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A BSTR A C T

W2,p-estim ates for the linearized Monge-Ampere equation

Federico Toumier 

DOCTOR OF PHILOSOPHY

Temple University, July, 2002

Professor Cristian E. Gutierrez, Chair

In this dissertation we study interior a priori estimates in L? for second deriva

tives of solutions u to the linearized Monge-Ampere equation trace($D 2u) =  /  

where $  is the matrix of cofactors of D2(f> and 0 is a C 2 convex function on 
a convex normalized domain Q. We assume A <  detD2tp < A and (f> =  0 on 

dQ. We show the existence of a number p depending only on A, A, n and on 
the distance between fi' and Q such that u G W 2,p.
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CHAPTER 1 

Introduction

The LP estimates for the second derivatives of solutions to second order 

elliptic nondivergence equations of the form trace(A(x)D 2u(x)) =  f ( x ) ,  where 
the matrix A(x) is uniformly elliptic in a domain Q C  Rn , tha t is, A| £ | 2 <  
(A(:c)£,f) <  A| £ |2 for all x  G Q and £ €  R.n, were derived in the 50’s as 

a consequence of the Calderon-Zygmund theory of singular integrals. More
precisely, if A{x) is continuous in fi, then for any domain Q! Q and any
1 <  p <  oo we have

ll-D2w|Up(n') <  C'GM Upfn) +  ||/IU p (n )) , (1*1)

where C  is a  constant depending only on n,p, A, A, dist(fi', 9f2) and the mod
ulus of continuity of the matrix A(x), see [GT83, Chapter 9].

If the coefficient matrix A  is uniformly elliptic and only measurable, then 

it was discovered by Lin [L86] that the inequality

ll-D2,“ IUp(n') <  C (I M U « (n )  +  ||/IU " (n )) , (1*2)

holds true for some p >  0, possibly small, and C > 0 depending only on 
n, A, A , dist(Q/, dQ), and it is false for any p. An estim ate s im ilar to (1 .2 ) was 
discovered by Evans [E85] for fully nonlinear uniformly elliptic equations of 
the form F (D 2u) =  0 .

Recently, Caffarelli proved that if u is convex in Q convex normalized, /  
is continuous with 0 < A < / < A i n f l ,  and u  solves the Monge-Ampere
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equation det D2u =  /  with u =  0 on dCl, then \\D2u \\lp(ci') 5~ C  for all p > 0 
with a constant C  depending only on n, p, A, A, d is t(n /, dQ), and the modulus 

of continuity of / ,  see [C] and [G0 1 , Chapter 6 ].

In this thesis we consider the linearized Monge-Ampere operator. We stress 
that this operator is in general not uniformly elliptic in Q. More precisely, let 

Q C  R71 be a strictly convex domain and (f> G C 2(Q) be a convex function such 
that A <  detD2<f> < A in Q. The linearized Monge-Ampere equation is

L qu =  trace($D 2u) =  /  (1.3)

where $  =  (det.D2<p)(.D20 ) - 1  is the matrix of cofactors of D2<j>. A theory for 
this equation has been developed in [CG97] where, in particular, Hamack’s 
inequality is proved. Applications of this theory include the solution of a 

problem in affine differential geometry, see [TWOO].
The purpose in this thesis is to study the IP integrability of second deriva

tives of solutions to the equation (1.3). The main result of the thesis, Theo

rem 6 .1 , is that there exist p > 0 and C > 0 depending only on n, A, A,and
dist(fl', f2) such that

l |£ 2u||£,P(n>) <  Gdlullioofn) +  ||/||z,"(n)) (1-4)

for all solutions u G C 2(Q) of equation (1.3). It is im portant to notice that the 
matrix $  is locally uniformly elliptic but the constant C  in (1.4) is independent 

of the size of its eigenvalues. In other words, we have no control on the size 

of each eigenvalue of <£, we only assume th a t their product is controlled by 
A and A. In addition, the estimate (1.4) is false for all p > 0. Indeed, we 

show examples where given p > 1, there exist A(p) and A(p) and a sequence 
4>n G C°°(Q) such that 0 =  0 on dQ and A <  detD 2<fn <  A for each n  and 

such that ||-D20 n|Up(n4(o) -> oo as n —>■ oo.
One important element in the analysis of equation (1.3) is the fact that 

L$(f) ~  1 which means that the function <f> takes the role tha t quadratic poly

nomials take on a uniformly elliptic equation. The analogous sets to Euclidean
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balls in this setting are the level sets of the function (f> which are called sec
tions. The main idea to prove our result is to separate the problem into two 

main steps. The first step is to estimate the measure of the set of points 

where a solution u can be approximated by quadratic polynomials in which 
the quadratic term is defined by the quasidistance given by the sections of (j>; a 
covering theorem with sections is crucial in this step. The second step consists 
of estimating the measure of the set of points where the quasidistance is dom

inated by Euclidean distance; this step deals only with the convex function 
(j>.

A main difficulty in proving our theorem was to realize the right notion 

for the sets Gm (u) given in Definition 3.2. If one defines G m (u) directly with 

Euclidean distance, then this does not takes into account the behavior of 4> 
in different directions. The difficulty is that then, one has to deal with the 

norms of T  and T ~ l normalizing S^(x, t) and then, the eccentricity of S ^ x ,  t) 
becomes an obstacle. Once we define the sets Ga/(u) using the quasidistance 

given by the sections, Definition 3.1, the difficulty comes from deciding the 

size of the neighborhood in which we want the inequality in the definition of 

Gm (u) to hold. To estimate D 2u(x0) it is enough to have |u(x) — u(x0) — 

V (u)(x0)(x — x0)| < M d (x ,x o) 2 for all x in a neighborhood of Xo but it is 
important to specify this neighborhood since eventually we have to compare 

G m (u) with G \m (u); in particular this becomes important in the hypothesis 
of Lemma 4.2.

Our proof uses the method of Caffarelli [C] clarified by Gutierrez in [G0 1 ]; 

in particular, the W 2,p estimates for the Monge-Ampere equation are a good 

guideline for our proof; some of these ideas axe also used in the W 2,p estimates 
for non-linear elliptic equations in Caffarelli and Cabre’s book [CC95] from 
where some of the notation is borrowed.

The method of proof differs considerably from the classical W 2,p estimates 
as in Gilbarg and Trudinger [GT83] as well as the estimates of Lin and Evans. 

Gilbarg and Trudinger proof uses perturbation arguments and is based on the 
inequality \\D2u \\Lp^ )  < C||Au|[£P(n) for u £  Wq’p(Q). The ellipticity of the
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operator L and the modulus of continuity of the coefficients of L  are essential 

in tha t proof; these two elements are not present in our setting.
A hypothesis requires that A <  detD 2<f> < A and our method does not 

seem to give information about the relation between the best exponent p for 
which our theorem holds with the constants A and A. A conjecture is that if 
|detD 2 0  — 1| <  e then p(e) tends to oo as e tends to 0. This conjecture does 
not follow from our proof. It is true that if | det D 2<p — 11 <  e with 0 =  0 on 

dVt normalized then ||f}20||£p(nl/2) <  C  where p(e) tends to oo as e tends to 
0. In some sense this says that the ’’ellipticity becomes better” when det D 2<f> 

is closer to one but it does not seem to give information on the modulus of 
continuity of the coefficients of our equation.

The organization of the thesis is the following. In Chapter 2  we introduce 
all the preliminary material. Chapter 3 contains the main definitions and 
the second step mentioned above is proved. Chapter 4 contains the proof of 

the density lemmas need later. In Chapter 5 we prove the main result for 

the homogeneous case, and Chapter 6  contains the non-homogeneous case. 
Chapter 7 contains the proof of an inequality used in Chapter 3, and Chapter 
8  contains the examples mentioned in this Introduction.
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CHAPTER 2 

Preliminary results

In this chapter we list the results about sections and normalization that 
are relevant for what follows.

Given a function <£ : Q —* R, d(f> denotes the subdifferential of $. The 

Monge-Ampere measure associated with <f> is

fi(E)=M<t>(E) = \d<f>(E)\, (2.1)

for all Borel subsets E  C Cl. In case 4> is convex and C 2 (ft), we have

\d<P(E)\= f  d e tD 2<f>(y)dy. (2.2)
JB

A convex normalized domain is a strictly convex domain Cl C Rn such that 

BQn(0) C fi C Bi(0). If S  is any convex set with nonempty interior, there 

exists an ellipsoid E  such that anE  C S  C E  and hence, there exists an affine 
transformation T  such that £ Qn(0) C T(S)  C Bi(0).

A section o f the convex function <f €  C l (Cl) is defined by

5^(x, i) =  {ar e  Cl : <f>(x) < <f>(x) +  V 0(z) * (x — x) +  t}, (2.3)

where V denotes the standard gradient.
Given 0 <  a  < 1 we define the sections a t the minimum to be the sets

fla =  ( i  E fi : <fr(x) <  (1 — a) minn<£}
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The next five results about sections hold under the assumption that 0  G C2(Q) 
is a convex function such that A <  det(D 20) <  A and 0 =  0 on dQ where Q is 
a convex normalized domain. These results can be found in Chapters 3 and 5 
of [G01].

Lem m a 2.1 For each 0 <  a  < 1 there exists r) depending only on a, A and A 
such that for all x  G Qa and for all t < r], we have Sp(x, t) <= Q.

Lemma 2.1 is crucial in two ways for our result. First, because as we men

tioned in the introduction, it allows for sections to take the role of Euclidean 
balls and certain very important sets are defined using sections. Second, be
cause the exponent p appearing in our main theorem depends on the constant 
tj of this lemma.

It is also important to remark that Lemma 2.1 holds under weaker as

sumptions on the function 0  but certain regularity of 0  is required on dQ 
as examples of Pogorelov show; see [G0 1 , Chapter 5]. We will only use this 
lemma as stated.

The following four lemmas hold for sections which a priori are known to 
be compactly contained in Q.

Lem m a 2.2 (Engulfing property) There exists 9 such that i f  x  G S<j,(y,t) 
then S^,(y,t) C  5 ^ (x ,0 t) .

The following Lemma is used for an iteration argument in Chapters 5 and 6 .

Lem m a 2.3 Suppose a  <  and x  G fia then S ^ x ,  Cq{/3 — a)7) C  Qp for  
some Co and 7  depending only on A and A.

