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ABSTRACT

Phase Transition for the hard-core Stochastic Ising Model

Yan Lyansky
DOCTOR OF PHILOSOPHY

Temple University, January, 2002

Professor Eric Grinberg, Chair
Examining a nearest neighbor anti-ferromagnetic stochastic Ising model, we

prove that there is phase transition if and only if the model is ergodic. We

also prove the same holds for the hard-core stochastic Ising model.
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INTRODUCTION

The Ising model is a {0, 1} spin model on a d-dimensional lattice. A config-
uration, 7, is an element of {0,1}2°. A potential {Jg} is a set cf real numbers
indexed by subsets of Z% such that Tpcz4|Jr| < 0o. A finite volume Gibbs
state on T with boundry condition ¢ is a measure on {0,1}7, |T| < oo, that
takes the form
v(n) = ;‘gezp(zunko-fnx}t(ﬂ())
xr(n) = Mzer(2n(z) — 1), Z§ is the normalization constant, and
n(z) ifxeT

() =
(@) ¢(z) otherwise

A Gibbs state is any limit of v(n) as T 1 Z¢. For the potential given by

BH for z € Z¢
(0.1) Jr={ BJ(y—1z) forz,ye Z¢
' 0 for |R| >3

the model is said to be ferromagnetic if Jz > 0 where 8 = 1, and T is the
absolute temperature. The Ising model was first studied by Ising in 1925. He
proved that there is no phase transition in the 1-dimensional case. He also
mistakenly conjectured that there was no phase transition in any dimension.
Onsager{12] in 1944 proved there exists phase transition for sufficiently small
temperature in the 2-dimensional H=0 case. Up until this time phase tran-
sition was proved by the non-differentiability of free energy with respect to
H. Free energy equals -limpyz41In(Z$). Dobrushin(l] in 1968 proved phase
transition for the ferromagnetic, anti-ferromagnetic and hard-core Ising mod-
els by proving the existence of multiple Gibbs states. In 1972, Lebowitz and
Martin-Lof[9] proved that free energy is differentiable if and only if there exists
a unique Gibbs state for the ferromagnetic case. However, in 1992 Klein and
Yang(8] proved that free energy is differentiable with respect to the external
field even though there exists two Gibbs states for a 2-dimensional antiferro-
magnetic Ising model.
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This gave rise to the stochastic Ising model, which is defired as a spin
system with strictly positive rates, c(z,7), relative to the potential if c(x,n)
exp|ZzcrJrXr(N)] does not depend on the coordinate n(x). This model was
first studied by Glauber[6] in 1963. Let R represents the set of all reversible
measures, and G the set of all Gibbs states. R=G was proved by Spitzer([14]
1971 for finite T, and generalized by Dobrushin[2] in 1971 and Logan{l11} in
1974 for general T. In 1974 Holly[7] proved a system is ergodic if and only if
|G|=1. Additionally, a survey of interacting particle systems emphasizing the
role of the stochastic Ising model is given by Durrett(4] 1981.

In section 1 we define a Markov process, Markov semigroup and Markov
generator. Using the Hille-Yosida Theorem we have a unique relationship
between Markov processes and Markov generators. We go on to conclude
there exists a reationship between a spin system with given flip rates, ¢(z, n),
and a Markov process. The ferromagnetic stochastic Ising model is analyzed
in the last two parts of this section, the potential for such a spin system is
given in (0.1). This potential gives rise to a process on {0, 1}2* evolving over
time. Hence for every subset T of Z¢ we can examine the number of Gibbs
states on T and phase transition of this model. This thesis is broken into
three main parts. First we discuss the ferromagnetic stochastic Ising model.
The main result of this section is due to Dubrushin[1] in 1968; we have phase
transition if and only if the model is ergodic. This is proved in the second part
of Theorem 1.4.10.

In section 2 we examine the antiferromagnetic stochastic Ising model with
potential given by

BH forz € Z¢
Jr=¢ BJ(ly—z|) forz,y € Z¢
0 for |[R| > 3

where J(y —z) < 0 if |y — z] is an odd, and J(y — z) > 0 if |y — z] is an even
First examining the case where H=0 and H=(—1)*! in both cases we conclude
this model is equivalent to the ferromagnetic stochastic Ising model. Then
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assuming H#0 Griffiths inequality no longer holds, hence we find this model
to be completely different from the ferromagnetic case. Nevertheless, we con-
clude that we have phase transition if and only if the model is ergodic for the
antiferromagnetic stochastic Ising model. This is proved in Theorem 2.3.13
part one.

In section 3 we examine the hard-core stochastic Ising model. This model
has a potential defined by

BH if [R] =1,
Jﬂ: ﬂJ(Iy_zl) if'Rl=2,.’L',y€R, lz-yl=17
0 if |R| >2

Investigating the nearest neighbor hard-core model where J(y-x)=0 for |y —
z| > 2, J(y-x)=-00 if n(z) = n(y) = 1, and J(y-x)=-1 otherwise, configurations
with two neighboring 1’s are not allowed. Using the ideas developed in sections
1 and 2 we create a Markov generator, Markov semigroup, Markov process as-
sociated with this spin system. Extending the stochastic Ising model and a
Gibbs state to the hard-core case, we conclude a Gibbs state with respect to
a given potential on T C Z¢ |T| < oo is given by

ze2P(Erer Jaxa(n) otherwise

This section is concluded with a summary of our results namely the hard-core
stochastic Ising model is ergodic if and only if phase transition occurs, and
for 8 sufficiently small we have no phase transition. Both results are listed in
Theorem 3.7.
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CHAPTER 1

Ferromagnetic Stochastic Ising
Model

1.1 Markov Processes and Generators

Let Z9 denote a d-dimensional lattice, and let A = {A : A is a finite subset
of Z4}. First we have to define some basic terminology. A configuration, 7, is
an element of X = {0, l}z‘. Next we define some notations. Let D[0,00) be
the set of all functions, n, on [0, 00) with values in X, with ||n,|| = E,-ezal‘%;’-‘l
which are right continuous and have left limits. For s € [0, 00), the mapping
7, from D[0,00) to X is defined by 7,(n.) = 7n,. Let F be the smallest o al-
gebra on D[0, c0) relative to which all the mappings 7, are measurable. Let
na={m,:y €A}, F = o{mpe)}

Fy=o{mpq}

Definition 1.1.1: A Markov process on X is a collection { P",n € X} of prob-
ability measures on D[0,00) with the following properties

a)P"( € D[0,00) : (o =n]=1forallpe X
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b)The mapping n — P"(A) from X to [0,1] is measurable for every A € F
c) Pnys. € A|F,] = P™(A) as.(P") foreveryn€ X and A€ F.

C(X) denotes the collection of continuous functions on X with || f||=suppex|f(n)|
for f € C(X) Next, we define the linear operator S(t), S(t)f(n) = E"f(n,).

Proposition 1.1.1: Suppose {P", 1 € X} is a Markov process, and S(t)f €
C(X) for every t > 0 and f € C(X). Then the collection of linear operators
S(t), t>0 on C(X) has the following properties:

1. S(0)=I, the identity operator on C(X)

2. The mapping t = S(t)f from [0,00) to C(X) is right continuous on C(X)
for every feC(X).

3. S(t-+s)f=S(t)S(s)f Vf€C(X) and all s,t> 0.

4. S(t)1=1Vt >0

5. S(t)f>0 for all nonnegative feC(X)

Proof: 1) is equivalent to a) in the above definition.

2) n, is right continuous and f is continuous therefore f(7) is right continuous
take

limpo+S(t+ h)f(n) = S@)f(n) =
limp_o+ E™(f (Nesn) — f(me))

which is equals 0 for simple functions by extending this we can take the limit
inside the expectation to conclude that S(t)f(n) is right continuous.

3)

S(t+s)f(m) = E"f(1h+s)

= E"[E[f (me+) |1 FL]]
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= E"[E™[f(n)]]

= E"(S(s)f](m)

= S(t)S(s)f (n).

Hence S(t-+s)f=S(t)S(s)f.

4) follows from the definition

5) again follows from the definition

Definition 1.1.2: A family {S(t),t > 0} of linear operators on C(X) is called
a Markov semigroup if it satisfies conditions 1-5 above.

The next theorem explains that each Markov semigroup corresponds to a

Markov process, thus instead of constructing a process we can look to cre-

ate a semigroup.

Theorem 1.1.1: Suppose {S(t),t > 0} is a Markov semigroup on C(X). Then
there exists a unique Markov process {P",n € X} such that S(t)f(n) =
E"f(n,) VfeC(X);n€ X and t > 0

The proof can be seen in Dynkin(3] Chapter 1.

Definition 1.1.3: Let p represent the set of all probability measures on X,
with weak convergence. Suppose {S(t),t > 0} is a Markov semigroup on C(X).

Given u € p, uS(t) € p is given by [ fd[uS(t)] = [ S(t)fdu Vf € C(X)

Definition 1.1.4: A u € p is said to be invariant for the process with Markov
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semigroup {S(t),t > 0} if uS(t) = u for all t > 0. This class will be denoted
as Q.

Definition 1.1.5: A Markov process with semigroup {S(t),¢ > 0} is said to
be ergodic if
1. The set of all invariant measures is a singleton, & = v

2. lim,ouS(t)=vVp€p

Definition 1.1.6: A linear operator 2 on C(X) with domain D(Q) is said to
be a Markov pregenerator if it satisfies the following conditions:

1)1eD(N) and Q1 =0

2) D(R) is dense in C(X).

I feD(N),r>0and f— A\Qf =g, then

mincex f(¢) > min¢exg(()

Proposition 1.1.2: Suppose that the linear operator 2 on C(X) satisfies the
following property: if f € D(Q) and f(n) = mincex f(¢), then Qf(n) > 0.
Then Q satisfies property 3) of the above definition.

Proof: Suppose f € D(2), A 2 0, and f — AQf = g. Let n be any point at
which f attains its minimum. Such a point exists by the compactness of X and

the continuity of f. Then

mingex f(C) = f(n) 2 f(n) — AM2f(n) = g(n) > min¢exg({)
Definition 1.1.7: A linear operator 2 on C(X) is said to be closed if its graph
is a closed subset of C(X)x C(X). A linear operator, , is called the closure

of  if Q is the smallest closed extension of Q.

Definition 1.1.8: A Markov generator is a closed Markov pregenerator
which satisfies
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R(I — A\Q) = C(X); where R represents the range
for sufficiently small positive A.

Proposition 1.1.3: A bounded everywhere defined Markov pregenerator is a
Markov generator.

Proof: A bounded operator is automatically closed. To check that a bounded
operator 2 satisfies

R(I - \Q) =C(X)

for all sufficiently small positive A we need to solve f-A\Sf=g for g € C(X) and
0< A< ||Q|™!. Thus we let

f=Z3A"Q

Theorem 1.1.2(Hille-Yosida): There is a 1-1 correspondence between Markov
generators on C(X) and Markov semigroups on C(X). This correspondence is
given by:

1)D(Q)=f € C(X) : limyo 3= exists and Qf = limy,oStU=L

2)S(t)f = limpoo(I - £Q)™f for f€C(X) and t >0

In addition,

3) if f € D(Q), it follows that S(t)fe D(Q) and (d/dt)S(t)f=QS(t)f = S(t)f

4) for g € C(X) and A > 0, the solution to f — AQf = g is given by
f=[ etS(Mt)gdt
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A proof of this Theorem can be found in Dynkin[3] Chapter 1.

Q is called the generator of S(t), and S(t) is the semigroup generated by Q.
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1.2 Spin System

We will now construct a Markov generator for a speific model which will repre-
sent a specific Markov process. The local dynamics of our system are described
by a collection of transition measures cr(d¢,n). For a spin system, the tran-
sition mechanism for a non-negative function ¢(z,7), £ € Z¢%, n € X, thus the

process 7, with state space X will satisfy

Pn.(z) # n(z)] = c(z,n)t + o(t)
as t| 0 for each z € 2%, p € X.

We will also restrict our process to only change 1 coordinate for each transition
of time, or more formally:

Pln(z) # n(z), me(y) # n¥)] = o(t)
astlOz#y

cr(z,n) is related to cr(d(,n), be the transition measure associated with the
configuration 7 changing only at the point z € Z¢. For each n € X and fi-
nite T C 24, cr(d(,n) is assumed to be a finite positive measure on {0,1}7.
We will also assume the mapping n — cr(d¢,n) is continuous from X to the
space of finite measures on {0, 1}7 with the topology of weak convergence. Let
cr = sup{cr({0,1}7,7) : n € X}

n(z) ifxeT

¢(z) otherwise

Let n’(z) = {

Proposition 1.2.1: Assume that sup;ez¢X;:erer < 00

1) For f € D(X), the series Qf(n) = Zr [y ,3r cr(dC, n)(f(n°) — f(n)] con-
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verges uniformly and defines a function in C(X), and

IQfl < (supsezeZzerer) |Iflll, where [[[flll = ZzezallAs(T)l , Ap(z) =
supy|f(n) = f(ne)|

2) Q is a Markov pregenerator.

