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ABSTRACT

Hecke-Weil Correspondence On Conjugate Groups

Daniel T. Russo
DOCTOR OF PHILOSOPHY

Temple University, August, 2002

Professor Marvin I. Knopp, Chair

In this thesis, we study the problem of establishing Hecke-Weil correspon-
dence on conjugates, by the matrix A € SL(2, R), of groups for which Hecke-

Weil correspondence is known.

We begin with certain sets of conjugates of the Hecke groups H(\A). The
main result here is a generalization of the classical Hecke correspondence.
(With A = I, we recover Erich Hecke’s result in [5, 6].) The procedure we
employ follows Hecke’s original correspondence. By considering particular
cases within each set of conjugates, a generalized Hecke group arises naturally;
we denote this by H(A, u). In addition to establishing Hecke correspondence
on H(A, u), we use a result of Marvin Knopp and Morris Newman [11] to prove
that H(A, u) is discrete & A\/i > 2 or A/ = 2cos f, g € Z,q > 3, thereby

generalizing Hecke’s resuit in [5, 6] (where u = 1) from a second point of view.

We close with the “modular analogue” H (%, }%—) , which contains the con-
gruence subgroup ['(R, S) := ["(R)Ny(S). Note that ['(1, S) = ['y(S). After
giving a brief description of I'(R, S), including some information about the
cusps and its index in the modular group, we use the framework of the gen-
eralized Hecke group to establish a correspondence theorem on I'(R, S), an
extension of André Weil's 1967 result on [((S). The methodology is from
Weil [20). In [15], Morris Newman points out that ['(R, S) is conjugate to
Co(RS). Therefore, our result follows the theme of establishing a Hecke-Weil

correspondence on conjugates of groups for which there exists one.
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CHAPTER 1

INTRODUCTION

1.1 Outline

The modular group, denoted I'(1), is the set of linear fractional trans-
formations: Mz = %}, where a,b,c,d € Z such that ad — bc = 1. Here
z € H, the upper half-plane. Note that I'(1) preserves the upper half-plane,
the real line, and the lower half-plane. By considering a matrix group act-
ing on H by way of linear fractional transformations, we can write I'(1) =
{(23) | ed —bc =1,a,b,c,d € Z}. With this action, +(24) yields the same

linear fractional transformation.

Let S(1) be the translation: z — z+ 1, and T be the inversion: z — =},
In matrix form, we write S(1) = (1) and T = (9 3!). It is a standard result
that I'(1) is generated by S(1) and 7. See, for example, [10}. A similar group is
Jacobi’s theta group: [y = {(23) e T(1)| (24) =(§9) or (! ) modulo 2},
which can be shown to be generated by the translation z — 2z + 2 and the

inversion z — =, i.e., S(2) and T. See, for example, [10].

Define S(\) = (§1) as the translation: z = z+ A, A € R*. In the
mid-1930’s, Erich Hecke studied the broader class of subgroups of SL(2,R)
generated by S()\) and T. We call these groups the Hecke groups of width A
and we denote them by H()). In his celebrated work in [5, 6], Hecke proves the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



now-classical correspondence theorem, which we discuss in the next section.
He further shows that H(\) is discrete <& A > 2 or A = 2cos %, q€Z,q23.
Note that ¢ = 3 gives H(1) = (1), the modular group. Of course, H(2) = Iy,
Jacobi’s theta group.

We now turn our attention to a more general class of groups. Let T'(u)
be the inversion z — ;—z‘, p € R. In matrix form, we take as a canonical
representation: (J 3'), although we make frequent use of the representation
(3%), & =p. Wecall the groups generated by S(\) and T(u) the Hecke
groups of width A\ and inversion u and we denote them by H(A, u). Note that

this group is a generalization of the classical Hecke group.

In this thesis, we first study the problem of establishing Hecke correspon-
dence on conjugates, by a matrix A = (‘; b) in SL(2, R), of the classical Hecke
groups. We give a solution in Chapter 2 for the cases ¢ = 0 and d = 0 which
generalizes Hecke's original result. By considering particular conjugates, we
will see that H(\, u) arises naturally. Algebraic and geometric aspects of
H(\, p) are studied in Chapter 3.

The results of Chapter 2 and Chapter 3 can be interpreted as a general-
ization of Hecke’s theorem in two different ways. First, we see that Theorem
2.1 is a generalization of Hecke’s theorem from the immediate fact that set-
ting A = (}9) (the trivial conjugate) yields Hecke's theorem. More to the
point, Theorem 2.1 includes a more general transformation law in terms of
conjugates and a more general functional equation involving twisted Dirichlet
series. The second point of view can be seen through the lens of Theorem
2.2 and Chapter 3, whereby Hecke’s correspondence theorem and discreteness
condition are given on the generalized Hecke group.

Consider the following important congruence subgroups of the modular
group:

Co(N) :={(25%) €I(1)| c=0mod N},
[(N) :== {(23) eT(1)| b=0mod N}.
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In Chapter 4, we study the congruence subgroup I'(R,S) := I'°(R) N [y(S)
of the modular group. The group I'(R, S) will turn out to be a subgroup of
the “modular analogue” H (—?-, %;) , a generalized Hecke group. Furthermore,
we prove Newman’s remark in [15] that ['(R, S) and [,(RS) are conjugate,
and use it to show that certain extended groups of I'(R, S) and I'((RS) are
also conjugate. By using the context of the generalized Hecke group, and
following the techniques of Weil, we prove an extension to the group I'(R, S)
of Weil’s correspondence theorem on [y(S), thereby continuing in the theme of
matrix conjugation in Hecke-Weil correspondence theory. (Note that ['(1, S) =
['9(S).) This is the content of the final chapter.

1.2 Definitions and Notations

Let ' be a discrete subgroup of SL(2,R) and let £ be a real number.
Suppose F is holomorphic in H and has a Fourier expansion at infinity:
F(z)= Z a,e*™mi /X \ > Q. (1.1)

n=0

If F satisfies the transformation law
F(Mz) =v(M)(cz +d)*F(z), YM = (33) €T, (1.2)

then F is called an entire automorphic (modular, if ' C (1)) form on T, of
weight k, with multiplier system (M.S.) v. Here, v(M) is assumed to be a
complex number of modulus one. By the open mapping theorem, v is inde-
pendent of z. We note that it suffices that (1.2) hold for the generators of the
group . Moreover, if F' has the expansion (1.1), then (1.2) is trivially satisfied
for M = S()\), with v(S(\)) = 1. Following the notation of Marvin Knopp
in {10], we fix the branch of (cz + d)* by adopting the following convention:
~m < argz < 7. It is straightforward to show that if there exists F(z) # 0
satisfying (1.2), then for any M, M, € T, and for any z € H, we have the

following consistency condition (C.C.):

V(M Mz)(caz + d3)* = v(My)v(Mz) (et Maz + dy)*(caz + d)*, (1.3)
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where M| = (0, 4,), Ma=(c dy )y Mz = MiM; = (¢, 4,)- Note that if k € Z,
then v is a character on I'. We say that v is a multiplier system (M.S.) of weight
k on the group I provided |v(M)| =1 VM €T and v satisfies the consistency
condition (C.C.) (1.3). Note that v is a function on the matrix group associated

to I' rather than on the linear fractional transformation group.

It is customary to use the slash operator “|”, defined by
FiM = (FIiM)(z) := 9(M)(cz +d)"*F(Mz). (1.4)
Then the transformation law (1.2) can be rewritten as

FRM =F VM = (s}) eTI. (1.5)

1.3 Hecke-Weil Correspondence

By a Hecke-Weil correspondence theorem, one means a direct theorem and
a converse theorem between entire automorphic forms and Dirichlet series
satisfying a prescribed functional equation. This association can be traced
back to 1859 in the short memoir Uber die Anzahl der Primzahlen unter einer
gegebenen Grisse by Bernhard Riemann where he states the now-famous Rie-
mann Hypothesis. See [19]. There, he dealt with the Riemann Zeta function:
¢(s) = 3.2, n~* (the prototype for Dirichlet series), and the holomorphic
function ©(z) = 3. __e™*2 2z ¢ H, an entire modular form on [y. In

n=-00

particular, Riemann showed that the functional equation
TFL(§)¢(s) =7~ T T(552)¢(1 - 9)
is a consequence of the fact that ©(z) is an entire modular form of weight 1/2
and M.S. vg on the group [y = (S(2),T) = ((52),(93')). That is, ©(2)
satisfies the transformation law for the inversion T":
O(F) = vg(T)z"/? O(2), vp(T) = e ™4,
The transformation law for the translation S(2) follows by definition of ©(z).
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In the mid-1930’s, Hecke clarified the connection by way of the Mellin
transform. In [5, 6], he proved a correspondence theorem between Dirichlet
series satisfying a functional equation (and certain analytic conditions) and
entire automorphic forms on the Hecke groups. Roughly speaking, this says
that each Dirichlet series L(s) = ) o | a,n™* satisfying

-3 —(k—s)
(%’E) D(s)L(s) = (=1)*2 (?AE) L(k — s)L(k — s)
corresponds to an entire modular form of weight k£ and M.S. v on H(])), i.e., a
function F(z) = 3°2° ; an,e?™™*/A, holomorphic in H, and satisfying the trans-

formation law:

F (f;l) = v(T)2*F(z).

This is known as the Hecke correspondence.

In 1967, Weil established a correspondence theorem of a similar type on
the group ['y(V). This group is more complicated in the sense that, in general,
it has many more generators than H()). Even more problematic, I'4(N) lacks
the inversion z —» —‘;L Hecke’s proof exploits the fact that the Hecke group
has two simple generators, one of which is an inversion. To make up for this,
Weil considers modular forms of integral weight on the extended group I'j(V)
defined as the group generated by [y(N) and the inversion z — -;—i As pointed
out in [4], the mapping F — F| T(N) preserves the finite-dimensional space of
entire modular forms on ['g(N) of fixed even integral weight (and M.S.), and
furthermore, as an operator on the subspace of cusp forms on I'((N) of even
integral weight (and M.S.), T(N) is self-adjoint with respect to the Petersson
inner product, and thus, is normal. Therefore, a basis can be chosen such that
for each basis element F', we have F| T(N) = A¢ F, where A\r € C. Slashing
both sides of this equality shows that Ap = +e™*/2 = +1 (since the weight &
is even). On page 7, we show that this constant agrees with the value of the
M.S. of even integral weight for any inversion T'(u). Therefore, Weil assumes
that modular forms, initially defined on [y(V), are actually on [§(N). With

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



the extended group, Hecke’s theory is applicable to Weil. (Note that ['j(N)
contains a special case of H(A,u) with A=1and p =N € Z+))

The second key ingredient and truly innovative concept in his proof is his
introduction of the following “twisted” modular form and Dirichlet series by
primitive Dirichlet characters of conductor relatively prime to N:

o

F(z;x) = )_anx(n)e*™™,
n:l

Le(six) = Y anx(n)n™.
n=1

Recall that a Dirichlet character modulo N is a group homomorphism x from
the multiplicative group of integers into the unit circle |z] = 1 such that
x(a) =0 if (a, V) # 1 and x(a + N) = x(a). A character modulo N is called
primitive if N is the smallest positive integer such that x(a + N) = x(a) for
all integers a. If a character modulo N is not primitive, then there exists a
smallest such integer N*, a divisor of NV, for which x(a + N*) = x(a) holds for
all integers a. The number N* is called the conductor of x.

By obtaining functional equations for the usual Dirichlet series attached to
the entire modular form, as well as for the infinite class of twisted Dirichlet se-
ries arising from an infinite set of Dirichlet characters, Weil is able to establish

a correspondence theorem.

Lastly, we note that Weil restricts the M.S. to be of Hecke type, that is,
if M = (2%) € [o(N), then u(M) = &(a) where € is a Dirichlet character
modulo V. He also assumes that the weight is an integer, and therefore, any
M.S. is a character. Indeed, if M; = (! Zt ), Mz = (32, %) €To(NV), then
Ms = MM, = (®%2+Nbie2 3) | and thus, since € is a character modulo N, we
have v(MM;) = e(a1a2 + Nbic2) = e(a1a2) = €(a1)e(az) = v(My)u(My).

To complete the M.S. for ['5(NV), we must determine v(T(N)). For weight
k € Z, we actually determine the multiplier v(T(4)), with u € R. Note
that for any weight k¥ € R, the transformation law (1.2), with M = —I,
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implies F(z) = F(—1z) = v(—I)(—1)*F(z), so that v(—I)(—~1)* = 1. By our
argument convention, arg(—1) = —, and thus, v(—1I) = e™*,
If k € Z, then v is a character and we have [v(T(1))]2 = v(T(u) - T(n)) =

v(—I) = e™*. Therefore,

+1 : keven

u(T(k)) = £e™F = +i* =
+: : k odd

Note that v(T'(x)) is independent of .
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CHAPTER 2

HECKE CORRESPONDENCE
ON AH()N) A1

2.1 Conjugates of Hecke Groups

Let A= (2%) € SL(2,R). For the cases ¢ = 0 and d = 0, we calculate
the generators of the conjugate group A (S(A),T(1)) A~! and show that, in
each case, there exists a minimal translation in the group. This is seen in the

following
Lemma 2.1 Let A= (2}4) € SL(2,R).

