
PH.D. COMPREHENSIVE EXAMINATIONREAL ANALYSIS SECTIONAugust 2001Part I. Do three (3) of these problems.I.1. Let F � Rn be a losed set, and r > 0. LetG = fy 2 Rn : jx� yj = r for some x 2 F depending on yg:Prove that G is losed.I.2. Let f : R ! R be onvex. Suppose thatlimx!+1 f(x)x = limx!�1 f(x)x = 0:Prove that f is onstant.Hint: use (do not prove) the following fat from onvexity: for eah y 2 R there existsp 2 R suh that f(x) � p (x� y) + f(y) for all x 2 R.I.3. Let f 2 C1[0;1) with f(x)! 0 as x!1. Prove thatZ 10 f(x)2 dx � 2 �Z 10 x2f(x)2 dx�1=2 �Z 10 f 0(x)2 dx�1=2 :Hint: write f(x)2 = � R1x �f(t)2�0 dt.I.4. Let f : [0;1)! R be C1[0;1) with f(0) = 0. Suppose there exists m > 0 suh that0 � f 0(x) � mf(x); for all 0 � x <1:Prove that f(x) = 0 for 0 � x <1:



2 AUGUST 2001Part II. Do two (2) of these problems.II.1. Let p � 1. Suppose fk 2 Lp(Rn ), supk jfkj 2 Lp(Rn ), and fk ! f a.e. Prove thatf 2 Lp(Rn) and fk ! f in Lp(Rn).II.2. Let fn(x) = 1��x� 1n ��1=2on the interval (0; 1). Prove that(1) fn onverges pointwise on (0; 1);(2) fn onverges in measure on (0; 1);(3) fn onverges in L1(0; 1);(4) there does not exist g 2 L1(0; 1) suh that fn(x) � g(x) for a.e. x 2 (0; 1) and forall n.Hint for (4): alulate R 1=n1=(n+1) h(x) dx, where h(x) = maxffn(x); fn+1(x)g.II.3. Let f; g 2 L2[0; 1℄ be extended as periodi funtions to R, i.e., f(x+ 1) = f(x) andg(x+ 1) = g(x): Prove thatlimn!1 Z 10 f(x) g(nx) dx = Z 10 f(x) dx Z 10 g(x) dx:Hint: onsider �rst the ase when g is a trigonometri polynomial, g(x) = PNk=0 ak e2�ikx,and use the Riemann-Lebesgue theorem asserting that R 10 f(x) e2�imxdx ! 0 as m ! 1:For the general ase of g 2 L2[0; 1℄ approximate g by a trigonometri polynomial in L2-norm.