Proof: [,y or(dC, n)[f (n°) — f(n)]

is in C(X) for each T and each fe C(X). By regarding n‘ as the result of
changing the coordinates of 7 corresponding to sites in T one at a time, it is
clear that

[f(n) = f()| S Zrerds(z), Ag(z) = supy|f(n) — f(ne)]

therefore

I er(n, d)(f(n*) = f()] Il < erZzerllBg(2)ll
Zr || [ er(n, d¢)(f(n°) — fF(Il < (supzZzerer) I £1l]

for any f € D(X). Hence the series defining Qf converges uniformly. Since
the summands are continuous, it follows that Qf € C(X).

To prove 2) we must simply show property 3) of Definition 1.1.6. Suppose
f € D(X) and f(n) = min(f(¢) : ¢ € X). Then f({) > f(n) for all { € X, so
Qf(n) > 0.

Thus simply giving a transition function, cr defines the Markov pregenerator
it is necessary to show that R(I-AQ?) is dense in C(X) for all sufficiently small
A > 0. To prove this we approximate ) by a sequence of bounded pregenera-

tors ", since bounded pregenerators are generators we conclude
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R(I - 2Q") = C(X)

for each n and each A > 0. Therefore given a g€ D(X), there are f, € C(X)
so that f, — AQ"f, = g. Thus if g, = f, — AQf, and it will follow that

llgn — gll = All(Q = Q") fall = 0
R(I - )\Q) is dense is a consequence of the fact that g, € R(I — AQ2) for each n,
and that D(X) is dense. Therefore, Q is a Markov generator, which is uniquely

associated with a Markov semigroup, which is then associated with a Markov

process.
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1.3 Stochastic Ising Model

Definition 1.3.1: A potential, Jg, R € A is a collection of real numbers
indexed by finite subsets of Z4 such that £ ¢g|Jr| < 00, V x€ Z9.

Definition 1.3.2: Given a potential Jg, a spin system with strictly positive
rates, c(z, 1), is called a Stocastic Ising model relative to the potential if c(x,n)
exp[ZzerJrXr(n)] does not depend on the coordinate 7n(x), where xg(n) =

mea[2ﬂ($) -1]

This has been used as a very good model for the magnetism of iron see Si-

mon[13] Chapter I Preliminaries.

Definition 1.3.3: Take |S| < oo, a Gibbs state relative to the potential Jp is
the unique probability measure on the space {0,1}%

(1.3.3.1) v(n) = Cezp[ErJrXr(N)], C is the normalization constant.

For general S we use the following,

Definition 1.3.4: A probability measure » on {0, 1}S is said to be a Gibbs
state relative to the potential Jg provided that for all x € S, the conditional
probability at a point

p=(C) = v(n : n(z) = ((z)In(u) = ((u)Vu # z) is given by

(1.3.4.1)

1
1+ezp(—2Z:erJrXR()]
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Definition 1.3.5: A spin system with rates is reversible if c(z,n)v(n) =
c(z,n:)v(ne) Vz € Z¢ and n € X.

In layman’s terms a system is reversible if it looks the same evolving from
start to finish as from finish to start. A real world example would be a song
that is identical played forwards or backwards. Given {Jg}, let G(S) be the
set of all Gibbs States on {0, 1} relative to {Jg}. For simplicity, from now
on we may refer to G(X) as G, where X={0, 1}%".

Definition 1.3.6: A potential {Jg} is said to exhibit phase transition if G(X),
the set of all Gibbs states, contains more than 1 element.

Our first Theorem shows that our two definitions do coincide.

Theorem 1.3.1: Suppose S C Z¢ is finite then Definition 1.3.3 is equivalent
to 1.3.4.

Proof: Suppose 1.3.3, then

v(n :n(z) = {(z)In(v) =((w)Vu #z) =

I (9

v(§)+v((e)
: ezp(ZrJrx2(S)] =

ezp{ERJRxr(C)}+ezplERIRXR(C2)

1
1+ezp[~2T:erJRXR(C)]

since xr(n:) = —xr(n) if z € R and xgr(n) ifz ¢ R

For the converse suppose v is a Gibbs state as in 1.3.4. Then v satisfies 1.3.3 for
possibly some other potential, say J} since S is finite, but then we must have
L:erJrXR(N) = zerJpxr(n) for all z. Since xg are linearly independant we
conclude Jg = Jp YR # @. Changing Jp is just changing the normalization
constant.

Theorem 1.3.2: Suppose that v is a probability measure on X such that for

all £ € Z9, there is a version of the conditional probability, p.(¢), given in
Definition 1.3.4 which can be written in the form
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(1.3.2.1) px(0) = TmrETa)

for some family {J5} which satisfies £p|JE| < oo for each £ € Z%. Then v is

a Gibbs state relative to some potential {Jg}

Proof: We simply need to show J; =0if z ¢ Rand J§ = J§ if z,y € R by

comparing Definition 1.3.4 to the above statement, since then we can define
£ = Jg for z € R. By definition p.(¢) + p.({;) = 1 Vz € Z% and { € X. The

configuration outside R is fixed, the leftmost term describes the probability

of a configuration with value of {(z) at x, the other term is the probability

of a configuration with value (;(z) at x. Since these two are compliments the
above equality holds. Therefore

(1.3.2.2) ZrJgxr(C) = ~ZrJIEXR(C:)

since

1+exp(~2E;erJRXR(() ~ 1+ezp(-2E;¢rJIRXR((z)

clearing denominators we get

1 + exp(—28:erJrXR(C) + 1 + exp(—2Z:erJrXR((:) =

(1 + exp(-2ZzerJrXr(C)))(1 + e2p(—2Z:erJRXR(G:))

Which implies 1 = ezp(—2ZzerJrxXR({)) X ezp(—2LzerJrXR(¢:)) Which is
what we need. So that J§ = 0 since xp are linearly independant V z € 2¢

choose x outside R then EpJExr(¢) = —XrJExr(C) which implies JE =0 To
finish the proof we will look at

1 1

=il

which is symetric in x and y. Let T be a finite set of Z¢ that v assigns positive
probability, then
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1 1 - —
Come=<@mn=con ey — U X Grmm=m=gemntn — U =

vin:n(z)#¢(z)n(p)#{(y)n=¢ ON T
v(nmm=¢ on Tn{z,y})

which is symetric in x and y, and converges to 1 as T increases to Z%{z,y}.
Next we conclude that

ZzerIEXR(C) + Ezerbixr((:) =
Zzyer(JR — JR)Xr(C) + EzerygrJRXR(C) + EyerzgrIrXR(C)

is symetric in x and y. Since the sum of the second and the third terms
on the right is symetric it follows that the first must also, this implies that
Ez'yeR(Jﬁ - J!}’Q)XR(C) = 0 which impli&s J§ = J}’t

(1.3.2.3) Let vr¢(n) = (T, ¢)ezp[Errr20 rXr(n°)], where ¢(T',¢) is the nor-
malizing constant

Theorem 1.3.3:

1.) T, O T, implies G(T}) D G(T?)

2.) If v € G then for finite S O T and ¢ € {0,1}57, then
v(.In(u) = C(u)Vu ¢ T) = vrg()

3.) G=nrG(T)

4.) G is nonempty, convex, and compact

Proof: To prove 1), suppose T; C T; and take ¢ € {0,1}5/T
For v € {0,1}5/Tt such that ( =+ on S/T>.

(1.3.3.1) V’I’z,((-ln =(on T/Th) = ”Tx.((-)

are measures on {0, 1}t as can be seen from Definition 1.3.4. Therefore

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



14
(1.3.3.2) v ¢ = Lyr=gons/m¥rag(n : 1 =7 on To/Th) vr 4

which exhibits vr, ¢ as a convex combination of elements of G(T}). Therefore
G(T;) c G(TY).

For 2) take (1.3.3.1) with T, = T and T} = {z} where z € T to write
vre(n : n(z) = ((2)In(u) = ((u)Vu € T/{z}) = v(z)¢({(2)) =

E: RJ =
(1.3.3-3) exp| E:GR-’RXR(() +¢zp zgenJRXR((z) -

1
(1+ezp[-2E.erIrXR(Q)]]

for ¢ € X Comparing this to Definition 1.3.3, it suffices to show that vp is the
only probability measure on {0, 1}7 whose one point conditional probabilities
are given by (1.3.3.3), this follows from Theorem 1.3.3.

For 3) We need to show G C NrG(T). Since v € G this implies

v(n: n(z) = {(@)n(v) = ((u) Yu # 2) = e
Therefore by the Theorem of Total Probability
v =Xv(n : n(z) = {(z)In(u) = {(uv) Yu # z)x Pr(v(n(z) = {(uv) Vu # z))

which expresses v as a linear combination of elements in G(T).
4) Since G(T) are each closed convex we conclude the intersection is convex
and non-empty, and since X is compact the set of all probability measures

on X is a compact set, since NrG(T) is a closed subset of a compact set, we

conclude G is compact.
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Theorem 1.3.4: Suppose that S C Z9 is finite, and that {Jg, R C S} is a
potential which is ferromagnetic (i.e. Jg > 0 VR). Let v be a corresponding
Gibbs state then,

(1.3.4.1) [ xadv > 0YA C S and
(1.3.4.2) ;wa—afx,‘du = [ xaxpdv — [ xadv [ xgdv > 0forall A,BC S

Proof: The proof of (1.3.4.2) uses (1.3.4.1) so we must prove (1.3.4.1) first. In
order to do so, write

[ xadv = KZoxa(n)ezp[ZrJrxr(n)]

= KZ,xa(n)Z5z0 mi[ErIrxr(M)™

= K320 TRy . Ra [Ty IR, [ Znxa (M) Tz xR, (1)

To see that this is a sum of nonnegative terms, it suffices to note that

xa(MIE_,xr.(n) = xp(n) where B = {z € S : x is in an odd number of the
251 ifB=0

sets A, R, Ry, ...,R,} and that forany BC S T =
1, Ra } y 2xB(1) {0 €840

Turning to (1.3.4.2) use the explicit expression for K to write

— Zoxa(n)ezp[ErJrXr(n
[ xadv = R mR ey 2
_ Zpxa(n)ezp[ErJrxr(n
[ xadv = B pn ey e
Therefore the equality in (1.3.4.2) is the result of a simple differentiation. To
check the inequality, write
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[ xaxsdv — [ xadv [ xgdv =

KT clxa(mxa(n) — xam)xa(C)lezp(ErTrlxr(n) + xr(C)]]
Let C be the symetric difference AVB and let v € X be defined by

» )={1 if n(z) = ¢(z)
0 ifn(z) # ()

xa(mxs(m) = xc(n)
xa(mxs(¢) = x8(7)xc(n)

xr(n) + xr(¢) = xr(M)[1 + xr(7)]

Making these substitutions above yields
S xaxsdv — [ xadv [ xpdv =
K% ([xc(n)(1 ~ xa(1)]lezp[ZrIrxr(n)1 + xr(7)]
For fixed v, we can defined a new potential by J3 = Jg[1+x&(7)] which is again
ferromagnetic, by (1.3.4.1) applied to this potential we see that L, xc(n)ezp{ErJfxr(N)]
which is again ferromagnetic. Therefore ,xc(n)ezp{ErJExr(n)] > 0 , thus
(1.3.4.2) follows from the above equation by first summing on 7 and then on
Y

Definition 1.3.7: A probability measure ux on X is said to have positive cor-
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relations if [ fgdu > [ fdu [ gduVf,ge M

We will say

(1.3.5.11) n < (if n(z) < ((z) Vz and (9 V ()i = maz(n;, ), (M A () =
min(n;, G;). Denote M={f : f € C(X) and f is increasing }. We will refer to
the construction of 2 or more processes on a common probability space as a

coupling.

Theorem 1.3.5: Let K={(n,{ € X x X : n < (} Suppose when 1 < ¢

ci(z,n) < ez, €) if n(z) = {(z) =0 and

ca(z,n) < a(z,€) if n(z) =¢(z) =1, then V(n,{) e K and t > 0

P[(n, ¢) € K] = 1.

Proof: Let A be the set of all functions f in C(X x X) such that f > 0 and

f=0o0nK.For A>0and f € A, define h € D(Q) by h — AQh = f. Let

(m¢) € K be a point where h achieves its maximum on K. We will show that

Qh(n,¢) < 0, so that h(n,¢) < f(n,{) = 0. Since h > 0, it will follow that

h € A as well. To show Qh(n,¢) <0, we will check that each of the terms in

the sum defining Qh is nonpositive. Consider the following three cases:
a)n(z) # ¢(z) in which case (n,{) € K implies that (n.,{) € K and

(n,¢z) € K, so that h(nz, () < h(n,¢) and h(n,¢z) < h(n,().

b)n(z) = ((z) = 0, in which case (n,() € K implies that (n;, (;) € K and
(m¢z) € K, so that h(nz, (z) < h(n,¢) and h(n,(;) < h(n, (). However, in this

case (1z,¢) € K, so we need to have ¢;(z,n) = min(c1(z,n),c2(z, ) which is
part of our assumption.

c)n(z) = ¢(z) = 1 which is analogous to b), using the second part of the
assumption.

