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Part I. (Do 3 problems)

1. Let xk be a sequence in a metric space (X, d) such that
∑
∞

k=1 d(xk, xk+1) < ∞. Prove that xk

is a Cauchy sequence.

2. Prove that the function

F(x) =
∫ +∞

0

cos(x t2)
1 + t2 dt

is well defined and is continuous for all x ∈ R.

3. Let E ⊂ Rn. The function f : E → R is upper semicontinuous at x0 ∈ E if for each ε > 0
there exists δ > 0 such that f (x) ≤ f (x0) + ε for all |x − x0| < δ, x ∈ E.

Prove that if f is upper semicontinuous in E compact, then f is bounded above in E.

4. Prove Dini’s theorem: Let X be a compact topological space. If fn : X→ R is a sequence
of continuous functions such that fn(x) → 0 for each x ∈ X and fn(x) ≥ fn+1(x) for all x
and n, then fn → 0 uniformly in X.

HINT: for ε > 0 consider Fn = {x ∈ X : fn(x) < ε}.

Part II. (Do 2 problems)

1. Let f ∈ L1(E). Prove that for each ε > 0 there exists δ > 0 such that for any A,B ⊂ E
measurable with |A4B| < δ we have∣∣∣∣∣∫

A
f (x) dx −

∫
B

f (x) dx
∣∣∣∣∣ < ε.

2. Suppose fk → f a.e. onRn, fk measurable. Prove that for each ε > 0 there exist a sequence
of disjoint measurable sets E j of finite measure such that |Rn

\ ∪
∞

j=1E j| < ε and fk → f
uniformly on each E j.

3. Let 0 < p ≤ q < ∞, f ∈ Lq(X, µ), and E ⊂ X with 0 < µ(E) < ∞. Prove that(
1
µ(E)

∫
E
| f (x)|p dµ(x)

)1/p

≤

(
1
µ(E)

∫
E
| f (x)|q dµ(x)

)1/q

.


