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ABSTRACT

THE SURVIVAL OF MODULARITY UNDER
CONGRUENCE RESTRICTIONS

Kurt E. Ludwick
DOCTOR OF PHILOSOPHY

Temple University, August, 2001

Professor Marvin I. Knopp, Chair

Given f(z), a modular form on a congruence subgroup (of the full modular
group), we construct the function f(z;r,t) by summing over the terms of the
Fourier expansion of f(z) with index congruent to r modulo ¢. Our object is
to study the properties and applications of such congruence restricted sums.
In the first chapter, we determine a condition on the multiplier system of
f(z) which guarantees that f(z;r,t) is itself a modular form on a (smaller)
congruence subgroup.

In the second chapter, we investigate the effects of congruence restrictions
on modular forms on I'(1). When f(z) is such a modular form of half-integral
weight, we show that f(z;r,t) is a modular form on a certain congruence
subgroup, and we investigate the growth of f(z;r,t) at each rational point. We
then determine explicitly the Fourier expansion of f(z;r,t) at each rational
point when ¢ is prime. Finally, we use congruence restrictions of 7n(z) (the

Dedekind eta function) and of n_(lz—) to construct modular functions.
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In the third chapter, we study two different types of congruence restrictions
of the theta function. We show that each type of congruence restriction yields

an entire modular form. We then use these findings to generalize a result
re(n)

r;(n)’
respectively) denotes the number of representations of n as an ordered sum of

of Bateman, Datskovsky and Knopp on the ratio where r,(n) (r;(n),

s integer squares (s odd integer squares).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ACKNOWLEDGEMENTS

I am pleased to take this opportunity to thank those who have helped in
the development of this thesis, and of its author. Many thanks...

To God, first and foremost, for my life, for all of my abilities and opportu-

nities, and for each of the people listed below.

To my advisor, Professor Marvin Knopp, a terrific teacher and mentor
who<e guidance, encouragement and patience have been invaluable. He has
taught me much about what it wieans to be a successful researcher, a dedicated

teacher and a supportive colleague - that is, to be a mathematician.

To Professor Doron Zeilberger, for serving on my examining committee, for
teaching me how to tap the vast potential of computers to help humans to do
mathematics (or vice-versa?), and for demonstrating by example the benefits

of exploring new ideas and challenging conventional wisdom.

To Professor Boris Datskovsky, for serving on my examining committee, for
being a great teacher and for always being avaitable to provide mathematicat
insight, good advice, or a bad joke.

To Wendell Culp-Ressler, Abdulkadir Hassen, Paul Pasles and Wlad Pribitkin,
fellow mathematical “children” of Professor Knopp, for their enthusiastic sup-
port and advice. I am also grateful to Abdulkadir Hassen for serving on my

examining committee.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



vii

To Professors Leon Ehrenpreis, Sinai Robins and Anthony Hughes, as well
as the other regular participants in the Temple University Number Theory

Seminar and the Bryn Mawr Number Theory Seminar, for their advice and

encouragement.

To Professor Jack Schiller (Department Chair) and to Professors Shiferaw
Berhanu and Eric Grinberg (Graduate Program co-Chairs) for their support

and guidance.

To the math department staff - Deirdre Ford, Rita Jackson, Patricia Jones,
Kathleen Paul and Helena Pettis - for their invaluable administrative support.

To the many friends I have made during my time at Temple University. I'd
like to specifically mention Anne Edlin, Cristian Gurita, Hans Johnston, James
Palermo, Aaron Robertson, Daniel Russo and Judith Vogel, in gratitude for
their many years of friendship and support. Thanks also to Melanie Hancock,
Hansun To and Xiangdong Wen, my current officemates, for their support and
tolerance of my nearly constant use of the computer and the coffee machine

over the past year as I worked to finish this dissertation.

To Professor David Bressoud, my undergraduate advisor at Penn State
University, for assuring me that my undergraduate honors thesis — which to
me seemed too much fun to be considered “work” — was, in fact, worthwhile
mathematical research. Thank you for assuring me that mathematics, done

correctly, is enjoyable and aesthetically pleasing.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



To David Hively, my high school calculus teacher, who gave me the math-
ematical background and the encouragement I needed to succeed in college.
Thanks also to Professor Alan Levine, Wesley Willson, Fred Funk and Karen
Seitz - all of whom played a role, during my pre-college years, in convincing

me that I had the ability to go far in mathematics.

To my family, for its continuous and unconditional love, support and en-
couragement throughout my seven years of graduate school, as well as the
twenty-two preceding years. In particular, I'd like to express my gratitude to
my parents, Ann and Ralph, and my brother, Mark.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



DEDICATION

To my parents, Ann and Ralph Ludwick.
With all my love and gratitude.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



TABLE OF CONTENTS

ABSTRACT iv
ACKNOWLEDGEMENT vi
DEDICATION ix
1 INTRODUCTION 1
1.1 Definitions and Notation . . . . . . ... ... . ... ..... 1

1.2 Congruence Restrictions . . . . . . ... ... ......... 4
1.3 Objectives . . . . .. .. . . ... ... e 19

2 MODULAR FORMS ON THE FULL MODULAR GROUP 22
2.1 The Dedekind Eta Function . . . .. ... ........... 22
2.2 Modular Forms of Half-Integer Weight . . . .. ... ... .. 26
2.3 Growth at RationalPoints . . . . . ... ............ 28
24 FourierExpansions . ... .................... 32
2.4.1 Expansions at Rational Points . . . . . .. ... .... 32

2.4.2 Congruence Restrictions of Prime Modulus . . . . . .. 37

2.5 Construction of Invariant Functions . . . . ... .. ...... 45

3 THE THETA FUNCTION 48
31 Imtroduction . . . .. ... .. ... ... .. ... ... ..., 48
3.2 Congruence Restrictions of the First Kind . ... .. ... .. 54
3.3 Congruence Restrictions of the Second Kind . . . . . .. ... 57
34 SumsofSquares. .. ... ... ... ... ... ... 66
REFERENCES CITED 72

