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Part I (Do three problems)

I.1. Let g be an absolutely continuous monotone function on [0, 1], and E ⊆ [0, 1] a
set of Lebesgue measure 0. Prove that g(E) has measure 0.

I.2. Prove that Lebesgue measure λ on R is translation invariant: if A is a Lebesgue
measurable subset of R, then for each u ∈ R, u+A is also Lebesgue measurable and
λ(u+ A) = λ(A).

I.3. Let f ∈ L1(R). Evaluate

lim
y→∞

∫
R

|f(x+ y)− f(x)|dx.

Hint: Note that the limit is NOT as y → 0.

I.4. A function is said to be lower semi-continuous if

f(x) ≤ lim inf
n→∞

f(xn)

whenever limn→∞ xn = x. Show that every lower semi-continuous function is Borel
measurable.

Part II (Do two problems)

II.1. Let (X,Σ, µ) be a measure space and {fn} a sequence in L1(dµ) which converges
a.e. to f ∈ L1(dµ). Prove fn → f in L1(dµ) if and only if

∫
|fn|dµ →

∫
|f |dµ.

Hint: Apply Fatou’s lemma to |f |+ |fn| − |f − fn|.

II.2. Let (X,Σ, µ) be a finite measure space. If f is integrable, compute and justify
the limit

lim
n→∞

∫
X

|f(x)|1/ndµ(x).

II.3. Show that the function defined by

φ(t) =

∫ ∞

−∞

sin(xt)

1 + x4
dx (t ∈ R)

is well-defined and differentiable on (0,∞).