(i) If c=0, then A(S(\),T(1)) A~ = (S(Aa?), AT(1)A™Y).
(ii) If d = 0, then A (S(\), T(1)) A~ = (S(\B2), AT(1)A™1).

Proof: Suppose ¢ = 0. Then d = a~! and we have the following:

ASA™ = (820D )
= (222%) (%" 2)
— ((1).0?\)’

and
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AT(DA™ = (.20 (%' )
= (2 )
- (3]

aZ a

The first generator proves part (i). Now suppose d = 0. Then ¢ = —3} and we
have the following:

ASATH = (40BN
290G
1+%2 a2)

- (7F5),

and

AT()A™ = (50 HED)
= U

= ()
= (37,

neither of which is a translation. However, as we now prove, the group gener-
ated by these two elements contains the translation S(Ab?), which we prove is

the minimal translation. Indeed, we have the following
Claim: S(\?) = (AT(1)A™)(AS(\)AN)(AT()A) ' = A (TQ)SN)T@Q) ) AL

To see this, we calculate:

T)SNTQ)™ = (2 HGHLS
N4
= (—-A 1)’
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and therefore,

A@TQSMTOL) ™) A™ = (LS4
o)

(5%

From the first equality in the claim, we see that by multiplying on the right
and left of S(Ab?) by AT(1)A! and (AT(1)A7')"!, respectively, we have
A(S(N), T(Q) A~ = (S(A?), AT(1)A™H).

2.2 Hecke Correspondence

Consider the exponential series: F(z) = Y o a,e?™*/# 8> 0, a, € C
such that a, = O(n"), for some v > 0. We make the following

Definition 2.1 Let A = (24) € SL(2,R). We define
) . sdy
Me(si4) = [{F(Aiy) - aoy L. 2.)
0

Note first that this is the Mellin transform of F’ — ag along the image under
A of the non-negative imaginary azis. This definition is motivated by a letter
from James Hafner to Marvin Knopp in 1987 in which Hafner discusses the
Mellin transform on a ray based at the origin. Note also that, in our case,
(2.1) is the usual Mellin tranform of F o A.

The main idea here is to use Mg(s; A) to study Hecke correspondence
on conjugates, by the matrix A, of the classical Hecke groups (S(A),T(1)).
The function F' will (eventually) be an entire automorphic form of weight &
and multiplier system (M.S.) v on the conjugate group A(S(A),T(1)) A~L.
Throughout this chapter, k£ will be an arbitrary positive real number.

First, we provide the framework for the generalized Hecke correspondence
on A(S(A),T(1)) AL.
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Definition 2.2 (Twisted Dirichlet Series) Let F and G be two functions, holo-
morphic in the upper half-plane H, and representable in H by the exponential
series: F(z) = Y 02, a,2 /M G(z) = o0 bpe®™in2/22 )\ Ay > 0, an, by

sequences in C s.t. a, = O(n") and b, = O(n7), for some v > 0. Let x be a
character from (R,+,0) to (C, - ,1). For s = o +it, define

Le(six) = Y_anx(n)n™, Le(six) = Y bax(n)n™,

n=1

A’ A2\’

Oreix) = (3%) TEMLeein), falsin) = (32) Tls)Lolsix)
Here, x should have sufficiently mild growth (such as polynomial growth) to
ensure convergence of the above Dirichlet series. In what follows, we consider
the case xy, = xu(n) := e*** (for fixed u € R), a character from (Z, +, 0) to

the complex unit circle.

Remark 2.1 a, = O(n7) and b, = O(n"), for some v > 0, implies Qg (s; x)
and Qg(s; x) converge absolutely in the RHP: 0 > v+ 1.

To see this, note that (" )° T(6)|Lr(s; x)| converges in a RHP if and only if
30 ) lanx(nll _ §roo o] ” converges in a RHP. But a, = O(n”) implies that the sum
Y, ,FL < K Y .., = which converges in the RHP: ¢ > v+ 1. The same
argument applies to Q¢g(s; x)-

Note that by Lemma 2.1, if F and G are automorphic on the conjugate
groups A (S(\1),T(1)) A~! and A (S(X2),T(1)) A~ respectively, then F and
G have fourier expansions at ‘oo defined by exponential series (provided that
¢ =0 or d =0). In the case c =0, F has period )\ a? and G has period A\:a.
In the case d = 0, F has period A,6° and G has period A.b?. With this setup,
we prove the following lemma.

Lemma 2.2 The Mellin transforms of F — ag and G — by along the image
under A of the nonnegative imaginary azis are Dirichlet series of the type
described in Definition 2.2.
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Proof: For the case ¢ =0, since F has period \,a?, and Aiy = a?iy + ab, we

obtain:

A d
Mp(si4) = [{F(aw)—aoly’}

%621rin.4iy/z\laz Y l.dy

M8

an e21riu(ab+aziy) /a2 ys--l. dy

M8

2
1
-

- 2 _ 2 2 -
e2mnab/z\m e 2xna‘y/Aa y.s ldy

[Ms
$

1
-

n

oo oo
= Z%e2winb/ha‘/‘e;'*v"l ys—ldy
0

0\8 °\8 °\8 0\08
|l

n=l
o0 [o »]
= Za"eZﬁnb/Ala/e-tts—l dt ( M )*
2mn
n=1 0

)’ )
(3) TeLeting,)
e\’
— =2 212 .
= a "( = ) [ (s)Lp(s; xx%;)
= a7 Qr(six ),
the interchange of the integral and sum being justified by the absolute conver-

gence of a=% Qp(s; x ). Similarly, since G has period );a?, we have:
18

Mo(sid) = (32) T0)Zalsixg,)

a~2 QG(s;xx;_‘).
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For the case d = 0, since F has period 0%, and Aiy = b'*’-;i — ab, we obtain
(as in the case ¢ = 0) the following:

. sdy

Mr(s;4) = [{F(Aiy)—aoky’"

-~ - 2 -
2rxinAiy/\ b ys ldy

M
Y

e

eZ‘mn(bz- — ab)/ 2 b2 ys—-ld,y

[M]s
P

F]
[}

-2mnab/,\‘b2 —21m( )/4\162 3-1dy

K

ane

g O ~—g O ~—g c;\g o~ g
I

)
1
-

oo
21rn
- Zane—zmna/xlb/e v .s 1dy
n=1 0
oo
—-2xn
n=1 0
0 oo
_ -21n'na/4\16/ —tz—s—1
= Zane t dt ( L)
~ ; 2t
o0 ,\ -3
= Z%e—2nina/a\16 1 F(—S)
vt 2rn ’

and therefore,

Mgp(-s;A) = (;\—;)’F(S)LF(-?;Xﬁ)

_as [ MB?
b 2-'( 2‘1r) [(s)Lr(si X z3)
= b Qp(s;xﬁ).

As before, we note that the interchange of the integral and sum is justified
by the absolute convergence of b=2* Qp(s; xﬁ). Similarly, since G has period
1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



14

A2b?, we have

Mo(~s5;A) = (%),F(S)Lo(smﬁ-s)

= b (523,’:—2) D) La(si Xz3)

— h—2s .
= b QG(sa X%;F)'

Theorem 2.1 (Hecke Correspondence On Conjugate Groups)
Let A= (2%) € SL(2,R).

The casec = 0: Let F(2) = Y oo an€®™ /4% and G(z) = 20 bpe2rin/hac®
an, = O(n"),b, = O(n"), for somey > 0. TFAE:

A;.
(i) Qr(s;x s ) and Qg(s; x 2 ) can be continued meromorphically to the
a 20
entire s-plane with Qg (s; xﬁ:)—az" g“_—f{- - 9}) and Qa(s;xﬁ)—a"” (ﬂs?'_—';f- - 2})
entire.

(it) Qp(s; x e ) and Qg(s; x . ) satisfy the functional equation
Qr(k = s5x8.) = a7 Qg8 x2.)- (2.2)

(11i) Qp(s; x 1%) and Q¢(s; x rfz) remain bounded in every lacunary vertical
strip (LVS): oy < Re(s) < g, [t| >t > 0.
B;.

Forz € H,
(FlAT(1)A™) (2) = G(2). (2.3)
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The cased = 0: Let F(z) = z:°° anez"i”z/'\lbz and G(z) = ;':’=0 bne2m'nz/lzb2’

n=0

a, = O(n?),b, = O(n?), for somey > 0. TFAE:
As.
(i) Qr(s; x=a) and Qg(8; x=a) can be continued meromorphically to the
xib X206
entire s-plane with Qg (s; xﬁ.s)—bz' (%ﬂ_'—:- + 531) and Q¢ (s; xfﬁ,)—-bz" (9,;-'_-71‘ + 9})
entire.
(i) Qp(s; Xffs) and Qg(s; X,\;,"s) satisfy the functional equation

Qp(k — S;Xﬁ%) =ik pier QG(S?X%)- (2.4)
(iit) Qp(s; x f_ns) and Qg(s; xﬁ) remain bounded in every lacunary vertical
1 2
strip (LVS): o1 < Re(s) < o9, |t| >ty > 0.
B,.

For z € H,
(Fl,AT(1)A™Y) (2) = G(2). (2.5)

Proof: First, we prove the Dirichlet series conditions from the transformation
law. We begin by calculating AT(1)A~! for general A = (33):

AT(1)A™ = (28I )42
= (g2)(& 2

ac+bd —(b2+a?)
A+d® —(act+bd) ] *

Therefore, the transformation law (F|, AT (1)A™!) (z) = G(z) is the following:
F(AT(1)A™'2) = {( +d*z— (ac + bd)}* G(2)

k
= (& +d*>F {z-c;::z} G(2).
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Put z = Aiy. This

i

I

16

gives

k
( + d®)* {Aiy - Zfizzd} G(Aiy)

2, 2k Joiy+b ac+bd k i
(¢ +d) {ciy+d c2+d2} G(Ai)

acy? + bd + % ac+bd)* .
(Cz+d2)k{ cyc2y?-+-d? y—cz-}-d?} GlAiy).

Using that ad — bc = 1, we obtain the following:

o k
Flad) (c2+d2){

cd(y? — 1) +iy( + &) \* . .
cr e B

cd(y? - 1) +iy(E+d)\* ., ,.
{ 2y & } G(Aiy).

Note 1: Setting ¢ = 0, we obtain F(A) = i* G(A4iy) y*. Setting d = 0, we
obtain F(A-;-) = 1* G(Aiy) y~*. Note that the expression above provides an

approach for obtaining a functional equation in the generic case: neitherc =0

nor d = 0, although a classical functional equation does not appear likely from

this.

We first prove the

case ¢ = 0. By the change of variable y goes to 1/y, and

the transformation law for the case ¢ = 0 described in Note 1, we have

Mp(s;A) =

I

/ {F(Aiy) — ao}y’%

0

-/ {F(Aiy) — ao}y"%—l— + [ {F(Aiy) — ao}y’ i_y
7 {F (A—z') - ao}y"gg + f {F(Aiy) - ao}y’gﬁ
1 Y y 1 Yy

T . . dy .. d
/ & Gl4i) v* ~ anpy~ L + f (Fiy) - aohy* L.
1 1
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Suppose Re(s) > max {0, k,v + 1} = max {k,v + 1}. Then the first integral
can be rewritten as

o0 oo .
i 1f {G(Aiy) — b}y + boi* {‘ P g {y-squ

= [{G(Aiy) —bo}yrd + (% - =),
1

Therefore,

[« d [s o]
Me(si ) = # [(Glaiy) byt~ + [(Flan) - aky +
1 1

— g

bo'ik _92
s—k s/

~ >

Rp(s;A)

Ep(s;4)

By Lemma 2.2, case ¢ = 0, this is equivalent to
Qr(sixe ) = a®*Ep(s; A) + a®**Rp(s; A).
16

To get the analogue for Q¢(s; x 2 ), we rewrite the transformation law (2.3)
20
with z = AT(1)A~'z. In the case ¢ = 0, the transformation law is

F(AT(1)A™'2) = a~%*[z — ab]* G(2).
With z - AT(1)A™!z, we obtain
F(z) = a *[AT(1)A"'z — ab]* G(AT(1)A™'2),
i.e.,

G(AT(1)A™'z) = a™[AT(1)A~'z — ab|™*F(2)
o [abz — a?(¥? + a?)
- z—ab

ol = ]"’ F(2)

- ab] - F(z)

z—ab
a2 [—(z — ab))* F(2).

To simplify this further, we need the following:
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Note 2: zF(—z)~* =i%* Vz e H,Vk € R.

To see this, it suffices to show that the arguments on both sides of the equality
are the same. Recall our convention: —7 < arg z < 7. Suppose z = re®. Then
arg(—z) = 6 — m, and we have
zk(_ Z) -k _ elclagz e-klog(—-z)
= ek[lag[zl-{-i@]—k[logl—z[+i(0—1r)]
ckilo—(0-7)]

= elcﬁr.

On the other hand,

i?k _ e?klagl
e2I¢[m/ 2]
= ek

Therefore, G(AT(1)A~'z) = a~%i~2¥[z —ab]* F(z). Putting z = Aiy, we have

5(%)

a~2*i"%[Aiy — ab]* F(Aiy)

I

= a % *[a%iy + ab — ab]* F(Aiy)
= i~*F(Aiy)y*.