Lem m a 2.4 There exists constants C\ and C2  depending only on n , A and A 
such that

Ci tn/2 <  |S*(ar, t ) \ < C 2 tn/2.

Lemma 2.4 says that the measure of any section depends essentially on the 
param eter t  and is comparable to the measure of an Euclidean ball of radius
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\[t. However, a section, may look like an ellipsoid in which the ratio between 
the longest axes and the shortest axes goes to infinity as the parameter t  goes 

to 0. In other words, the eccentricity of a section is not bounded by constants 
depending only on A, A, and n.

The following lemma is a simple consequence of Lemma 2.4:

Lem m a 2.5 Given 0 <  a  < 1 there exists 0 <  e <  1 depending only on A,A 
andn  such that {l — e)pL{S^{x,t)) < y.(S^,(x,at)) for any section S<j,{x,t) <g Q.

We will also need the following observation about normalization. Let
t) be a section and let T  normalize S${x, t). Let <p(y) =  j<p{T~ly). We

then have T(S#(x,t))  =  S i{T x ,  1) and detD 2<p{y) =  ------— r detD 2<p{T~ly).
£|detT|«

c c
Since B an(0) C T (S <f,(x,t)) C Bi(0) ,it follows that < |detTj« <  —  where

t  ̂ t
Ci and Co depend on A,A and n. Hence, A' <  detD 2<p{y) < A' on S^{Tx, 1). 

Letting ip(y) =  <p(y) — <p(y) — ^<p(y) * (y — y) — 1 where T x  — y we have •0 =  0 
on dS^(y, 1) and X' < detD2ip <  A . In particular, Lemma 2.1 holds for 1p.

Next, we state a covering lemma for sections, which is in Chapter 6 of 
[G01],

Lem m a 2.6 Let A  C Cl and suppose that for each x  6  A a section S ^ x ,  t) <s 

fi is given such that t is bounded by a fixed number r). Then, there exists a 

countable subfamily { S ^ x ^ ,  £*.-)}*.- with the following properties:

1 - A  C tffj, and

2. for  0 <  e <  eo(n, A, A) we have that the family {S$(xk, (1 — e)£fc)}fc has 
bounded overlaps, more precisely,

53x5*(*fc,(i-e)tfc)(*) <  C  lo g i
fc

where C  depends also on n,X,and A and x e  denotes the characteristic 
function of the set E .
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The next lemma is of fundamental importance in setting up an iteration 
argument, and it complements the previous lemma. Its proof is in [CG97].

L em m a 2 .7  Let O C Q and 0 <  e < 1. Suppose that for each x  €  O, there 
exists a section S${x, tx) C fi with tx < (3 and

Then, there exists a countable subfamily of sections {S^(xk, tk)}k and 0 <  

6(e) <  1 such that O  C Ujt*SV(xfc, t fc) and v P )  ^  <Ke) MU* ^ ( x k ,  **))•

VVe now define and state a theorem for the maximal function that will be used 
in Chapter 6.

D efin itio n  2.1 For x  6 S1QQ, define

T h eo re m  2.1 There exists a constant C depending on A and A such that

P r o o f :  Let Ap =  {x G f lQo : Mft(f)(x) > /?}. For each x  6  Ap, there

exists tx < 770/2 such that

Consider the family S^,(x,2tx)). By Lemma 2.6, there exists a count

able subfamily {5^(xfc, 2tk)}k such that Ap C (J S^(xk, 2tk) and such that 

£fcX**(*fc,(i-e)2tfc)(z) <  C  lo g i for every e <  e0.

p ( S t ( x , t x ) nO ) =  
p (S t (x , tx)) C

f  \ f{ y )W (y )
JS*{x,t)

p ({x  6  n Q0 : M p t fX x )  > 0 } ) < J  \f(y)\dfi(y).

We have

F-(Ap) < ^ p ( S ^ ( x k , 2 t k ) )  < C y ^ p ( S ^ ( x k, (1 - e ) 2 t fc)).
k k
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Also,

e- ^ L t t))fst̂ j ny)'My)
S  - ' ) 2 U ) )  l / ( ! / ) l  M V ) '

Therefore,

0niS^Xk, (I -  e)2tk)) < C  f  \f(y)\dn(y).
Hence,

v(Aa) < ^ T P n iS t ix k ,  (1 -  e)2tk))
p k

\f(y)\My)
P k J S*(xk,(l-c)2tk)
C -v f

=  j Y l  J a Xs0{.xk,d-€)2tk)(y)\f(y)\dfi{y)

= j f n ^L, x s ^ Xk,a-c)2tk)(y)\f(y)\dfi(y)

C lo g 1 r <— j  \f(v)\dp(y).
□

R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .



10

CHAPTER 3 

Main definitions

In this chapter we define the quasidistance given by the sections of 0 and 

using this quasidistance we define the sets where the solution u is touched 

from above and below by certain polynomials. We also prove in this chapter a 

lemma for solutions to the Monge-Ampere equation which is the second step 
mentioned in the introduction.

First, we begin with a simple lemma that is used repeatedly in our calcu
lations.

L em m a 3.1 Let Q be a bounded domain, <f> £  C2(fi) convex with det D2<p(x) > 

0 for  x £  fI; and u £  C2(fi). Let w  =  u +  <f>, r(u/) the convex envelope of 
w, and the contact set C =  {x £ fl : u?(x) =  r(tt;)(:r)}. Suppose E  C C and 
F  C f2 be measurable sets such that d<t>(F) C dw{E).

Then

mF) * 7? L ((dlwk+ ")+) P-U
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P r o o f : W e have

Mtp(F) < M w(E ) <  f  d e t D 2w (x ) dx
J e

_  r  det<£(x) d e t D 2w(x)
~  J E  d e t$ (a r)

-h fE diriw(trace dx
=  4  X  ( d e t o 4 w ) ” - ' ( t r a c e  d x

=  ^ J E (£,*u ( x )  +  n  d e t  D ^ x ) ^ d x '

a n d  (3.1) follows. □

3.1 A  quasi-m etric

Let SI be a convex normalized domain in Rn , 4> E C 2(S1) convex, 4> =  0 on 
dQ, 0 <  A <  det D2(t> < A in Q.

D efin ition  3.1 Let S^(xq,tjo) <= SI. Given x  E S ^ x 0 , 770) we define

d(x, Xq)2 =  inf{i : x  E S^Xq, £)}. (3.2)

R em ark 3.1 If 0 € C l (Q), then d (x ,x 0)2 = <j>(x) —(p{xQ) — V0(xo) • (x — x Q). 

Lem m a 3.2 The function d in Definition 3.1 satisfies:

(a) d (x ,y )2 <  0 (d (x ,z )2 + d (y ,z )2) whenever are all defined.

(b) I f  S,p(x, rjQ) <s SI, then d{x ,x)2 is a convex function of x  on the set
St(x,T]o).

P r o o f :  (a) Let x  E S$(z, t x) ,y  E S^{z ,t2) and t  =  m ax{ti,f2}. Since
y  E S$(z,t) ,  we have by the engulfing property S ^ z . t )  c  S^{y,9t)', and 

x  E S ^ (z , t i )  C S#(z,t) C S,j>(y,0t). Hence d{x,y)2 < 9 t  < 9{tx -f-f2), and so

d{x, y)2 < 9 inf{ti -I- t 2 : x  e  S ^ z ,  t x) ,y  E  Ŝ >{z, t2)}

=  9 (inf{ti : x  E  S*(z,*i)} inf{t2 : y  G S^,(z, f2)})

= 9 (d(x,z)2 ->rd{y,z)2) .
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Notice that if x, y  E S<f,(z,6) and SO < rjo, then d(x ,y )2 is defined because 
x E S^{y,9S).

(b) Let xy ,x2 E S^,(x, rjo) and 0 <  A <  1. We have

d(Ax! 4- (1 — A)x2) ^ )2 =  inf{f : Arci 4- (1 — A)x2 G S ^ x ,  £)}.

Suppose Xi E S$(x, £t ) and ar2 E S$(x, t2), and let tp(x) =  <j>(x) — d>(x) —V<p(:r) • 
(x — £). The fimction ^  is convex and so

tp(Xxy 4- (1 — A)x2) <  \Tp(xi) 4- (1 — A)ip{x2) < Ati +  (1 — A)t2.

Then Xxi 4- (1 — A)x2 E S<p(x, A£i 4- (1 — A)£2) and

inf{£: Axi 4- (1 — X)x2 €  S$(x, £)} <  Atx 4- (1 — A)£2.

Since ty and t2 are arbitrary, we get

inf{£ : Aati 4- (1 — X)x2 €  5^(5, £)}

<  Ainf{£ : xy E S^(x, £)} 4- (1 — A) inf{£ : x 2 E S^(x,£)};

that is,

d(Axi 4- (1 — X)x2,x )2 < Xd(xy,x)2 4- (1 — A) d{x2,x )2.

□

3.2 Spaces

For the following definitions we fix 0 < aQ < I once for all.

D efinition 3.2 Given u E C2(fi), 0 <  a0 < 1, M  > 1, 9 the engulfing 
constant, and 02/ M  < 7}(a0), we define

Gm(u) =  { i E  Qao : u{x) < u(x) 4- Vu(x)  * (x — x) 4- M  d{x, x)2,

'dx E St{x ,92/M )y,

Gj,[(u) =  { i E  flQo : u(x) > u(x) 4- Vu(x)  • (x — x) — M d (x ,  x)2,

dx E S ^ x ,9 2/M)y,

and

G m ( u ) =  G m ( u ) n  G m ( u ) .
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3.3 A  Lem m a for th e  M on ge-A m p ere equa

tion

L em m a 3.3 Let ft be a normalized convex domain, <j> 6  C 2(Q) with cp = 0 on 

d d , and 0 <  det D 2<p <  A in fl. Let 0 <  c*o <  <  1 and

Q+M )  = {x € ^Q0 : ^  <i>{x) +  V0(:r) -{x — x ) + M  \x — x\2, \fx €  n a i}.

Then

l^ao \  £*/(,)(<£) <  ^1 -  ^  +  l^aol, 

where M (t) = Al/nC (a i), and for all 0 <  t  < 1.

