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Part I. (Do 3 problems)

1. Solve the Cauchy problem

−xux + uy = −u + 1, −∞ < x, y < ∞,
u(x, 0) = sin x, −∞ < x < ∞.

2. The Fourier transform is defined by f̂ (x) =
∫
Rn f (t) e−2πi x·t dt. Recall that if α > 0 and

f (t) = e−2πα|t|, then f̂ (x) = Cn
α

(α2 + |x|2)(n+1)/2
. Prove the following formula valid for

α, β > 0:

Cn

∫
Rn

1
(α2 + |x|2)(n+1)/2

1
(β2 + |x|2)(n+1)/2

dx =
1

αβ(α + β)n .

3. Let Ω be a bounded domain inRn with C1 boundary. If λ ≤ 0, show that the only solution
u ∈ C2(Ω̄) to

∆u + λu = 0 in Ω

u = 0 on ∂Ω

is u ≡ 0.

HINT: use the divergence theorem.

4. Let φ ∈ C2(0,+∞) and suppose u(x, t) = φ(x/t) solves the one dimensional wave equation
utt − uxx = 0 for x > 0, t > 0. Show that there exist constants A,B such that

u(x, t) = A ln
( t + x
t − x

)
+ B

for 0 < x < t.



Part II. (Do 2 problems)

1. Let f (x) = |x1|
3 in the unit ball B1(0) ⊂ Rn. Prove that f has weak derivatives Dα f for all

|α| = 1 with D1 f (x) = 3 sign(x1) x2
1 and D j f (x) = 0 for j = 2, · · · ,n.

2. Let k be an odd positive integer and let Ω ⊂ Rn be a bounded C1 domain. Prove that if
u(x, t) ∈ C2(Ω̄ × [0,T]) is a solution to

ut = ∆u − uk in Ω × [0,T],
u(x, t) = 0 on ∂Ω × [0,T], and u(x, 0) = 0 on Ω,

then u ≡ 0 on Ω × [0,T].

HINT: multiply the equation by u and integrate.

3. Let D(r) = {(x, y) : x2 + y2
≤ r2
}, and let u(x, y) be a non constant harmonic function in the

unit disk D(1). Let φ(r) = max
(x,y)∈∂D(r)

u(x, y) for 0 ≤ r ≤ 1.

Prove that

(a) u is non constant on each disk D(r) for all 0 < r < 1.
HINT: suppose u is constant in D(r) for some r < 1, and use that u is real analytic in
D(1).

(b) φ(r) is non decreasing in [0, 1].

(c) φ(r) is strictly increasing in [0, 1].
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