In analogy with Mr(s; A), with i* replaced by i—*, we obtain

s—k s

(- 7

Mot d) =7+ [(Faig) ~ sy~ + [(Glai) ~ o}y + (B D2).
1 1

~ _,

Ec(:: 4) Rg(s;A)

By Lemma 2.2, case ¢ = 0, this is equivalent to

Qc(sixe.) = a®Eg(s; A) +a*Rg(s; A).

Since F'(Aiy)—aq and G(Aiy) —by are absolutely convergent exponential series
starting with n = 1, whose coefficients have polynomial growth, F(Aiy) — ag
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and G(Aiy)—by — 0 exponentially, as y — co. An application of the Lebesgue
Dominated Convergence theorem and Morera’s theorem shows that Er(s; A)
and E(s; A) are entire in s and hence, a>* Er(s; A) and a®* Eg(s; A) are entire
in s. This proves part (i). Consequently, we can replace s by £ — s and obtain
part (ii) immediately.

To prove part (iii), we need to show that Qg (s; Xf;) = a?* Er(s; A)+a* Rp(s; A)
and Qg(s; x &) = a**Eg(s; A) + a®** Rg(s; A) are bounded in LVS's. We prove
it for Qr. The proof for Q¢ is analogous. Note that the LVS’s avoid the simple
poles at s = 0 and s = k. Clearly then,

a*Rp(s; A) = a* (%“_'—: - 211) — 0 as |t| — oo.

3

Therefore, a2* Rp(s; A) is bounded in LVS’s. For a?*Eg(s;.4), we have

(o o] oo
o Bn(s; A)| < > ( FlGCa) —tol vt + FIF (i) — yit).
1

Note that

(G(Ady) —bo] < lballx s (m)]e*mme/ 2|

n=1

o0
—_ Z [ bn I e—?wny/xzaz

n=1
)
I{e--21|’y/¢\za2 § : ,',l-ye-ﬂhr(n-1);;/;\3::‘t

n=1L

o
Ke—?mv/2a Zn"e"z"("")/ 229 (since y > 1)

n=1L

IN

— Kte—Zﬂy/Azaz-
Similarly, |F(Aiy) — ao| < L*e 2™/ Let M* = max{K*,L*}. Then
o0 o0
la*Ep(s; A)| < a*2M" ( ) etrv/adtyk-aidy lfe-m/*w’y” 9}) < M=,

and so a®*Ep(s; A) is bounded in LVS’s. This completes the proof of B; => A;.

Next, we assume the Dirichlet series conditions in A,, including the functional
equation (2.2). We will prove that the transformation law (2.3) in B; holds.
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For any r > v+ 1, where 7 is from Definition 2.2, we obtain the inverse Mellin
transform of G — by along the image under A of the non-negative imaginary

azis as follows:

r+ico r+ioco

1 ) —s 1 A\’ _ —s
a7 [ Matsiawas = o [ (52) TLelsing,) vrds
r—ioco r—ico
r<+i00
_ 1 ,\2 ne2mﬂb/kga -.s
= 3= . ( ) I'(s )Z ds
=100
oo 1 r+100 2 —s
. T
(;) z:bnezwmblxza —2'7{—1, / (X"’H{) F(S)ds
n=1 r—ico 2
o0
— z b, e27rinb/Azc e=27ny/ A2
n=l1
= G(Aiy) — bo. (2.6)
To justify (*), we show the absolute convergence of
Sad Ag\ 4 e2rind/Aza o rico —2s
I @) T Gy ds =57 [ a™Qq(sixp) y~ds.
r—ico r—loo

By Remark 2.1, a=2Qg(s; x xs_) converges absolutely on Re(s)= r. Moreover,
70

convergence is uniform on the compact set {r + it : |[t| < t,}, for any ¢,.

Therefore, 5i- f a'z’QG(s, X ) y~*ds converges absolutely. To handle the
r—t i

growth of I'(s) on {r +it: |¢| 2 to}, we use Stirling’s formula on the vertical
line Re(s)=r, as |t| = +oo0:

A b 2xinb/Aza by
(B OEEE ] < () e £
n= n-l
< -/}-2. r ‘/2_” e_rlt(r-%e—x[t|/2K Z R YT
- \2r vt
A2
2T

r
) V2r e—rltlr-—-;-e-xltlﬁ Keyy™"
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Therefore,

ltlr—— —rltl/2dt

/ (-&) Ver e |t "ie M2 K, yTdt < K,

2n
1t1>t0

jti>to
1
< K T(r+3)
and so 3= [ @ #Qg(s;x s ) y~*ds converges absolutely. The same argu-
l¢1>to *

r+ioc0
ment shows that 5= [ Mp(s; A)y~*ds = F(Aiy) — ao.

r—ioo

Let r > k. Consider the following contour:

|72
t
{ e N
Y3 |—1 0 k T
-t
Y4|—>

Assume (for the moment) that ;.- f Mg(s; A)y~*ds, 3= f Mg(s; A)y™*ds — 0

as |t| = oo. Recall that by Lemma.2 2,casec =0, Mp(s, A) = a2 Qp(s; X, ),
which has principal part (ﬁﬂ—— ’-"1) by the assumption in A, part(i).
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By (2.6) and the residue theorem, we have

—r+fo0
1
G(Aiy) —by = 5= / Mg(s; A)y™ds + D _ Res(Mg(s; A)y™; 5)
—reico 3=0,k
1 —r4ic0
_ L . -5 —k,—k _
= 7— / Mg(s; Ayy~*ds + [agi~*y bo).

We assumed that Qp(k—s;x s ) = i* a5 +2%k Qg (s x )i equivalently, by the
1e 28
proof of Lemma 2.2 (the case ¢ = 0), Mp(k — s; A) = i* Mg(s; A). Therefore,

~r+ioo
. 1 - k. —
G(Aiy) —b = o— / Mqg(s; A)y~*ds + [agi™*y ™ — bo]
-r—100
—ri
i+
271
—-r—ic0

Mp(k — s; A)y~*ds + [@oi Fy™* — by)

ktr—i
i“" +r—i00

= = / Mp(s; A)y*~*(—ds) + [agi *y~* — by]
k+r+ion

k+r+ioc

T | 1\~* ok —
= (iy)~* 37 / Mp(s; A) (;) ds + [agi~*y~* — by]

k+r—ioco

) (iy)~* [F (A%) - ao] + [a0i™*y™* — by
= (iy)~*F (Ai-) ~ bo,

(**) following from the fact that (2.6) is still valid for & + r since £k > 0.
Therefore, for z = Aiy, we have G(z) = (A~12)"*F(AT(1)A~'z). Since this
holds for all ¥ > 0, and both sides of this relation are analytic in H, the
uniqueness theorem implies that this relation holds for all z € H. With A =
(542:) € SL(2,R), A'=(9"?)and Az =%z -2

Therefore,

F(AT(1)A™'2) = (A~'2)*G(2)
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By recalling the calculations from the proof of Lemma 2.1, we see that (2.3)
follows. To complete the proof of the case ¢ = 0, we need to show that
both - f]\/[a(s A)y~*ds and ;= fMG(s, A)y~*ds — 0 as t — co. By the

Lebesgue Dormnated Convergence theorem it suffices to prove the following
Claim: Mg(s; A)y~*ds — 0, uniformly in |o] <r, as |t] — oco.

Proof of Claim: The essential tools used here are the Phragmén-Lindeléf prin-
ciple and Stirling’s formula. First, recall the following from the proof of Lemma
2.2 (case c=0):

Mec(s; A) = (32)° T(s)La(s; X ) = a~2Qg(s; X2 ):
and thus,

s
LG(S;Xﬁ) = (%) r(_,)MG(s A) = ,\_,;f) ﬁQG(S;XT\:—o)'

Applying the asymptotic version of Stirling’s formula and using the assumption
that Q¢(s; x & ) is bounded in lacunary vertical strips, we obtain the following:
26

Inside |o| < 1, |t| > to, to sufficiently large:
Lo(six.e) = O(|t|2—7€™t/2) = O(exp{eX'}), for any constant K > 0.
20

On o =r,since r > v+ 1, |Lg(s; xs 2 < Yozt loaln= = 32 | |bp|n~T, a
finite number independent of ¢, i.e., La(s, xr) is bounded on o = r.
2a

On o = —r, we use the functional equation and Stirling’s formula. Applying
the functional equation: Qg(s; x = ) =i%a%~2* Qp(k—s;x 5 ), to the series
28 18

—3
Qc(s; x__) = A—-.-?) L'(s)La(s; x r:?)’ gives the following:

s—k
:\%:) [(s)La(si X0 ; ) =ik g2 (Am ) L(k—s)Le(k —s; xxg_‘)
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or

s s—k
Lo(sixe) =i7* (%’f) (%’;) Lk —six ).

Note that r > v+1and k >0 = k+7r > v+ 1. Therefore, on 0 = —r,

Remark 2.1 implies Lg(k — s;x & ) =Lplk+r—it;x . ) remains bounded
18 18

for t € R.

ke (22)* (22 K| _ (2myo(2myo—k i
Also, [z o W = (££)°(55)7~F is independent of ¢t € R, and there-

fore, bounded for t € R.

To handle the growth of the quotient of I' functions, we use Stirling’s formula:

T(k - s) VI ekt ae T2 ] = +o0o
I'(s) VI erjt| T ie—mit/2
~ e-2r-klt|k+2r' as [tl — +00,

and thus, on 0 = -7, Lg(sixe) = O(|t|¥+?), as |t| = +oo.

Note that Lg(s; x*%o) is analytic in [o] < 7, |t| > ty. Therefore, the Phragmén-
Lindel6f principle implies that L¢(s; x & ) = O(|t| I +E+7)) = O([t}*), uni-
formly on |o| < r, |t| > to, t, sufficiently large, the constant from O being inde-
pendent of s. Recall that Mg(s; A) = (22)°I'(s)La(s; x xfr;)' Then, Stirling’s
formula applied to ['(s) on LVS’s shows that Mg(s; A) = O(|t|*+*e"t/2),
uniformly on |o| < r, as [t| = co. (p depends only on r.)

Therefore, [M¢(s; A)y*| < R|t|***e~"!t/2y~7 (R a constant) — 0, uniformly
on |o| < r, as |t| & oo. This completes the proof of the claim, and thus, the

proof of the case ¢ =0.

The case d = 0 is similar. The first difference becomes evident in the
transformation law described in Note 1, where the factor y—* emerges instead
of y*. Further differences arise as a result of the change of variable in the Mellin
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transform from s to —s. As before, we change the variable of integration from
y to 1/y and apply the transformation law described in Note 1, case d = 0.
We obtain the following:

Me(—s; A) = / {F(Av:y)—ao}y-’iiy2
0

= / (Flai) - aopy~L + / (F(Aiy) - ao}y-";—”.

= j{F (Ai) —ao}y’c:l—y-l-f{F(Aiy) ’ao}yﬁ(‘:j—y

ek up g = dy . [ ymas _.d
[ 6ttin) v+ -l + [(Fain) - aopy~ L.
1 1

Suppose Re(s) < min {—y —1,0,k} = —y — 1. Then the first integral can be

rewritten as

o0 o0 .
#* JIGWa) —boly ™ + bo® [y — a0 [y

=i [{G(Aiy) ~ bo}y' ™4 + (5 + ).

Therefore,
o0 o o] i
Mp(—s; A) = i* /{G(Aiy) - bo}y’-k(-iy- + /{F(Aiy) - ao}y"d—y + ( bo + 200
, Y / Y A k—s s
~ d Re(s;4)

E, F(VS;A)

By the proof of Lemma 2.2 (case d = 0), this is equivalent to
Qp(s; xﬁ‘s) = b® Ep(s; A) + b** Rp(s; A).

To get the analogue for Qg(s; xﬁ), we rewrite the transformation law (2.5)
2
with 2 - AT(1)A™'2z. In the case d = 0, the transformation law is
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F(AT(1)A™12) = b2z + ab]* G(2).
With z — AT (1)A~!z, we obtain
F(z) = b-*[AT(1) A~z + ab]* G(AT(1)A~'2),
ie.,

G(AT(1)A™'z) = b*[AT(1)A™'z + ab]™*F(2)
_ [-abz — b%(a? + b?)
z+ab
-t 1%
= o [z +bab] F(z)
= b *[—(z+ab)]* F(2)

= b~*i7%* [z 4 ab]* F(2),

+ ab] ~ F(2)

the last equality following from Note 2. Putting z = Aiy, we have

G (A%) = b *i"*[Aiy + ab]* F(Ady)

. k
= p—2k;—2% [525 —ab+ ab] F(Aiy)

= i"*F(Aiy)y~*.

In analogy with Mg(—s; A), with i* replaced by i—*, we obtain

[o o] [ o]
. . d ) d =k
Ma(=5;4) =™ [(Flam) —aoky™2 + [(Glam) — b= + ("0' +2°.).
y Y k—s s
1 1 .- v
EG("; 4) Rg(s;A)

By the proof of Lemma 2.2 (case d = 0), this is equivalent to
Q6(s: xz3) = 6% Ec(s; A) + b*Re(s; A).

With the same reasoning given in the case ¢ = 0, we have that Ep(s; A) and
Eg(s; A) are entire in s and hence, ** Ep(s; A) and b** Eg(s; A) are entire in s.
This proves part (i). Consequently, we can replace s by & — s and obtain part

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



27

(ii) immediately. The proof of part (iii) is virtually the same as that given
in the case ¢ = 0, the minor differences being in the reverse placement of the
bounds 07 and o, as a result of the new variable —s. This completes the proof
of By = A,.