P r o o f :  Let w  be the solution to det D2w =  1 in Cl with w =  0 on dCl. It 

follows from Pogorelov’s estimate, [G01, inequality (4.2.6)], that

&C(ai)(W) = ^ “0•

We have that det D2(Al/n w) = A > det D2(j>. Then by the comparison princi

ple, [G01, Theorem 1.4.6], Al/n w <  0 in f2, and so —w /2 > —d>/(2Al n̂) > 0.
w d> _

Consequently, — >  w — ^TTn

Let vt(ar) =  t (w{x) -  +  (1 -  Then

<j> w
W  <  W  —  _  t  ,  7 <  V t <  — ,

-  2Al/n ~  “  2 ’
for 0 <  t  <  1. Let T(u£) be the convex envelope of vt in f1, and Ct be the set of 
contact points, Ct =  (x  E Q : r (v t)(x ) =  ut(x)}. Then w < T(vt) <  vt < tu/2, 

and so V(w/2)(Q)  C d r(v t)(Q), by [G01, Lemma 1.4.1]. Therefore

|V(tt//2)(Q)| <  |d r(u £)(fl)| =  |a r(u £)(C£)| by Lemma 7.1

< m i  ( ^ y .

dx
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by Theorem 7.1 since vt{x) =  w(x) — Hence we obtain

( T T I F ^  *  ^

This implies |Qqo \  Ct\ <  ^1 -  ^ n )  lQ«0l> and since Ct n  QQo C  Qao n

we obtain the desired estimate. □
Notice that if 0  <  aQ <  <  1 , then dist(ftQ0 ,d f ia i) >  C (a0, a i). Hence

if x  6  Qao, then the Euclidean ball B ^ p ^ x )  C flai for t  < {[3C{aQ,ct\))2.

Lem m a 3.4 Let

A0 = {x e n ao : B ji /p ix )  C S,t,(x,t), Vt <  770}, (3.3)

where t]Q <  min{7/(a0), (^C (qq,Q i))2}. Then we have

P r o o f :  Let x  e  (0), and let x  6  B ^ ^ x ) .  We have 0(x) <  0(x) +
V0(x) • (x — x) +  P2\x  — x | 2 for each x  6  Qa i. By the choice of r?0, we have 

B y i / 0 (x)  C  n a i - Then 0(x) <  0(x) +  V0(x) - (x — x) + 1, that is, x  €  5 ^ (5 , t) 
and s o i £  Ap. □

R em ark 3.2 From Lemma 3.4, Qao \ A p  C  Qao \  Gp2(<p), and therefore

\  Ag) < Mn„„ \  e ^ m  <  A in^  \  g * , m  <  c-^  a °] , (3.4)

by Lemma 3.3.

R em ark 3.3 If x  E A p,  then d(x, x ) 2 <  0 2\x — x |2 for all x  E S ^ x ,  r}0). 

Indeed, we have B ^ i^{x )  C  S#(x, t) for all t  <  r]0. If x  (E S ^ x ,  7]0), then

{ t . x  £  C { t : i 6  - ^ ( x ,  t)} ,

and so, in f{ t : x  €  S^Or, t)} <  in f{ t : x  £  Consequently, d(x, x ) 2 <
/32|x — x |2.
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R e m a rk  3.4 We have

Ap n  Gp{u) c { i e  Q Qo : \Diju(x)\ < p 3, for i , j  =  1, • • • , n},

for each P such that Q2//3 < ri(a0).
In fact, if x £ Ap nG p(u),  then

—P d(x, x )2 < u(x) — u(x) — Vu(x)  • (x — x) < {3 d(x, x )2

for all x  £ S ^ x ,  62/P). Since x  £ Ap, by the previous remark d(x, x )2 < 
P2\x — x\2 we get

—P3\x — x\2 < u(x) — u(x) — Vu(x)  • (x — x) < P3\x — x\2 

for each x  £ S ^ x ,  92/p ) ,  and so \Diju(x)\ < P3.

If 0 < a  < q 0, then from Remark 3.4 we have that

{x £  Q« : |Diju{x)\ > P3} = Qa \  {x €  Qa : |DijU{x)\ < p 3}

C t l a \  (Ap D Gp(u)), where d2/P  < rj(a0)

C (flQ \  Ap) U (£2a \  Gp(u)). (3.5)
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CHAPTER 4 

Density Lemmas

In this chapter we prove two density lemmas th a t will be used in Chapters 
5 and 6 to prove the decay of p(Qa \  G$(u)) for /? large.

L em m a 4.1 Let Q be a normalized convex domain, 0  €  C2(fl), 0 =  0 on d£l,
and A <  det D2<p < A. Suppose u 6  C2(Q), 0 <  u < 1, and L<j>u — 0 in Q.

Then for each e > 0 there exists 5(e) > 0  such that i f  M  > ——, then we
5(e)

have

li (GM/t0(u ) n  S<t>(x0,*o)) >  (1 - € ) n ( S ^ ( x 0, t0)), (4.1)

for all sections S^(x0,t0) C fiQo with tQ < r]Q/d.

PROOF: Let T  normahze the section 5^(xo,to)- Let

4>(y) =  ^~<!>(T~ly), y0 = T x 0,
to

1>(v) =  4>(y) -  0(yo) -  V0(yo) * (y -  yQ) -  1, 

and u(y) — u(T~ly).

We have T (S rf,(xQ, t0)) = S^(yo, 1) =  Cl is normalized, 0  =  0 on dCl, and 

A' <  det D 2tp <  A' in Q by the observation after lemma 2.5. For each 0 <  a  < 1 

there exists 77(a) such that if y  e  Cla, then S^(y,Tj(a)) CC Cl by Lemma 2.1. 

Therefore if y 6  Cla, then ip(y) -f- Vip(y) * (y — y) 4- 77(a) <  0 for all y  £  Cl.
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Let wa(y) = rj(a)u(y) -f tp(y), and let 7 a be the convex envelope of wa in 
12, and

CQ = {y e Q :  wa(y) =  7 a (y),

and 3 i y supporting hyperplane to 7 Q at y  with ly <  0 in 12}.

C la im  1. V^(12a ) C V w a(CQ).
To prove this claim, let y €  Qa and

5 =  m ax{^(y) +  Vip(y) • (y -  y) +  77(a) -  wa(y) : y £  12}

=  Tp(y) +  V^>(y) • (y* -  y) -f 77(a) -  wa(y*),

for some y* 6  12. Notice that y* £ Q. Because since y €  Q, we have S > 
tp(y) +  77(a) — u/Q(y) =  77(a ) (1 — u(y)) > 0. And if it were yr 6  dfl, then we 
would have <5 < —wa(ym) <  0, which is contradictory. Therefore

■tp(y)+Vip(y)-(ym- y ) +  77(a) - w a(y*) > ip(y) + Vip(y) - ( y - y )  +  77(a) - u / Q(y)

for all y £  12, that is,

w«(y) > wa(y*) +  Vi/»(y) (y -  y*),

for all y £  12. Since wa(y*) 4- Vip(y) • (y — y*) is convex as a function of y, we 
have that

Wa{y) > 7 a(y) >  t^a(2/*) +  v ^ (y )  • (y -  y*),

and so wa (y*) =  7 Q(y"). Also u/Q(y*) 4- V^(y) • (y -  ym) =  ^(y) 4- V ^(y) - (y -  
y) -f- 77(a) — S < —6 <  0 in 12, and therefore Vip(y) £  Vu/Q(CQ). This proves 
claim 1.

We have D24>(y) =  £  (T“ l )£ D 24>(T-ly) T ~ \  so

(£>20 (y ))-‘ =  t0T { D 2<t>(T-ly ) ) - l T ‘.

Also D 2u{y) = (T~l Y D 2u(T~ ly ) T~l . If $(y) is the m atrix of cofactors of 
D 2<t>{y), i.e., $(y) =  (£>20(y))_1 d e tD 20(y), then

L$u{y) =  trace($(y) D 2ii(y)) =  0
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in fi. Applying Lemma 3.1 with u r)(a)u, <f> ?/>, E  = Ca, F  = Qa, we get

I  det D24>{y) dy < I  det D24>(y) dy.
J na Jca

We also have

det U~<}>{y) =  —-  1 
Ky> *J|c

and hence
det ° 2 m  = g i d e t r p  det oS« r " 1w)'

f  det D 2<f>(T ly) dy < f  det D 2<f>(T ly) dy.
Jna Jca

We have Qa = T ( S <p(x0, a t0)) and for now suppose

Ca G T ( A ),

where A  is a set that will be determined. Then

I  det D 2<f>(x) dx < I  det D 20(x) dx,
J 5̂ (10,Qto) J A

that is,

niS^XQ.ato)) < fj,(A). (4.2)

C la im  2. Ca C T  ^S^(x0,to) n G j)Wa)io)(ti)j , for all a  sufficiently close 
to one.

Proof of Claim 2. Let y GCa . Then y =  T x  for some x  €  S<p(xo, to) and

r](a)u(y) +  0(y) >  £(y), for all y G T(5^(a;o, to)) (4.3)

with equality at y =  y, for some I affine with t  <  0 in T(5^(x0,to))- We now 
claim that

0 (x) <  0(x) 4- V0(x) - (x — x) +  d(x, x)2, (4.4)

for all x 6  5^(x, 770). Indeed, let x G S^(x,t). Then 0(x) — (0(x) +  V0(x) *(x — 
x)) <t,  and hence

0(x) — (0(x) -F V0(x) - (x — x)) <  inf{£: x G 5^(x, £)} =  d(x, x)2.