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 1

INTRODUCTION

1.1 Definitions and Notation

We will use the following standard notation:

C := the set of complex numbers R := the set of real numbers
Q := the set of rational numbers Z := the set of integers
. _ (11 _ (0 -1
K e Cian0) s (11)rm (07
a b
(1) = e d .a,b,c,d,GZ,ad—bc—l}
a b
Fo(N) = c d GF(I).N}c}
L = {(%9 eFo(N):aEdEI(N)}
b
L(N) = ‘C‘ J eFl(N):Nlb}
a b a b\_(10
- c d €F(1).(c d)=(0 1)(N)}
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Remark 1.1 Here and throughout, we write n =r (t) to indicate the equiva-

lence of n and r modulo t. With respect to matrices, we write :l Zz ) =
3 G4

( Z; IIZ ) (t) to indicate that a; = b; (t) for each j.

Remark 1.2 I'(1) is called the modular group. It is generated by S and T.

Remark 1.3 Any group I' such that ['(N) C ' C I'(1) is called a congru-
ence subgroup of level N. In particular, [y (N), [y (V) and I'(N) are all
congruence subgroups of level N. '(N) itself is called the principal congru-
ence subgroup of level N.

Remark 1.4 We view I'(1) as a group of linear functional transformations:
a b (2) = az+b
c d T ez+d

Definition 1.1 Let all of the following be given: ', a subgroup of finite indez

in I['(1); k € R; and v, a function from I' to the set {z € C: |z| = 1}. Let

f be a function, meromorphic on H, with at most finitely many poles in a

fundamental region for I' in H and which satisfies the transformation law

f(Mz) = v(M)(cz + d)* f(2) (1.1)
forallM = ( Z Z ) €I’ and for all z € H. Then, f has a Fourier ezpansion
at ioo and at each rational point, of the form:

f(z) = Z an €2 R/ g 2 doo, (1.2)
neZ
f(2) = (2= aa(g)e?m AT @A g5z 4 g=2€Q, (1.3)
neZ
where Ay = ( Z 3 ) € I['(1) (so that A,(icc) = q). If the ezpansions given

by Equations (1.2) and (1.3) are all left-finite, then we say that f(z) i8 a

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



modular form on ' of weight k with multiplier system v. Further, if
f(z) is holomorphic on H, ng + k > 0, and ne(q) + x; = 0 Vg € Q, we say
f(z) is an entire modular form. If f(z) is an entire modular form such

that ng + k > 0 and ng(q) + k; > 0 Vg € Q, then we call f(z) a cusp form.

Remark 1.5 In (1.2), we define A to be the smallest positive integer such that
S* € T, and we define k to be the unique real number such that 0 < x < 1 and
e?™* = y(S5*). In (1.3), we define )\, to be the smallest positive integer such
that AqS""A,,‘ ! €T, and we define x, to be the unique real number such that
0 < kg < 1 and 2™ = y(A,SMA!).

Remark 1.6 By “z — ioc” above, we mean more precisely that I(z) = oo
while R(z) € (-1, A—1}). Similarly, we mean by “z — q” that I(A~!(z)) = o0
while R(A~'(2)) € [-5, 2 — 3)-

Remark 1.7 The transformation law for f(z) dictates that the multiplier sys-
tem v must satisfy the following consistency condition: for all z € H and

for all My, My, M3 € T with M; = ( :‘ 3: ) and Mz = M M,,
v(M3)(c3z + ds)k = v(M)(ct Maz + dl)k’U(Mz)(CQZ + dz)k. (1.4)

Remark 1.8 The requirements on the Fourier ezpansions in Definition 1.1

may be restated as follows: for each ¢ € Q with ged(a,c) = 1, choose As =
( (c‘ : ) € I'(1), and put Ao = ( (1) (1) ) Then, for g € QU {ico}, f(2) is

a modular form if there ezists a finite constant N, such that, as A; 1(z) = ico

(in the manner described by Remark 1.6),

2= glflf(z)] = O™ ifgeQ; (1.5)
IF(2)] = O(NSAT ) if g = doo. (1.6)
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(Note that I(A;'(2)) = i therefore, S(A7}(z)) does not depend on the
choice of A,.)

Further, f(z) is an entire modular form if N, < 0V g € QU {ioo}, and
f(2) is a cusp form if N, < 0 for all such q.

Note: Throughout, when v is a multiplier system and ( Z 3 € I'(1), we

will write v( ccz Z ) in place of v( ( Z Z )) in order to simplify notation.

1.2 Congruence Restrictions

Let f be a function defined on H with the Fourier expansion

f(2) = i ane?rintelz, (1.7)

n=ng

Let r,t € Z, with t > 1, be given. Then,

Definition 1.2 -
flzrt) = ) ane?mnte, (1.8)

n=ng
n=r(t)

Within the past few years, several people who work with modular forms
have made and used the following observation: often, when f(z) is a modular
form on a congruence subgroup I' of level N, f(z;r,%) turns out to also be a
modular form on a congruence subgroup of level N’, where N|N'. Further-
more,the modular form f(z;r,t) inherits the weight and the multiplier system
of f(2).

Ken Ono, in [7], [8] and [9], has applied congruence restrictions to the
modular forms related to the Dedekind eta function to obtain results on the
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arithmetic function p(n) (the partition function). His results include new
modular identities satisfied by p(n) in certain arithmetic progressions on n (of
the type originally discovered by Ramanujan), as well as proofs of conjectures
on the existence and/or frequency of values of n satisfying certain modular
restrictions. For example: in [9] he proves a conjecture of Erdds:
Conjecture (Erdas) If m is prime, then there ezists an integer nn, > 0 such
that p(n,) =0 (m).