Next, we assume the Dirichlet series conditions in A, including the func-
tional equation (2.4). We will prove that the transformation law (2.5) in B,
holds. As in the case ¢ = 0, we let r > v + 1 and obtain the inverse Mellin
transform of G — by along the image under A of the non-negative imaginary

azis as follows:

1 r+ioco 1 r+ioc A\ s

—_— —_g 3 -— — N2 ‘Y _a s

57 / Mg(-s; A)y’ds 57 / (21r) [(s)Lg(s; XF.J) y'ds
r-—-ioco r—ico

r+io00
b e-21rina/ Azb

1 A2\’ =
= —_— = S
T 2m (211') F(S)Z n? yds

r—ico n=1
°° 1 e\
(») ~2rina/Azb _* “rn
- Zb,,e 9 / ()‘2 y) [C(s)ds
n=l1 .
r=i00
oo
— Z b, e=2mina/Azb ,—2n/yr;
n=}1

The justification of (*) is virtually the same as that given in the case ¢ = 0,
the only differences occuring in the character twist (which plays no role in
absolute value) and the y* term instead of the y~* term from the case ¢ = 0,
neither term affecting the analysis.

Note that £ > 0 implies that (2.7) is still valid for £ + r. We consider the
same contour of integration as in the case ¢ = 0, and note that the Phragmén-
Lindelof principle can be applied in a completely analogous way to show that
7 | Mc(—s; A)y*ds and 3% [ Mg(—s; A)y*ds — 0 as t — co. Recall that by

72 T4
the proof of Lemma 2.2 (case d = 0), Mg(—s; A) = b~2Qc¢(s; X s ), which,
the proof of Lemma 2.2 (case d = 0), Mg(—s; 4) = b~>Qg(s; Xgs ), which,
2
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in the variable —s, has principal part ( 9_9;) by the assumption in A,

—s+k
part(i). Therefore, by (2.7) and the residue theorem, we have

—r+1i00

G(Aiy) — by = é% / Me(~s; A)y’ds + 3 Res(Mg(—s; A)y's —s)
—r—ioo =0,k
1 —r+ioo
= 57 / z\/IG(—s;A)y’ds+[aoz'""y"-bo].
—7r—100

We assumed that Qp(k—8;xze) = ik bis+2k O (s; X zs ); equivalently, by the
1 2
proof of Lemma 2.2 (case d = 0), Mp(s — k, A) = i¥ Mg(—s, A). Thus,

—r+1i00
G(Azy) — = 5% / A/IG(—S; A)y-’ds + [aoi_kyk _ bO]
—~r—100
—r+ico
= 2m / Mg (s — k; A)y*ds + [aoi *y* — bo]
k—k+r—|co
= 2m / Mg(—s; A)y*~*(—ds) + [aoz ] -bo]
k+r+ioo
N —k k+r+ioco s
1 1 1 N
= " 57 Mp(—s; A) v ds + [aei™*y* — bo]
k+4r—iocc

(= (i) - [F (Ai) - a,,] + [aoi~*y* - bo]
e -

(**) following from the fact that (2.8) is still valid for k& + r since & > 0.
Therefore, for z = Aiy, we have G(z) = (TA™'z)~* F(AT(1)A~'2). Since
this holds for all ¥ > 0, and both sides of this relation are analytic in H, the
uniqueness theorem implies that this relation holds for all z € H.

With A = (_f0) € SL(2,R), TA™! = °“)(1‘/’,, °) = (T/*2) and
TA 2=z + 8.
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Therefore,

F(AT()A™'z) = (TA™'2)*G(z2)

- (Ezl—z + %)kG(z).

Again, by recalling the calculations from the proof of Lemma 2.1, we see that

(2.5) follows. This proves the case d = 0, and completes the proof of the

Theorem.

As a special case, we set FF = G. Then A, = M = A. We also al-
low for a multiplier system (M.S.) v of weight £ on the conjugate group
A(S()),T(1)) A~'. Then F is an entire automorphic form of weight £ and
M.S. von A{(S(A\),T(1)) A~t. Theorem 2.1 implies

Corollary 2.1 (Automorphic version of Hecke Correspondence on Conjugate
Groups) Let A = (2%) € SL(2,R), and let v be a M.S. of weight k on the
conjugate group A (S(A),T(1)) A7, Set v(AT(1)A™!) =C.
The case ¢ = 0: Let F(z) = T2 aze?™™:/%a® g = O(n"),y > 0. TFAE:
A,

(i) Qr(s; x & ) can be continued meromorphically to the entire s-plane and

. — s *C 1) :
Qr(s; x}%) a**ag (—,_k ,) is entire.

(ii) Qr(s; x 2 ) satisfies the functional equation
Qr(k —s;xp) =C ™ Qp(s;x s ) (2.8)

(#i3) Qr(s; x L ) remains bounded in every lacunary vertical strip:
01 < Re(s) <o, [t] 21 >0.
B,.
(FIZAT(1)A™) (2) = F(2). (2.9)
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The case d =0: Let F(2) =Y oo, ane2™n:/ M g — O(n7),y > 0. TFAE:
A,.

(i) Qp(s; X.}g) can be continued meromorphically to the entire s-plane and
Qp(s; xﬁ._) - ba, ({-_9;- + -}) is entire.

(it) Qr(s; xﬁ._) satisfies the functional equation
Qp(k —s; X.};) ={*C b4t QF(S;X.-rg)- (2.10)

(iit) Qp(s; X;.g.) remains bounded in every lacunary vertical strip:
oy < Re(s) < a3, |t| >t > 0.

B,.

For z € H,
(FIZAT(1)A™) (2) = F(2). (2.11)

Note: In each case, replacing s by k£ — s in the functional equation shows
that :*C = +1. This implies that C = + e~"*/2, However, as we will see,
i**C = +£1 is a necessary condition for proving (2.8) and (2.10), and follows
directly from (2.9) and (2.11) respectively.

Proof: It suffices to show that (i*C)% = 1. To see this, refer to the expressions
for Mg(s; A) and Mg(s; A) on pages 17 and 18 in the proof of Theorem 2.1.
There, we see that multiplying Mg(s; A) by +* (and replacing s by k — s) gives
Mpg(k — s; A) (which implies the functional equation). The essential difference
here is the presence of i*C as opposed to i*. To get the functional equation
here, we multiply by i*C (and replace s by k — s); it is here that we need
(i*C)? = 1. (The same reasoning holds for the case d = 0.) For the case ¢ =0,
this follows from the transformation law and the calculations in Lemma 2.1
for the case ¢ = 0. Indeed,

—k
(FRATWA™) () = FG) & o4TWA™) (5-2)  PUTWA™S) = F(2)
o F(AT()A™2)=C (:-2 - %)kp(z)

& F(AT(1)A™'z) = Ca~%*(z — ab)*F(2).
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By replacing z by AT(1)A™'z and using the transformation law again, this
holds &

F(z) = Ca *(AT(1)A™'z — ab)*F(AT(1)A™!2)
= Ca *(AT(1)A7'z — ab)*Ca=*(z — ab)*F(2).

By the uniqueness theorem, we have

1 =C%**(AT(1)A™'z — ab)*(z — ab)* Vz € H.

Putting z = Az, we obtain

1 = C%a*(Ai —ab)?*
= C% *(a% + ab — ab)*
- C2a-4k(a2i)2lc
- C2i2k
= (i*C)%
For the case d = 0, this will follow from the transformation law and the

calculations in Lemma 2.1 for the case d = 0. We have

(FRAT()A™) () = F(2) & o(AT1)A™) (5 +2)  F(AT()A"'2) = F(2)

& FATW)A™ ) =C (5+2) F@)

& F(AT(1)A7'z) = Cb~%(z + ab)*F (2).

By replacing z by AT(1)A~'z and using the transformation law again, this
holds &

F(z) = Cb~2*(AT(1)A~'z + ab)*F(AT(1)A~'z)

= Cb~*(AT(1)A7'z + ab)*Cb % (z + ab)*F ().
By the uniqueness theorem, we have

1 = C%*(AT(1)A~'z + ab)*(z + ab)* Vz € H.
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Putting z = Ai, we obtain

1 = C* *(Ai+ ab)*
= C?%*(b% — ab + ab)*
C2b-—4k(b2i)2k
— C2i2k

= (*C)2.

We note that the case ¢ = 0 can also be approached by using the classic
Hecke correspondence since if F is a form on ATA~!, then F | A is a form on
', which implies Fo Aisa formon I for A = (3}%) € GL(2,R). However,
the approach taken here has a much broader perspective that illustrates, for
certain sets of conjugates, the exact type of functional equation satisfied by
the corresponding Dirichlet series. Furthermore, we study two special sets of
conjugates, which give rise to very natural generalizations of the Hecke groups.
This is the topic of the next section.

2.3 The Case y =1

We explore special cases of A such that x is the identity, i.e., cases in which
the twisted Dirichlet series reduces to the usual Dirichlet series associated to
the exponential series. We do this for each case, ¢ = 0, d = 0. Furthermore,
we show that the corresponding group, in each case, is a natural generalization
of the classic Hecke group. From Theorem 2.1, we see that in the case ¢ = 0,
X is the identity & b = tAa, t € Z. In the case d = 0, x is the identity
<> a=1tAb, t € Z. In each case, we examine the corresponding groups.

We begin with the case ¢ = 0. By Lemma 2.1, ATA™ ! = A(S(\),T(1)) A™!
= (S(\a?), AT(1)A~!). With b = t)a, t € Z, the proof of Lemma 2.1 shows
that

AT(1)A™! = (3\! —42[(:22-&-11 )
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Claim: ATA™! = (S(Aa?), AT(1)A™Y) = (S(ha?), T()).

Proof of Claim: It suffices to show that ATA™' > T(J) and AT(1)A™! €
(5(2a?),T(%)). However, these follow by considering the following:

S(Aa®) " (AT(1)A™Y) S(Aa?) = S(—~tra®)(AT(1)A~1)S(tAa?)
t timnes t times
—g2 2
= () (5 Goe
= (o T3 9)

0 -a?

= (a2 70)
(3

For the case d = 0, Lemma 2.1 implies that ATA™! = A(S()), T(1)) A~}
= (S(\b?), AT(1)A"'). With a = tAb, t € Z, the proof of Lemma 2.1 shows
that

AT()A = (P ErY,
Claim: ATA™! = (S(AB?), AT(1)A™Y) = (S(A?), T())-

Proof of Claim: It suffices to show that ATA™! 3 T(&) and AT(1)A™! €
(S(Ab?), T(%)). However, these follow by considering the following:

- -1 _ —~1
SO (AT(1)A™Y) SR) ™" = S(EA?)(AT (1) A1) S(—tAB?)

t times t times

(1 ea?) ( —A BN (1 e )
ot I\ & eA o 1

— 0 b —
- (1/03 tA )(3 ti\bz)

0 -
(L/b2 0 )

]
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An immediate consequence of the two claims is the following:

Remark: If A = (§})2) or (1% §), with a € R, ¢ € Z, then the conjugate
group A(S(A),T(1)) A™' = (S(A\a?),T(%)). Let X, 1 be arbitrary positive
real numbers. If we set A = :\"/_ and a = ‘}_, then this group can be written
as <S (A), T(u)> Note that a=45+2% = (@2)~2s+* = 4*~*/2_ For convenience, we
switch the roles of X and A. The group (S(A\), T(u)) is a generalization of the
classic Hecke group. We denote this group by H (A, #). With these variables,

Theorem 2.1 implies

Theorem 2.2 (Hecke Correspondence on H(A, p))
Let A= (2%) € SL(2,R). IfA=(g2) or (12 2), witha €R, t € Z, then
the conjugate group A ( S(A) T(1)> A~' = H(A, u) and we have the following:

Let F(2) = Y22y ane®™™/A and G(z) = 320, bae?™ /%2 g, = O(n?), and

= O(n"), for some v > 0. Set Qp(s) = Qr(s,1) = Y oo, ann™ to be the
associated Dirichlet series. TFAE:

A.
(1) Qr(3) and Qg(s) can be continued meromorphically to the entire s-plane
with Qp(s) — p=*/? (%’}_‘—E - 9—}) and Qg(s) — pu~=*/? ("—9-——- 9‘1) entire.
(it) Qp(s) and Qg(s) satisfy the functional equation
Qp(k —s) = u*~*2 Qg(s). (2.12)
(iit) Qp(s) and Qc(s) remain bounded in every LVS:
o < RG(S) < 03, Itl >t >0.
B.

For z € H,
(FIT(w) (2) = G(2). (2.13)
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We state the following corollary for convenience in applications to Chapter 5.

Corollary 2.2 (Automorphic version of Hecke Correspondence on H(A, p))

Let A= (2%) € SL(2,R), v be a M.S. of weight k on the conjugate group

A (S(X),T(1)> AL, Set u(AT(1)A™Y) = C. If A= (3858) or (3. 9), with
a€R, t€Z, then A <S(T\),T(1)> A~' = H()\, i) and we have the following:
Let F(2) = Y20 ,a,*™™3/* such that a, = O(n") for some v > 0. Set
Qr(s) =Qr(s,1) =3 .2, ann™° to be the associated Dirichlet series. TFAE:
A.