This proves (4.4).
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Recall that 0(y) = —0(T  ly) where T  normalizes S ^xq , t0). Also S^Xo, t0) C  
0Qao and x  G S ^ x o , tQ), so x  G fiQ0, and S ^ x , ^ )  <e f2. And from (4.4), if 

x  G S,fi(x,T]0), then 0(x) <  0 (n) +  V0(x) • {x — x) +  d(x ,x )2. Consequently,

0(y) <  4>{V) +  V0(y) • (y -  y) +  i  d(T~ly, T ~ ly )2, (4.5)
to

for all y £  T(.S0 (£ ,770)). On the other hand, by definition of 0  and 0 , the 
inequality (4.5) is equivalent to

*(v) < * ( y )  + Vi>(y) ■ (y -  y) + 1  d (T -'y , T - 'y ) 2 =  «s (y) +  i -  d ( r - 'y ,  7 - ly) 2
to to

for all y G T (Srt>(x, rj0)), with equality a t y =  T x .  Notice that by engulfing 

and since t0 < qQ/0 , we have S ^x o , t0) c  S ^ x ,  9t0) C 5 ^(x, y0), and hence by 
(4.3) we get

y(a)u{y) >  £(y) -  £g(y) -  - ^ d ( r~ ly ,T “ ly)2,
to

for all y 6  T(5^,(xo, to)) with equality for y =  y. Let

J(») =  <(») -  M v) -  r d ( T - ly , T - ' y ) \
to

for y €  T(5^(x,r/0)), and

B =  {y €  n S t fa r jo ) )  : g{y) > 0 }-

Ify  6  dT{S,p{xQ,tQ)) then £(y) < 0  and so g(y) < - £ y { y ) - j -  d(T~ly, T ~ ly)2 <
to

—0 (y) =  0, and therefore B f \d T ( S lf>(xo, t0)) =  0, and since, by Lemma 3.2(b), 

g is concave, it follows that B  is connected. Hence B  C  T (S ^(x0, t0)). This 
implies that

77(a)u(y) > y (y ), (4.6)

for each y G T(S^(x,qo)) with equality a t y — y. Because we have that 

q(a)u(y) > g(y) for each y G r(S ^ (x 0, t0)), and ify  G T(5^(x,77o))\T(50(xo,to)), 
then y £  B  and so g(y) < 0 <  q{a)u(y), that is, (4.6) follows. Since £ is a 
supporting hyperplane to 77(a) u(y) -F 0(y) at y, we then get

u(y) > u(y) +  Vu(y) - (y -  y) -   ̂ ^  d(T~ly, T ~ ly)2,
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for all y £  T(S*(x, T]0)).
Hence we have proved that for each 0 <  a  <  1 we have

CQ C  {y £  T( S ^( xq, to)) :

w(y) >  w(y) +  v«(y) - ( y - y ) -  d(T~ly , r _ly)2,

Vy €  T(S*(x, t^o)), where y =  Tx}.

Since u(y) =  u(T~ly), it follows that

Ca C .T  (S*(ar0» *o) C ^i/to»?(a)(u )) >

as long as t0 77(a) 0 2 <  ijQ (as required to define the set G with the definition 

3.2) and for to $ <  t?o- Notice that since 77(a) —> 0 as a  -» 1, the condition 

to 77(a) Q- < rjo is always satisfied for a  close to one. This completes the proof 
of claim 2 .

To complete the proof of the lemma, we notice tha t from Lemma 2.5, given 
e > 0  there exists a  =  a(e) sufficiently close to one such that

( 1  -  e)jt(S*(x0 , t0)) <  ji(S*(x0 , a t 0)),

for all sections S$(xQ, t0) compactly contained in ft. This inequality combined

with (4.2) and Claim 2  yields the desired result with M  > -r-— =  . ■ □
(5(e) 77 (a(e))

L em m a 4.2 Let ft be a normalized convex domain, 4> £  C 2 (ft), 0  =  0 on 3ft, 
and A <  det D2<f> < A. Suppose u £  C2 (ft), and L$u — 0 in ft.

Then for each e >  0 there exists 5(e) > 0 such that i f  M  > j- and 

S 4,(x0,to) H G\(u) 0, then we have

P(G\Nt(u ) n  ^ ( x 0 , t 0)) >  ( 1  -  e) /i(S*(x0 , t 0)), (4 -7 )

where tQ < 1/A, 5^(x0 , t0) C  ftQo, and 93f  A <  tj0.
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P r o o f :  Let 5^(x0 ,to) C  flao, t0 <  i  <  ^ | ,  and let x G S<j>(xQ,tQ)nGx(u). 
Let T  normalize S ^ x o,to), and set

0(2/) =  7 -0 (^ - 12/), Vo =  T x  o,
to

0(2/) =  Hv) -  0(2/0) -  ^4>{yo) • (y -  yo) - 1,

and u(y) = ^ -u (T ~ ly). 
to

We have as in Lemma 4.1 that T(S 0 (xo, to)) =  S^(yo, 1 ) =  Cl is normalized, 
^ = 0 on 5f2, and A' <  d e tD 2ifi < A' in Cl.

Let y = T x .  Since x G S^xo, to) n  G\(u), we have

—A d(x , x ) 2 < u(x) — u(x) — Vu(x) * (x — x) <  A d(x, x)2,

for all x G 5^(x, Q2/ A). Hence changing variables we get

< a M  (4 .8)
to to

for all j/ G T{S$(x,92/X)).
Since x G S$(xQ, t0), we have S^(x0, to) C  S^(x, 0to) by the engulfing prop

erty. So, ifx  G S^Xo, to), then d(x, x ) 2 <  0to, and consequently d(T~ly, T ~ ly)2 < 

9to for all y G r(S^(x0, to))* Also since t0 <  1/A, we have S^Xo, to) C  

S * (M 2 M)- Then

-X 9  < u(y) — u(y) -  Vu(y)  • (y -  y) <  A9,

and if we set

=  u(y) -  u{y) -  Vu(y) - (y — y) +  \9  
2X9

then 0  <  v < 1 in Cl.

Let 0  <  a  <  1 . There exists1 Tj(a) > 0 such tha t if y G Cla , then

0(27) +  V 0(y) * ( y  — y) +  t ) ( o l ) ( 9  +  1/2) <  0,

1 Notice this Tj(a) is the T)(a) from lemma 2.1 divided by 0 ■+■ ^
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for all y G Cl.
Define

™a{y) =  y{a)v(y) +  *l>{y).
We have ip < w a < 77(a) +  ip in f2. Let ya be the convex envelope of wa in Cl, 
and

Ca = {y e  Cl: wa(y) =  7 a(y),

and 3 iy supporting hyperplane to at y, 

with £{j < —r)(a)(d — 1 / 2 ) in fi}.

Claim 1 . V^(fiQ) c  VwQ(CQ).
Proof of Claim 2 . Let y G. Cla, and

5 =  max{tp(y) + V^(y) • (y -  y) +  77(a) -  wa(y) : y e  D}.

We have 6 > tp(y) — wa(y) =  77(a )( l — v(y)) > 0 , and if y E dCl, then we have

$(y)  +  V^(y) ■ (y -  y) +  77(a) -  wa{y) < 0.

Therefore there exists y* €  Cl such that

8 =  xb(y) +  V^(y) • (y* -  y) 4- 77(a) -  wa{ym)

>  ip(y) + Vip(y) * (y -  y) +  77(a) -  wa(y),

for all y €  Cl. Hence

wa(y) > wa(y*) + W ’(y) * (y -  y*), 

for all y €  fi. Also notice that

Wa(-y*) +  v ^ (y )  • (y -  y*) =  ^(y) +  Vtp(y) - (y -  y) +  77(a) -  £

<  ^(y) +- V^(y) - (y -  y) +  77(a) <  - 77(a) (0 -  1 / 2 ),

for all y €  Cl. This proves Claim 1 .
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Proceeding as in Lemma 4.1, we have

f  det D2(f>(T~ly) dy < f  det D 24>(T~ly)dy.
Jna Jca

We have Qa =  T (S^(x0, a t0)). If we assume that

CQ C T (A ), (4.9)

where A is a set to be determined, then we have

/  det D2(j){x) dx < j  det D 2<j>{x) dx ,
J  S^,{xo,ato) J.A

that is,

fi(S^(x0,ato)) < n(A). (4.10)

We next determine A.

C la im  2 . The inequality (4.9) holds with A =  S<p(x0, t0) D G^u (u), for M
2 0

sufficiently large, M  > .
77(a)

Proof of Claim 2. Let y 6  Ca. There exists i  affine such that rj(a)v(y) -+- 

i ’iy) > f(y) for ally  e  r ( 50(xo,fo)), and with equality at y, a n d f  <  —T}(a){d—
1/2) in T(S,f,(xo,to)). Here y = T x  for x €  -^(xo, £o)j S ^ x ^ q) <= fi, and we
have as in Lemma 4.1 (see proof of (4.5)) that

i> (y)< it(y) + 7 -d<-r ~lV’T ~'v)2'to

for all y  G T /S ^ x , q0)) with equality at y, and where ly is affine given by

4(2/) =  i>(y) +  Vtf (y) * (y -  y).

Therefore

y(a)u(y) >  £(y) -  4(y) -  7 - d{T~ly, T ~ ly)2, (4.11)
to

for each y 6  X /S^xo, to)), and with equality a t y =  y, because S^X o,^) C 

S^(x ,6 t0) C 50 (x,yo) for 0to <  y0.
Define

5(y) =  % )  -  4(2/) -  T~ d{T~ly, T _ ly)2.
to
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We have from (4.8)

g(y) = r/(a)v(y) > 77(a) to
2X9

\
Our goal is to extend the inequality (4.11) to the set T (S^ (x ,9 2/(XM ))), for  

some M  sufficiently large. Notice that since x, x  €  S^(x0, t0) and to <  1/A, by 
engulfing

S t ( x o , t 0 ) C  S t(x ,9 t0) C  S+(x,9/A),

and

^(aro.to) C  S ^ x , 0to) C  S^(x,0/A).

Hence x 6  St(x,9 /X),  and again by engulfing S$(x,Q/X) c  S<t>{x,92/X) and 
therefore

S*(x, 92/{XM))  C  S ^ x , 9 /X) C  S*(x, 92/ A) (4.12)

for M  > 9. Therefore to achieve our goal, it is enough to extend the inequality 
(4.11) to T (S <j)(x,02/ A)); notice that S<ft(x,92/X) <= Q.

Let

B  =  {V 6  T (S <t>{x,92/X)) : g(y) >  77(a) 

We claim that

(  x 0 _ > A T - 1y , T - ' y ? \
to

2A0
V /

}•

B c r ( 5 ^ ( x 0 , t0)). (4.13)

We first prove that 

f i c { j e r ( S * ( i / / A ] ) :

0  > -e(y) +  i,(y)  +  ( £  ( 1  -  2 y ^ ) )  d(T-ly,T~ly f  +  2 ^ ( 1  -  6)}

=  B.