Earlier, in [7], Ono had proved the following results on the parity of p(n)
in arithmetic progressions on n:

Theorem 1 (Ono) For any arithmetic progression r (mod t), there are in-
finitely many integers N =r (t) for which p(N) is even.

Theorem 2 (Ono) For any arithmetic progression r (mod t), there are in-
finitely many integers M = r (t) for which p(M) is odd, provided there is
one such M.

Ono also goes on to state an upper bound for the the smallest such M =
r (t), provided it exists. Of particular interest, though, is the “all or nothing”
nature of the second theorem: in the arithmetic progression M = r (t), p(M)
is odd either infinitely many times, or never.

In another recent paper (3], Bateman, Datskovsky and Knopp apply con-
gruence restrictions to the theta function to study the behavior of the quotient
of the arithmetic functions r,(n) and r3(n) (the number of ways to write n as
the sum of s squares and of s odd squares, respectively). They prove that,
when s > 8, the ratio E'Eé:—; is not constant in n on the arithmetic progression
n =s (8). (Notice that r;(n) = 0 whenever n # s (8).)

The contents of this thesis are partially motivated by these recent applica-
tions. In fact, in Chapter 3 we generalize Bateman, Datskovsky and Knopp’s
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result. However, in each of the cases cited above, congruence restrictions are
applied only to a certain type of modular form, in order to achieve a very
specific result. Ono’s treatment is of use only for modular forms with Neben-
typus character (a certain type of multiplier system), while the arguments of
Bateman, Datskovsky and Knopp are valid only for congruence restrictions of
the theta function (as defined in Chapter 3) whose modulus divides 8.

Our object here is to study this “survival of modularity under congruence
restrictions.” We wish to determine more generally, and as precisely as pos-
sible, conditions on a modular form which will guarantee that the function
which results from restricting its Fourier expansion to terms in an arithmetic
progression will again be a modular form. We then seek to apply our results
to discover new modular forms, to study the coefficients of existing modular
forms, and to generalize previous results obtained through the use of modular
forms.

We wish to show that f(z;r,t) satisfies the same transformation law as f(z)
- that is, that we could replace f(z) with f(z;r,t) in Equation (1.1) — on some
congruence subgroup of I'(1). We may rewrite f(z;r,t) as the double-sum:

oo
f(Z; r t) — % z e-21n'(r+:c)u/t Z a“e21n'(n+n)(z+u/t) (1.9)
v(t) n=neo
1 —2i(r K v
= ? Ze Zmi(r+ )"/‘f(z + ?). (110)

v(t)

To simplify notation, we define

Yo = ( (1) "l/t ); (1.11)
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that is, z + ¥ = v,,4(2). (Note that v, is not an element of I'(1) when t jv.)

Thus, we may rewrite (1.10) in the form

flz;rt) = % Z e~ 2mir R/t £y, (2)). (1.12)
v(e)

To derive the strongest possible result from our argument, we consider the
following congruence subgroup (and introduce our own notation, since none

seems to have existed previously for this particular group):
Definition 1.3
Ton(N) = {( ‘: Z ) €To(N) |a=d (n)} (1.13)

Before we continue with congruence restrictions, we note a few interesting

properties of the group [y, (V):

Remark 1.9 If n|N, then [y, (N) is a congruence subgroup, and I', (N) C
FO,n (N) Q Po (IV) .

Remark 1.10 For all N € Z*,Ty,; (N) =T (N).
Proposition 1.1 If n|N, then
Ton (N) = {( ‘: Z ) €T(1): Nle,a? =1 (n)}.
Proof Given N|c and n|N, we must show that a = d (n) if and only if
a®?=1(n):
d=a (n)
<= ad = a® (n) (since ged(a,n) = 1)
&= ad - bc=a® - bc (n)

< 1 = a? (n) (since njc).

This proves the proposition.
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It is sometimes the case that [’y y (n) = g (V). In particular, Proposition
1.1 implies [y, (N) = [y (V) if and only if, for all @ € Z such that ged(a, N) =

1, a® =1 (n). This is possible only under certain conditions on N and n.

Proposition 1.2
a’ =1 (8) &= ged(a,2) =1,

and
a’=1 (3) < ged(a,3) = 1.
However, for any prime integer p > 3, there erists no such nontrivial modulus

m such that a2 = 1 (m) <= gcd(a,p) = 1.

Proof It is well known (and easy to prove) that a> =1 (8) if and only if a is
odd, and that a® =1 (3) if and only if gcd(a, 3) = 1. Simply note that, for all
a,j € Z, (a+25)? = 4j(j +c)+a® = a® (8), and (a +35)% = 3j(3j +2a) +a® =
a® (3).

On the other hand, suppose that p > 3 is prime. Then, the integers 1,2
and 3 are all relatively prime to p. The squares of these integers are 1,4 and
9, respectively. Suppose ged(a,p) =1 = a%2 =1 (m), for m € Z. Then, we
must have 1 =4 = 9 (m). This is pessible only whenr m = 1. This proves the

proposition.

Lemma 1.1 Suppose n > 1 and n|N. If 2|N, then [y, (N) = [ (N) if
and only if n|8. If 3|N, then [on (N) = I'g(N) if and only if n = 3. If
ged(6, N) =1, then [y, (N) # Lo (N).