(i) Qr(3) can be continued meromorphically to the entire s-plane and
Qr(s) — u~*/%ay (_1}_% - L) is entire.

s

(ii) Qp(s) satisfies the functional equation
Qp(k — s) =i*C p*~*/% Qp(s). (2.14)
(iit) Qp(s) remains bounded in every LVS:
01 < Re(s) < oy, [t| >t > 0.
B.

For z € H,
(FleT(w)) (2) = F(2). (2.15)

Remark As before, #**C = +1 (C = + e~"*/2). Recall that if £k € Z, then
the multiplier system v for the group H(\, ) and weight & is a character,
and therefore, v reduces to a M.S. on H()) = (S(A\),T(1)). As we pointed
out at the end of Chapter 1, v(T(u)) is independent of u. Thus, if k € Z,
then C = v(AT(1)A™ ') = v(T(1)) = v(T(u)). A priori, in Corollary 2.2, with
k €R, C =v(AT(1)A™) # v(T(1)) = v(T(n))-

In the next chapter, we examine algebraic and geometric properties of
H(\, p) including a condition on discreteness, a fundamental region, and a
modular analogue.
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CHAPTER 3

THE GENERALIZED HECKE
GROUP H(\, p)

Let A\, p € R*. We call the group H(\, u) = (S(A),T(u)) the Hecke
group of width A and inversion u. Note that H(), 1) is a classic Hecke group.
Recall that a linear fractional transformation group has an associated matrix
representation modulo + the identity. In addition, we will make frequent use
of the fact that the inversion T'(u) can be represented as (2 o ), where £ = .

However, we take (J 3') as the canonical form.

In this chapter, we give a condition for the discreteness of H(\, 1) and dis-
cuss briefly a standard fundamental region associated to the group. Finally,
we give a context, in terms of group structure, for studying a modular ana-
logue of the generalized Hecke group. We will see that this modular analogue
contains a very special subgroup of the modular group.
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3.1 Discreteness

The main result is the following:

Proposition 3.1 H(), u) is discrete <> A\\/ii > 2 or A\\/li = 2cos s
q€Z,q2>3.

Remark 3.1 The case A\, up € Z* can be proved directly using only properties

of discreteness and limit sets.

This can be seen by first recalling two facts in [14]. First, let L(T') = the
limit set of . Then I') C I'; = L(I'}) C L(I2). In particular, a subgroup of
a discontinuous group is discontinuous. Second, I'y C I'; and [['; : [}] < 00 =
L(I',) = L(T'z). Thus, a group containing a discontinuous group as a subgroup
of finite index is itself discontinuous.

With u4 € Z*, let [(u) be the group generated by I'g(u) and T(u). Since
T(u) is in the normalizer of o(x) and of order two, [[g(u) : To(u)] = 2.
Therefore, the second fact implies that ['j(u) is discrete. Since (S(A), T'(p)) is
a subgroup of I'y(u) for any A € Z, the first fact completes the proof.

Proof of Proposition 3.1: Asin [11], let W(A) = (1?) and put K(A1, A2) =
(S(M1), W(Ag)). Claim: K(A, Au) = (S(A), T(u)S(A)T(n)).

Proof of Claim:

TW)SWNT(k) = (W )GENGT
= GG
= (52 2
Therefore, as a linear fractional tré.nsforma.tion,

TEWSNTE)™ = (S )

= (-)\1,.-01

= (i

= W(p).
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Since (S(A), T(u)SAT (1)) =(S(A), (T(k)S(A)T(1))~"), the claim follows.
By Lemma 1in (11}, K(A, Ap) is conjugate to K (v Ay, vAAr) = K(A/E, A\\/E)
which is discrete by Theorem 1 of [11]
SANEA/E24or \AANE=4cos’ 2 g€Z,9>3
SA/B2>20r A\/E=2cos§,q€Z,q23.

Therefore, K (A, Au) is discrete > A/t > 2 or A\\/i = 2 cos 1;-, q€Z,q>3.
By Theorem 2 in (11}, K(), Ay) is of finite index(1 or 2) in H(\, ). It follows
that H(\, u) is discrete > A/t > 2 or A/lz = 2cos T9€Z,q23

3.2 A Fundamental Region

In this section, we describe (the closure of) a fundamental region (F.R.)

for H (A, u), and calculate its hyperbolic area (H-area). We have three cases:

& Vi /E\
By N A U5 ) = - _".u ) A’&J_
2 Vi Ve 2 A VE VB 2 2 /B
The case A\/p > 2. The case A\/zi = 2. The case A/ = 2 cos%.
H-area = oo. H-area = . H-area = (—"'q—z)"n
Cusp: ioco. Cusps: ioo, %‘ Cusp: icoc.

Note: The semicircles of radius ﬁ are meant to be orthogonal to the real axis.
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Remarks:

1. Since S(\) is the minimal translation in H (A, ), the width is A and the lines
Re(z) = =+ % are its fixed circles. The fixed circle of the elliptic transformation
T(p) is the semicircle of radius ﬁ ; the elliptic fixed point of T'(y) is T;E
Moreover, the fixed semicircle is orthogonal to the family of rays through the

origin, as noted above (see [14]).

2. For each case, the H-area is identical to the H-area of the corresponding
classic Hecke group. This fact is trivial since, for each case, a generalized Hecke
group is conjugate to a classic Hecke group, in that respective case (see the
remark preceding Theorem 2.2), and therefore, for each respective case, a F.R.
of a generalized Hecke group is just the image under a real linear fractional
transformation of a F.R. of a classic Hecke group. However, for completeness,
we calculate the H-area of the F'.R. explicitly using the Gauss-Bonnet theorem
(see [14]).

For the case A\/z > 2, we have free sides, and therefore, infinite H-area (see
[14]). For the case A\/B = 2, we note that since the semicircle of radius
is orthogonal to the real axis, the angle made between the vertical lines and
the semicircle is 0. Therefore, Gauss-Bonnet implies that the H-area is .
For the case A/t < 2, i.e., the case A\\/i = 2cos %, q €22, q> 3, Gauss-
Bonnet implies that the H-area = 7 — 260, where 6 is the angle made between
the vertical lines and the semicircle. By elementary geometry, cos = -:i; =
'—\32@ = cos lq'-, g€ Z, q > 3. Since @ is acute, § = %. Therefore, the H-area is
-2 = =T

q9 q

Note: For each case, \\/i > 2, A/t = 2, and A/t < 2, by varying u, we
see that there exists a F.R. for H(), u) of every positive width, having infinite

H-area, H-area = 7, and H-area = gi'q—gﬂ, respectively.
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3.3 A Modular Analogue
Throughout, we will assume that ¢ € R*.
Notation 3.1 T, := { a4) e SL2,R) [ (2%) e SL(2,Z)}.

A straightforward calculation shows that I, is a group.

Remark 1:

vE o b 7‘-0)_ aﬂb«i) 7‘-0)_ a bt
(v3)eo(Ta) = (%%)(T7) = a9

so that T, = {M € SL(2,R) | AMA™ € SL(2,Z), A= ("¢ )} :

|

Remark 2: H(3,t%) = <((1, 'i'), (% ?)) C L

In fact, we have
eps 1 52y 14 o=t _
Proposition 3.2 H(3,2°) = ((; &), (] £))="re

Proof: Let A= (‘f 3 ) . AT,A! = (S(1),T(1)) & T; = A~1(S(1), T(1)) A.
But the proof of Lemma 2.1 (for the case ¢ = 0) witha =%, A=1,and b =0,
shows that
ATIS()A=(}t) and AT'T()A=(T),
i.e.,
ATH(S(1), T(W) A= H(L, ).

Therefore, it suffices to show that AI',A~! = SL(2,Z). By the note on the
previous page, we see that by the equivalent definition of I';,, if M € [,

then AMA™' € SL(2,Z) and hence, AI''A™! C SL(2,Z). Conversely, let
(24) € SL(2,Z). We need to show the following:

(55) e arca={(2%)1(28) eLe}.
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We have
g - 8

(38)=(2%)eAT A & (55) el
By definition of [,

2 %) €T, since (x “) = (=) e SL(2,2).
Therefore, AI';A~! = SL(2,Z) and the proof of Proposition 3.2 is complete.
Corollary 3.1 T, is discrete.

Proof: This follows from Proposition 3.1 since %\/t_2 =1 = 2cos%.

Lemma 3.1 Let M = (3%) e H(,t%), M* = (2%) €T (1). Letv be a M.S.
of weight k on I'(1). Set v*(M) = v(M*). Then v* is a M.S. of weight k on

H(3,t%).

Proof: Claim: * : M — M* is a group homomorphism from H(3,t?) to ['(1)

(under the usual matrix multiplication).

Proof of Claim:
*(Mi M) = (M M,)*
b b2 \1*
[(2 &) )]
(amz+bu:3 arb2+b1d2 \*
ciaztdicz  cibz2+dida
_ ar1az+h1c2  (arba+brdz)t
- Smf—‘lﬁz ciba+didz )
On the other hand,

(M) *(My) = MM
(al blt)(az bzt)

It

_ araz+b1ca  (ar1by+byda)t
= ﬂﬁ%’“’—cl cibz+didz
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We need to show that the consistency condition (C.C.) holds for v*. That is,
for any M, M, € H(},t?), and for any 2 € H, we need to show the following:

v (M M) ((cra2 + dica)z + c1be + dldg)k = v*(M)v* (Me) (e, Moz + dl)k(cy + dg)k.

Since v is a M.S. of weight & on I'(1), v satisfies its own (C.C.). In particular,
for any M;, M; € I'(1), and for any 2 € H, we have the following:

v(M}Mg)((athal; 4o p, 4 didy)" = (M} )u(M3)(S M3z + dy)* (22 + dp)F.

Note that ¢ € R* = tz € H. Therefore, substituting ¢tz for z, and using the

definition of V* with the claim above, we obtain
v (M M2)((cra2 + dic2)z + ¢ be + d]_dg)k = v'(l\z[l)'u‘(l\/lz)(%Mz‘tz + dl)k(qz + dg)k.

By comparing this with the desired (C.C.) for v*, we see that it suffices to
show that Mtz = ¢ M,z. But

C
-tiMz‘tz

I

¢ [astz + bot
t Sftz + d2

c (122+bg)
! 2z + da

= clez.

i

Finally, since v is a M.S. on I'(1), |[v*(M)| = [u(M*)| =1 VM € H(},t2).
This completes the proof of Lemma 3.1.

We are now in position to prove

Proposition 3.3 If F(z) is a MF of weight k and M.S. v on I'(1), then
F(tz) is a MF of weight k and M.S. v* on H(},t?).

Proof: Let G(z) = F(tz). The analytic properties of F remain unchanged
upon multiplication by ¢. In particular, we know by the previous section that
there exists a F.R. for H($,¢?) with a single cusp at ico. Therefore, since F is
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meromorphic at the cusp ioo for the modular group I'(1), G is meromorphic at
the cusp ico for the modular analogue H(1, t?). Furthermore, we know that the
F.R. for H(},t?) is just the image under a real linear fractional transformation
of the F.R. for I'(1). Consequently, F'(tz) has (at most) finitely many poles
in the F.R. for H(},1?) since F(z) has (at most) finitely many poles in the
F.R. for I'(1). For the transformation law, let M = (2%) € H(},t?) and
M*=(%%) € SL(2,Z). Then

_ az+b\ _ taz +tb\ a(tz) +tb
G(N[z)-G(cz-l»d)-F(cz-i-d) - F(f(tz) +d)
= F(M'tz)
= vy (S + d)" F(tz)
= v*(M) (cz + d)* G(=2).

Alternatively, one can show that for A = (‘f ;‘_ ), (FIRA) V(A" MA) =
(F|A), i.e., G(A)t*/2F(tz) satisfies the transformation law, which implies that
F(tz) does as well.

We now turn our attention to congruence subgroups of the modular ana-
logue H(3,t?). These subgroups will be the basis for the remainder of this

thesis.
Notation 3.2 A, := {(g 8) € SL(2,Z) | (2%) € SL(2, Z)}.

Note that for A, to be nontrivial, £ must be in Q. A straightforward calculation
shows that A, is a subgroup of I'; and that A; =I'; = I'(1). By Remark 1,
Ay = ASL(2,Z)A™", A= ( v 7"_)

Remark 3: [o(S)NI*(R) =As, $€Q,(S,R) =1

This gives the following:

Corollary 3.2 H (&,5) DTo(S)NT°(R), §€Q,(S,R) =1.
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Proof: Put t = % in Proposition 3.2 and use the fact that ', D A,.

In the mid-1930’s, Erich Hecke established a correspondence theory on the
Hecke group H(A,1), in particular, on the modular group A = 1 (see [5],[6]).
Roughly 30 years later, André Weil developed a theory of correspondence on
the subgroup I'¢(S) of the modular group (see [20]). Our goal here follows
a similar track. In Theorem 2.2 of Chapter 2, we established the Hecke cor-
respondence on the generalized Hecke group H(A,u), in particular, on the
modular analogue H (—'5'1, %i-) . We now aim to establish the Hecke correspon-
dence on the subgroup [4(S) NT'°(R) of H (%, %}) This is the subject of
Chapter 5. Note that [z(S) N I'%°(1) = I'y(S). By using the context of the
generalized Hecke group, and following the techniques of Weil, we will extend
Weil’s results on I'y(S) to the group [y (S)NI°(R). Before doing this, we study
properties of the group I'y(S) N °(R). This is the topic of the next chapter.
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CHAPTER 4

THE CONGRUENCE GROUP
(R, 5)

After defining the congruence group I'(R, S), we discuss ['(R, S) as a con-
jugate of I'((RS), and comment briefly on a fundamental region for I'(R, S),
including some information about the cusps. Lastly, we discuss the index of
['(R,S) in the modular group.