Theorem 1.3.6: (FKG Inequality) Let u;, u, be probability measures on X.
Suppose that pu, and u, assign strictly positive probabilities to each point of
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X I p(n A Q) 2 mmua(C) Y, ¢ € X, then py < po.
Proof: Now we couple the Markov chains as follows. Consider the product

space x X x. Define a flip rate for a Markov Chain on x x x by
Waomo=1in=0,G=1,

) e 0y
W("t()'(nr(') = :_:;((?)l lf n‘ - 01 Cf - 1
Wingmay =1ifm=¢G=0

Wanonm 0 = % fm=G=1

Wm0 = % - % ifp=¢G=1

Wing).(em) = 0 for any other case (£,7) # (n,¢)
By assumption 1) %‘-(%2 - ‘;—’}(%1 > 0 Therefore, W is a well-defined flip rate.
Let (ay, 5:) be the Markov Chain on x x x with flip rate W.
Let S(t) be the semigroup on C(x x x) with generate W.
Let L, = {f € C(x x x) : f(a,B) = f(a) depends only on the first coordinate
} By definition of W, it can be checked directly that E¢Z, Wi, o). e f(C) € Ly
iterating this we get L Z, W7 ) 1 f(C) € L1 Vn =0, 1,2....
Therefore S(t) = eW : L, — L, by Hille-Yosida Theorem.
Similarly S(¢) : Ly — L,, where L, is the space of functions in C(x x x)
depending on the second variable only.

We shall show that a, = 1, and 8, = (, in distributions given ag = 9 and
Bo = {o. To do this it is sufficient to show the flip rate of a, is q and the flip
rate of 5, is r. Since the proofs are similiar, we will compute the flip rates of

a, only. The flip rate of a, from 7 to 7° is

%P[a‘ = r)‘|ao = 7)](0) =
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4T,5Play =1, 8 = vlao =1, 60 = (](0) x & ?{Z’fﬁf =

EZ W0 mPlae = 1,60 = (]/Plaw = 1] = g(nn) by the definition of W
and q

Let A=(n,¢) € x x x : 1 < { By * (ar,B) € AVt 2 0if (ag, fy) € A. Let
f € M then

fla)-f(B)<0if(a,B) € A

Therefore,

E[f(ce) — f(Be)lao =, 0 = B] <0Vt (a, 8) € A

This implies
E[f(a)lao = a] = E[f(a:)|aoa, Bo = B] < E[f(B)|ao = @, fo = B] =
E[f(B:)|Bo = B

Here we have used S(t) : Ly — L;. Therefore we have (S1(t) f)(a) < (S2(t) f)(8)
V(a,B) € A,f € M where {S;(t)} and {S,(t)} are the semigroups for {a:}
and {5} respectively. By the Ergodic Theorem for finite state Markov chains
passing to limit as t— oo we have [ fdu;, < [ fdu,.
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1.4 Ergodicity

From now on let

BH for z € Z¢4
Jr=< BJ(y—-1) forz,y€ Z¢
0 for |R| >3

Theorem 1.4.1: Suppose that the potential above is given with 8 > 0 and
J(z) 2 0. Then ¢, < (; implies that vr, < vr¢, for any finite T C S.

Proof: By the FKG inequality which is proven earlier, it suffices to check that
for ny, m € {0,1}T

Sanrzedrlr(nf AnS) + xa(nf? An§)] 2 SrrrzeJrixr(nS') + xr(n§)] When-
ever (; < (3. Using the special form for Jg which we have assumed, this can

be rewritten as the statement that the expression

28HZzer{(m Am)(z) + (m V m)(z) — m(z) — m(z)]

+ 28%; yeTizzyd (¥ — )[(m A m)(Z)(m Am)(y) + (m V ) (z)(m V m) (¥)

- m(z)m(y) — m(z)m(y)

+ 4BLzeryerd(y — T)[(m A m)(2)G1(¥) + (m V m)(2)C(y) — m(2)Gly) —
Me(z)C2(y)

is nonnegative. The terms in the first sum are all zero so the sign of the H is ir-
relevant in verifying the non-negativity of this expression. The terms in brack-
ets in the second sum is zero unless m(z) = 7r(y) = 0 and 72(z) = Mm(y) =1
or 7(z) = na(y) = 1 and 72(z) = M (y) = 0 in which case it is equal to 1. The
term in brackets in the third sum is zero unless 7;,(z) = 1 and 72(z) = 0, in
which case it is equal to {2(y) — (i(y). So, since § > 0 and J(y — z) > 0 the
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required sums are nonnegative whenever (; < (5.

Let v denote the Gibbs state on T taking the value ¢ = 0 outside T, and vz
is the Gibbs state on T taking the value { = 1 outside T

Corollary 1.4.1: Under the assumptions of Theorem 1.4.1, T} C T, implies
that v, < v and v > vy,

Proof: By Theorem 1.4.1 vp, ¢ < v, V(. Therefore vy, = Xyzionny/mvvn
which clearly implies that v3, < vz, The opposite statement holds true analo-
gously.

Corollary 1.4.2: Under the assumptions of Theorem 1.4.1 we have

1)v_ = limrysv.r exists

2)v- = limpysvs exists

Jv.svivWweiG

4) phase transition occurs if and only if v_# v-

5) phase transition occurs if and only if v (7 : 7(z) = 1) # v-(n: n(z) = 1)
Proof: 1) and 2) exist since Corollary 1.4.1 implies monotonicity.

3) By Theorem 1.4.1 we have vr < vr¢ < v

for any Gibbs state vr is a convex combination of vr¢ which are less than or

equal to vz. Therefore v < v Likewise we conclude v > v.r
4) This follows from 3) and the definition of phase transition.

5) follows from 4) since v_# v-

Theorem 1.4.2: In addition to the assumptions of Theorem 1.4.1, suppose
that H=0. Then 1)v.(n:n(z) =1) +v-(n:n(z) =1) =1

2)v-(n : n(z) = 1) is an increasing function of 8

3)There is a critical value 0 < . < oo such that there is no phase transition
if 8 < B. and there is phase transitionif 8 > B,
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4)8. is a decreasing function of the numbers J(x).

Proof: 1) Since H=0, v+ is obtained from v r by interchanging the roles of 0
and 1. Since

vr(n:n(x) =1) +vr(n: n(z) = 0) =1 we conclude
vr(n:n(z)=1)+vT(n:n(z)=1)=1

Let T 1+ oo we conclude v (n:n(z) = 1)+ v-(n:n(z) =1) =1

2)Note that if ¢ = 1 then xr(7°) = xrnr(n) so that 1.3.2.3 takes on the form
1.3.3. We apply 1.3.4.2 with A={z} to conclude that

v :n(z) =1) —vp(n:n(z) =0) =2u3(n:n(z) =1) -1

is an increasing function of g for each xe T

3) Follows directly from 1) and 2) and the definition of phase transition
4)Follows from (1.3.4.2)

Definition 1.4.1: A spin system with rates c(x,n) is attractive whenever n < {
we have

c(z,n) < c(z,¢) if n(z) = {(z) =0

and ¢(z,7) 2 c(z,() if n(z) =((z) =1

if £ = (21, 27, ..., T4) then let |z| = |z1] + |z2] + .... + |z4] and let §p denote the
configuration n(z) = 0 4§, denotes the configuration 7n(z) =1

Theorem 1.4.3: Suppose c(x, 1) is attractive, and let S(t) be the semigroup
for the spin system, then the following hold
1.50S(t) < 6oS(s) for0<t<s
2.5,S(t) < 5,S(s) for0<t<s
3.00S(t) S uS(t) < §,S(t)fort >0and p € p
4.v_= limy,00S(t) and v- = lim,_,,0, S(t) exist
5. if u € p,ty, = 00 and v = limy_,ouS(t,) then v < v < v-
6. v,rres,
Proof:
1) By definition, §; < §S(t — s) for 0 < s < t. Therefore using the semi-
group property, §S(s) < 5S(t — 8)S(s) = doS(2)
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2) Same as 1.

3) Note by monotonicity d < pu < §;Vu € p therefore 6S(t) < uS(t) < 8;S(t)
4) Follows from 1), 2) and the compactness of p in the topology of weak con-
vergence, and the fact that M has the following property:

[ fdp = [ fdpo

for all f € M and some y,, yu; € p implies that u; = up

From now on we can interpret the following,
v. = limy,0000S(t)

v = limyL0081 S(t)

which is consistent with our present definition.

c(z,n') ifzesS,
Definition 1.4.2: c}(z,n)= 0 if ¢ S, and n(z) =1 where M(z) =
M(z) ifz ¢ S, and n(z) #1
supyc(z,n), with n* = n(u) Vu € S and n*(u) = i for u ¢ S S, is a square
centered at the origin with sides of length n.

Theorem 1.4.4: Suppose c(x,n) is attractive, then c}(z,n) is attractive for
each i and n. If pg,p, 1 € p satisfy o < p < p1, then ppS(t) < pS(t) <
w1 S(¢)vt > 0.

Proof: Since n < ¢ implies ' < (* the attractiveness of c*(z,7n) follows from
that of c(x,n). To prove the Thm. it suffices to check that ¢§ < c(z,n) < ¢}
if n(z) = 0 and ¢ > ¢(z,n) > ¢} if n(z) = 1. This is true for x€ Z¢, since
n® < n < 0! and for x¢ Z¢ since 0< c(z,n) < M(z)

Theorem 1.4.5: For an attractive spin system, the following three statements
a.ré equivalent

1) The process is ergodic

2) Q is a singleton

Hv.=v
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Proof: 1) implies 2) from the Definition of Ergodicity

2) implies 3) follows from Theorem 1.4.3 (part 6)

3) implies 1) If u € p then the set of probability measures {uS(t),t > 0} is
relatively compact. By Theorem 1.4.3 (part 5) all subsequential limits of this
family are as ¢ — oo are equal to the common value of v_ and v- therefore
lim,,ouS(t) exists and equals that common value. Therefore the process is

ergodic

Theorem 1.4.6: Suppose that v is a probability measure on X and that ¢(z, 7)
are the rates for a spin system. Then v is reversible for the spin system if and
only if

(L46.1) [ e(z, m{f (1) - F(m)ldv = 0
Yz € Z% and f € C(X). If the rates are strictly positive then this is equivalent
to the statement that v has the following conditional probabilities:

(1.4.6.2) v(n : n(z) = (z)In(u) =¢(u) Yu # 1) = az_(‘z)%_g(ﬁl:m
Proof: If (1.4.6.1) holds for all feC(X), then it can be applied to the function
f(nz)g(n) for £,geD(X) to obtain

J ez, n)f(n)g(nz)dv = [ c(z,n)f(n:)g(n)dv
or equivalently

[ e(z,n)f(n)lg(nz) — g(m)idv = [ c(z, m)g(n)[f(nz) — f(m)ldv

summing on x we get that v is reversible for the spin system.

To prove the converse, assume that v is reversible.

For a finite subset T of Z4 and an x€T, let f(n) = yern(y) and g(n) = f(nz).
Then

9(mQf (n) = f(n=)Zyerely, n)f (n:) — f(n)] = e(z,n) f(nz) and

fmQg(n) = f(n)Eyerc(y, n)lg(n=) — g(n)] = c(z, 1) f(n)
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so that (1.4.6.1) holds for that f by Proposition . By linearity, it holds for all
feD since D is dense in C(X) (1.4.6.1) holds for all feC(X). Now assume that
c(z,n) >0Vz € Sand n € X. Fix an z € Z¢ and let c4(n) and cp(n) be the
unique functions on X which do not depend on n(z) such that then (1.4.6.2)
can be rewritten as the statement that

fn(z)f(n)dv=[ ;(—:-)‘é?m f(n)dv for all f € C(X) which do not depend on
1(z).

Since c4(n) + cg(n) does not depend on n(z) and is strictly positive, this is
equivalent to the statement that

J n(z)g(n)(ca(n) + ca(n)ldv = [ ca(n)g(n)dv for all geC(X) which do not de-
pend on n(z).