If y  6  B, then

(4.14)

o >  - % )  +< ,(») +  f  d(T~ly, T~ly ?  -  d(T~ly, T~ly f  +  2 ^ 1 .29 t0
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On the other hand, from Lemma 3.2(a)

77(a) d(T~ly, T~ly)2 <  77(a) ( d{T~xy , T ^ y ) 2 d(T~ly , T - ly)2\
29 to 2 \  to £0 /

Since d(T~ly ,T ~ ly)2 < 0to, we get that y E B, and (4.14) follows.
Since r](a)/2 <  1 , we have that the function

- m  +  t M  +  ( i  ( l  -  ^ ) )  d(T~ly ,T ~ ly)2 +  ^ ( 1  -  9)

is convex and hence B  is connected. Notice that we have 5< (̂x, 92/ \ )  C

S ^ x ,  93/X) C S^,(x,77o) for 93/X < 770, and so d(T~ly ,T ~ l/y)2 is defined for
y e T ( S t ( x , 9 2/ A)).

Second, we shall prove that

B c T ( 5 ^ o , f 0)). (4.15)

We begin showing that

B  D dT(S,p(x0 , t0)) =  0. (4.16)

Suppose y €  dT(S^(xQ,t0)) then we claim that

- e ( y ) + l j ( v )  +  ( j - a ( i - 2^ ) )  d ( T - ' V t T - 1y f  +  ^ - ( i - e ) > o .  (4 .1 7 )

Recall that £ < — rj(a)(9—1/2) inTXS^aro, to)), and £ $ ( 7 / ) + —  d(T~ly, T~ ly)2 > 

’tPiV) =  0. Since 5 0 (xo,to) C S ^ x ,9 t 0), we have d(T~ly ,T ~ ly)2 < 9t0. Hence 
(4.17) follows, and therefore (4.16) holds. Since T (S <i,(xQ, t0)) and B
is connected, we get (4.15).

Combining (4.14) with (4.15), we get (4.13) as desired.
Recall that 77(0 )77(7/) >  g(y) in T(S^(x0, t0)) by (4.11), and if

y G T(S^(x , 62/X)) \  T(S^(xo,to)),

then y £  B  by (4.13), that is,

g{y) <  77(a)

f  \d (T ~ ly ,T ~ ly)2 \
_____________ £q_______

2X9
\
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On the other hand, by definition of G \(u ) we have from (4.8) that

u(y) -  «(y) -  Vu(y) - (y -  y) > -A  d T̂ - V' T  ^  ,
to

for all y  £ T(S^(x ,d2/ A)), and hence

V(a) d (T - ly , T - ly)-
(X0  -  d(T~ 'V£  Ig>2]  <2A0

so y(y) <  r](ot)v(y). Therefore, we have that y(y) <  r](a)v(y) for all y £

T (S (p(x,92/ \ ) )  with equality at y = y. In particular, by (4.12) we have that

9(y) < v(a)v(y) f°r all y £ T{S<t>(x,92/{XM )))  because S<f,[x,92/(XM ))  C
S ^ x ^ 2/ A) with equality at y = Tx,  for M  > 9.

Therefore (4.11) holds for all y £ T(S<j,(x,92/(XM ))).
Notice that from the definitions of £ and Eg we have g{y) — a + p  • (y — y) —

— d(T~ly ,T ~ ly)2 with a = rj(a)v(y) and p =  77(a) Vu(y). By definition of v 
to
we then get that

2  \ Q
u(y) > u(y) +  Vfi(y) • (y -  y) -  ^  ^  d(T ~ly, T ~ ly)2, 

for all y  G T{S<t>{x, 92/ ( \M ) )  for all M  > 9. Therefore we have proved that

o\0
C { y  €  T(S0 (xo, to)) : u{y) > u(y) +  Vu(y) • (y - y )  -  f ^  d(T~ly ,T ~ ly)2 

Vy e  T(S^,(x, 92/(XM)))  where y =  T x }  = F, 

for each M  > 9 .  Now
2X0

F  = T { x  £  S${xo, t0) : u(x) > u{x) +■ Vu(x) • (x — x )  r—r- d{x, x )2
77(a)

V x £ S <i>{x,92/{XM)))}

=  T{S^{xq, to) n  G^M(u)),

29
picking M  =  , (the requirement in the definition of G  is satisfied since

77(a)
S<t>{xQ, t0) C  Qao and 92/(XM )  =  t}{ol)9/{2X) < r}{ao) since A is sufficiently 
large). So Claim 2 is proved.
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Then from (4.10) and Claim 2  we obtain

o, a£o)) <  o ,  t0) H G lM(u)).

From Lemma 2.5, given e >  0 there exists 0 <  a  =  a(e) <  1 such that

(1 -  e)fi(S<j>(xo,t0)) < f i ( S ^ x 0,a tQ)).

The lemma now follows taking 5(e) =  r}(a(e))/(26).
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CHAPTER 5

The homogeneous case

Let u 6  C 2{Q) satisfying =  0 in Q with |it| <  1 in fi. If 0 <  Qo <  1, 
recall that

=  {x €  Q : <p(x) < (1 — a 0) min0}.

Let 0 <  e <  1/2 and M  the largest of the constants in Lemmas 4.1 and 4.2.
t£ -j- X —'H x

Applying Lemma 4.1 to the functions —-— and — -— , and noticing that 

g m ((u +  ! ) / 2) C GzM(u) and G ^ ( ( - u  + l)/2 ) C G$M(u), we get

f i^S^X o,to) ^  G 2M /to^li^  '> (^ Oi^o))i

and

o,^o) n  ^2Af/£o^)) ^  ^) Oi^o))i

as long as S ^ x o , tQ) C flQQ and t092/M  < rj0. Now

/*(S*(a?0. to) \  GoM/to) =  A* ■̂5*0(2 0̂ > to) \  {G2MftQ ^  G2M/to))

=  [^({Stp^X0 , to) \  G2 M/t0) to) \  G 2M/t0))

<  A i ( 5 ^ ( l 0 , t o )  \  G 2M /tQ) d" M O f y f r o ,  t o )  \  G 2M /t0 )

<  2efi(S^(xQ, tQ)).

Let Q 2  <  « i  <  a 0 .  There exists 7/2 such that if 2 ; G  flQ2 and £  <  t j2  then
5 ^(2;, t) c  flQl; and there exists 771 such that if x  G fiai and t  < rji then

5^(27, t) ci S2qq.
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Let 03/A <  772/2 and let x0 G f2Q2 \  GAa/(m).
Define

/x\   ^ ( ( ^ 0 2  \  G\fi,[(tl)^ D ‘S'#(■£()) t ) )

5 U ~  /i(S ,(x0 ,f))
We have lim ^o ^M  =  1- Also, if 2/A < t  < g x, then S^{xQ, t ) C fiQ0 and

fi((Qa2 \  Gxm(u)) n  S^xo , t )) <  f i i S ^ x o, t) \  G xm{u))

—  0 )^) \  ^ 2M/i(^))

<  2en(S^(xo, f)),

since Gou/tiu) C G \m (u). Therefore #(t) <  2e for t G [2/A,771). Then by- 

continuity of g, there exists tXQ < 2/A < 63/A <  772/2  such that g(tXQ) =  2e.
Then we have proved that i f 0 < e < l / 2  and M  is the constant in Lemma 

4.1, then for a2 < Qi < cio and for any A >  0 such that 93/ A < 772/2 and for 
any x 0 G flQ, \  G \m {u) there exists tXQ <  2/A such that

^ ((n Q2 \  G \m (u)) n S 0 (xo, t IO)) = 2 e p (S t ( x 0, txo)). (5.1)

We now claim that (5.1) implies that

SV(x0 , tx0) C 0 Ql \  Gx(u). (5.2)

Suppose that (5.2) is false. Since x0 G fta2 and tXQ <  2/A <  772, we have that 

5 0 (xo, flQ) C n Ql. Therefore, if S*(x0 ,fXo) £  DQl \ G A(w), then ^^(xo^xo) H 
G\(u)  7̂  0 and hence from Lemma 4.2 applied to u  and — u, we have for M  
sufficiently large

(1  c) /i(5^(x0 , £x0)) <  0 ) x̂o) D G\\ji,/(w))j

and

(1  c) fi{S,j,{XQ, tXQ)) <L /i(5^(x0 , t i o) ^  ^AAfW)i 

notice tha t G^M(—u) = G~£M(u) and G \(—u) =  G\(u).  Therefore

/^(■^(•^Oi^xo) \  G \a,[(ii)) <  2efj.(S(f)(xQ, tXQ),
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and so

f l ( ( d Q2 \  G \ m (u ))  ^  ^<p(XQjtxo)) — fJ‘(.Stj>(Xo,tXQ') \  G x m ( ^ ) )  ^  2e^ i(5^(X o, £xq)i

contradicting (5.1). This proves (5.2).
Then from Lemma 2.7 we get that

\  GXm (u)) < 8(e)fj.(Qat \  Gx(u)), (5.3)

where q 2 <  Qi <  Qo, 63/ \  <  772/ 2 , and M  = M(e) large, and for all e 
sufficiently small.

5.1 Power decay

Recalling Lemma 2.3, we can apply (5.3) with A =  M  and

63 Co(ai — a 2)7 772

M  ~  2  “  ~2

that is,
(  26* \  lh  

“ 2 =  a ' - ( c ^ J  '

Then

m(^q2 \  G mi (u)) <  8(e)fi(Clai \  Gm (u)).

Next apply (5.3) with A =  M 2 and ^  Q3  ̂ =  ^  that is,

(  263 \ 1/7 (  263 \ l h  (  263 \ l/7
Q 3 - Q : 2  VC0 A/2 J  ~ Ql \ C qM  )  \ C 0 M 2)  ’

Then

\  GM3(u)) <  5(e)fi(Qai \  GM2 (u)) <  (8(e))2 //(fiat \  Gm(u)).  

Continuing in this way, if

k ~ l  /  ofl3 \  1 /7
Q!fc =

( P U  203 V
Ql
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then

p(Qak \  GMk(u)) < (S(e))k~l fi(Clai \  Gm (u)).

Now^ ‘ ( â )  = M i7 7 3 T 'andso

\G „ .(u ) )  <  (f(e))‘ - l / i(n «  \ G w(u)),
M l n - t

for A: =  1 ,2, • • • .

We then obtain the following theorem:

T h eo re m  5.1 Let Q be a normalized convex domain, 0 E C 2 (Q) convex, 0 =  

0 on <912, A <  det D 24> <  A, u E C 2 (12), |u| <  1 in 12, solution to L$u =  0 in 12. 
Then for each e > 0 and 0 <  Oo <  1 there exist a constant M  =  iV/(e, ao, A, A) 
such that for all u and 0  as above we have

\  c„ .(u )) < We))*-1 \  C *M ),

/o r  fc =  1 , 2 ,  • • * .