Proof Ton(N) =T, (N) if and onlyif(‘c‘ g) €To(N) < d=a (n),

which in turn (by Proposition 1.1 is true if and only if, for all @ € Z such
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that ged(a, N) = 1, a® = 1 (n). The condition ged(a, N) = 1 is equivalent to
the condition ged(a, p) = 1,V prime p|N. The hypothesis then follows directly

from Proposition 1.2. This proves the lemma.
Definition 1.4 For N,t € Z*, we define

Gye={Mel(Q): v, My, €Lo(N),YveZ}.
Proposition 1.3 Forallv, A\t € Z,

YoMY-ut € Lo (N) <> Yosrete MY_(v4ae)e € Lo (V).

Proof Let A € Z, Then,

_ 1

Tosatt = 0
1

0

Therefore,
VorrteMY-weare = S VoMY S,
which is an element of I'g (V) if and only if v, M~_,; € [o (V). This proves

the proposition.

Remark 1.11 [t follows from Proposition 1.3 that the statement “y,,My_,, €
Lo (N),Vv € Z7 is equivalent to the statement “y,M~y_,: € [y (N),Vv €
Z0<v<t-1."

Definition 1.5

Son(N) := {M= (‘: 3) er(1):csg (N),d-a=3 (n)}.
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Remark 1.12 If either N or n is odd, then £ ,(N) is empty.
Lemma 1.2 Ty, (£2) U Zo,(t%) is a group.

Proof First, we note that A € [y, (t?) = A~! € [g,(t?) (since Loy ()
is itself a group) and B € Zg,(t?) = B! € £y,(t?) (this is clear from the
definition of £ (t2)). Therefore, it remains only to show that To . (£2)UZ,,(t?)
is closed under matrix multiplication.

Let A, € Lo, (t?) and Aj, A3 € g, (t?). We will show: A,A; € To,(t?),
AA; € £9,(2?), and AzA; € g, (£2).

We may write
Ay = ai b \
! t?c, ay + td, } '

with al,bl,cl,dl € Z, and

a; b;
Ai= : . )
(& ais)

with a;, b;, ¢;,d; € Z and ¢;, d; odd, for i = 2,3. Note that, for each ¢, the lower
left entry is even (since ¢ is even, by Remark 1.12); therefore, for each ¢, a; is
odd.

With this notation, we have

A1A2=( a1a2+ﬂ’2ﬁl . arby + by (a2 + 2) )
t2cia; + (a1 + tdi) 52 t2c1bp + (0 +tdy) (a2 + 22)

The lower-left entry of A, 4, is an integer multiple of #2, plus £, Since ¢,c;
is odd, the lower-left entry of A, A, is congruent to % modulo ¢2.

The difference between the lower-right and upper-left entries of A, A, is an
integer multiple of ¢, plus %. Since a;d; is odd, this difference is congruent
to £ modulo ¢. Thus, A,A; is an element of ¥,,(t%). A similar calculation
shows that A;A; € Zo,(t?).
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We also have

aszaz + t’_bzzg asbs + by (03 + %a) )

A =
24s <'3—°2L°‘+(02+%‘)'-22"" 2hsi 4 (a2 + 2) (a3 + )

The lower-left entry of A;4; may be rewritten as t2 (22 + £ (e, + 12)).
Since cpa; and a; + %1 are both odd, this sum is an integer multiple of ¢2.
The difference between the lower-right and upper-left entries of A;Aj3 is
a half-integer multiple of ¢ (which is thus an integer multiple of t), plus
t (9"2'11 + 922). Since a; and d; are even for i = 2, 3, this quantity is an integer

multiple of . Thus, A2A3 is an element of [y, (t2). This proves the lemma.
Lemma 1.3 If 16 [t, then £o,(t?) is empty.

Proof First, we note that Xo,(t?) is clearly empty when ¢ is odd, since the
condition ¢ = % (t2) would not be satisfied for any c € Z.

Assume that ¢ is even, but 4 ft. (In this case, § is odd.) Suppose there
exists M = ( Z Z ) such that M € £q,(t?). Then, the condition d—a = £ (%)
implies that d and a are of opposite parity; this requires either d or a to be even,
and so the product ad is even. On the other hand, the condition ¢ = % (t3)

implies that c is even, and so bc is even. But ( Z Z ) e€el'(l)=>ad-bc=1,

which is odd. Therefore, no such ( Z Z ) exists, and so Zo.(t?) is empty.

Finally, assume 4|t, and suppose ( z 3 ) € To.(?). Since d—a = £ (t),
we may write d = a + %, where h € Z is odd. Also, it follows from the

condition ¢ = & (t?) that t3|2¢; since 4|¢, this implies 8|c, and thus 2 fa.
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Therefore,

ad-bc=1 = ad=1(c)
= a(a+ﬂ)51(8)

2
= a2+“7"ts1(8)
= (—1?50(8)

= aht =0 (16).
(Recall from Proposition 1.2 that a odd => a? = 1 (8).) Therefore,

b
(ﬁ d) € Tou(t2) = 16|aht

= 16|t (since ah is odd).
This nroves the lemma.
Proposition 1.4 If N,t € Z%, then
G =To (N) N (T (£2) U To,(?)) -

Proof Let M = ( a b ) Then,
c d

(s (2 2)(s )
a+2 by lesw ol
= ( ¢’ Lt )

A/u,tM Y-uit

We will first show that M € [y (N) N (To. (£2) U S, (t?)) => M € Gy,
If M € Ty, (t2) N Ty (N), then v, M~v_,, is clearly an element of g (N). On
the other hand, if M € Eo,(t2) N[y (N), then %2 = & and § = 42, where
hi,hy € Z are both odd; therefore, in this case we have (“—_t")l - c‘;':- € Z for all
v € Z. Thus, [o (N) N (To.z (£2) U Zo(t2)) € G-
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Next, we will show that M € Gy, => M € [o(N) N (To, (£2) U o, (£2))-
Suppose v, :M~v_,¢ € [4(N),Vv € Z. This immediately implies N|c; thus,
we have M € [ (N). We also have (=2 — 22 € Z, Vv € Z - in particular,

4;—“ -5 €Zand ng—_a_l - % € Z. We consider the following cases:

e Suppose t*jc. In this case, § € Z, which implies 32 € Z as well. Thus,

we have t2|c and t|(d — a), and so M € Ty, (3).

e Suppose t2 Jc. In this case, i € Z, which implies 452 & Z. However, as
previously noted, we must have 3(?1 - %f— € Z. Therefore,

2(d—a_£)_(2(d—a) _g) c z

t t2 t t2
2¢c 4c

_?;+t—2 € Z

= — € Z,

and

d-a ¢ 2(d-a) dc
4( t _ﬁ)‘( t —?2') €z
="4(d—a)_2(d—a) Z
t t

Z.