But this can be rewitten as
T 9(m)(n(z)ea(n) — 1 = n(z)lca(n))dv = 0 or

(1.4.6.3) [ c(z,n)g(n)(2n(z) - 1]dv =0

On the other hand, if feC(X) is written as

f(n) = fam)[l - n(z)] + fa(n)n(z) where f4 and fp do not depend on 7(z)
then

f(nz) = f(n) = [fa(n) = fa()][2n(z) — 1] so that (1.4.6.1) can be rewritten as
[ e(z,)[fa(n) = fa(m)][2n(z) - 1]dv =0

Theorem 1.4.7: Suppose that c(x,n) is strictly positive, and that for each
x , c¢(x,n) depends on only finitely many coordinates. If the spin system is
reversible with respect to some probability measure v, then it is a Stochas-
tic Ising model relative to some potential {Jg}. Proof: By Theorem 1.4.6 v
has conditional probabilities given by (1.4.6.2). By the finite dependence as-
sumption on the rates and Theorem 1.4.2, v is a Gibbs state relative to some

potential ( note any finite state measure that never equals zero can be written
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in the form defined as a Gibbs state). Using (1.4.6.2) and Definition 1.3.4 we

see that:

c(zz) = 1
e(z,()+e(z.z) 1+ezp{~28;erJRXR(C)

which implies

42l = ezp[~2T.entnxr ()]

using the multiplicative property of x we conclude

C(I1 ()ezp[zzeRJRXR(C)] = c(:::, Cz)ezp[zzeRJRXR(Cz)]

which implies that our spin system is a Stochatic Ising model (independent of
the coordinate (;

Theorem 1.4.8: Suppose that c(z, ) are the rates for a Stochastic Ising model
relative to the potential {Jz}. Then G=R where G denotes the set of all Gibbs
states relative to the same potential.

Proof: By the Theorem 1.4.6 and Definition 1.3.3 it suffices to show that for
a Stochastic [sing model,

Cc{Z,02 —_ 1
c(zX)+e(zle) ~ l+ezp[~2Z.erIrxr(C)]

but this is shown just as in the proof of Theorem 1.4.7. Since we have a

stochastic Ising model we have

c(z, Q)ezp[EzerJrXR(C)] = c(z, (:)ezp[EzenTrXR(C:)]

therefore
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228 = exp[—2T.ertrxr(()]

o(zhs)

: _ 1
and we conclude dz.Q)+c(z.l:) — T+exp[-25erIRXR(C)]

Theorem 1.4.9: Suppose our space is 22, Jp = 8 if R={z,y} with [y—z| =1
and Jr = 0 otherwise. For sufficiently large positive 8, this potential exhibits
phase transition.

Proof: For n > 1 define v, as the unique Gibbs state on T with { = 1 and
T = [~-n,n|? C Z2. It suffices to show that

(1.4.9.1) limg_,oo¥n(n : 7(0) = 0) = 0 uniformly in n, since phase transition
will occur for any 8 such that limp,eva(n : 7(0) = 0) < . To visualize the
proof it is important to visualize a configuration € {0, 1}7 in a certain way.
Write + for 1 and - for 0 and agree to draw horizontal and vertical lines of unit
length between adjacent sites which have opposite signs. An illustration with
a particular configuration is given below. Let B(n) be the union of all these
vertical and horizontal lines. Note that the configuration can be reconstructed
from B(n) if the boundary is fixed. Also B(n) is a disjoint union of contours,
where a contour is a closed non self-intersecting polygonal curve. The length
of all the contours which make up B(n) will be denoted by |B(n)|. With this
notation we can proceed to prove (1.4.9.1). If n(0) = 0 then 0 is surrounded

by at least one contour 7. Let I" be the set of contours surrounding 0. Then
(1.4.9.2) va(n : (0) = 0) = Z,ervn(n : v € B(n))

so we need to estimate vy(n : v € B(n)) for fixed ¥ € I'. To do so use the
Definition of Gibbs state to write

_ T, encmperpl=26B]
(1.4.9.3) va(n : 7 € B(y)) = =emre il
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1-n(z) if v surrounds x

n(z) otherwise
Then B(7) is obtained from B(n) by removing +, so that |B(n)| = |y|+|B(7)|.

Zp:9€B(n — {
Therefore by (1.4.9.3) v4(n : v € B(n)) = exp[—28]7|] =% ;;;;{fzglgﬂﬁl(")”

Since the map n — 17} is 1-1, each term in the numerator on the right side

if 7 is such that v € B(n), define 7 by 7j(z) = {

also appears in the denominator. therefore we can conclude that v,(n : v €
B(n)) < exp[—28|v|] using this in (1.4.9.2) gives

(1.4.9.4) v(n : n(0) = 0) < X ,e~?’*N(k,n) where N(k,n) is the number of
contours vy € " of length k.

But N(k,n) < k3* for all n, since each contour vy € " of length k must cross
the positive horizontal axis at least at one of k places, and such a contour can
be continued at each point in at most three ways. Thus we obtain the estimate
(1.4.9.5)vs(n : n(0) = 0) < TR k3ke~2Pk

from which (1.4.9.1) follows by DCT.

Theorem 1.4.10: Consider a stochastic Ising model relative to the potential
{Jr}, and let G be the corresponding Gibbs states. Then G C Q. In particular,
if the stochastic Ising model is ergodic, then there is no phase transition for
that potential.

Proof:R C S follows from the definition and by the previous Theorem R=G,
therefore G C . If the process is ergodic, then < is a singleton, therefore G
is a singleton as well, so {Jr} shows no phase transition.

Theorem 1.4.11: Consider an attractive stochastic Ising model relative to the
potential Jg, then v, v- € G.

Proof: Let S, defined as before increase to Z%, and let c?(z,7) be the rates
for the approximating spin system. by checking c(z,n)v(n) = c(z,n:)v(n:),
we see that vg, ¢ is invariant for c(z,n) if { =1 and for c§(z,n) if { = 0. By
the convergence Theorem of finite state Markov chains, +™ and v~" are equal
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to vs, ¢ with ( =0 and ¢ = 1. Therefore v", v € G(S;) so that v-,v_€ G by
the above Theorem.
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CHAPTER 2

Antiferromagnetic Stochastic
Ising Model

2.1 H=0 case

In general, the potential of an antiferromagnetic Ising model is of the form

BH for z € 29
Jr={ BJ(y-1z) for z,y € Z¢
0 for |[R| >3

where J(y - z) < 0 if |y — z| is an odd taxicab distance from the origin,
and J(y — z) > 0 if |y — z| is an even boxcar distance from the origin. As
we did in Chapter 1 we will simply investigate the nearest neighbor model,
thus J(y-x)=0 if |y — z| > 1. Since J(y-x) is negative this system, by looking
at the Hamiltonian, £z Jrxr(n), we conclude that +1 spins are attracted to
0 spins and O spins are attracted to +1 spins since these states require less
energy. Let A(x) represent the configuration, , where n(z) =1 if x is an even
taxicab distance from the origin and 7(z) = 0 if x is an odd taxicab distance
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from the origin. Let B(x) represent the complimentary configuration, n, where
n(z) = 0 if x is an even taxicab distance from the origin and 7(z) = 1 if x is
an odd taxicab distance from the origin. These states have the same energy as
n(z) = 1 and n(z) = 0 in the ferromagnetic model. To relate this model to the
ferromagnetic one, we will define a new ordering for configurations on {0, 1}2°.
We will say n < ¢ if 7 < ¢ using 1.3.5.11, and v < p if [ fdv(7}) < [ fdu(@) v

f increasing

- ¥(z) if |z] is even using the taxicab norm
where 7(z) =
1-+v(z) if|z|is odd using the taxicab norm

We introduced an ordering for the ferromagnetic model at 1.3.5.11, everything
up until that point except Theorem 1.3.4, which we must modify, is indepen-
dent of Jg thus is true for general Jgz. Therefore everything in Chapter 1
up until 1.3.5.11 holds for the antiferromagnetic model discussed here except
Theorem 1.3.4. We will modify every Theorem and Definition in Chapter 1
after 1.3.5.11 to show that analogous results hold here as well.

Theorem 2.1.1 Suppose that S€ Z¢ is finite, and that {Jg, R C S} is a po-

tential with Jg < 0 VR and H=0. Let v be the corresponding Gibbs state
then,

(2.1.1.1) [ xadv > 0 VA C S such that A has an even number of points which
are an odd taxi-cab distance from the origin, and

(2.1.1.2) %fx,‘du = [ xaxsdv — [ xadv [ xpdv > 0 for all A, B C S both
A, and B have an even number of points which are an odd taxi-cab distance

from the origin

Proof: The proof of (2.1.1.2) uses (2.1.1.1) so we must prove (2.1.1.1) first. In
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order to do so, write
[ xadv = KZixa(fi)ezp[ZrIrxr(7)]

= KZixa() Zozon: [ ErIRXR(7)]"

Where 7} is a configuration on Z¢, I wrote 7 instead of 7 to emphasize that these
are configurations on the same space as before, but with different equilibrium
states ( A and B as opposed to 1 and 0). If we try to analyze the difference
between the ferromagnetic case we come up with an interesting revelation. for
any set R C S xr(7]) = —1x xr(n). Therefore comparing to the ferromagnetic
case to the antiferromagnetic case we see that every configuration is summed
whether we sum over 7 or 7 (i.e. there is a 1-1 correspondence between the
configurations). Therefore rJaxr(fi) = ErJrxr(n) where Jp = —Jg the
ferromagnetic analog to our antiferromagnetic model. This now simplifies to

the proof of Theorem 1.3.4 in Chapter 1. I will write the rest of the proof
below:

= KZ32 TRy, Ra o1 IR 0 XA (M) Tz X R, ()
To see that this is a sum of nonnegative terms, it suffices to note that

xa(MMi_,xr.(n) = xB(n) where B={z € S: x is in an odd number of the
251 ifB=0

sets A, R, Ry, ..., R,} and that forany BC S ¥ =
1 Re } y nXx8(7) {0 £B£0

Therefore we have a sum of positive terms, and the sum is positive. Turning

to (2.1.1.2) use the explicit expression for K to write

_ Zgxali)ezp(ErJrxa(i)]
f Xadv = EsezpErIRXR(M)

Therefore the equality in (2.1.1.2) is the result of a simple differentiation. To
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check the inequality, write
J xaxsdv — [ xadv [ xgdv =

KT, dxa(@xs () — xa(@)xa({)lezp{Erdalxr(@) + xr()]]

Notice that xa(7) = xa(n) V7 since A has an even number of points an
odd distance away from the origin ( using the taxi-cab metric ). Likewise,
x8(7) = xa(n). We must simply check the Jz[xr ()] + xz(C). Notice we only
concern ourselves with |R| = 2 since Jp = 0 otherwise. However, once again
this term is equal to the analogous ferromagnetic term in Chap 1 Theorem
1.3.4 because |R| = 2, xgr() = —1 x xr(n) Vn 7 is n flipped at every point
odd distance from the origin, and Jg = —1 x Jg therefore the product of the
two will be the same as the product in the ferromagnetic case. Thus we have
proved Theorem 1.3.4 for the antiferromagnetic case.

Theorem 2.1.5: Let K={(n,{ € X x X : n < (} Suppose n < ¢

ci(z,m) < ez, Q)if n(z) = {(z) = B(z) and

ci(z,m) 2 ea(z, ) if n(z) = {(z) = A(z), then V(n,{) € K and £ > 0

P)(m, ) € K] = 1.

Proof: Let E be the set of all functions f in C(X x X) such that f > 0 and

f=0o0nK. For A >0and f € A, define h € D() by h — AQh = f. Let

(n,¢) € K be a point where h achieves its maximum on K. We will show that

Qh(n,¢) < 0, so that h(n,¢) < f(n,¢) = 0. Since h > 0, it will follow that

h € E as well. To show Qh(n,¢) <0, we will check that each of the terms in

the sum defining Qh is nonpositive. Consider the following three cases:
a)n(z) # ¢(z) in which case (n,{) € K implies that (n;,{) € K and

(n,¢:) € K, so that h(nz, ) < h(n,¢) and h(n, ;) < h(n, ().

b)n(z) = ¢{(z) =0, in which case (5,¢) € K implies that (n;,{;) € K and
(m: =) € K, so that h(n, &) < h(n,¢) and h(n,{;) < h(n,(). However, in this
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case (7, () ¢ K, so we need to have ¢,(z,n) = min(ci(z,n), c2(z,{)) which is
part of our assumption.

¢)n(z) = {(z) = 1 which is analagous to b), using the second part of the

assumption.
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2.2 H=(-1)kl case

There is a relationship between Gibbs states for the ferromagnetic and an-
tiferromagnetic Ising models. To see this we simply take the mapping 7(z)
introduced in Section 2.1. This mapping takes our Hamiltonian £Jpxr(7)
and maps it into the Hamiltonian EJpxr(7), 7 is with J; = —Jg |R| =2 and
Jy = (=1)1#lJg if R = {z}thus we have a bijection from the ferromagnetic case
to the antiferromagnetic case. All the proofs in Chapter 1 follow using this
bijection, we first relate the antiferromagnetic case to the ferromagnetic one
then use the proof from Chapter 1 then we use our bijection again to go back
to the antiferromagnetic case. We will go through some of the proofs using
the procedure quoted, then we will simply restate the remaining theorems and

definitions so they apply to the antiferromagnetic case.