4.1 Definition

Let N € Z*. Recall that
F(N):={(2%)el(1l)|a=d=1mod N, b=c=0mod N}
is called the principal congruence group of level N. Any subgroup of I'(1) which

contains ['(NN) is called a congruence group of level N. For our purposes, we

consider the following special congruence groups of level N:

Lo(N) == {(23) € (1) | ¢ = 0 mod N},
[O(N):={(25)el(1)|b=0mod N}.

In [18], Bruno Schoeneberg defines a deeper congruence group of level N:

LY(N):={(24) e’(1) |b=c=0mod N},
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that is, TJ(N) = [%(N)NCy(N). In [3], Emil Grosswald describes the algebraic
structure of ['J(p) for any prime p, indicating the set of independent generators

and relations defining I'3(p).

We now generalize ['J(V) to the less-known congruence group I'(R, S) with
two integer variables R and S. To my knowledge, this group appears only in
(15] in which Morris Newman discusses conditions for congruence groups to be
free.

Definition 4.1 Let R,S € Z*. We define
I'(R,S):={(25)el(l)|b=0mod R, ¢c=0mod S}.

Note that I'(R, S) is a congruence group of level l.c.m.[R,S]. If R and S are
coprime, then I'(R, S) is a congruence group of level RS. Obviously, ['(R, S) =
I'%(R) NT[y(S). Note also that I'(R,1) = I'"(R) and I'(1,S) = [y(S). To be
consistent with the earlier notation, we write I'(NV, N) for ['3(N).

In analogy with Weil’s extended group of I'¢(S) denoted ['3(S) (see [20],
where [3(S) = <FO(S),(g31)> = <FO(S),T(S)>), we define the extended
group of I'(R, S) as follows:

Definition 4.2 For R,S € Z*,
[*(R,S) = (P(R,9), (2 9)) = (TR, S), T(H))-

4.2 Conjugates

In this section, we show that the group I'(R, S) can be realized as a conju-
gate of ['((RS). This was noted briefly, without proof, by Morris Newman in
[15]. Moreover, we carry over this result to the extended groups I'*(R, S) and
[3(RS).
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Proposition 4.1 Put A= (¥ 3.)- We have A7'T(R, S)A = To(RS),
i.e., ['(R,S) and I'y(RS) are conjugate subgroups in the group of real 2z2

matrices of determinant 1.
Proof: To see this, first consider ( & %) € ['(R, S). Then we have

AN LA = (T
(

an element of ['((RS), so A™IT'(R, S)A C ['h(RS).

Now consider ( z&.5) € [o(RS). Then we have

1
Al A = (“f ? )(,s:gc.';)(vfT 0

I
8’

an element of I'(R, S), so AL'((RS)A~! C ['(R, S). Therefore, we have
A™T'(R,S)A =Ty(RS) and Proposition 4.1 follows.

Corolla.ry 4. 1 The groups I'(R, S) and T'°(RS) are conjugate under
AT = (2 L0 )

VR

Proof: This follows immediately by the well-known fact that 'y(NV) and I'°(N)
are conjugate under T. More precisely, T-'I'°(RS)T = ['((RS) and Proposi-
tion 4.1 imply that ['(R, S) = ATo(RS)A™! = AT 'T°(RS)TA™".

Corollary 4.2 The groups I'*(R, S) and I'§(RS) are conjugate under
vR 0
A= (" F= )-

Proof: By Proposition 4.1, it suffices to check that A~1(2 F)A = (& 3
We calculate:
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AEPA = (T HEPCT L)
= (s‘} BT L)

(0-1.

We note the slight correction of {15] in which Newman states that ['(R, S)
and I'y(RS) are conjugate subgroups in the group of rational 2x2 matrices
of determinant 1. However, if R is square-free, then requiring determinant 1
forces the conjugating matrix to have only real entries. Newman then men-
tions, without proof, that the matrix for conjugation can be chosen to have
integral entries if and only if R and S are coprime. We prove one direction

here.

Proposition 4.2 If R and S are coprime, then ['(R, S) and I'y(RS) are con-

Jugate subgroups in the group of integral 2z2 matrices of determinant 1.

Proof: R and S coprime implies that 3 z,y € Z such that B = (§2) ¢
SL(2,Z). Consider (& #) € (R, S). Then

B-l(gcd)B = (—S R)(.Sec’fib)(

(s(re-a) Ra-s8))(§3)

= ( RS[(Rc—a)+(d—Sb)] =)»

an element of 'o(RS), so B-IT'(R, S)B C [4(RS). For the opposite inclusion,
let (%.5) € To(RS). Then we have

B(R?S‘cz)B_l = (g;:)(RScd)(—SR

_ R(a+zSc) Rbtzd
- (S(a-&-yl?.c) Sb-ivyd) (-S R

( . R[~(a+zSc)+(Rb+zd)] )
S{(a+yRe)y—(Sd+yd)] * }
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an element of I'(R, S), so B[4(RS)B™! c (R, S). Therefore, we have that
B™'T'(R, S)B = I'4(RS) and so I'(R, S) and [,(RS) are conjugate subgroups
in the group of integral 2x2 matrices of determinant 1.

Remark: It is important to note that conjugation by A = (§%) € SL(2,2)
does not take the inversion in ['*(R, S) to the inversion in ['§(RS). As we will
see in the next chapter, to achieve a Hecke-Weil correspondence on I'(R, S),
the correct matrix for conjugation is A = ( ‘fi 795 )- In light of Chapter 2, case

¢ = 0, conjugation by this matrix is very natural for Hecke correspondence.

Corollary 4.3 If R and S are coprime, then I'(R, S) and ['°(RS) are conju-

gate subgroups in the group of integral 2z2 matrices of determinant 1 .

Proof: This follows immediately from Proposition 4.2 and the fact that
['o(RS) and I'°(RS) are conjugate under 7.

4.3 A Fundamental Region

It is a standard result that if R is a fundamental region (F.R) for the group
[, [[(1):T} < oo, then M(R) is a fundamental region for the conjugate group
MTM™! for any M €GL(2, Q). We now fix a F.R. R for [',(RS). Therefore,
by Proposition 4.1, A(R) is a F.R. for ['(R, S), A= ("F 3)- Thus, if qis a
parabolic cusp for [4(RS), then A(q) = (\/073' 795 )a = Rq is a parabolic cusp
for [(R, S). Therefore, results of J-M Deshouillers and H. Iwaniec in [2] can
easily be applied to describe explicitly the cusps of ['(R, S), including their

number. They are of the form

24 (u,w) =1 with u,w > 0 such that w | RS.
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Two cusps &4 B4z of the above type are ['(R, S)-equivalent if and only if

wy ? wa
w; = wq and u; = us (mod (w;, -ﬁ—f-)). Furthermore, the number of inequiva-

lent cusps of I'(R, S) equals the number of inequivalent cusps of ['y(RS). From

(2], this number is

h(C(R,S)) = Lyias 6((w, ).

As a special case, we note that if R = p™ and S = p™, p a prime, then a

straightforward calculation shows that

n,+na
h(r(p"’ pnz)) — p 2 (1 + ,L,l) : ny +ng even
b nx+n2_
2p™ = n, + ny odd

4.4 Index in the Modular Group

In the last section, we saw that certain congruence groups are conjugate
to others. We exploit this and use results of Bruno Schoeneberg in [18] to
calculate the index of I'(R, S) in I'(1).

To illustrate the generalization to I'(R, S), we first outline the results for
[o(NV), T'°(N), and (N, N) given in [18]. Since [y(N) and I'°(N) are conju-
gate in I'(1), their index in I'(1) is the same. Schoeneberg calculates the index
using two prior calculations. First, he shows through elementary means that

[[(1) : T(N)] = N* [1(1 - %)-
pIN

Similarly, he shows that [[4(V) : T'(IV)] = N¢(N) by noting that the index
[To(N) : T'(N)] = | To(N)/T(N) | = N¢(N), since if c =0 (mod N), then the
congruence ad — bc =1 (mod N) has exactly N¢(N) solutions.
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With these two indices, he calculates [['(1) : To(V)] as follows:

[F(1) : T(N)]
[Fo(V) : T(N)]
NI - %)

piN
N#(N)

N3 1}(1-5)(1+},)
N-NTI(1-3)

PIN

1
NH(I + ;).

pPIN

[C(1) : To(V)]

This method also shows that [I'(V, N) : [(N)] = ¢(N) by noting that the in-
dex [[(N,N) :T(N)] =| (N, N)/T(N) | = ¢(N), sinceifb = c =0 (mod N),
then the congruence ad — bc =1 (mod N) has exactly #(NN) solutions. Thus,

as above, we have
[F(1) : T(NV))

[C(N,N) : T(V)]
NI - &)

pIN

$(N)

NI = 2) (A +3)

pIN

NTIG-D

pIN

1
= NM[Ja+>).
pIN P

[[(1) : T(N, N)]

We note that, by similar reasoning, Svetlana Katok also obtains this result
(see [7]). However, neither Katok nor Schoeneberg calculates the index of
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[(R,S) in '(1). We provide it here. In doing this, instead of following the
method above, we use the fact that I'(R, S) is conjugate to ['q(RS). Therefore,

we have
[(1) : T(R,S)] =[T(1) : To(RS)] = RS’ll;[s(l +2)-
Note that this is consistent with the calculation for (['(1) : T'(NV, N)].
If (R,S) =1, then we have

(F(1) : T(R, S)]

RS H(H—%)

piRS

= R[Ja+ L sTJa+ L
PIR p piS p
= [[(1) : To(R)] [[(1) : To(S)]

= [): T*(R)] [T(2) : To(S)].

By Proposition 4.2 and Corollary 4.3, if (R, S) = 1, we obtain the following:
[[(1) : To(RS)] = [[(1) : T°(RS)] = [T(1) : T°(R)] [T(1) : [o(S))-
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CHAPTER 5

WEIL CORRESPONDENCE
ON I(R, S)

5.1 Hecke Correspondence and the Twisted

Mellin Transform

Recall that I'(1,S) = I'4(S) and ['(R,1) = ['°(R). In [20], André Weil
proved a Hecke correspondence on ['4(S). The main result here is an exten-
sion of that theorem to the group '(R, S). Furthermore, whereas Weil dealt
with cusp forms, our framework is the less restrictive case of entire modular
forms. The presentation follows closely that of [20]. (Note: To avoid notational
problems, we will denote translations by the blackboard character S.)

In keeping with the notation of Weil, we make a minor change in our
notation of Chapter 2 by writing characters as subscripts in Dirichlet series.
Also, the constant C appearing here has a slighlty different meaning which
will be made clear in context. More noticeable is the absence of the multiplier
system in the definition of the slash cperator, although a multiplier system
will be defined. Throughout, we assume that the weight £ € Z+. We have

Definition 5.1 If M = (23) € GL.(2,R), define the slash operator “” as
F|M = (F | M)(2) = (detM)**(cz + d)*F(Mz). (5.1)
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We note that this definition is consistent with our earlier one upon normaliza-
tion of M € SL(2, R), absent the multiplier.

Definition 5.2 Let {a,}, {bn} be two sequences in C. For some c > 0,
suppose a, = O(n?), b, = O(n’). Define the following:

oo o
F(Z) = Zane%rinz/Rl G(Z) — Z bne27n'nz/R3
n=0 n=0
wp(s) = Za,.n" we(s) = Z bpn™*
n=1 n=1

%) = (%) Tears) e = (%) Teols)

Lemma 5.1 Let p > 0. TFAE:
Qp, Qe can be continued meromorphically to the entire s-plane, remain bounded

in every LVS, and satisfy the functional equation
Qp(s) = Cﬂklz—’ﬂa(k —3). (5.2)
For z € H,
[GIT(k)] (2) =C 1" F(2). (5.3)

Proof: Replacing s by k — s in (5.2) gives Qr(k — ) = Cu*~*/2Qg(s). By
slashing both sides of (5.3), we obtain [F' | T'(u)] (2) = i*C(—1)* G(z). Then,
with C = i* and R; = \; (i = 1,2), Lemma 5.1 is a restatement of Theorem
2.2,

As a corollary, set a, = b, Vn so F = G and write Q(s) for its associated
Dirichlet series. This gives

Lemma 5.2 Let p > 0. TFAE:
Qr(s) can be continued meromorphically to the entire s-plane, remain bounded

in every LVS, and satisfy the functional equation
Qp(s) = Cu*/**Qp(k - 3). (5.4)

For z € H,
[F | T(p)] (2) =C Y™ * F(2). (5.5) .
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Note: By the same argument in Chapter 2, replacing s by £ — s in the
functional equation shows that, in Lemma 5.2, C = £1. To be consistent with
Corollary 2.2, set C = i*C*, C* = v(T(u)). Then *1 = *C* = C* = +i ¥,
which agrees with the multiplier for an inversion (see the end of Chapter 1).