Thus, 2 b = ?|2¢, t|2(d — a), and t (d — a). It follows that ¢ = & (£2)
and d —a = £ (t); therefore, M € Ty,(2?).

Thus, Gy € To (N) N (Co, (£2) U £o(t?)). This proves the proposition.
Corollary 1.1 Gy, is a group.

Proof This follows from Proposition 1.4, in which it is shown that Gy, is

the intersection of two groups.
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Corollary 1.2 If 16 ft, then Gy = [o, (£?).

Proof This follows from Proposition 1.4 and Lemma 1.3.

Remark 1.13 It also follows from Proposition 1.4 that
Lo (N)NTo. () C Gue,VEEZT.

Definition 1.6 Given v, a multiplier system on 'y (N),

. b
Soe = {lV[ = ( Z d ) € Gy : v(VeMy_yy) = v(M), Vv € Z} .

Remark 1.14 Ifv is the trivial multiplier system on [y (N), then &, = Gyt

Proposition 1.5 If v is a multiplier system of weight k, where k € Z, then
Syt iS a group.

Proof Choose My, M, € S, s, with M; = ( :f i ) Then, for v € Z,

V(Yo e MiMav_ve) = (Ve MiV—ut Vot M2V-ut)
= v('Yu,tMl7—u.t)v(7v,tM27—u,t)
= v(M)v(Ms).

Thus, S, is closed under matrix multiplication. Also, v(I) =1 = v(M;M!) =
1 = v(M;) = v(M;"). Therefore,

VVeM vone) = v(WeMiv-vs) ™)
= (Y Miv-ut)
= (L) = v(MY).

Thus, M € S, => M~! € S,;. This proves the proposition.
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Theorem 1.1 Let f be a modular form on Ty (N) of weight k. Then, f(z;r,t)

satisfies the transformation law

f(Mz;r,t) = v(M)(cz + d)*f(z;7,t) (1.14)
forall M = ( . 3 ) € S,

Proof We begin with equation (1.10):
t—1

f(Mzrt) = ) e ™ f(y, M)

v=0
t-1

= z C_M(H.K)y/t,f('Yu,tA’I'Y—u.t'YU,tZ)

v=0
Now, since v, :M~_,; € [ (I¥), we may apply the transformation law for f(z):

t—1

. k
f(Mzrt) = ze-zw:(r-m)u/tv(%th V-vt) (C'Yu,tz +d-— ftZ) f(1e2)
v=0

= (c (z + Z) +d— 2)" til e~ 2R+ ty (M) F(y.02)

v=0
t-1

k .
= v(M) (cz +Z vd- EZ) Z eIt £y, 42)
t t o

t—1
= v(M)(cz +d)t)_ e 2Rl f(y, 1 2)

v=0 .

= v(M)(cz +d)*f(z:ir,1)
This proves the theorem.
We wish to show that f(z;r,t) is, in fact, a modular form. To do so, we
will need the following lemma:
Lemma 1.4 Let ¢ = 2 € Q, with ged(e,c) = 1 and ¢ € Z*. For each
veZ0<v<t-1, putd, :=gcd(at + vc,ct), and choose

(4 bll
Ay = (2 ¥ ) era),

v
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with a, := %€ and ¢, ;= §. (Thus, Agyx(icc) = § +%.) Then,

-1 VY _ &, S e -
Al (z+t) LA™z = =(dd, - td). (1.15)

Proof Write A¢.« in the form

4, = c.(afc+v/ft) b,
Py q+? - cv d” :
This gives us
-1 Z — _d“ 1
Agrs (z * t) Y M cv(—cu(z +v/t) +c(a/c+v/t)
I NN S
- Cy cﬁ(z—a/c)
_ s & 1
T T et 2&(z-gafc)
Therefore,
é?i"l—l — _g é + 1
2% ¢ t2\c  c(z-a/c)
_ _%d 4§ 1
T ¢ t2c(z-afc)
Jsd -1 v d, o,
Jgd -1 v dy 6!/
— 4l vy _ 6% -
= A (z * t) o2 (Bov = 1),

This completes the proof of Lemma 1.4.

Remark 1.15 The preceding lemma implies that, for q € Q,
-1 V\\\ _ 02
exp (3 (432 (2 +5))) = Comeern (04701

where C,,: ts a constant unth absolute value exp (f{;(d&, - td,,)) .
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Remark 1.16 Note that

t c c
ged(c, t) * ugcd(c, t)’ ged(c, t) )
c
Vede ) )

6, = ged(c,t)ged(a

t
= gcd(c,t) gcd(agc T2 +

< tged(et) < 2.

Therefore,

t?2<2<®Vrvel.

8

Theorem 1.2 Suppose 3T, C S, such thatT',; is a subgroup of finite indez
in ['(1). Then, f(z;r,t) is a modular form on [, of weight k with multiplier
system v. Furthermore, if f(z) is an entire modular form (or a cusp form,
respectively) on Ty (N), then f(2;r,t) is an entire modular form (or cusp form)

onl,,;.