Theorem 2.2.1: Suppose that the potential is given with 5 > 0 and
J(z) < 0. Then ¢, <X ¢, implies that vr, < v, for any finite T C S.
Proof: By the FKG inequality (1.3.6) which is proven earlier, it suffices to
check that for n,,m, € {0,1}7
TrrrzoJrlXr(Mf AnS') + xa(nf* A1)] > TarrzeJrlXr(ni') + xr(1§?)] when-
ever (; <X {;. Using the special form for Jpwhich we have assumed and the

bijextion above, this can be rewritten as the statement that the expression

28HZ2er(~1)P[ A th(z) + (] V 1R2)(2) — 1h(2) — (z)]

+ 2Bz yeTizryd (¥ — D) (R AR) (@) AR)(Y) + (R V 1R) (2) (R V ) (Y)

- m(z)m(y) - R(z)R()

+ 4BTzeryerd"(y = T)(h A )G @) + (R V BR)(@)e@) - m(=)0) -
h(2)2(y)

is nonnegative. The first term is zero and the rest are nonnegative by the proof
in Chapter 1
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Corollary 2.2.1: Under the assumptions of Theorem 2.2.1, T} C T implies
that v, X vp and vy, = vg,
Proof: By Theorem 2.2.1 vy, ¢ X vy V(. Therefore vy, = X zionmy/mvvn,

which clearly implies that v7, < vz, The opposite statement holds true analo-

gously.

Corollary 2.2.2: Under the assumptions of Theorem 2.2.1 we have

1)v_ = limpysv.r exists

2)v- = limpysvy exists

N v.Xv=XvrWwei

4) phase transition occurs if and only if v_ # v-

5) phase transition occurs if and only if v_(n : n(z) = A(z)) # v-(n: n(z) =
A(z))

Proof: 1) and 2) exist since Corollary 2.2.1 implies monotonicity.
3) By Theorem we have vy < vr¢ < v5
for any Gibbs state vr is a convex combination of vy which are less than or

equal to v;. Therefore v < v Likewise we conclude v > vr
4) This follows from 3) and the definition of phase transition.

5) follows from 4) since v_# v-

Theorem 2.2.2: In addition to the assumptions of Theorem 2.2,1, suppose
that H=0. Then 1)v_(n: n(z) = A(z)) + v-(n:n(z) = A(z)) =1

2)v-(n: n(z) = A(z)) is an increasing function of 8

3)There is a critical value 0 < 8. < oo such that there is no phase transition

if 8 < B. and there is phase transition if 8 > S.
4)B. is a decreasing function of the numbers J(x).
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Proof: 1) Since H=0, v; is obtained from vt by interchanging the roles of 0
and 1. Since

vr(n:n(z) = A(z)) + vr(n : n(z) = B(z)) =1 we conclude

vr(n:n(z) = Az)) + vT(n: n(z) = A(z)) =1

Let T 1 oo we conclude v_(n: n(z) = A(z)) + v-(n: n(z) = A(z)) =1

2)Note that if { =1 then xg(n°) = xrnr(n) so that 1.3.2.3 takes on the form
1.3.3. We apply 2.1.1.2 with A={z} to conclude that

vp(n : n(z) = A(z)) — vp(n : n(z) = B(z)) = 2vz(n : n(z) = A(z)) -1

is an increasing function of 8 for each xe T
3) Follows directly from 1) and 2) and the definition of phase transition
4) Follows from 2.1.1.2

Definition 2.2.2: A spin system with rates ¢(x,n) is attractive whenever n < ¢
we have

c(z,n) <c(z,Q)if n(z) =({(z) = A

and c(z,n) 2 c(z,¢) if n(z) = {(z) = B

Theorem 2.2.3: Suppose c(x, 1) is attractive, and let S(t) be the semigroup
for the spin system, then the following hold

1.0pS(t) < 0gS(s) for0<t<s

2.045(t) X 64S5(s)for0<t<s

3.05S(t) X uS(t) X 0,S(t)fort>0and p€p

4.v_ = limy008S(t) and v- = lim,,004S(t) exist

5. if u € p,tn = 00 and v = limy,ouS(t,) then v < v X v-

6. v,rreS,

Proof: 1) By definition, dg < dgS(t — s) for 0 < s < t. Therefore using the
semigroup property, dpS(s) < 6pS(t — $)S(s) = dpS(t)

2) Same as 1.
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3) Note by monotonicity dg < u < d,Vu € p therefore §5S(t) < uS(t) <
645(t)

4) Follows from 1), 2) and the compactness of p in the topology of weak
convergence, and the fact that M has the following property:
[ fdpy = [ fdps
for all f € M and some u,, u; € p implies that u; = u»
Theorem 2.2.4: Suppose c(x,n) is attractive, then cf(z,n) is attractive for
each i and n. If pa, 4, up € p satisfy up X p <X pa, then upS(t) 2 uS(t) <
paS(t)vt 2 0.
Proof: Since n < ¢ implies n* < (* the attractiveness of c*(z,n) follows from
that of c¢(x,n). To prove the theorem it suffices to check that ¢} < ¢(z,n) < )
if n(z) = B(z) and ¢} 2 c(z,n) > ¢} if n(z) = A(z). This is true for x€ S,
since nf <np <t and for x¢ S since 0< ¢(z,n) < M(z)

Theorem 2.2.6: Suppose that v is a probability measure on X and that ¢(z, n)
are the rates for a spin system. Then v is reversible for the spin system if and
only if

(2.2.6.1) [ c(z,n)[f(n:) — f(n)ldv =0

vz € S and f € C(X). If the rates are strictly positive then this is equivalent
to the statement that v has the following conditional probabilities:

(2.26.2) v(n: 1(z) = (=) In(u) = ((u) Vu # 7) = EESl~
Proof: If (2.2.6.1) holds for all feC(X), then it can be applied to the function
f(nz)g(n) for f,geD(X) to obtain

[ e(z,n)f(mg(n:)dv = [ e(z,n)f(nz)g(n)dv

or equivalently

[ ez, n) f(n)lg(nz) — g(m)ldv = [ c(z, n)g(n)[f (nz) — f(n))dv

summing on x we get that v is reversible for the spin system.
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To prove the converse, assume that v is reversible.
For a finite subset T of Z¢ and an x€T, let f(n) = I,ern(y) and g(n) = f(nz).
Then

g(mQf(n) = f(ne)Zyerc(y, n)(f (nz) — f(n)] = c(=z,n)f(n:) and
f(m)Qg(n) = f(n)Zyerc(y, n)lg(nz) — 9(n)] = c(z,n)f(n) so that (2.2.6.1) holds
for that f by Proposition . By linearity, it holds for all f€D since D is dense
in C(X) (2.4.6.1) holds for all fC(X). Now assume that ¢(z,n) > 0 Vz € Z¢
and n € X. Fix an z € Z% and let c4(n) and cp(n) be the unique functions on
X which do not depend on 7(z) such that

then (2.2.6.2) can be rewritten as the statement that [n(z)f(n)dv =
f ﬁ% f(m)dv for all f € C(X) which do not depend on n(z). Since
ca(n) + cs(n) does not depend on 7(z) and is strictly positive, this is equiv-
alent to the statement that [ n(z)g(n)[ca(n)+cs(n)ldv = [ ca(n)g(n)dv for all
geC(X) which do not depend on n(z). But this can be rewitten as [ g(n)(n(z)ca(n)-
(1 - n(z)lca(n))dv = 0 or [ c(z,n)g(n)[2n(z) — 1]dv = 0 On the other hand, if
feC(X) is written as f(n) = fa(n)[1 - n(z)] + fe(n)n(z) where f4 and fp do
not depend on 7(z) then f(n:) ~ f(n) = [fa(n) — fa(n)][2n(z) - 1]

so that (2.2.6.1) can be rewritten as [ ¢(z, n)[fa(n)—fs(n)][2n(z)-1]dv =0

Theorem 2.2.7: Suppose that c(x,n) is strictly positive, and that for each
X , ¢(x,n) depends on only finitely many coordinates. If the spin system is
reversible with respect to some probability measure v, then it is a stochastic
Ising model relative to some potential {Jg}. Proof: By Theorem 2.2.6 v has
conditional probabilities given by (2.2.6.2). v is a Gibbs state relative to some
potential ( note any finite state measure that never equals zero can be written
in the form defined as a Gibbs state). Using (2.2.6.2) and Definition 1.3.4 we

see that:

c(z, - 1
e(z)+e(zlz) — 1+ezp[-2ZrerJrXR(C)]

which implies
228 = exp[—2%.ertrxr(()]
using the multiplicative property of x we conclude
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c(z,¢)ezp[EzerIrXr(C)] = c(2, (z)ezp(ErenIrxr(Ce)]
which implies that our spin system is a Stochastic Ising model (independent
of the coordinate (;

Theorem 2.2.8: Suppose that c(z, ) are the rates for a Stochastic Ising model
relative to the potential {Jg}. Then G=R where G denotes the set of all Gibbs
states relative to the same potential.

Proof: By the Theorem 2.2.6 and Definition 1.3.3 it suffices to show that for
a stochastic Ising model, c(z'z()i‘f‘('i&) =3 +m(_28:a Taxaie] but this is shown
just as in the proof of Theorem 2.2.7. Since we have a Stochastic Ising model

we have

c(z,C)ezp(EzerJrXr(C)] = c(z, (z)ezp[EzerrXR(G:)]
therefore

C\T,

é:(% = ezp[—2}:zeRJRXR(<)]

o(z,Cx) _ 1
and we conclude c(=.4)+§=.<s) = Femp[ s erInxr ()]

Theorem 2.2.9: Suppose our space is 22, Jp = —f if R={z, y} with |y—-z| =1
and Jg = 0 otherwise. For sufficiently large positive 3, this potential exhibits
phase transition.

Proof: For n > 1 define v, as the unique Gibbs state on T with { = 1 and
T = [—n,n|]? C Z2. It suffices to show that

(2.2.9.1) limg_,oo¥a(n:n(0) = B) =0

uniformly in n, since phase transition will occur for any 8 such that
limnootn(n : 7(0) = B) < 1. To visualize the proof it is important to visualize
a configuration 7 € {0,1}7 in a certain way. Write + for 1 and - for 0 and
agree to draw horizontal and vertical lines of unit legnth between adjacent sites
which have opposite signs. An illustration with a particular configuration is
given below. Let B(n) be the union of all these vertical and horizontal lines.
Note that the configuration can be reconstructed from B(n) if the boundary
is fixed. Also B(n) is a disjoint union of contours, where a contour is a closed
non self-intersecting polygonal curve. The length of all the contours which
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make up B(n) will be denoted by |B(n)|. With this notation we can proceed
to prove (2.2.9.1). If n(0) = 0 then 0 is surrounded by at least one contour 4.
Let [* be the set of contours surrounding 0. Then

(2.2.9.2) vn(n : n(0) = 0) = Eyervn(n : ¥ € B(n))

so we need to estimate vp(n : ¥ € B(n)) for fixed v € I'. To do so use the
Definition of Gibbs state to write

i ~28|B
(229.3) va(n: v € B(n)) = = éni(z";ggli(vlnﬂ(ﬂm

1- if ds
if 77 is such that v € B(n), define 7 by 7j(z) = n(z) if v surrounds x
n(z) otherwise

Then B(7) is obtained from B(n) by removing v, so that |B(n)| = |y|+|B(7)|.

Therefore by (2.2.9.3) va(n : v € B(n)) = ezp[-28|7l] z"‘g‘ig’;ff:g;ﬂﬁ]m”

Since the map n — 1} is 1-1, each term in the numerator on the right side

also appears in the denomenator. therefore we can conclude that v,(n : v €
B(n)) < ezp[—2B|~|] using this in (2.2.9.2) gives

(2.2.9.4) v(n : n(0) = 0) < =L e % N(k,n) where N(k,n) is the number of
contours v € [ of length k.

But N(k,n) < k3 for all n, since each contour v € T of length k must cross
the positive horizontal axis at least at one of k places, and such a contour can

be continued at each point in at most three ways. Thus we obtain the estimate

(2.2.9.5)un(n : (0) = 0) < X ,k3%e~2% from which (2.2.9.1) follws by DCT.

Theorem 2.2.10: Consider a stochastic Ising model relative to the potential
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{Jr}, and let G be the corresponding Gibbs states. Then G C . In particular,
if the stochastic Ising model is ergodic, then there is no phase transition for
that potential.

Proof: R C < follows from the defenition and by the previous Theorem R=G,
therefore G C Q. If the process is ergodic, then Q is a singleton, therefore G

is 4 singleton as well, so {Jr} shows no phase transition.

Theorem 2.2.11: Consider an attractive stochastic Ising model relative to the
potential Jg, then v, v- € G.

