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Part I. (Do 3 problems)

1. Solve
du du

$+Xa—y—
u(l,y) = h(y)

u

where 1 € CL(R).

2. Letk € R and let

ei kx|

I(x) = x e R%,x #0.

x|
Prove that I satisfies the Helmholtz equation AT + k*T = 0 for x # 0.

3. Let f € LY(R") and its Fourier transform f(x) = f]R” f(y)e 2 xv dy. If g(x) = |x| f(x) belongs to
L'(R"), then prove that f satisfies the Lipschitz estimate

f) - fw)| <2mlighlk-yl  VYxyeR™

4. LetF,G : R — Rbe continuous and let w(&, 1) = F(&) +G(n). Prove that w is a generalized solution
to the equation wey =0, that is,

fR e ) GeyE s =0 ¥ € QR

Conclude that u(x,t) = F(x + ct) + G(x — ct) is a generalized solution to the wave equation Ou =
Uy — iy, = 0, that is, jﬁ{z u(x,t)0¢(x, t)dxdt = 0 for all ¢ € C%(IRz).

Part I1. (Do 2 problems)

1. Let u(x, t) be a C? bounded solution of
ur(x, t) — e (x,£) =0, x € R, t > 0, u(x,0) = f(x)
where f € C(RR) satisfies:
lim f(x)=A, lim f(x)=B
X——00

X—+00

B, for each x € R.

for some constants A and B. Show that tlg(r}o u(x, t) =
Hint: Use an integral representation for the solution u. Justify why the representation is valid.
2. If f € WH(Q) with Q ¢ R” connected and Df = 0, then prove that f is constant in Q.
3. Let Bbe aball in R", f € C(dB), and the boundary value problem

Au =11inB
u
% —f Ol’laB.

Prove that

1. if uy, up € C?(B) solve the boundary value problem, then u; — u5 is constant in B;
2. if there is a solution u € C?(B) to the boundary value problem, then faB f(x)do(x) = |B|.