Proof We must determine the behavior of f(z;r,t) at each ¢ € Q and at ico.
Throughout this proof, we will use the notation introduced in Remark 1.8.

It is clear from the definition of f(z;r,t) that, as z — ioo, |f(2;1,t)| =
O (exp (Nio,:3(2))), for some N ¢ > Nioo = ng + . Therefore, the growth
of f(z;r,t) as z — ioc is sufficiently bounded.

Let ¢ = £ € Q, with ged(a,c) = 1 and ¢ € Z*. Then, 3N, € R such that

lz—q|*|f(2)| = O (e”v‘?*(A:‘(z))) ,

where A, = ( Z 3 ) € I'(1). We may restate this condition: there exists

M, > 0 such that, as z — ¢,

If(z)l < MqIZ - ql-keng(A;l(z)).
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Note that, as z = g, z + ¥ = g + §. Therefore,

t—-1

Z e ( z+ % )

v=0

1 t-1 v v |k
;Z_;l(”z) -(a+3)] >
Mq+= exp (Nﬁ_u%( q+" (Z+ %)))

— _Z'z-—ql My s exP(Nq+"9( ( )

fEndl = 3

IA

)

p ——

t— l

—le al™ My exp (Nors 29 (471(2))
(where M := M,Cqu)

-ZIZ —q|” M'+vexp( -4+%8‘ (A;l(z))) ’

v=0

IA

IA

where

Nos

e

o t2Nq+%7 iqu-b-‘f 20,
| £2Npes, i Npes <0

We put
M, = ma.x{M.,.,.% :0<v<t-1},

and
Ny = max{Np :0<v <t -1}

Then, as z = ¢,
[f(zir,t)] < t]z — g " Mg eexp (Nt S(A;1(2))) -

Thus, [z — q[*|f(2;7,t)] = O(exp (N S(A;%(2)))) as z = ¢, for all g € Q,
and so f(z;r.t) is a modular form. Furthermore, if N, < 0 (or N, < 0,
respectively) for all ¢ € Q, then N, < 0 (N,: < 0) for all ¢ € Q as well.
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Therefore, if f(z) is an entire modular form (or cusp form, respectively), then
f(z;7,t) is also an entire modular form (cusp form). This completes the proof

of Theorem 1.2.

1.3 Objectives

In Chapter 2, we apply congruence restrictions to modular forms on the

full modular group. We pay special attention to the Dedekind eta function,
n(z) = e J(1 - &™),
n>0

and to its multiplier system, since all multiplier systems on the full modular
group may be expressed in terms of the Dedekind eta multiplier system. We
then combine this result with an analysis of the growth of f(z;r,t) at each
rational point to determine that f(z;r,t) is in fact a modular form on the group
Fo.4: (24t%). Next, we study the Fourier expansions of f(z;r,t) at rational
points. (In particular, we may express these Fourier expansions explicitly

when ¢ is prime.) We then apply these results by showing that the functions
Fﬂ,rz,t(t) = ’1(31 Ty, t)#(z; r2xt)x T1,T2 € zx te z+:

are modular forms of weight zero with the trivial multiplier system on the
group g 24¢ (24¢%). We also determine the orders of the poles of these particular
modular forms at each rational point, and we provide a pair of criterion which,

if met, would guarantee that the function Fy, ,,(t) is constant on H.
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In Chapter 3, we apply congruence restrictions to the Fourier expansion of

the theta function.

Iz) = Y emne (1.16)
nel
1, m=0
w .
= Zame"""“, where am :=¢ 2, /meZ* (1.17)
m=0

0, otherwise,

is a modular form on the congruence subgroup I's (4). We use Therorem 1.2
to prove that the result of any congruence restriction m = r (t) of the stan-
dard Fourier expansion of ¥(2z) (given by (1.17) above) is an entire modular
form. This “congruence-restricted theta function” inherits the weight % and
the multiplier sytem vy from #(2z). We also consider another type of con-
gruence restriction of 9(2z), by restricting the sum given by (1.16) above to
terms in an arithmetic progression on n. We apply a result from a recent
paper of Sinai Robins [11] to show that these functions (called congruence re-
strictions of the second kind) also are entire modular forms. Finally, we apply
these results to extend Bateman, Datskovsky and Knopp’s result on ::(Z) to
arithmetic progressions on n. We prove the following:

Theorem 3.3 Let s,t,u € Z be given such that 0 < ¢ < u, 8|u, s > u and
s=t@B). PuuM:={meZ:m>20m=t(u)} Then,%gz—;isnot
constant on M.

Theorem 3.3 is a generalization of the main result of [3]. The cited result
is the special case u = 8 of this theorem. We also prove the following weaker
result in the case s < u:

Theorem 3.4 Let s,t,u € Z be given such that 0 <t < u, 8ju, 0 < s < u
ands=t(8). PuM:={meZ:m>0,m=t(u)}. Then, if 3m e M
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r*(8
for which Ls(_”_’ﬁ;é C, then there exists no positive integer N such that

. rs(8m+s)
;i%;rz-:—_%=0forallmeM,m >N.

This theorem provides an experimental method for possibly establishing

the result of Theorern 3.3 even when s < u.
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CHAPTER 2

MODULAR FORMS ON THE
FULL MODULAR GROUP

2.1 The Dedekind Eta Function

Definition 2.1 The Dedekind eta function,

= emz/lZ H(l 21nnz (21)

n>1

is a modular form on ['(1) of weight 3 with multiplier system ([5], Chapter 3,

Theorem 2)
"\Nc¢c d/° (5) en,[(a+d)c-bd(c2 l)+3d—3—3cd] if c is even, :
where

(O =@, 7
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and
4. -

(Note: In the above definition of v,, the ezpression (5) denotes the Jacobi

(ﬁ) (—-1)”2'.!2‘)-1 n'zn!zd!—l, c¢ 0
d, c=0

symbol.)