Proof: Let S, defined before increase to Z4, and let c*(z,7) be the rates for
the approximating spin system. by checking c(z,n)v(n) = c(z,n:)v(n:), we
see that vg, ¢ is invariant for ci(z, n) if ( = A and for c}(z,n) if { = B. By
the convergence Theorem of finite state Markov chains, " and v-" are equal
to vs, ¢ with { =B and ¢ = A. Therefore v*, v € G(S,) so that v-,v_ € G
by the above Theorem.
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2.3 Antiferromagnetic model with H#0

Assuming H# 0 some theorems from the previous section hold but several
do not. We will go through the Theorems that hold for this case individually
and then prove phase transition for this specific case ( this was not done
in Secion 2). In section 1 the first theorem (Grifith) does not hold, unless

Jiz} = (~=1)/*!, however the other theorem from section does hold namely.

Theorem 2.3.1: Let K={(n,{ € X x X : n <X (} Suppose n < ¢

ci(z,n) < ez, €)if n(z) = ((z) = B(z) and

ci(z, ) 2 ce(2,¢) if n(z) = {(z) = A(z), then ¥(n,{) € K and t > 0

P®Q{(n,, ) € K] = 1.

Proof: Let E be the set of all functions f in C(X x X) such that f > 0 and

f=00onK.For A >0and f € A, define h € D(Q) by h — AQh = f. Let

(m,¢) € K be a point where h achieves its maximum on K. We will show that

Qh(n,¢) < 0, so that h(n,¢) < f(n,{) = 0. Since h > 0, it will follow that

h € E as well. To show Qh(n,¢) < 0, we will check that each of the terms in

the sum defining Qh is nonpositive. Consider the following three cases:
a)n(z) # ¢(z) in which case (n,{) € K implies that (7;,{) € K and

(n,¢:) € K, so that h(nz, () < h(n,() and h(n,¢:) < h(n,().

b)n(z) = {(z) =0, in which case (n,{) € K implies that (n;,{;) € K and
(m¢z) € K, so that h(n;, () < h(n,¢) and h(n, ;) < h(n,(). However, in this

case (1z,() ¢ K, so we need to have ¢\(z,7) = min(ci(z,7), c2(2, ) which is
part of our assumption.

¢)n(z) = {(z) =1 which is analagous to b), using the second part of the
assumption.
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Theorem 2.3.2: Suppose that the potential is given with 3 > 0 and J(z) < 0.
Then ¢; <X (; implies that v, < vr, for any finite T C S.

Proof: By the FKG inequality (1.3.6) which is proven earlier, it suffices to
check that for my, 7, € {0,1}7

ErrrzeJrlXr(nf AnS') + xa(1 ATY)] 2 TarrseJrlxr(nf') + xa(n*)] when-
ever (; =< (2. Using the special form for Jp which we have assumed and the

bijection above, this can be rewritten as the statement that the expression

2BHZ er(~1)¥[m A1R(z) + (1 V 1R)(2) - M(z) — R(z)]

+ 28Tz yerzryd* (¥ — 2)[( A R)(2) (M A 1R)(y) + (M V 1R)(2) (1 V 1R)(v)

= m(z)m(y) — m(z)R(y)

+ 4BEeryerd (¥ — 2)[(h A R)(@)61(Y) + (W V ) (@) (y) - m(z)G(y) -
()G (y)

is nonnegative. The first term is zero eventhough H # 0 which is very special.
This allows us to have our results for this section, in the previous sections
at some point we set H=0, hence the first line was trivially 0. The rest are
nonnegative by the proof in Chapter 1

Corollary 2.3.1: Under the assumptions of Theorem 2.3.2, T} C T, implies
that vy, X vy, and vy, > vy,

Proof: By Theorem 2.3.2 vy, ¢ X v, V(. Therefore vz, = Z. . \=10nmy/mivvry

which clearly implies that vz, < v7, The opposite statement holds true analo-

gously.

Corollary 2.3.2: Under the assumptions of Theorem 2.3.2 we have
1)v_ = limpqsv r exists

2)v- = limpysvy exists

Nv.XvXvrWweai

4) phase transition occurs if and only if v_# v-

5) phase transition occurs if and only if v_(n : n(z) = A(z)) # v-(n : n(z) =

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



45

A@) |

Proof: 1) and 2) exist since Corollary 2.3.1 implies monotonicity.

3) By Theorem we have vr X vr¢ X vz

for any Gibbs state v7 is a convex combination of v which are less than or

equal to v;. Therefore v < v; Likewise we conclude v > v 1
4) This follows from 3) and the definition of phase transition.
5) follows from 4) since v_# v-

Eventhough H# 0 the model is still attractive for

c(z,n) = ezp(ErJrXr(N))

we check if 7 < ¢ (or equivalently 7 < () implies ¢(z, %) < c(z, () if n(x) =
¢(z) = —(~1) and e(z,7) 2 ¢(=,() if n(z) = ¢(z) = (-1).

We look at all cases where |R|=2 ( for |R| = 1 the desired result quickly fol-
lows). If n(z) = n(y) = ¢(z) = 1 then either {(y) = 1 in which case we get the
same term in both expressions, or { (.y) = -1 hence the latter term is larger,
thus by our initial assumption n < ¢ we conclude ¢(z,7n) < ¢(z,¢). All other

cases are identical.

Theorem 2.3.3: Suppose c(x, 7) is attractive, and let S(t) be the semigroup
for the spin system, then the following hold

1.05S5(t) X 6pS(s) for0 <t <s

2.045(t) <64S(s)for0<t<s

3.0p5(t) < uS(t) X 04S(t)fort>0and u€p

4.v_ = limy,0pS(t) and v- = lim,_,,0,4S(t) exist

5. if p € p,t, = 00 and v = limp_,ouS(t,) then v. < v X v-

6. v, €S,

Préof: 1) By definition, g5 < 65S(t — s) for 0 < s < t. Therefore using the
semigroup property, 6pS(s) < §pS(t — 5)S(s) = §5S(t)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



46

2) Same as 1.

3) Note by monotonicity dg < u < 6,V € p therefore §gS(t) < uS(t) <
d4S(t)

4) Follows from 1), 2) and the compactness of p in the topology of weak
convergence, and the fact that M has the following property:
[ fap = [ fdu,
for all f € M and some u,, up € p implies that u; = u,

Theorem 2.3.4: Suppose c(x,n) is attractive, then c}(z,n) is attractive for
each i and n. If pa, p, up € p satisfy pup < p < pa, then ppS(t) < uS(t) <
paS(t)Vt > 0.

Proof: Since n < ¢ implies n* < (* the attractiveness of c?(z,7) follows from
that of c(x,n). To prove the theorem it suffices to check that ¢} < ¢(z,n) < ¢}
if n(z) = B(z) and c} 2 c(z,n) = c} if n(z) = A(z). This is true for x€ S,

since n® < n < n* and for x¢ S since 0< ¢(z, ) < M(z)

Theorem 2.3.6: Suppose that v is a probability measure on X and that ¢(z, )
are the rates for a spin system. Then v is reversible for the spin system if and
only if

(2.3.6.1) [c(z,n)[f(n) — f(m)ldv =0
Vz € S and f € C(X). If the rates are strictly positive then this is equivalent
to the statement that v has the following conditional probabilities:

(2.3.6.2) v(n : n(z) = ¢(z)|n(u) =((u) Yu #z) = Tzé%%z%)

Proof: If (2.3.6.1) holds for all feC(X), then it can be applied to the
function f(n:)g(n) for f,geD(X) to obtain

[ e(z,n)f(n)g(n:)dv = [ c(z,n)f(nz)g(n)dv
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or equivalently

[ ez, m)f(mlanz) — a(mldv = [ e, n)g(m)[f(ne) ~ F(m)ldv

summing on x we get that v is reversible for the spin system.
To prove the converse, assume that v is reversible.
For a finite subset T of Z¢ and an x€T, let f(n) = ern(y) and g(n) = f(n:).
Then
amQf(n) = f(nz)Eyerc(y, mf (nz) = f(m)] = c(z,n) f(n:) and
f(m)Qg(n) = f(n)Eyercly, n)lg(nz) — 9(n)] = c(z,n) f(n) so that (2.3.6.1) holds
for that f by Proposition . By linearity, it holds for all f€D since D is dense
in C(X) (2.4.6.1) holds for all feC(X). Now assume that c(z,n) > 0 Vz € Z¢
and n € X. Fix an £ € Z¢ and let c4(n) and cp(n) be the unique functions on
X which do not depend on 7(z) such that

then (2.2.6.2) can be rewritten as the statement that [7n(z)f(n)dv =
[ CA(,') g f(n)dv for all f € C(X) which do not depend on 7)(z). Since
ca(n) + ca(n) does not depend on n(z) and is strictly positive, this is equiv-
alent to the statement that [ 7(z)g(n){ca(n)+cs(n)ldv = [ ca(n)g(n)dv for all
ge€C(X) which do not depend on 7(z). But this can be rewitten as [ g(n)(n(z)ca(n)-
[t = n(z)]ca(n))dv =0 or (1.4.6.3) [ c(z,n)g(n)[2n(z) - 1]dv =0

On the other hand, if feC(X) is written as f(n) = fa(n){1 — n(z)] +
fe(n)n(z) where f4 and fg do not depend on n(z) then f(n:) — f(n) =
(fa(m) = fa(n)}[2n(z) —1] so that (2.3.6.1) can be rewritten as [ c(z, n)[fa(n) —
fe(m)(2n(z) — 1]dv =0

Theorem 2.3.7: Suppose that c(x,n) is strictly positive, and that for each
x , ¢(x,n) depends on only finitely many coordinates. If the spin system is
reversible with respect to some probability measure v, then it is a stochastic
Ising model relative to some potential {Jg}. Proof: By Theorem 2.3.6 v has
conditional probabilities given by (2.2.6.2). v is a Gibbs state relative to some

potential ( note any finite state measure that never equals zero can be written
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in the form defined as a Gibbs state). Using (2.3.6.2) and Definition 1.3.4 we

see that:

c(za(x ) — 1
oz Q)+e(z,lz) ~ 1+exp[—2ErerJrxr(()]

which implies

(T,

224 = exp(~28aerJrxr()]

using the multiplicative property of x we conclude

¢(z,¢)ezp(ZzerIrXR(C)] = c(, (c)exp[ErerIrXR(C:)]

which implies that our spin system is a Stochastic Ising model (independent
of the coordinate (;

Theorem 2.3.8: Suppose that c(z,n) are the rates for a Stochastic Ising model
relative to the potential {Jg}. Then G=R where G denotes the set of all Gibbs
states relative to the same potential.

Proof: By the Theorem 2.3.6 and Definition 1.3.3 it suffices to show that for
a Stochastic Ising model, 75588 = rremawlraxary but this is shown
just as in the proof of Theorem 2.3.7. Since we have a Stochastic Ising model
we have

c(z,¢)ezp[ZzerIrXR(C)] = (7, (z)ezp[EzerrXR((:)]

therefore

Azl = ezp(~28zerIrXR(C)]

and we conclude

c(zla) — 1
c(z)+e(zlz) ~ 1+ezp(—2E:erIrXR(C)]

Theorem 2.3.10: Consider a stochastic Ising model relative to the potential
{Jr}, and let G be the corresponding Gibbs states. Then G C . In partic-
ular, if the stochastic Ising model is ergodic, then there is no phase transition
for that potential.

Proof: R C S follows from the definition and by the previous Theorem R=G,
therefore G C Q. If the process is ergodic, then < is a singleton, therefore G

is a singleton as well, so {Jr} shows no phase transition.

Theorem 2.3.11: Consider an attractive stochastic Ising model relative to the
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potential Jg, then v, v- € G.

Proof: Let S, defined before increase to Z¢, and let c?(z,7) be the rates for
the approximating spin system. by checking c(z,n)v(n) = c(z,n:)v(n:), we
see that vg, ¢ is invariant for c¢;(z,n) if { = A and for c}(z,n) if { = B. By
the convergence Theorem of finite state Markov chains, v" and v-" are equal
to vs, ¢ with { =B and { = A. Therefore v*,v™" € G(S,) so that v-,v_€ G
by the above Theorem.