We recall the concept of twisted series by Dirichlet characters as introduced
by Weil in [20].

Definition 5.3 Let ¢, be a sequence in C (not all ¢, = 0) s.t. ¢, = O(n?),
for some o > 0. Let m € Z* and x a primitive Dirichlet character modulo m.
Define

L(s) = Y cax(mn~

n=l

%o = (32) T

F(z) = ) cax(n)e?™/"

n=1

Ifm =1 (i.e., x =1, the principal character), we write L, Q, F.
Definition 5.4 For m > 1, let g(x) be the Gauss sum
9(X) = Xo(modm) X(a@)e/™.
We will need the following:
X(=1)x(n) = T2 T moum) X(@)e? /™,

a standard result on Gaussian Sums, valid only for primitive characters (see
[1]). We note that in [20], Weil omits the factor x(—1). This was pointed out
by Knopp in [9]. As in [20], it follows that

x(—DFy = 1(,,%12,.(,,.,,4,,.) X(a)F | S(%)
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Suppose (R, m) = 1. Then as a runs through a complete residue system(C.R.S.)

mod m, so does Ra and we can write the above equation as the following:

- _9x) _ Ra .
wod-nn=0 5 xmaris() 69

Define Q3(s) = (££)°I'(s)Lx(s) = m™* Q,(s). Then we have

Qu(s) = Cut 250 (k - 5)
& m*Qy(8) = Cop 2 *m* Qg (k — s)
& O (8) = Cop* > mk-25Qs (k — s)

& Q4 () = Cy(pm®)* >~ Q3 (k — 3).

By Lemma 5.1, this holds & [Fg | T(um?)] (z) = C,'i™* F, (2),
ie., & F(z) = Cyi* [Fg | T(pm?)] (2).

By (5.6), this holds <

X(R)9(X) 2 pa moim X(Ra) F | S(72) = X(R)Cxi*9(X) X pa moam X(Ra) F | S(2)T (um?).
This gives the following:

Lemma 5.3 Let m € Z*,m > 1 and fizr x, a primitive Dirichlet character
modulo m. Then TFAE:

Q,,2; can be continued meromorphically to the entire s-plane, remain bounded
in every LVS, and satisfy the functional equation

e (s) = Ce*2=*Qu(k — ). (5.7)

For z € H,
Ra

X(Rg0) 3 x(Ra)F|S (2

Ra modm

) =x®Cdm ¥ xE)FIs (28) 7).
Ra modm (5.8)
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Remarks:

(1) For (Ra,m) # 1, x(Ra) = x(Ra) = 0, so we may assume that (Ra,m) =1
on both sides of the equality in (5.8).

(2) Assume also that (RS, m) = 1 which is equivalent to (R,m) = (S,m) = 1.
Thus, given a such that (a,m) = 1, we have (RSa,m) = 1 which implies
3b,n € Z such that 1 = mn — RSab, i.e., 1 = (m)n —(Sa)Rb. Therefore, there
exists the matrix (2, ~?) € ['(R, S). We donote this matrix by v(a, Rb).

Claim 1: S(2)T($m?) = T($)v(a, Rb)S(2) (7 3
Proof of Claim 1:

LHS = (} %)k &
RSa;n-R)
Sm
RHS = (3 P)( % P)=)%l)

— (RSa -Rn (1‘“ m 0
- Sm —-RSbH )(Om
2ga8b __
= (RSa Rs" Rn)(v(r);'(').

- (R.S’am R’Sab—Rmn)

Sm?

= RSam —R(mn—RSab) )
Sm? 0

— RSam -R)

- Sm? .

Claim 2: As Ra runs through a C.R.S. mod m, so does Rb.

Proof of Claim 2: First, we note that (Re,m) = 1 = (RSa,m) = 1 (since
(S,m) = 1) and hence, as above, 3 b,n€ Z such that 1 = (m)n — (RSa)b, i.e.,
1 = (m)n — (Rb)Sa = (Rb,m) = 1.

Second, we need to show that Ra; = Ra,(modm) => Rb, = Rba(modm).
Ra, = Ray(modm) = 1 = RSaiby = RSasby(modm) = m | S(aRb, —
azRb;). Now (S,m) =1 = m | (a;Rby — a2Rb;). Now m | (Ra; — Ra,;) and
(Ray — Ra3) | (Ray — Rag)b; = m | (Ra1b2 — Rayb;). Therefore,
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m | [(a1Rby —a2 Rby) —(Rayby — Ragby)], i-e., m | a1 (Rb; — Rb,). But (a,m) = 1.
Therefore, m | (Rby — Rb;) or Rb, = Rby(modm). This proves Claim 2.

Note: Since RSab = —1(modm), we have x(—RSab) = x(1) = 1 which
implies x(Ra)x(—Sb) = 1. Thus, x(Ra) = x—(-lTb) = x(—Sb). Set u= %.

By Claim 1 and Claim 2, (5.8) is equivalent to the following:

X(R)9(X) 3 pomoam) X(F) F | S()

= X(R)Cyi*9(X) 3. pmodm) X(Ra) F | S(32)T(Fm?)

= X(R)Cxi*9(X) 3_ pamodm) X(—Sb) F | T(F)v(a, RO)S(£)(77 3,)

= X(R)Cxi*9(X) 3= pomodm) X(O)X(=S) F | T()¥(a, Rb)S(22).

The latter equality follows from Definition 5.1 since for any function A,

k(%) = (m?)*?m=*h(B2) = h. Thus, by subtracting and factoring out

S(£), we have that (5.8) is equivalent to

g(x)
9(x)

> XOF-C

Rb(modm)

%(—RS)F|T (%) +v(a, RB)] | S (%) ~0.
(5.9)

5.2 The Direct Theorem
Recall that ['*(R, S) is the group generated by (R, S) and T(£).
Proposition 5.1 I'*(R, S) is discrete.

Proof: Claim: T'(3) is in the normalizer of '(R, S). To see this, consider
ab) e '(R,S). Then we have

r(3) eur(f) = Gheved
= (£3)en
= (£7)
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an element of I'(R, S) since S | c and R | b. This proves the claim. Since
T(%) is in the normalizer of I'(R,S) and of order 2 (as a linear fractional
transformation), I'(R, S) is of index 2 in I'*(R,S). Therefore, I'*(R, S) is

discrete.

Remark 5.1 For the same reasons given in the remarks on page 5, the map-
ping F— F|T (%) preserves the finite-dimensional space of entire modular
forms on (R, S) of fized even integral weight (and M.S.), and furthermore, as
an operator on the subspace of cusp forms on ['(R, S) of even integral weight
(and M.S.), T( -S,E) is self-adjoint with respect to the Petersson inner product,
and thus, is normal. Therefore, a basis can be chosen such that for each basis
element F, we have F| T(3) = Ap F, where A\p € C. Slashing both sides
shows that A\p = +e™*/2 = 1, the M.S. of even integral weight for an inver-
ston. (See page 7.) Thus, we assume that modular forms, initially defined on
['(R, S), are actually on I'*(R, S).

Definition 5.5 Suppose € is a Dirichlet character modulo RS. We say that F
is of Hecke type (k,R,S,¢) if F is regular at the cusps of (R, S) and

F|M=¢e'a)F, VM = (2 ®) e ['(R, 5). (5.10)

We now show that ¢ is real on I'(R, S). In doing this, we will use the following

calculation:

(3)@nr(3) = ePEnEh
= (EeEL )
= (&%
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Suppose F is of Hecke type (k,R,S,€) and F | T($) = C~Y%*F. Then for
(-Sb a )GF(R S)

e d)F

i

Fl(-Sb a

= rir(3)anr(3)”
= CNF| (8 B)T (%)

S\t
= C"li"‘e"l(a)F|T(E)
= Cli*ke Y (a)Ci*F

= € '(a)F.

Therefore, if F is of Hecke type (k,R,S,€) and F | T(£) = C~'i~*F, then
€(a) = €(d) if ad = 1 (mod RS), and thus for any ( 2. %) € ['(R,S). This,
in turn, implies e(a)’ = e(a)e(d) = e(ad) = €(1) = 1 which implies ¢(a) =
and, in particular, that € is real on I'(R, S).

Theorem 5.1 (Direct Theorem) Let € be a Dirichlet character modulo RS.
Let F(z) = 322, cpe®™™2/R be of Hecke type (k,R,S,€) such that

F|T (%) =C~li*F.

Then Q(s) = (2m)~°T'(8) Y g cat™* can be continued meromorphically to the
entire s-plane, remains bounded in every LVS, and satisfies the functional equa-
tion

/2—3
Q(s) =C (%)k i Q(k - 3). (5.12)

Furthermore, for each primitive Dirichlet character x with conductor f, =m
such that (m, RS) = 1, the functions 2, ,Q; can be continued meromorphically
to the entire s-plane, remain bounded in every LVS, and satisfy the functional

equation

k/2—s
%6 =G (F)  elk-9) C=0rlBx-rS). 19
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Proof: The first assertion follows immediately by Lemma 5.2. For the second
assertion, we apply Lemma 5.3 and the remarks following it. By Lemma 5.3,
(5.7) is equivalent to (5.8). By the remarks following Lemma 5.3, (5.8) is
equivalent to (5.9). Now

FIT(3)1@B) = C™4*F (3P
= C7l'i*¢ Y(m)F.

Therefore, Ci*e(m) F | T(%)v(a, Rb) = F. We rewrite this equality as the

following:

Ce(m) %3x(~RS) *48%(~RS) F | T(§)1(a, R) = F

g(% 9(x)

Thus, with Cy, = Ce(fy) g(x)x(—RS), we have the following equality:
C* B8 X(~RS) F | T(§)1(a, Bb) — F = 0
= [Cxi* ZE%(—RS) F | T(£)v(a, Rb) — F] | S(£&) =0
= 3_ Ro(modm) X(0) [Cxi ,(X)X(-RS) F | T(Z)v(a, Rb) — F] | S(&) =0.

This is (5.9) and Theorem 5.1 follows.

5.3 Character and Matrix Manipulations

Notation 5.1 Let M = {4} U {odd primes}.

Note: If m € M, then all nonprincipal characters modulo m are primitive.
In general, primitive implies nonprincipal. Therefore, with respect to M, a

character is nonprincipal & it is primitive.

Lemma 5.4 Suppose m €M, 3 (m,RS)=1. Let0#£C;, €C. Fiz x,
a primitive Dirichlet character modulo m. TFAE:

k/2~s
Qy(s) = C, (%) Qe(k — s), Co, = Cyi k-"?‘; %(—RS). (5.14)
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For all Rby, Rb; 5 (Rby, m) = (Rby, m) = 1, we have, for (a,m) =1,

[F- C"F[T(S) (a,RbI)]IS(R—"l:-l-) [F—C‘F[T( ) (asz)HS( 62)
(5.15)

Proof: We first note that (5.14) is equivalent to (5.9):

Y X®)[F-CLF|T (5) v(a, Rb)] | S (I:f) 0. (5.16)

Rb(modm)
We define F' | A(b) as the following:

FIA® =IF-CaF|T(3) e mol IS (2).
Then (5.16) is equivalent to

Y. XOF | A@) =o. (5.18)

Rb(modm)

In proving Lemma 5.4, we first show that (5.15) = (5.14), i.e., that
(5.15) = (5.18). Thus, suppose

Fl{Ah)=F|[Xb)=F|A
for all Rby, Rby > (Rby, m) = (Rbs, m) = 1. We must verify (5.18). But

Do OXBFIA®) = Y x(b)F|A®)

Rb(modm)
Rb(modm) (Rb,.nm)zl

= F|Xx Y x(0)

Rbd(modm)
(Rb,m)=1

= 0, (5.20)

since x primitive => x nonprincipal => 3_ g 1nodm) X(0) = X 4moam) X(0) = 0,
the latter equality following from elementary number theory (see [16]).

Conversely, suppose (5.14) holds, i.e., suppose (5.18) holds for each
primitive Dirichlet character x (mod m). We must derive (5.15), that is,
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F | Xb) = F | Mb2) = F | A for all Rb;, Rb, 3 (Rby,m) = (Rby, m) = 1,
i.e., for all by,b; 3 (b, m) = (bp,m) = 1. Now (b, m) = (b, m) = 1 implies
3 5V, ¢, and 5@, ¢, such that 5,6 — mt; = 1 and 56D —mt, =1, i.e.,

BV, 6@ 3 5,60 = 50? =1 (mod m). (5.21)

Now m € M implies that all Dirichlet characters except x, are primitive.
Therefore, by elementary number theory (see [16]), we have

5 X(b)z{cp'(m)—l : b=1 (modm)

X primitive -1 : b#1 (modm)

Note that if 6 = b;, then b("b = b(Vp; = 1 (mod m). Similarly, if b = b,, then
b2b = b®by, =1 (mod m). Therefore, as above,

> )2(b‘”b)={¢(m)_1 : b=b

X primitive -1 b#bl
and
> o= {AM T
X primitive -1 : b#b
Thus,
0 : b#b,b,
3 ox6We~ 3 x(6@0)={ ¢m) : b=b
X primitive X primilive _ ¢ (m) . b= bg

But from (5.18), we have

D W) —x(®) Y- %) F|A®) =0.