In this section, we will show that, for h € Z, n(z;r,t)* is a cusp form of
weight 52" with multiplier system v,',‘ on the group g a4 (24t2).

Theorem 2.1 Let r,t € Z* be given, such that 9 < r < t, and let h € Z.

Then, for all ( Z 3 ) € D4t (24t%) andv € Z,

vh(a'*'% b+ d-:“_%ﬂ')=v"<a b),

n c d—g:- n c d

Remark 2.1 If the theorem holds for h = 1, then it holds for all h € Z.

Therefore, we may assume in the following proof that h = 1.

v (d=a)y o2
Remark 2.2 It will suffice to show that v,,( R W ) is in-

dependent of v; once this is shoun, the theorem is proved by substuting v = 0.

Proof We have the following formula ([5], Chapter 4, Theorem 2) for v, ( Z Z )

when c is even:

a b
w(a)=

We first dispense with the case ¢ = 0. To prove the theorem in this case,

( ﬁ ) (_ l)ﬁ‘g;-l n'gl_zd-leﬁ[(aM)c-M(c’—l)-}-M-a—Scd], if _-)é 0
e™/12  if e =0.

simply note that M = ((1) 2) (for some b € Z), and so
a+2 b+ 22\ (a b _
( ct d‘—-";"- ‘ “\cd =M.
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Now, suppose ¢ # 0. Since 7(z) is periodic with period 24, the consistency
condition for multiplier systems guarantees that v,(AS*) = v,(A),VA € 24Z.

Therefore,
ofotE b+ a2\ (at+2 MNa+%)+b+ o
" c d-< " c Ae+d-¢ ’

It is to our advantage to choose A in such a way that the lower-right entry of the
matrix on the right-hand side of this equation is positive, since this simplifies
the calculation of v,. In particular, choose A such that Ac +d — € > 0 (which
is possible since ¢ # 0) and such that 24¢|A.

'Thus, we have

. <a+% b+ =l _ ot
n

t — __——?_. y
c i-e ) (Ac+d— 2 exp(7i¥(a, b, c,d)/12),

where we define

¥(a,b,c,d) :=
{(cA+a+d)c—3—3c(z\c+d—%) +3(Ac+d—%)—

(A(a+ %) +b+(i_Ta£+%z) (,\c+d—%) (c’—l)}.

This complicated exponential factor may be simplified considerably by
eliminating all terms which are integer multiples of 24 from the quantity in-
side the brackets. Using our assumptions that 24t3|c, 24t|(d — a) and 24t|),

we achieve the following simplification:

of et £ b+ “‘;,“M - ","—rz _ c gTibd+3d-3)/12
" c d— £ Ac+d— &

Recall that our objective is to show that the above quantity is independent of
v. Since the exponential factor is clearly independent of v, it remains only to

show that (wﬁ) is also independent of v.
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20

We put ¢; := -";- andc ;= 52 = 2—; where a € Z and ¢, is odd. Since
24t%|c, we know that 24|c,, 3|c; and o > 3

Now, substitute:

c —
Ae+d—%)

I
AN TN TN AN
()

a ¢

td-2 (,\c+d—“") (23)

= 5) ('\Hf ‘)(—l)s’f"% (2.4)
2

- ) (@)

which is independent of v. This proves the theorem.

Remark 2.3 For oddn € Z+,

(2) 1 n=s18)
n -1 else.
That is, (2) depends only on the value of n modulo 8. Therefore, (m";j_.—) =

(2}. This observation, together with the Law of Quadratic Reciprocity, atlow
us to proceed from (2.3) to (2.4) in the above argument.

Corollary 2.1 For all h € Z, *(Mz;r,t) = v)(M)(cz + d)*/*pP(z;r,t) is a
cusp form on g4 (24t%) of weight '5' with multiplier system v,',‘.

Proof This follows from Theorems 2.2 and 1.1.
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2.2 Modular Forms of Half-Integer Weight

Suppose that f(z) is a modular form on (1) of half-integer weight - that is,
2k € Z - with nontrivial multiplier system v. In this section, we will show that
f(z;7,t) is a modular form on [g a4, (24¢%) of weight k with multiplier system
v. Furthermore, if f(z) is an entire modular form (or cusp form, respectively)

on I'(1), then f(z;r,t) is an entire modular form (cusp form) on g a4 (242%).

Theorem 2.2 If v is a multiplier system of weight k on I'(1), with 2k € Z,
then
d—a)v ol
Jfo+E b+ e\ (a b
c d-% c d)’

for all ( Z z ) € Lo 24: (24t2) and v € Z.

Proof If v is a multiplier system of weight k, with 2k € Z, then v¥* is the
multiplier system for n?*(z), and therefore v 51'52" is a multiplier system of

weight zero on the full modular group. That is, we can write:
2
V= Up Way,

where wg 4 is one of the six multiplier systems of weight zero on the full modular

group as given by {10}. In particular,

Way = u’fw;v

where
0<B8<1 0<7v<?2
wl( a b ) = en‘(bd-—cc+°¢)’ and
cd
w2< a b ) = o (atd)(b—c)(ad+be)
cd
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As a consequence of the previous theorem, it remains only to show that

- 2
wl<a+% b+§d—:—'l'-'-—9-;'r)

c d- %
and
wf 3TF b+ (doaly _ af )
c d- %
. a b
are independent of v when ( e d ) € Doaae (248%).
Since 24t2|c, we may simplify w, and w, as follows:

(ccz 3) = €™, and

w2 ) = erueno

Therefore,
w ( a+ CU b+ !d—ﬂ!v ) - eﬂ(b‘#'!d-:!"-e_:;')
1 d e
= ¢™(+2)  for some integer n
—_ emb
and
wz( a+ -c:-' b+ gd—-:)ﬁ - % ) — (a+°")((,+£¢_-_°)£ )(d_L)(,H.d)
¢ d- <
t

el;-‘(a+24m )(6+24n2 )(c+24n3)(a+d)

(where each n; is an integer)

- e’—?abd(a-{-d)’
as desired. This proves the theorem.