Theorem 2.3.12: With Jp as given in section 2 the Stochastic Ising model

has two Gibbs states for d > [H|, 8 > (1 — H/d)"'cq where H = B8 _g;d=
dimension

Proof: We have v(n) = zezp(ZrJrxr(1))

We can rewrite this as

v(n) = Lezp(B[(H+8)Z!Lin() - 2Eieviinjim1 Zievn(i)0() ~4Zievii-t=1 Segvn(i)n(2)]),
vczd

Now let us examine a configuration, say 7, on Z9. If (i) = 0 we draw a unit
square around i and shade it black, and if n(z) = 1 we draw a unit square
around i and shade it white. Within our set V U8V, we will shade any two
edges that have the same color on both sides. The sum of all the sides for a
given configuration is defined as I'(n(1), n(2), ...n(|V|)/n(t)) We will also shade
any two edges that have different colors on both sides, the sum of these sides
will be called T(n(1),7(2), ..n(JV])/n(t)). Notice that I + [ =constant since
either 2 neighboring sites are the same or different, thus the sum is equal to
the total number of sides. If H+8=2d we conclude

ezp(BT (n(1),n(2)...a([V)/n(t)))
En(1)€{0,1}...n(v1e(0,13eZPBT(n(1),n(2),...n([V]) /n(t)))

v(n) =
this follows by combining the first and second terms above and noticing the

last term is equal to 4Z;cyi—g=1Zegvn(i)(1 — n(t))), V C Z9 hence we also
conclude
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ezp(B(H E'é'm(i)+2f‘(n(l).ﬂ(2).---n(lVI)/ n(t)))
2(1)€{0,1}...n(1VDe(0,1}eZP(BT ((1),n(2),...n(IV ) /n(¢)))

v(n) =3

by using the formula above and using the fact that ' + T = ¢ Next we intro-

duce a transformation assuming u(i) is the site directly below i

n(3) if i is outside G
Te n(i)={ n(u()) if i and u(i) are inside G
1 —n(u(i)) ifi lies inside G and u(i) lies outside G

This T annihilates the contour G, does not change anything outside G, and

raises all the contours lying inside G by one. Therefore we conclude

E(n(1), n(2), -2(V)/n(®) = (1), 2(2), (VD) -IGI 120 (i) -Ziin(i)] <
@2&95 where |G|a,r is the number of horizontal sides of the contour G, clearly

the same holds for |G|,ere S0 we conclude that

Pr(G) = —Zama@..aqvines@erpBHEL )+ 20 (r(1).(2)...00V 1)/ n(8)

(a0 mVIIE 0 IVIETPBHE ) +2E (01, 0(2), (V) /()
< Za@a)...nqvinen@ sp BT n(i)+2L (n(1)n(2),... 0V )/ n(e))
T (1)), n(IVIET gy SFPIB(HE 21 0(8)+ 20 (n(1),0(2),.-n(IV'])/n(t))

< ezp(—BIG|/2 — BIH + 8||G|nor/8)
then we conclude that

Pr(G) < ezp(-B|G|/2 - B|H + 8|GI/8)

Assume we are in 22 if a point = (1}, ;) € Z? lies inside the contour G and
this contour contains a side of a square with center at z° = (23, z3) inside G
then the length of the contour G must be no less than 2(|z? — z; |+ |23 — 22 +2]).
In addition there are at most 3™~! possible paths for G, of length m through
a given side. Let 7(z) be the probability that x lies inside at least one contour
created by the configuration (n(1),7(2), ....,7(|V])). Summing over all G that
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contain x and pass along a side of the square z°, these conditions will occur r
times for a contour of length r, which is always a multiple of 2 and each square

has four sides we conclude:

- H+8
W(z) S 2:6V2k> lzo_:ll'ﬂzo:_:g'i'ﬂ 3xl2m5$p( %ﬂl - ﬂm'g +J + 2mlﬂ3)
2

TX_ m~(m? + (m — 1)?)ezp(Em — EmEE | 9ypin3)
ezp(£ - 21538 1 gaIn3)

(1-ezp(=£ - 2538 4 521n3))2

-—

IA
Wi WIN

. . 4__exp(cg+B2in3) __ 1
Assume ¢4 > 0 is the solution to 3 (T—ezp(cat B3 — 2

Thus 7(z) < v < 3 for all xe Z¢.
Next assume 7(t) = A(t)

Pr(n(3) =B(t)) <v<3Vie 2¢

Analogously using 7(t) = B(t) we conclude a Gibbs state exists such that
Pr(i(i) = B(t)) 21-vy> i vie Z4.

Thus we have two Gibbs states.

Theorem 2.3.13: Given a stochastic Ising model with Jg as before we have
the following:

1. The model is ergodic if and only if there is no phase transition.

2. Ifd > [H|,8 > (1 - H/d)™cq where H = %ﬁ — d then there is phase
transition, which implies the model is not ergodic

3. If 0 < B << then there is no phase transition hence the model is ergodic.
Proof: To prove 1) we first use Theorem 2.3.10 to show that if the model is
ergodic then there is no phase transition. To go the other direction we use

Corollary 2.2.2 part 4 to prove there is only 1 Gibbs state, hence it is ergodic.
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2) is proved using 1) and Theorem 2.3.12
3) Suppose we have a family of probability measures on {0,1}, say {u}:j €

Z% s € X}. Let ||uf — pt|| be the total variation between the two configura-
tions s and t.

— 1
Pij *= 38UP,; s=t except at il — w3l

Dobrushkins Uniqueness Theorem states suppose sup;(Zizjpi;) < 1, then
there exists at most one Gibbs state. Since we already know at least one
Gibbs state exists we conclude that it is unique. As before we rewrite our
Hamiltonian as —u%iz; + 1EicviziSievU(ti — t;) + SegvTievU(t; — t) using
this form we can express u(0) = y;ezp(—B(ZizjosklU(j — k) — po) =

77 — BipikzioselU(j — k) — Buo

where 0 = Q or 1.

Analogously p} = Zrezp(—B(Zxgjotel(j — k) — po) =

7t — BTizjuziosiU(j — k) = Buo — BoU(i - j)

Now we can assume s; =0 and ¢t; = 1.

(2.3.13.1) sup,{||ut — uill} =

SUD, st except at i{l75 — Zel+1(Zr— R exp(—BEjn kiU (G — k) —
Bu)|

Finding the sup of the above is equivalent to finding the in f, 8{E/neqj kiSkU (-
k) +ul 2

Bin fi[~ErzjnziselU G — k)| = |ul] >

= BEkzjailU(G — k)| + |l

Hence (2.3.13.1) < sup,| 4 — 2| +sup,|( 2 — ZEEEE=ID |ezp(B[Si il U ( —
k) + |u)

_1 :
Pij = 35UP,s s=t except at ilk] — K5l < 35UP,, =y except at ilezp(—BoU(i -
N <
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2lUG -9l
Hence Tizjpij = Zig;§1U (G - 1)l = TixoU(1)§
which is less than ¢ if 8 < gJ. Hence by Lemma V.I.4 in Simon(13] we con-

clude that we have a unique Gibbs state. This solves the anti-ferromagnetic

Ising model.
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CHAPTER 3

Hard Core Stochastic Ising
Model

We will begin by defining a flip rate ¢(z, n) for now we will use
(,7) 0 if n(z) =0 and 7(y) =1 where [y —z| =1
c(z,n) =
ezp(ErJrXR(N)) otherwise

Notice that c(z,n) is defined on all of X = {0, 1}2°, let cr(z,n) denote the
flip rate on TC Z¢. From the flip rate we create a Markov pregenerator as we
did in Chapter 1. Let A= {(n(i) : i € Z%: n(3)n(j) =0 if |i — j| = 1)}. Let’s
show A is compact, since A is a subset of x we need only show A is closed.
Assume A is not closed, say 3n such that 7, € A and 7, = n and n ¢ A. This
implies that there are two points x and y with |y — z| = 1 with n(z) =1 and
n(y) = 1. Since 1, — 7 then 7,(z) and 7,(y) must equal 1 for all N > Ny, but
then 7, ¢ A which is a contradiction. Hence A is closed and compact.

For the hard core stochastic Ising model we have the potential below

BH if |[R|=1
Jr={¢ BJ(y-z) if|R|=2z,y€R
0 if |[R| > 2
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J(y—z) < 0if |[y—z]| is an odd boxcar distance from the origin, and J(y—z) > 0
if |y — z| is an even boxcar distance from the origin. We will simply investigate
the nearest neighbor model where J(y-x)=0 for |y — z| > 2, J(y-x)=-00 if
n(z) = n(y) = 1, and J(y-x)=-1 otherwise.

Proposition 3.1.1: Assume that sup,cz¢Zzerer(z,n) < 00

1) For f € D(A), the series Qf(n) = Zr [(5 yr or(z,n)[f(n°) — f ()] converges
uniformly and defines a function in C(A), and

IQfIl < (supzezeZzerer(z, ) [ fIll, where ||| ||| = EzezallAr ()l

2) Q is a Markov pregenerator.

Proof: fig,yr er(z, )[f () = f(n)]
is in C(A) for each T and each fe C(4). By regarding 7¢ as the result of
changing the coordinates of n corresponding to sites in T one at a time, it is

clear that
|£(n°) = f(M)| < Tzerls(z), Af(z) = supy|f(n) — f(n:)]

therefore
1 fertz, mlf(n) - £] 1| S eraerllA (a)l

Zr || f er(z )l (n) = f()lll < (supzZzerer) IIIfHl]

for any f € D(A). Hence the series defining Q f converges uniformly. Since
the summands are continuous, it follows that Qf € C(A).

To prove 2) we must simply show property 3) of Definition 1.1.6. Suppose

f € D(A) and f(n) = min(f(C) : ¢ € A). Then f(¢) > f(n) for all { € A, so
Qf(n) 2 0.
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Thus simply giving a transition function, ¢(z, ) defines the Markov pregener-
ator it is necessary to show that R(I-AQ?) is dense in C(A) for all sufficiently
small A > 0. To prove this we approximate 2 by a sequence of bounded pre-

generators )", since bounded pregenerators are generators we conclude

R(I - Q™) = C(4)

for each n and each A > 0. Therefore given a g€ D(A), there are f, € C(A)
so that f, — AQ" fp = g. Thus if g, = f, — AQf, and it will follow that

lign — gll = All(Q - Q") full = 0

R(I - )Q) is dense is a consequence of the fact that g, € R(I — AQ) for each n,
and that D(A) is dense. Therefore,  is a Markov generator, which is uniquely
associated with a Markov semigroup, which is then associated with a Markov

process.

By Theorem 4.3 a modified Hille-Yosida Theorem in Chapter 1 from Ethier

and Kurtz our generator relates to a semigroup on D(A)

Definition 3.2: Given a potential Jg, and 7,7; € A a Markov process with
non-negative rates, c¢(z,n), is called a stochastic Ising model relative to the
potential if ¢(x,n) exp(E;crJrXr(7)] does not depend on the coordinate 7(x),
where xz(1) = [Leql2n(z) - 1]

Definition 3.2.1: A Gibbs state with respect to a given potential on T C Z¢
|T| < oo is given by

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



87

0 if n(z) =1 and n(y) = 1 where [y —z| =1
(3.2.1)v(n) = { ) )

Lezp(EZrcrJrxr(n)) otherwise

Definition 3.2.2: For general T we define a Gibbs state as a measure, v with
v(A°) = 0 where
(3.2.2) v(n : n(z) = {(z)In(u) = ((uv) Vu # z)

1 f(e€A¢A
0 if(¢A €A
ifCeAGeA

1
l+ezp(—2Z:crJIRXR(C))

Theorem 3.1: Suppose T € Z¢ is finite then 3.2.1 is equivalent to 3.2.2.
Proof: Suppose 3.2.1, then for ( € A both 3.2.1, and 3.2.2 equal 0, thus we
simply look to prove the theorem for { € A v(n : n(z) = {(z)|n(u) = {(u)Vu #

z)=

WO+u(C)

ezp(ErJrXR(C)] =
ezpZpJrXR({)|+ezplERTRXR((2)

1
1+ezp{=2Z.erJRXR(C)]

since xr(nz) = —xr(n) if € R and xr(n) ifz ¢ R

For the converse suppose v is a Gibbs state as in 3.2.2. Then v satisfies 3.2.1
for possibly some other potential, say J, since it is non-zero in A and T is
finite, but then we must have X crJrxr(7) = LzerJrXxr(N) for all z. Since
Xr are linearly independant we conclude Jp = J; VR # @. Changing Jp is
just changing the normilization constant.

Before we prove the next Theorem we must prove the FKG inequality for our
Gibbs measure in this Chapter. Consider

v(n) = exp(BZ:y jz-y=1Jan(z)n(y) + HBZin(i) + B2y (z-yi=1JrXR(N))
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where J}, is any negative value for |y — z| = 1 and 0 if [R| > 2. Jp is a fixed
potential of an anti-ferromagnetic Ising model from Chapter 2. Writing xr(7)
as (2n(z) - 1)(2n(y) — 1) we conclude

v(n) = 3exp(BLsy e—y=1Jxn(z)n(y)+ HBEn(3) + BIzy 12—y =1Jr(20(z) —
1)(2n(y) - 1))

v(n) = 3ezp(BL:y z—yi=1 Jrn(Z)N(y)+ (HB—-4BJ)En(3) +4BEz y jz—y=1JrN(Z)N(Y))

This v satisfies the FKG inequality for any fixed J; < 0, we will let J; =& —o0
this limiting measure is the Gibbs state introduced in this Chapter, thus this
measure satisfies the FKG inequality. According to Chapter 2 we have phase
transition if 8 > (1 — %)“cd and d > |H|. With Jg = —1 we can rewrite the
Hamiltonian as

v(n) = 3ezp(—4B(Jx — 1)y je—yi=1(=1)n(z)n(y) + (HB + 48)Zin(3)
For the model to have phase transition we need to solve:
1)d> |82 —dl & -12<H<8d~12

Hiz 4.
)B>(1-——)"ea & B> (i)

Thus we have exact conditions for phase transition of the hard-core Ising model

once we prove a few preliminary results.
We will define vr¢ analogous to the previous Chapters, we set vr = 0if ¢ ¢ A.

