Real Analysis Ph.D. Qualifying Exam
Temple University
January 12, 2018

Part I. (Do 3 problems)

1. Let a, and ¢, be sequences of real numbers satisfying |a,+1 — a,] < €, for all n with
(o] (]
Y ko1 €k < 0. Prove that a, converges to some a and |a — a,| < } 2, &

2. Given two sets A,B C R" define A + B = {x + y,x € A,y € B}. Prove that
(a) if A is open or B is open, then A + B is open,

(b) if A is compact and B is closed, then A + B is closed.

(c) in R? take A = {(x,0) : x € R} and B = {(y,1/y) : y > 0}, show A and B are both
closed and A + B is not.

3. Let fu,(x) =n xe™ on [0, +00). Prove that

(a) f. converges to zero pointwise in [0, +o0)
(b) f. does not converge uniformly in [0, +o0)

(c) f. converges in measure on [0, +00)
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d) [ fulx)dx = >
HINT for (c): may use that ¢* > z2/2 for all z > 0.

4. Suppose f, — f a.e. on R", f, measurable. Prove that for each € > 0 there exist a
sequence of disjoint measurable sets E; of finite measure such that [R" \ U;?ilE jl <eand

fu = f uniformly on each E;.

Part II. (Do 2 problems)

b
t
1. Letb >0, f € L'(0,b) and let g(x) = f @dt for 0 < x < b. Prove that ¢ € L'(0,b) and

ng(x)dx = Lbf(t)dt.

2. Let1 <p < oo, fi, f € LP(E), and let a; = [ |fi(x) — f(x)I’ dx. Suppose that Y2 ax < oo.
Prove that fy — f a.e. in Eask — oo.

3. Let f be a continuous function in [-1,2]. ForO0 < x <1l and k > 1 let

1

k x+i
=5 [ o

Prove that f; is continuous in [0,1] and f — f uniformly in [0, 1].