This statement implies the following. Let t  > M  and pick k such that 

M k < t <  M k+l. Then G Mk{u) C Gt(u) C GMk+i(u) and k < logM t <  k  +  1. 
So

^(^0 0 /2  \  ^(w)) < /i(fla o / 2  \ Gt\,ik(u))

<  W e))*-1 MO* \  <?„(•*))

<  (<5(e))*-l / i (n o(1) =  W e))* +1M n w )

lnJ(e)
< W<0)W M O J  =  In A/ „ (n „ ) .

Thus, combining this estimate with Remark 3.2 and the inclusion (3.5), we 

obtain our main theorem in the homogeneous case:

T h eo re m  5.2 Let Q be a normalized convex domain, 0  6  C 2 (12), 0 =  0 on 
512, and A <  det D 2<p <  A. Suppose u  E C 2(Q), and L$u  =  0 in 12. Then,
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given 0 <  Qo < 1 there exist positive constants p and C depending only on X, 
A, and qq such that

\\D2u\\m naon) -  CIMU00̂ )*

XL
P r o o f :  Let v = -j—-------- . We can. apply the above estimate to v  to get

INl£,“ (n)
\\D2v\\[1p ^ ao/2,dii) < C  for some p  and C  depending on A, A, and <*0 which 
implies the theorem, since in our case Lebesgue measure is comparable to the 

Monge-Ampere measure p. □
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CH APTER 6 

The nonhomogeneous case

L em m a 6.1 Let Cl be a normalized convex domain, (j) 6  C 2 (f2), 0  =  0 on dCl, 

and A < det D20 <  A. Suppose u 6  C 2 (Q), 0 <  u < 1 , and L$u =  /  in f). 

Assum.e that ||/ /  det R 20||i,n(n) <  1.
Then for each e > 0 there exist positive constants ry(e, A, A) and C(A, A,n) 

suc/i that for each r\ <  77(6 , A, A) and /o r  eac/i section Sq(xq, to) C fiao, we have

^ G T/(v to)^u ) n  S 4>(x o^o)) > ((1 - e ) 1/n - 77tJ/2 C(A ,A ,n)) p (S t(x Q, t0)).
(6-1)

P r o o f :  We use the notation from the proof of Lemma 4.1. The proof

proceeds in the same way, in particular, Claims 1 and 2 hold; the only difference 
is to handle the integral det D2<f>(y) dy.

Let $(y)  =  d e tD 20(y) (D 20(y))-1 . We have

D2fcv) =  r  (T~'Y D24,(T-'y) T~\
to

and D2u{y) =  (T-1)‘ D2u(T~ly) T ~ l . So

detD%) = ̂ W det̂ (r_l̂ '
and (D2^(y))~1 = t 0T ( D 2<j>(T~ly))~l T t. Hence

trace($(y) D 2u(y)) =  ^ - i | ^ e t T |2 f ( T ~ ly),
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and

d e t4 M  “  ( ^ s i d s w ) " ’ 1

Applying Lemma 3.1 with u rj(a)u, <j> ip, E  = Ca, F  = Cia, and using 
Minkowski’s inequality we get

d e tD24>{y)dySj

( f  \ f (T ~ ly)\n y /n
-  n  |d e tT |2/n \ J Ca (det D 2̂ >(T~ly))n~1 J

+  det D 24>(y) dy^

Since by Claim 2 , CQ C T(S^(x0,to) n  G ~(T?(Q)to)(u)), we get

i L/n
det D24>(y) dy

'T ( S ^ ( i o ,a  to))

. .  <iM i ( f  l / ( r ~ Ly)r
-  „  |d e tr |V »  ^ T(s^ 0 .,0)nc- woM (u)|( d e t D W - ‘» ))"^  V,

+  I f  det D24>(y) d y \
\ d 7 - ( 5 « ( i 0, t o ) n c l/{fl(a)lo)(u )) /

l / n

Changing variables yields

')
l / n

det D 2<f>(x) dx  J (6 .2 )
S^,(xo,a to)

t  ( (  i / (* ) in i x V /n
0 I L  .   . . Mot n 2 M r\\n - l  aX I

+ 1 1  det D 2(f>(x) dx  J
yJs^(x0,to)nG1/(ri(a)t0)M J
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That is,

p(S^(xQ,Q t0))1/n

<  ~ ~ to ll//(detZ )20)IU"(n) + K S ^ xq^ o) n ^r/(rj(a)t0)(u ))l/n 

^ ~ “ *o +  MS*(x0,*o) n Ĝ /(7?(a)to)(u))l/n

<  ?ZM *J/2  C(n, A, A) fi(S^(x0t t0))l/n +  ^(S 0 (xo, t0) n  G v (jj(a)to)(u))1/n.

Notice that this inequality holds for any rj < rj(a) Given 0 < e <  1 / 2  pick 
a  =  a(e) such that

(1  -  e) fj.(S^(x0, t0)) < fi(S^(x0, a t Q)),

which combined with the previous inequality yields the lemma for any tj <
r/(a(e)). □

L em m a 6.2 Let Cl be a normalized convex domain, <p G C 2 (fi), 4> =  0 on dCl, 
and A <  det D~<p <  A. Suppose u G C 2(Cl), and L$u =  /  in Cl.

TTien /o r  eac/i 0 <  e <  1/2 there exist positive constants rj(e, A, A) and 

C(e, A, A) such that i f  S^(x0, t Q) C  f2ao, t0 <  1/A <  r/o/03, x G 5^(x0 ,to) n  

Ga(u), and -Mm(( / /  det D 2<b))n){x) < (20nA)n, then

^ G 2 xe/n^> n  ^ te o .fo ))  >  ((1 - e ) 1/n -  C(e, A, A)t/))" /i(50 (xOl to), (6-3) 

for rj < T](e, A, A).

P r o o f : We use the notation from Lemma 4.2 a n d  notice that Claims 1
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and 2 hold. As in the proof of (6.2) we get

M ^ ( x 0 , a t 0))1/n

 M _____
-  n 2XB ^ 4 (lo, o )(det£> ^(x))»-i )

■+- fi(S,f,(Xo, to) n  G^AO/rjfajC )̂) ^

/  \ l/n

* d e tfl2 0 (l)  ( d e tD ^ W )"

+  fl(S^(XQ, to) H G2Afl/̂ Q)(u)) ^

<  ^  0 to))1'* M , M !  det D V D M 1'"

+ f t{S 4 x0,to) n  GoAfl/̂ (Q)(W)) ^

< C(A,A)77(a) MS*(®o,*o))l/B +  MS*(*o»*o) H G7A0/J7(a)(u))l/n,

notice that in the above inequality, 77(a) can be replaced by any 77 <  77(a). 

Therefore picking a  =  a(e) as in the proof of the previous lemma we get

fM(S^{x0, t Q)) ( ( l - e ) l /n - C (n , \ ,A )T ) )n < fi(S^(x0t t0) n  G~xg/v(u)),

for each 77 <  77(a). □

6.1 Pow er decay for th e  non hom ogeneous case

Let n  be a normalized convex domain, 0  £  C 2(Cl) convex, 0 =  0  on dQ, 
A <  det D 20 <  A, u £  C 2 (fl), |u| <  1 in fl, L^u = f  in fi and suppose 

tha t |[ / / det D 20 ||L"(n,^) <  1- Given 0  <  e <  1/4 we pick 77 sufficiently small 
depending on e such that from Lemma 6 .1  we get with M  = 1/77 and for 

î ( ^ '0 ) 0̂ ) ^  ilcto that 
3
~ ( 1  c) f i^ S ^ x Oj^o)) ^  m(*5a( '̂Oj^o) G G j^ to(tt))
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and
3
- ( 1  -  e) n ( S i ( x 0, tQ)) <  /i(S * (x 0 lf0) H G £r/to(u )).

H ence

fj.{S,p(xQ,to) \ G M/l0(u)) =  fj.(S4,(x0,to) \  (G'^fo(u) n G M/lo(u)))

<  /i(5,p(aro, to) \  ^jv//£0(w)) /i (,SV(a'0> to) \^ v / /£ o (w))

<  (2 -  | ( 1  -  e ) )^ (5 ^ (x 0, t0)) =  £(e) /*(S*(aro, t0)).

P ro ceed in g  as in Section 5 we g e t th a t  g iven  0 <  e <  1 /4  th e re  ex ist M  =  

M (e , A, A) as in  Lem m as 6.1 a n d  6.2 such  th a t  for q 2 <  <*i <  <*o a n d  for 

03/A  <  772/2 an d  for any  x 0 E \  G x m (u ) th e re  ex ists  t XQ <  1/A  such  th a t

fi((QQ2 \  G w (u)) n S 0 (xO) ts0)) =  <*(e) M ^ f r o ,  tx0))- (6.4)

W e now  c la im  th a t  if x 0 E f tQ, \  G aa /(u ), 03/A  <  772/2 an d  (6.4) holds, th e n

S^(x0, tXQ) C  (fiQl \ Gx(u)) U { x E  f iQ0 : M fi( ( / / d e t D 20 )n )(x ) >  (20nA)n }.

(6.5)

O th e rw ise  an d  since xo E f la2 a n d  txo S  1/A  <  772, we have th a t  5 ^ (x 0, t Xo) C  

f lQl a n d  th e re  exists x  E S ^X o , t X0)nG A (u) such  th a t  A 4 ^ ( ( / /  d e t L>V)n)(x )  <  

(207zA)n . T h e n  by  L em m a 6.2 we ge t th a t

3
^ (1  ^) 7i(S^(x0 , fxo)) ^ (^ ( ^ O j  t Xo) O G ,

a n d
3
^ (1  c) [J-(S<t>(xQ,tXa)) <z h^ S ^ xq, t xo) n  G ^ f ( u ) ) .

H ence

7i((fla2\OrxM (n)) nS^ (xo, tXQ)) f̂ {.S<f>{xQi tXo) \ G \ m (u)) <  <5(c)/i(S^(Xo, tXQ)),

a  co n tra d ic tio n  w ith  (6 .4 ). So (6.5) is proved.
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Hence by Lemma 2.7, there exist 0 <  5(e) <  1 and a family of sections 

S<t>(xk,tk) whose union covers fiQ2 \  G \m (u) satisfying (6.4) and

fj.(Qq, \  GXm (u)) < 5(e) p ( u ^ S ^ X k ,  tk)) 

< 5(e) fi(Qai \  Gx(u))

+ 5(e)fx{x e  n Q0 : A ^ ( ( / / d e t  D 2<t>)n)(x) > (29n\)n},
(6 .6 )

by (6.5).