For fe C(A), define vrc(f) = Z,f(n)vrc(n) for T fixed this is a function of ¢,
with vre(f) =0if ¢ ¢ A. We will say that v is a Gibbs measure if
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1) v(f1X7<)({) = vr¢(f), where Lrc is the sigma algebra generated by all
configurations outside of T

2) v(A%) =0

Theorem 3.2: Suppose that the potential above is given with 8 > 0 and
J(z) < 0. Then {; =X (; implies that vrg =< vr, for any finite T C 2¢
(1,2 € A

Proof: vr satisfies the FKG inequality by the argument after Theorem 3.1.

VT.((") = %ezp(ﬂzz,y |z—y|=1JknC(z)7)((y)'*'HﬂEin((i)"’ﬁzz.y lz—yl:IJRXR(n())
where J} is any negative value for |y — z| =1 and 0 if |R| > 2. Jg is a fixed
potential of an anti-ferromagnetic Ising model from Chapter 2. Writing xr(n°)

as (2n%(z) — 1)(2n°(y) — 1) we conclude

Vr¢ (TI) = %ezp(ﬁzz.y Iz-yl=1J1.z'7c(z)n< (y)+ Hﬁ&n‘ (z) +B£z.y Iz—y(=1JR(27)( (I) -
1)(2n*(y) - 1))

VT,((U) = ’é'ezp(ﬂzz.y [z—yl:l'];{n((x)n((y)+ (Hﬁ_4ﬂJ)Ein((i)+4ﬁzz,y g:-y|=1Ja7lc(z)Tl<(y)
This v satisfies the FKG inequality for any fixed Jp < 0, we will let J; — —oc0

this limiting measure is the Gibbs state introduced above, thus this measure

satisfies the FKG inequality.

Note for configurations ¢ ¢ A vr¢ = 0. Let Ar represent configurations in A

restricted to T. By the FKG inequality, it suffices to check that for m, 7, € Ar
SarrzoJrrR(TE ATE) + Xxr(P A 2 SrersaJrXr (M) + xr(75*)] when-

ever (1 X (2

Using the special form for Jp which we have assumed, this can be rewritten
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as the statement that the expression

2BHEZzer((m Am)(z) + (m V m)(2) — m(z) — m(z)]

+ 28T yeTizzyJ (¥ — 2)[(m A m)(2)(m A ) (¥) + (m V 1) (2) (M V 1) (v)

- m(z)m(y) - m(@)m(y)

+ 4BZzeryerd (v — 2)[(m A m)(2)C(Y) + (m V M) (2)e(y) — m(z)(y) -
m(z)C(y)

is nonnegative. The terms in the first sum are all zero so the sign of the H is ir-
relevant in verifying the non-negativity of this expression. The terms in brack-
ets in the second sum is zero unless 7,(z) = m(y) = 0 and 7 (z) = Mm(y) =1
or i (z) = m(y) =1 and 7o(z) = m(y) = 0 in which case it is equal to 1. The
term in brackets in the third sum is zero unless 7;(z) = 1 and 7(z) = 0, in
which case it is equal to {;(y) — ¢i(y). So, since 8 > 0 and J(y — z) > O the

required sums are nonnegative whenever {; < (5.

Let v denote the Gibbs state on T taking the value ( = B(z) outside T, and
vz is a Gibbs state on T taking the value { = A(z) outside T

Corollary 3.2.1: Under the assumptions of Theorem 3.2, T} C T implies that
vy, 2 vr and vy, = v,

Proof: By Theorem 3.2 vy, ¢ X v.1, V(. Therefore v = L,0=a(z) onu/mivvn
which clearly implies that v3, < vz, The opposite statement holds true analo-

gously.

Corollary 3.2.2: Under the assumptions of Theorem 3.2 we have
1)v_ = limpysv r exists
2)v- = limpysvz exists
v.XvrWwei
)

4) phase transition occurs if and only if v_# v-
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5) phase transition occurs if and only if v_ (1 : n(z) = A(z)) # v-(n: n(z) =
A(z))

Proof: 1) and 2) exist since Corollary 3.2.1 implies monotonicity.
3) By Theorem 3.2 we have v < vp¢ 2 vf

for any Gibbs state vr is a convex combination of vr¢ which are less thann or

equal to v5. Therefore v < v; Likewise we conclude v > v 1

4) This follows from 3) and the definition of phase transition.

5) follows from 4) since v_# v-

Theorem 3.3: Suppose that v is a probability measure on X with n,n, € A

and that ¢(z,7n) are the rates for a Markov process with state space A. Then

v is reversible for the spin system if and only if

(3.2.1) [e(z,n)[f(n:) — f(n)ldv =0
Vz € Z4 and f € C(A).
(3.2.2) ¥(n : n(z) = {(2)In(u) =((u) Yu # z) = Famsl

Proof: If (3.2.1) holds for all feC(A), then it can be applied to the function
f(nz)g(n) for f,g€D(A) to obtain

Je(z,n)f(n)g(nz)dv = [ c(z,n)f(nz)g(n)dv

or equivalently

J ez, n) f(m)[g(n:) = g(m)ldv = [ c(z, n)g(n)[f (nz) — f(n)]dv

summing on x we get that v is reversible for the spin system.

To prove the converse, assume that v is reversible.
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For a finite subset T of Z¢ and an x€T, let f(n) = [ ern(y) and g(n) = f(nz)-
Then

g(mQf(n) = f(n:)Zyerc(y, n)[f (=) — f(0)] = c(z,n) f(n:) and
F(m)Qa(m) = f(n)Zyerc(y, n)lo(n:) — 9(n)] = c(z, n)f(n)

so that (3.2.1) holds for that f. By linearity, it holds for all feD(A) since D(A)
is dense in C(A) (3.2.1) holds for all feC(A).

Now assume that c(z,n) > 0Vz € Z% and ,n. € A. Fix an z € Z9 and let

cp(n) and cg(n) be the unique functions on X which do not depend on 7n(z)
such that then (3.2.2) can be rewritten as the statement that

In(z)f (n)du =[ ﬁ%@ f(n)dv for all f € C(A) which do not depend on
n(z).

Since cp(n) + ce(n) does not depend on 7(z) and is strictly positive, this is
equivalent to the statement that

J n(z)g(n)leo(n) + ca(n)ldv = [ cp(n)g(n)dv for all geC(A) which do not de-
pend on 7(z).

But this can be rewitten as
J 9(m)(n(z)en(n) — [1 = n(z)lep(n))dv = 0 or
(32.3) [ e(z, M)g(n)(2n(z) - Ljdv =0

On the other hand, if feC(A) is written as
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f(n) = fo(m)[1 —n(z)] + fe(n)n(z) where fp and fp do not depend on 7(z)
then

f(nz) — £(n) = [fo(n) = fa(m)][2n(z) — 1] so that (3.2.1) can be rewritten as
[ c(z.n)fo(n) = fa(m)][2n(z) — lldv =0

Theorem 3.4: Suppose that c(x,n) is non-negative, given 1 c¢(x,n) depends on
x. If the Markov process is reversible with respect to some probability measure
v, then it is a stochastic Ising model relative to some potential {Jz}.

Proof: By Theorem 3.3 v has conditional probabilities given by (3.3.2), v is
a Gibbs state relative to some potential (note any finite state measure that
never equals zero on A can be written in the form defined as a Gibbs state).
Using (3.3.2)

_clzle) 1+¢=P[-28zlen-’nxa(()] f(eAGeA
c(z.()+e(z:Cz) 0 fCeAGEA

which implies
:(LQ:Z,) = exp[—2T:erJrxr(C)] for (,(; € A
using the multiplicative property of x we conclude

c(z, {)ezp{EzerIrXR(C)] = (%, (2 )ezp[EzerIRXR(C:)]

which implies that our Markov process is a stochastic Ising model (indepen-
dent of the coordinate (;)

Theorem 3.5: Suppose that c(z,7) are the rates for a stochastic Ising model

relative to the potential {Jz}. Then G = R* where G denotes the set of all

Gibbs states relative to the same potential, and R* is an extension of reversible
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measures on A, taking the value of 0 outside A.
Proof: By the Theorem 3.3 it suffices to show that for a stochastic Ising model,

i@’(_z) = 1
O] — el g or 66z € A

since both are equal on configurations outside of A, but this is shown just as

in the proof of Theorem 3.3. Since we have a stochastic Ising model we have
c(z, ¢)exp[EzerIrXr(C)] = c(z, (z)ezp[EzGRJRXR(Cz)] for(,(:€A
therefore

A28 = exp[~2%.erJrxr(C)] for (¢ € A

c(z.6=

' _ 1
and we conclude =27 = el entaxa@l OF $:6 € 4

Theorem 3.6: Consider a stochastic Ising model relative to the potential
{Jr}, and let G be the corresponding Gibbs states. Then G C <. In partic-
ular, if the stochastic Ising model is ergodic, then there is no phase transition
for that potential.

Proof: R C Q follows from the definition and by the previous Theorem R=G,
therefore G C . If the process is ergodic, then S is a singleton, therefore G

is a singleton as well, so {Jr} shows no phase transition.

Theorem 3.7: Given a stochastic Ising model with Jp as before we have
the following:

1. The model is ergodic if and only if there is no phase transition.
2. If -12 < H < 8412, and f > (73— )ca then there is phase transition,
which implies the model is not ergodic
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3. If 0 < B << then there is no phase transition hence the model is ergodic.

Proof: 1) One direction is proven in Theorem 3.6. Since there is no phase tran-
sition v_ = v- if u € p, then the family of probability measures {uS(t),t > 0}
is relatively compact. Hence all subsequential limits of this family are equal

as t — oo to v_ and v- which is equal to lim,,,uS(t) hence the process is
ergodic

3) Suppose we have a family of probability measures on X, say {uj : j €
Z4,s € X} with pf independant of s;. Let ||uf — pj|| be the total variation
between the two configurations s and t.

Pij = %sup,,: s=t ezcept at '“u; - u';”

Dobrushkins Uniqueness Theorem states suppose sup;(Zizjpij) < 1, then
there exists at most one Gibbs state. Since we already know at least one
Gibbs state exists we conclude that it is unique.

Pij = %S‘vas,t s=t ezcept at i”l"}" - l‘;”

< §5UPst s=t ezcept at i€TP(~BOU(i — j)lw

By Lemma V.1.4 in Simon{13] since our measure takes the form u, = T%:T';h
we conclude [[us — gl < [1h = glloo

< 8lUGE =)

Hence Zix;pi; = Zizi 51U (i = /)| = SixoU (9)§

which is less than € if 8 < 2—‘% Hence we have a unique Gibbs state for the
ferromagnetic and anti-ferromagnetic Ising model. If i and j are not nearest
neighbors then t and s have the same set of allowable configurations. Addi-

tionally, if both are finite we use the procedure above. If a configuration is

not allowable for s then it is not allowable for t, hence the difference is 0-0=0.
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Hence for |j — i| > 2 we conclude as before that p;; < JM

As before we rewrite our Hamiltonian as

— HEz; + 3TieviziZievU (i — j) + Sigv TievU (i — t)

using this form we can express

15(0) = resp(BErpon ~ ) = )
— BizjkiosiU(j — k) — Buo

where ¢ = 0 or 1.

Analogously p} = zrezp(—B(Tegjotel (j — k) — po) =

7t — BlizjkzioseU(J ~ k) — Buo — BoU (i — §)

Now we can assume s; =0and ¢; =1

(3.7.1) sups¢ o=t except at t{”#; - l‘;“} =
SUDs ¢ s=t‘{| Zs Z‘I + I(_ - M‘—-nlexp(—ﬂZj#k.k#skU(j - k) - ﬂ”’)l}

Finding thé sup of the above is equivalent to finding the

in fsB[ZhejkniseU(J — k) + ]

> Binfy(—EeajuriselU G — k)| = |pl]

2 —BTkzjnzilU(F — k)| + ul

Hence (3.7.1)

< suPyy smtil 35 — 2ol + SuPse y=eil (35 — D erp(B(Sisjnl U (5 — k)| +
lsl)

Looking at configurations where s; is surrounded by zero’s except for it’s neigh-
bor at t;,; which is 1. Evaluating ||p; ~ 4[| and substituting in s; = 0 and
tis1 =1 we get ||u — pé|| = | Frexp(—BEjpeneisiU(j — k) — Bu— 0|+ |3 — 1
since Z* > 1+ ezp(—B(supsy s=t except at iZkzikziSkU(J — k) — B > 1+
e:We conclude that ||u — pt|| < 1152 < JERARVO_R-AuL o L hepce we

z+ | = 27 L+ezp(-ATUG-K))

~2 ~BEU(j~k 1
We conclude that [|u$ — p]] < 31352 < I“fg_ eip (-(;zu)u f:)))* < 3 hence we

have a unique Gibbs state.
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