Ph.D. Comprehensive Examination
Partial Differential Equations

August 2012

Part I. Do three of these problems.

I.1 Use the method of characteristics to find a solution of

ou ou

u(0,y) = sin(y).

1.2 Show that u(t) = |t|'/? (t € R) is a weak solution of

d 1

in R.
1.3 Define K : R? — R by K(x,y) = H(z)H(y) where H : R — R is the Heaviside
function. Let Q = (0,1) x (0,1) C R%. Show that if f € LP(2) (1 < p < o) then
Fla) = [ Kla=€&y=mif€ndsdr
belongs to W1P(Q). Recall that H(t) = 1 if ¢t > 0, H(t) = 0 otherwise.

L4 Let A > 0, define Ey : C(R%) — C by

2

E\(f) = f(Acosf, Asinf) db.
0

For z € R? let w, (&) = €€, so w, € C(R?) for each x; here i = /—1. Define u : R? — C
by
u(z) = Ex(wy).

a) Give a detailed argument as to why u € C2.

b) Let A be the standard Laplacian in R?. Show that Au = —\?u.



Part II. Do two of these problems.

I1.1 Let © C R3 be a bounded open set with C! boundary, let V' € C?(2) be real-valued,
and suppose that ¢ € C?(R x Q) satisfies

—— ==-AY+Vy iImRxQ, 1=0o0nR x9N

Show that

/ (t, )2 da,
Q

a function of ¢t € R, is constant. Here A is the standard Laplacian in the x variables and
i = v/—1. Hints: Differentiate in ¢, pay attention to real and imaginary parts, use the
divergence theorem at some point; remember to justify each step.

I1.2 Suppose u is a C? function on R? = R; x R, such that
P _
o2 ox?
Show that if there is r > 0 such that u(t,x) = 0 for |z| > r and ¢ € R, then u = 0.

II.3 Let o, € R with a < 8 and let 2 C R be the interval («, ). Further, let a,

b € C(Q2) be real-valued with a strictly positive, and define

2
du+bd—u on ).

Lu=—a2?
b ad:n2 dx

Suppose u € C%(Q) N C(£2). Show:

If Lu < 0 and maxwu is attained in €2, then u is constant.
Q

Hint: Suppose the maximum M is attained at a point zg € Q and v # M. Consider the
auxiliary function z(z) = exp(A(z — z9)) — 1, and choose A large enough so that Lz < 0 in
Q. Use w(x) = u(x) + ez(x), with € > 0 sufficiently small, to obtain a contradiction.
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