We now proceed as in Subsection 5.1. Fix Qx <  a 0 and let A =  M, and set 
93 \ l/7
=-r-r 1 where 7  and Cq are the constants in Lemma 2 .1 . Then'oM J

03 e3
— =  —  =  Co(a i — c*o) 7  =  *72) and so from (6 .6 ) we get 
A IVl

n(Qa2 \  GM2 (u)) < 5(e)fx(Qai \  Gm(u))

+ 5(e) fx{x e  n ao : M „ ( ( f /  det D2cf>)n)(x) > (29nM )n}.

( 93 \ 1^7 93 93
C M2 J , s o X  =  M* =  Co(a2- a z)'1 =rj3.

Then °

^(^a3 \ Gtf»(tt)) < 5(e) n (n ai \  GM2 (u))

+ 5(e) n {x  e  flao : M M / d e t  D 2<t>)n)(x) >  (29nM 2)n} 

< 5(e)2fi(Qai \ G m (u))

+  5(e)2 ft{x e  n ao : M p ( ( f / d e t  D 2<t>)n)(x) > (2GnM)n} 

-F 5(e) fi{x  6  flaQ ■ M ^ ( ( f / det D 2c(>)n)(x) > (29nM 2)n}.

/  QZ \  l /7
Continuing in this way we let A =  M h and Qk+i =  ^  ) - Then\CoMk J
93 93
T  =  M* =  CbCa/fe -  Qfc+i) 7 =  f?fc, and

M ^afc+l \  GMk+l(u)) 

< 5k fi(nai \ G m (u))
k

+ Y , 6 j f i { x e n ao: M tl( ( f / d e t D 24>)n) ( x ) > C ( M n)k+l-*}. 
i = 1
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Since is of weak type 1-1, Theorem 2.1, we get

» {x  G nQ0 : M M( ( / /d e tD 20 D (x )  >  C (M n)fc+l^ }

< C'n f  I /  n , .  Cn
(M n)fc+i-i yn | det D 24> 

Set m 0 =  max{£, M ~n}. Then we have

dfi(x) < (M n)fc+l-r

k
Y  V  v { x  G Qao : M M /  det D2cf>)n)(x) > C  (M n)k+l~’ } 
y=i

k
<  cn Y  rriQ+l =  Cn km,Q+l.

i=i
Hence

M(^Qfc+l \  GMfc+i(u)) <  ttiq n{Qai \  Gm {u)) +  Cn k m 0+1 < C  mo+l (1 +  fc),

where the constant C  depends on fx(Cl). Writing m \  =  x/mo and since mo <  1, 
we have that mQ+1 (1 +  fc) <  C  m*+I. So

M(0*fc+t \  GmM u)) < C  m i+ l.

/  93 \ 1/1,7 /  93 \ l/ 7̂
On the other hand, Q(I+l =  a , — ( ^ j j  =

/  QZ \  1/7 ^
Qi — ( — -  >  cco/2, for M  sufficiently large depending on a i,  and

M^ao/2 \  GMk+t(u)) < C  TOi+1,

for fc =  1,2, • • • .

If t  >  M, pick A; such that M k+l < t  < M k+2, then k + 1 < logM t < k + 2 
and

/z(fiao/2 \ Gt(u)) < MOw2 \  GMfc+t(u)) < Cm{+1 < m i
Combining this inequality with Remark 3.2 and (3.5) we get the estimate

ji({x G n Qo/2 : \Diju{x)\ > /3}) <  -pr, (6.7)

for some r  >  0 and for all (3 large. Therefore, we obtain the main theorem in 
the nonhomogeneous case:
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T h eo rem  6.1 Let Q be a normalized, convex domain, <f> E C 2(Cl) convex, <f> =  
0 on dCl, A <  det D2<fi < A, u E C 2(Q), and L$u = f  in Q. Then, given 

0 <  a 0 <  1 there exist positive constants p and C depending only on A, A and 
ocq such that

ll-D2̂ ll£,p(nQo/2) <  C (||ii|U -(n) +  ||/!U«(n))-
XL

P r o o f :  Let v  =  — ------------- -— -—  ---------- . Applying (6.7) to v , we
IMU«(n) +  lldSD^IUn(n^}

obtain 11Z)2v 1 1 / 2 — C  f°r some P and C depending on A, A, and Qo* 
This implies that

\\D2u\\LP(naQn'dn) < C  (||tt||£co(n) +  ||/|U-(n^»)) -

The theorem then follows since by assumption Lebesgue measure is comparable 

to the Monge-Ampere p. □

6.2 Rem ark

Suppose A <  M(p = f  <  A in fi with <f> =  0 on d i2. If /  E C Q(Q), then 

from [C, Theorem 2] we have that <f> E C2,Q(fl). Then A 'Id  < D 24>(x) < 

A 'Id  for all x  E fi' <s and with A' and A' positive constants depending 
only on n, A, A,dist(f2', dQ) and the Ca-norm of / .  Suppose L^u = 0 in 

n .  Then by classical Schauder’s estimates u E C 2,Q(fi") for f i"  (= Q!, in 

particular, ||D2u||r,P(0 ") <  C, for all p >  0 where the constant C  depends on 
n, A, A, dist(Sl", d€l') and the C“-norm of / .
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CH APTER 7 

A convexity inequality

Let u, f  E C(Cl), f  > 0 ,  we say that M u < f  in the viscosity sense if u is 
a viscosity supersolution to M u  =  /  in Cl.

T h e o re m  7.1 Let u, v E C(Q) convex, with M u  < 1+ e in the viscosity sense, 
and v generalized solution to M v = a in Cl, with a  a positive constant. Let 
T(u — v) be the convex envelope o fu  — v in Cl. Then

|d r ( u - u ) ( £ ) |  <  [  ( ( { l+ e ) V n - a l' n) +Y  dx, (7.1)
JCnB K '

for each Borel set E  C Cl, where C = {x E Cl : r (u  — v)(x) = (u — u)(x)}. I f  
v € C 2(Cl) is convex then

\dT(u -  v)(E)\ < f  r ((1 + e ) ly,n — det£)2t;(x)l/n) +V  dx. (7.2) 
J c n E  v 1

We use the following lemma.

L em m a 7.1 I f  u E C(Ci), T(u) is the convex envelope of u in Cl, and p, is 

the Monge-Ampere measure associated with T(u), then p  has support in the 
contact set C = {x  E Cl : r(u)(ar) =  u(a;)}.

P r o o f :  Let B  C  Cl be a Borel set. We have p(B ) =  p(B  fl C) +  p (B  D
( f i \C )) .  If p  E 3 r(u ) ( f i\C ) , then there exists xo €  Cl\C  w ithp  E dr(u)(ar0), 
and so l(x)  =  r(u )(x 0) + p  - (x — x0) is a supporting hyperplane to F(u) at
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xQ in fi. By [G01, Lemma 6.6.2] there exist at most n +  1 points x* € C such 

tha t xq =  x i with- \  >  0, A* =  1, and r(u)(x,-) =  u(x,) =  £(x,-).
So V(u)(z) =  £(z) for each z  in the simplex generated by {xj}”^ 1, and in 
particular for some ^ ^  x0; that is, p £  dT(u)(z). Then by Aleksandrov [G01, 
Lemma 1.1.12], \dT(u)(Q \ C ) | =  0. □

PROOF: [of Theorem 7.1] We proceed in a sequence of steps.

S te p  1. Let B  = Bfi(y) be a ball with B  C Q, and u £ C(Q). There exists 

a sequence gk £ C°°(dB) such that \gk(x) — u(x)| <  1/fc for each x £ dB. 
Let Uk be the convex solution to det D2Uk =  1 +  e in B, Uk =  gk in dB, 
and Uk £. C°°(B) n  C(B). A variant of [G01, Lemma 1.6.1] gives th a t there 

exist a subsequence of Uk, also denoted by Uk, and Uoo £  C{B) convex such 

that Uk -> Uoo uniformly on compact subsets of B, with M u a0 = 1 +  e in 

the generalized sense in B  and Uoo =  u on dB .  Since det D 2Uk = M u  in the 
generalized sense, by the comparison principle [G01, Theorem 1.4.6] we have 
that

min(u* — Uoo) =  min(^fc — u), and max(iifc — Uoo) =  m ax (^  — u).
B dB B dB

Therefore \uk — <  l / k  in B, and so Uk converges uniformly to uQ0 in B.
S te p  1’. Let v be a convex generalized solution to M v  =  a  in ft. There 

exist hk E C°°(dB) such that |hfc(x)—u(x)| <  l / k  in dB .  Let Vk be the solution 

to det D 2Vk = a  in B  with Vk =  hk on dB .  We have that t £ C 2{B). Since 

M v  — det D2Vk — a  in B, by the comparison principle |Ufc(x) — u(x)| <  l / k  

for all x  £ B. Therefore Vk -+ v  uniformly in B.
S te p  2. If M u < 1 +  e in the viscosity sense in a ball B  = Bn{y) with 

u £  C(B), then u0a < u i n B .  Let 6 > 0 and <£(x) = 6  |x — y |2. Expanding the 
determinant we obtain

det D2(uk +<(>)> det D 2Uk +  (2 £)re >  1 +  e >  M u.

Then from Lemma 1.7.2 we get that

min(u — Uk — <p) =  min(u — gk — SR2) > —l / k  — 5 R 2.
B dB
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Hence u{x) > Uk{x) + 5 \x — y\2 — £ — 8 R 2 for x  G B. Letting 8 0 and
k —> oo we get u > u ^ .

S te p  3. VVe have r B(iifc — Vk) -* r B(Uoo — v) uniformly in B; here Ts  
denotes the convex envelope in B. This follows from Steps 1-1’.

