PDEs Ph.D. Qualifying Exam
Temple University
August 19, 2019

Part I. (Do 3 problems)

1. Solve
Uy + X YUy, = —u
u(0,y) = y*.
2. Suppose f € LY(R) N C3(R) with f”” € L'(R). Prove that x*f(x) — 0 as |x| — co.

3. Consider the biharmonic operator A’u = A(Au) in a smooth bounded domain Q c R".
Prove that A? is self-adjoint, that is,
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for all u,v € C*Q) withu = v = 0 and Au = Av = 0 on Q.

4. Let u be harmonic on a bounded domain Q in R", u € C(Q). Prove that
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for all x € QO, where C, is a constant depending only on the dimension 7.

Part I1. (Do 2 problems)

1. Assume F : R — R is C!, with F’ bounded. Suppose Q c R” is a smooth bounded
domain and u € W'?(Q). Prove that v(x) = F(u(x)) € W"?(QQ) and the weak derivatives
Uy, = F'(uu,, for1 <i<n.

2. Let Q be abounded domain in R”. Suppose w € C*(Q) N C(Q) satisfies Aw = C; in Q and
w = 0 on JQ) with C; a real constant.

If u € C3(Q) N C(Q) satisfies |Au| < C; in Q and u = 0 on dQ, then prove that
w(x) < u(x) < —w(x), forall x € Q.

3. Let QQ C IR" be a smooth bounded domain. Let u(x, t) be a smooth solution to
uy — Au+u® =0 for (x,t) € Qx [0, T]
u(x,t) =0 for (x,t) € IQ x [0, T],
and set E(t) = [ (uy(x, ? + [Vau(x, ) dx.

%(fo u(x, t)4dx)t for0<t<T.

(b) Conclude that if u(x,0) = u;(x,0) = 0 for x € Q, then u = 0.

(a) Prove that ii—f(t) =—



