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Part I. (Do 3 problems)

1. Let fn(x) = n sin
(x
n

)
. Prove that:

(a) fn converges uniformly on any finite interval.

Hint: sin x = x −
x3

3!
+

x5

5!
−

x7

7!
+ . . . for all x.

(b) fn does not converge uniformly on R.

(c) fn does not converge in measure on R.
Hint: show that the interval (nπ, (n + 1)π) is contained in the set {x : | fn(x) − x| > ε}.

2. Let E ⊂ Rn. The function f : E → R is upper semicontinuous at x0 ∈ E if for each ε > 0
there exists δ > 0 such that f (x) ≤ f (x0) + ε for all |x − x0| < δ, x ∈ E.

If f is upper semicontinuous in E compact, then prove that

(a) f is bounded above in E,

(b) f attains its maximum in E, that is there exists x0 ∈ E such that f (x0) = supx∈E f (x).

3. Let µ be a Borel measure in R with µ(R) < ∞. Define f (x) = µ((−∞, x]) for x ∈ R. Prove
that

(a) f is monotone increasing

(b) µ((a, b]) = f (b) − f (a); for a < b

(c) f is continuous from the right

(d) limx→−∞ f (x) = 0.

4. Let |E| < ∞ and let X denote the class of Lebesgue measurable functions in E. Given
f , g ∈ X define

d( f , g) =

∫
E

| f (x) − g(x)|
1 + | f (x) − g(x)|

dx.

Prove that

(a) (X, d) is a metric space

(b) fk → f in (X, d) if and only if fk → f in measure in E.

HINT: the function α(x) =
x

1 + x
is increasing in [0,∞) and satisfies α(x + y) ≤ α(x) +α(y).



Part II. (Do 2 problems)

1. Let 1 ≤ r < p < ∞ and 0 < λ < 1 with
λ
r

+
1 − λ

s
=

1
p

. Prove the inequality

‖ f ‖p ≤ ‖ f ‖λr ‖ f ‖1−λs ,

where ‖ · ‖p denotes the Lp-norm of f over E.

2. Let f ∈ L1(E) with |E| < ∞ and define the sequence

fn(x) =
1
n

log
(
1 + en f (x)

)
.

Prove that

lim
n→∞

∫
E

fn(x) dx =

∫
E

f +(x) dx.

Proceed in steps as follows proving:

(a) 0 ≤ fn(x) ≤ | f (x)| + log 2. Hint: 0 < en f (x)
≤ en| f (x)| and en| f (x)|

≥ 1

(b) if f (x) ≥ 0, then fn(x)→ f (x). Hint: write fn(x) =
1
n

log
(
en f (x)

(
1 + e−n f (x)

))
(c) if f (x) < 0, then fn(x)→ 0.

(d) the function | f (x)| + log 2 ∈ L1(E), and conclude using Lebesgue dominated conver-
gence theorem.

3. If λ, µ are measures on a sigma algebra of sets Σ, recall that λ is absolutely continuous
with respect to µ, written λ � µ, if A ∈ Σ and µ(A) = 0 then λ(A) = 0; and λ is singular
with respect to µ, written λ ⊥ µ, if there exists A ∈ Σ with λ(A) = 0 and µ(Ac) = 0.

Let λ1, λ2 and µ be measures on a sigma algebra Σ. Prove that

(a) If λ1 � µ and λ2 � µ, then λ1 + λ1 � µ

(b) If λ1 � µ and λ2 ⊥ µ, then λ1 ⊥ λ2

(c) If λ1 � µ and λ1 ⊥ µ, then λ1 = 0.
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