S te p  4. Since u > Uoo in B  and u = uOQ on d B , we have that

\dTa ( u - v ) ( B ) \  < |a r B(tioo - u ) ( B ) |,

where Tn and T B denote the convex envelopes in fi and in B  respectively, for 
any v €  C(Cl). In fact, from Lemma 7.1

|a r  a (u -  v)(B) I =  |a r n (u - v ) ( B n c )  |,

where C = {x G Q. : Tn(u—v)(x) =  (u—v)(x)}. Let p G T n(u—v)(BC\C). Then 

p G d(uoo — v)(B). Because, there exists y E B  (1C such that Tn(u — v)(x) > 

TnCu — v)(y) + p ■ {x — y) for all a: G f1. Since Tn(u — v)(x) < (u — v)(x) 

for all x  G Q, we obtain (u — v)(x) > (u — v)(y) +  p • (x  — y) for all x  G Q, 
i.e., p G d(u — u )(x ) . Since u =  iio, on dQ, we get from [G 0 1 , Lemma 
1.4.1] that p  G d(uoo — v)(B). We now need the following: i f  h G C(D) 

with D strictly convex, then r o(h)(x) =  h(x) for  all x  G dD (this follows 

arguing as in the first part of the proof of [GO 1, Theorem 1.5.2]; or noticing 

that r D(h)(x) =  r aSine(h)(x) for x  G D, where TaSint.{h){x) =  sup{a(x) : 

a is affine and a(x) < h(x) for all x  G dD}, and then applying the first part 
of [G O l, Theorem 1.5.2] directly.) Applying this fact with h =  u00 — v and 

D = B, we get that r B(uoo— v) — u ^ —v  in d B  and since rsCuoo— v) < u0a—v  
in B, it follows once again from [GOl, Lemma 1.4.1] th a t d^Uoo — v)(B) c  

a r B(woo — v)(B), and Step 4 is complete.

S te p  5. We claim that

Idrsfaoo - v ) ( B )| < lim in f |a rB (u fc-  ufc)(B )|.k-*OQ

From Step 3 and [GOl, Lemma 1.2.2 (ii)], we have

laraftioo -  «)(JOI <  luninf \dTB(uk - v k)(U)\,
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for each K  C U C U C B  with K  compact and U open. Since the Monge- 
Ampere measure is a Borel measure finite on compact sets, it is regular and 
so

larstiioo -  t/)(£)| =  sup lareCuoc -  u )(tf) |,
KcB,Kcpt

and the claim follows.

S tep  6. We have

|d r s (u* -  «fe)(fl)| < f det D2(uk -  vk)(x) dx,
Jck

where Ck =  {x €  B  : r B(ufc — Ufc)(x) =  (uk — Ufc)(x)}, from [GOl, Theorem 
1.4.5]. For i  €  we have

(det D2vfc(x ))1/n +  (det D 2(uk — V k ) ( x ) ) 1/n < (det D 2uk(x )) i/n ,

and hence

f det D2{ u k - v k){x )d x <  f ( ( l + e ) l /n - ( d e t  D2vk(x))l/n)n dx
JCk •'Cfc

<  [  ( ( ( l  +  e)1/n- a l/n) +) n dx  (7.3)
•/ 3

for each ball B c f i .  Combining Steps 4-5 and (7.3), we get that

|a r n (« -  i>)(B)| <  ( ( ( 1  + € ) '/” -  c*1' ”) +) “ |B |,

for each ball B  C fl. Therefore, the measure |d rn (u  — u)(*)| is absolutely 

continuous with respect to Lebesgue measure, and so there exists h 6 L U Q )  
such that

|d rn (u  — u)(E)| =  f h(x)dx,
Je

for each Borel set E  C Cl, and

h(x) < ^((1 -he)1̂ " — a 1>/n) +^ , a.e. in fi.

Then (7.1) follows from Lemma 7.1.
The proof of (7.2) follows omitting Step 1’ and taking Vk =  u. □
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CH APTER 8

Counterexamples

In this chapter we show with an example tha t the estimate (1.4) is not 

valid for all p. We consider a  slight variant of the two dimensional example 
from [W95, p. 842]. Let a  > 4 and

x a + 0 y 2x 2 Q, if |y| <  |z[“ 1

j x 2 y(Q-2)/Ca~l) -f- 5ya^ a~l\  if |y| >

where /3, 7  and S are constants that will be chosen such tha t <f> and D o  are 

continuous across the curve |y| =  |x|Q~l , <p is convex in the regions |y| >  |x |a_l 

and |y| < |x |a_ l, and C i(a) <  M<j> <  Ci{a) in the generalized sense, where 
Ci(a) are positive constants depending only on a .

We have

<px(z, y) =  <
a x a 1 H- /3 (2  —a ) y 2x l if |y| <  [m[at 1

x y (a~2',Ka~l\  if |y| >  |ar|0E-1;

2 0 y x 2 a, 
y) = a  _  o o

7 ----- r  x 2y~lKa l '>+8----- - y l^a~l), if ]y| >  \x
a  —  1  a . —  1

if |y| <  |a:|a 1

a —1*

4>xx(x, y) =  <
a  (a  — 1 ) x a 2 -+- jS (2  — a) ( 1  — a) y2 x  a , if |y| <  |x |a _ 1

27 y(a-2)/(a-i)j ££̂ 1 > |x|a-l.
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< P x y (x ,y )  =  <
2/3(2 - a ) y x x if |y| <  |x |a 1

2 -y -— ^ y “ l/(a_1), if |y| >  |ar|a“ l ;
I a. — 1

<l>yy(x,y)

2/3x2~a, 
a -  2 1 a  1

—7  — r  — x 2 y - a“ a ' l) +  £ —— r — — r w a  — l a - 1 a  — 1 a  — 1 y ( 2 - a ) / ( a —1)

Therefore

2/3(a(a — 1) >  det D24> > 2/3(a(a — 1 ) — j3(a — 2)(a -

>  det D24> > -— (5a — y (a  — 2) (2a — J 
(a  -  1 y

for |y| <  |ar|Q l ; and 

2yaS
( ^ W

for |y[ >  |x |a_ l.
We now study the continuity of <f> and D</> across \y\ =  |x 

continuity of 0  we need

x a -+- (3x2a~2x 2~a = j x 2x a~2 +  8xa,

so

1 +  /3 =  7  4 - 5. 

For the continuity of (px we need

a x a l +/3(2 — a )x 2ct 2x l a = 2/yxxa 2,2 a —2 _ 1 —c*  '2

SO

a  + / ? ( 2  — a) =  2 7 .

For the continuity of <py we need

2 (3xa~lxa~2 =  7 —— ^x2x - 1  H— ^ —x, 
a  — 1 a  — 1
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so
_ _ a  — 2 8a
2/3 = V ^ - T  + ------7* 8-5a  — 1 a  — 1

Therefore {3,5, 7  solve the system of equations

/3 — 6 — 7  =  1 

(2 — a) (3 — 2 7  =  — a  

2(a — 1 )/3 — a8 — (a — 2 ) 7  =  0.

The solutions to this system are given by

CM , 7 ) =  ( l - - , 0 , 2 - - ) + 6
\  a a )  \ a  a  J

where 6 is arbitrary.

We next impose conditions on /3,5,7  such that <p is convex. We have for 
|t/| <  |x |Q_l that

4>xx =  (a  — 1 ) ( q x “ - 2  -F 0{a  — 2 )y2x~a) > 0  

if (3 >  0. If |y| > |x |a_ l, then

<Pxx — 27j / ( a - 2 ) / , ( a - l )  >  0

for 7  >  0. Also, we have for |y| <  |x |“~l that

(pyy =  2(3x2~a >  0

for /3 >  0. If |y| >  |x |“ l , then

4>vy =  (Q _  1 ) 2  (< W 2~°)/(Q~l) -  j ( a  -  2)x2y~a/{a~l))

-  (^ i j2y(2~a)/(a~x)̂ Q ~  -  2^-

Since 7  =  2 — ^ -F 8 — 1), we get that 8a — 7 (0 : — 2) >  0, and so 0XX >  0,
as long as

2( a - 2 ) ( c - l )  
a 2 +  ( a - 2 ) ! '
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We need det D 2<f) > 0. The right hand side of (8.1) is positive if j3 <
n(  /y — 1  ̂ 0 .

and since /3 =  1 — r  +  £ - ,  we must have, ' ' o  rv J( a - 2 ) ( q - 3 )

a 2(a  -  1) -  (a  -  2)2(a  -  3)
2(or — 2)(q — 3)

On the other hand, the right hand side of (8 .2 ) is positive if 5a — 7 ( 0  — 2 ) (2a  — 

3) >  0, and since 7  =  2 — ^ +  £(^ — 1), we get

2(a — 2)(q — 1)(2q — 3) 
a 2 -I- (a  — 2)2(2a — 3)

Also 7  >  0 amounts

« 2J^ -a  — 2
We have

\  a  —2 2(a — 2 ) ( a —3) J a  — 2

 f  2(<* -  2 )(« -  1 ) 2(a -  2)(<* -  l)(2a  -  3)1
S' (a] =  m ax(  5 . +  (o - 2)« ■ ~Q» +  ( a - 2 ) » ( 2 t t - 3 )  J

2(q — 2)(a — l)(2 a  — 3)
“  a 2 +  (a  -  2)2(2a -  3) ’

and it is easy to check that £i(a) <  2̂ (a )- Therefore each S satisfying

<5i(a:) <  8 < <$2 (<*)

determines f3 and 7  with the desired properties and therefore 0 .
We have that D 2<p £  Lp for p > ———r.

a  — 2

Lenuna 8 . 1  Given p >  1 there exist positive constants A <  A depending only 
on p and a strictly convex bounded domain Q and a convex function  0  E C2 (f>.) 
with A <  det D2ip <  A in Q and with 0  =  1  on dCl such that the inequality 
\\D2ip\\Lp <  C  is impossible with a constant C  depending only on n , p , \  and 
A.
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P r o o f :  Let 0  be the function constructed above for a  > 4 sufficiently
Ot

large such that p >  Q = (z  : 0(z) <  1}, f ( z )  =  d e tD 20(z), and
a  — 2

A =  C i(a), A =  C2(a). Consider rje(z) a nonnegative smooth mollifier and 
let f e =  f  *T]e- We have that A <  / £ <  A in f2. Let <f>e be the solution to 
det D 2(pc = f e in Q and =  1 on dCt. We have that / e — /  weakly. Then by 
[GOl, Lemma 1.6.1], {0C} contains a subsequence 0£< —> 0. If ||Z)20e- [ | <  C 

with a constant depending only on p, n, A and A, then D20e< would contain a 

subsequence jD20£» converging in 17 to some function u. But then D 2(j> =  u, a 
contradiction. □
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