99
32 5.04e-05 1.49e-04 6.63e-05
64 3.23e-06 3.96 9.537e-06 3.96 4.26e-06 3.96
e || 128 |8 2.020-07 1.00 6.00e-07 4.00 2.67e-07 4.00
256 | 1.27e-08 3.99 3.78e-08 3.99 1.68e-08 3.99
32 1 4.0le-04 6.69e-04 2.79%e-04
G- J.4de-05 3.54 4.07e-05 1.04 1.72e-05 1.02
< | [28 1] 3.535e-06 3.28 2.69e-06 3.92 1.27e-06 3.76
256 i 2.85¢-07 3.64 1.83e-07 3.88 9.33e-08 3.77
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Figure 6.2: Vorticity plots on the left half domain [0.4} x [0.1]. at the same
sequence of times with the same physical parameters in Fig. 3.1 and the same
resolution. 40 equally spaced contours from -21 to 31. We omit the vorticity
plots on the right half domain [4.8] x [0.1]. which is axis-symmetric to the left
half domain.
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Figure 6.3: Zooming plot of temperature at ¢t = 6 in {2.5,3.5] x [0. 1]. 40 equally
spaced contours from 1.001 to 1.499.
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Figure 6.5: Comparison of temperature profile at y = i cut, ¢ = 6 between

two resolutions: the solid line represents the result compﬁted by the resolution
4096 x 512, while the star line represents that of 2048 x 236. To make the plot
clearly. we only plot the even points in the start line. In other words. the graph
of the star line only shows 1025 points.
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Figure 6.6: The comparison between the two resolutions for the vorticity with
the same horizontal line and time.
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