X primitive Rb(modm)
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Therefore,

LHS = Y F[Ab) Y (x(6Wb)— x(6@b))

Rb(modm) xprimitive
= D FIM® | X Y- > x(@y)
Rb(modm) primitive X primitive

= G(m)F | Mb) + (—=¢(m))F | A(b) + 0- D F|A®)

Rb(modm)
Rb%RS, ,Rby

= ¢(m)(F | Mb1) — F | A(b2)),

and so ¢(m)(F | A(by) — F | A(b2)) = 0. Therefore, F | A(Rby) = F | A(by).
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Lemma 5.5 Let k € Z* and v(a,b) = (%, "®) € T(R,S) with m,n €
M. Assume (5.14) holds for conductors m and n, i.e., for each primitive
Dirichlet character x modulo m (respectively modulo n) such that (m, RS) =1
(respectively (n, RS) =1),

k/2~s
06 =C(3) %o, Ch=catlBsrs).

Suppose that C;,C; = (—1)*. Assume also that F satisfies (5.4):
Q(s) = Cu*?>*Q(k — s).
Then F | v(a,b) = (C;,~'Ci*) F, where C = %1 is from Lemma 5.2.

Proof of Lemma: Let y(a,b) = ("%, ~2), 7(—a,—b) = (2 ®) € (R, S).
In Lemma 5.4, we replace Rb, and Rb, by Rb and R(—b) respectively. Now
Rb # —Rb (mod m) since otherwise, m | 2Rb and (Rb,.n) =1 imply m | 2, a
contradiction since m = 4 or an odd prime. Therefore, (5.15) in Lemma 5.4

becomes

[F-CLF|T (S) 7(a,b)] | S (Rb) =[F-CLF|T (%) yv(~a, —b)] | S ( Tf”)
(5.25)

By assumption, F satisfies (5.4). Therefore, by Lemma 5.2, we have
S
-k °2) =
Ci*F|T ( R) F.
which implies
S

C,‘,,F[T(—

— v =1 -—k
R)—C’mC i " F.

Thus, with { = C;,C~1i~*, (5.25) can be rewritten as

F~CF @IS (o) =F = ¢ Flat-a, -l 15 (2).

ie.,

[F —CF | y(~a,~b)] = [F ~ CF | x(a, b)]ls(2ﬁ”). (5.29)
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On the other hand, since [y(a,b)]™! = (2, “P)-! = (& ®)and [y(—a, -b)]"! =

—-Sa n

oYL= (% R and (5.15) in Lemma 5.4 holds for n as well as m,

we have (as above), with (* = C;C ',

[F—¢ F|[y(—a,—b)"] IS(R") [F—¢ F | [v(a,b)]" ljls( f”)

ie.,
(F=¢ F I ri=a 01" = [F = F (a0 8 (222) . (530

By assumption, C;,C;; = (—1)*, and by the note after Lemma 5.2, (5.4) implies

C = *1. Therefore, since k is an integer, we have

¢ = [CreiHlcioiH
= CLCiC% %
= (-p*
= 1,
or (* = (7. Hence, ~[F —(F | y(~a,=b)] | ¢"'[r(~e,=b)]™" = ~¢* F |
[v(—a,=b)]"' + F |1 =F —(*F | [y(—a, —b)]~!. Therefore, (5.31) becomes

~[F=CF | v(—a,=b)} | ¢"H{¥(~a, =b)] ' = [F—(" F | [’7(a,b)]‘]|S( 2an)
i.e.,
[F — ¢ F | v(—a,~b)] = ~C[F = ¢* F | [y(a,b)]™] | ( iR”) (~a, —b).

Now ¢*C=1= —([F - (" F | [v(a,d)] '] = —CF + F | [y(a,b)]"! =
[F = F | v(a,b)] | [v(a,b)]*
and so (5.31) becomes

(F = CF | 7(~a,~b)] = [F = CF | v(@,b)] | [{v(a, b)]-'S (“’—R”) (~a, b).

(5.34)
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Combining (5.29) and (5.34), we have

F=CF 19000118 (222) = (P~ F | (0, 8)] | @S (22 o(-a, -5,
or
2Rb

m

2Rb

F=CFlr@bl1s (202) ~1F = F (a0 |US (22) =0 (539

where U = [y(a, b)]™! 8 (Z22)[y(—a, —b)] S(=22). We now calculate U:

n

U

(& B SE)NE B )

—Rb —Rb
= (51':: :%“—m’--km)(;; -'%&-i-n)

mn—RSab —anH-ls‘—:;z”—z—an
2507"—352—:2& ~SaRb+( -ZSGﬁL-tmn X -'.'Soglb:tmn) °

Using RSaeb = mn — 1 and writing everything in terms of m and n, we obtain
1 =2Rb
U= )
Claim: U is elliptic of infinite order.

Proof of Claim: Trace(U) =1+ i+ -3 = A -2 = 2(Z - 1). But
m,n€ M=0< L <1= -2 < Trace(U) < 0. Therefore U is elliptic. To
prove that U is of infinite order, we show that the eigenvalues of U are not
roots of unity. (See [14].) The eigenvalues are the roots of the characteristic
polynomial

z? — Trace(U)z + Determinant(U),

ie.,

22 +2(1 - 2)z +1,

mn

a polynomial p(x) in Q[x] of negative discriminant. Therefore, the roots are
complex and algebraic of degree 2. However, since p(x) is the monic irreducible
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polynomial for these roots in Q[x], and the coefficients of p(x) are not in Z,
these roots are not algebraic integers. In particular, they are not roots of unity.
Therefore, U has infinite order and the claim follows.

Put G = [F — ( F | 7(a,b)]. Then by (5.36), we have the following:

[F-C¢F|v(a,b)]—[F—-CF|v(a,b)][U=00rG -G |U =0, and thus

G | U = G. Since U is elliptic of infinite order, the group < U > cannot be
discrete, and hence there do not exist nonconstant automorphic forms on

< U > (see [8]). Therefore, G is a constant. Since k& # 0 and the only constant
automorphic form of nonzero weight is the 0 function, it follows that G = 0
and thus ¢ F' | v(a,b) = F. Therefore, F | v¥(a,b) = ("' F = (C:)"'Ci* F
and the proof of Lemma 5.5 is complete.

5.4 The Converse Theorem

Theorem 5.2 (The Converse Theorem) Let k € Z* and M* C M such that
M?* contains elements in every arithmetic progression {an + b | (a,b) = 1}.
(There ezist such M* C M since M itself satisfies this by Dirichlet’s theorem.)
Suppose also that € is a Dirichlet character modulo RS. Suppose that (5.4) of
Lemma 5.2 holds for the Mellin transform of F. Suppose also that (5.7) of
Lemma 5.3 holds for the twisted Mellin transform by each primitive Dirichlet
character x of conductor f, € M*, where C, = Ce( fx);ﬁ(%x(—RS).

Then F is an entire modular form of Hecke type (k,R,S,€) such that
F | T(%) = Ci™*F. Finally, if L(s) = -2, can™* converges absolutely for
s=k—46,0<d <k, then F is a cusp form.

Proof: That F | T(Z) = Ci™*F is Lemma 5.2 since C = C~!. Now let
M= (2 %)eI(R,S). We consider two cases:

Case 1: (b = 0) In this case, we have @ = d = £1. For the moment, we assume
a=d=1. Then M =({,9) €(R,S). On the other hand,
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T(%)(&'{“)T(%)—l = EREEED

- 0o 1
g'—Rg'c)(_th)

—_ 0
- Scl

= M.

rin(§)ar ()

= C7Y*F|(}-E)T s\~
0 1 R

-1
= C“i"‘FlT(%)
= C7li™*Ci*F
= F
= € (1)F.

Therefore,

F|M

This proves Case 1: (b=0) fora=d = 1.

Case 2: (b # 0) Now ad — RSbc = 1 = (a,RSb) = (d, RSb) = 1. By the
assumption on M*, 3 integers m = a + RSbs € M*,n = d + RSbt € M"* for
some s,t € Z. Then (m, RS) = (n,RS) = 1. Put b* = ¢+ mt + ns — RSbst
and M* = (. ®). Then a calculation shows that mn — RSbb* = 1, thence
M* e (R, S).

By assumption, Cy = Ce¢( fx) x(—RS )- In accordance with Lemma 5.5,
set C;, = C. z":g; X(—RS) for x (mod m). Similarly, set C; = C. z"f(;)»x(—-RS)
for x (mod n). Then C;, = Ci*e(m) for x (mod m) and C: = Ci*¢(n) for x
(mod n).

Claim: The assumptions of Lemma 5.5 hold for the conductors m and r,
with C}, = Ci*e(m) and C; = Ci*e(n).
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Proof of Claim: Above, we showed that (m, RS) = (n, RS) = 1. There-
fore, by the present assumptions of Theorem 5.2, it suffices to check that
C:.C: = (-1)k. To do this, we calculate:

C:Cr: = C%*%e(m)e(n)
= (~1)*e(m)e(n)
= (—=1)*¢(mn).

But mn — RSbb* =1 = mn =1 (mod RS). Therefore, e(mn) = ¢(1) =1 and

the claim follows.
Applying Lemma 5.5 gives

FIM = C.7'Ci*F
(Cli“keY(m))Ci* F
e~ '(m) F.

i

Therefore, the transformation law holds for M*. To prove it for M = ( &, &),

note that

(e D W) 5:D) = (Csumrser —rStbin)( 5,

(—somesse @) (541

= (5o m @) 5 1)

— m—RSbs Rb
- (S(b‘—tm)—Sds d)

(s —tm—ds) %b )
( S[b'—tm—:(n-RSbt)] ’:b )
(5p* —tm—sn+rsbet) d)

aRb)
Sc d

= M.

Thus M is a product of elements in I'( R, S) for which the transformation law
holds.
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Claim: v[( & )] = €(a) defines a multiplier system on ['(R, S).

Proof of Claim: Let M, = (g} ‘2‘ )y M2 = (g2, ’;’;’) € I'(R,S) so MM, =
(auxg-%-be;cg :). Then

'U(M[Mz) = e(alag + RSblcg)
= 6(0.10.2)
= e(a1)e(az)

= U(Ml)’v(ﬂ/fg),

i.e., vis a MS on I'(R, S) which is also a character on ['(R, S), as is required
since any MS of integer weight is necessarily a character. We observe that ¢ is
actually multiplicative on the product I'o(S)['°(R). Since € defines a multiplier
system and m = a (mod RS), the transformation law holds for M as well.
This proves Case 2: (b # 0).

To complete the proof, we consider the case b = 0,a = d = ~1. Then

M = (5 %) Form

MS(Ru) = (5 )5 %)

- (-—1 —Ru
- Sc¢ RSuc—1

—
= M.

Applying the above case of b # 0 to M , we obtain
F | M = e '(~1)F. Finally, we have
F|M = F|MS(—Ru)
= e Y(-1)F | S(—Ru)
= e !(~1)F.
To complete the proof of the theorem, we show that if L(s) = 3 >0 c,n~*
converges absolutely for s =k — 4§, 0 < § < k, then F is a cusp form. We have

F(z +iy) = 32 cpe?™n@+i)/R
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which implies
|F(z +iy)| < Xoaig lenle™>™v/E.

n=0

Let the n®® partial sum S, = }_"_, [cy|. Then we make the following

v=0

Claim: S, = O(n*-%), as n — +oo.
Assuming for the moment that the claim is true, we have

Therefore, an application of Abel’s Partial Summation gives

D leale™™/R = Y 7S (1 — et/ R (et Ryn

n=0 n=0
o0
= (1—e?W/R)Y "G e 2™k,
n=0
It is relatively easy to check that, if f(z + iy) = Yo, a,e?™(=+¥)/A and

a, = O(n?), as n = +oo, then f(z + iy) = O(y~°"!), uniformly in z, as
y — 0*. Applying this above, we have

-2xy/R)

|F(z +iy)] < 4=

Cy®~*, uniformly in z, as y — 0*
which implies, Vz = z 4+ iy € H,
|F(z + iy)| < C*y’~*, uniformly in z.

This shows that the Fourier expansion for F' vanishes at the cusp ico. This
growth condition shows that F vanishes at all the finite cusps as well. To see
this, let ¢ = A(ioc0) be a finite cusp for the S.F.R. R of ['(R, S) from section
4.3. The Fourier expansion at q is the following:

F(z) — (z - q)-—lc b0 c"(q)eZm'(n-f-n)(A“‘z)/A

or

(z - q)kF(z) = zﬂ-{'-KZO c“(q)e21n'(1l+5)(zl‘lz)/k’

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



73

valid for Im(A~'z) > y, for some y > 0. Recall that as z — ¢ within R,
A~'z — doo. Therefore, with z = g + iy, the RHS of the above expansion
— co(q) as y — 0. In terms of the LHS, this implies the following:

*y*F (g + iy) — cog) as y — 0,
i.e.,

Y F (g +1y) = i%co(qg) as y — 0.
Since y*F(z) = O(y°), for some o > 0, uniformly in z, as y — 0+, we have
co(g) = 0 and so F vanishes at q. Therefore F is a cusp form. Now for the

Proof of Claim:

Sa=Ylal < Y lel(3)ee
v=0 v=0

< Y lel(2ye

v=0

o0
= nk—az lc»l v"(k-&)
v=0

= nkd. constant,

the latter equality following by assumption that L(s) = 3o | c,n™* converges
absolutely for s = k — 4, 0 < § < k. This proves the claim and completes the
proof of the theorem.
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