Corollary 2.2 Let f(z) be a modular form on ['(1) of half-integer weight k

with nontrivial multiplier system v. Then, f(z;r,t) is a modular form on
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To.24e (24¢%) of weight k with multiplier system v. Furthermore, if f(z) is an
entire modular form (or cusp form, respectively), then f(z;r,t) is an entire

modular form (cusp form).

Proof This follows from Theorems 2.2 and 1.2.
If the multiplier system of f(z) is trivial, we have the following stronger
result.

Corollary 2.3 If f(z) is a modular form on I'(1) of half-integer weight k with
trivial multiplier system v, then f(z;r,t) is a modular form (or entire modular

form, or cusp form, as determined by f(z)) on the group Ly, (t2).

Proof This follows from Theorem 1.2, Proposition 1.4 and Remark 1.14.

2.3 Growth at Rational Points

Throughout the remainder of this chapter, let a,c,r,t € Z be given such
that ¢ > 0, ged(a,c) =1and 0 <r<t€Z. Putq:= £.

Suppose f(z) is a modular form on I'(1) of half-integer weight. In this
section, we will study the growth of f(z;r,t) at g. That is, we will investigate
the order of the zero or pole of f(z;r,t) at q for each g € Q.

We proceed from Equation (1.10) by determing the expansion of f(z) at
&+ foreachv € Z,0< v <t~-1. Given v, we choose 4, = ( z: Z‘: ),as

described by Equation 1.15. (Note that, to simplify notation, we will use A,
rather than Ag,» throughout this chapter.)
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Now we determine (as far as possible at this point) the expansion of f at

a8

+

~[T

f(z) = f(A(A]'2)
= (ch;lz + d,,)kv(Au)f(A;lz)
= (—cz+a,) " v(A) f(A]'2)
— em’k(cu)—lc (Z _ (% + %)) -k U(Ay) ;aneZm'(M-n)A:lx

= (o= (G )7 (5) v S

Therefore, for z near £, equation (1.10) becomes

flzint) = (2.5)

t-1
emiko—kp—k-1 (z _ g) -k Z e-2m’(r+n)v/¢650(A") Z ane'hri(n-i-n)A;l(z-P%)_
Cc
v=0 n

We wish to manipulate this expansion into the form required by Equation
(1.3); that is, the exponential terms should include the expression A~!z, rather
than A;! (z + %). This is the object of the following lemma.

Definition 2.2 Given ¢,
A:={:veZ0<v<t-1},

and
Ts:={vreZo<v<t-1:6,=6}
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Lemma 2.1
f(zm, t) = (26)
Pt T (R )
S€EA neZ
a8 3 v(A,) exp ( i’"(;ﬂ) exp (21rz(n + nzfz(dé —td,) ) '
veTs

Proof We apply Lemma 1.4 to (2.5):

f(zint) =
t—-1
ik ok y—k—1 (2 - _) -k Z —2mi(r+x)/t ka( 4,) x
c
v=0

Za,. exp (21ri(n + K) (%A'l(z) + %(d&u - tdu)))
= e tkekpk-L (z - -) Za,. x

t-1 A 2 -
3" v(A, )R/ 6k exp (27ri(n +K) (%A‘l(z) + _—Jy(dé;z td,) ))

v=0

= mikp—kp—k-1 (z _ _) Z Z (2m(n + K)62 A“(z))
d€A n
and* 3 v(A,) exp (_2_’"(_:&) exp (2m(n + szﬂda — td, ))

veT;

This completes the proof of Lemma 2.1.

Theorem 2.3 Let dmin and 0mq; denote the minimum and mazimum values
of 6 € A, respectively. If no + & > 0, then f(z;r,t) has a zero of order at least
(no + rc)gg}n at each q € Q. If ng+ k <0, then f(z;r,t) has either a zero (of
nonnegative order) or a pole of order at most (ng + rc)gg& at each g € Q.

Proof The order of the zero or pole at g is |N,|, where N, is the minimal real

number such that |z — q|¥| f(z; 7, )| = O(exp(N;S(A712)), as S(A™'z) = o0.
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If N, > 0, then we say f(z;r,t) has a zero of order N, at ¢q. If N; < 0, then
we say f(z;r,t) has a pole of order —XV, at q.

The terms which appear in (2.6) are of the form exp (21ri5-’lt‘§£A“(z))
times some constant factor independent of z. Therefore, we determine N, by
minimizing ‘"—;";")f

If f(z) is an entire modular form or a cusp form, then ny + x > 0,
so we minimize 1"—":?& by minimizing %;— Therefore, |z — q||f(z;7,t)| =
O(exp (‘""—“’"f,)-i‘fmg(A“z)). Now, we must allow for the possibility that the
sum over ¥ € T, may be zero when n = ng. Therefore, in this case

N, 2 m—*’f}-&l, with equality if and only if

=2ri(r + K)v 27i(ng + x)8(ddmin — td,)
5 b () o (i)

If f(z) is a nonentire modular form on I'(1), then ng+x < 0, so we minimize
L'L%‘ﬁ by maximizing f—:—. Therefore,

(no + K)&QM

= s(A-lz)) .

1z — ql*lf(z 72 )] = Olexp (

As in the previous paragraph, we must allow for the possibility that the sum
over v € T;,.. may vanish when n = ng; therefore, N, > "“’—'““P?M&, with
equality if and only if

=27i(r + K)v 2mi(ng + K)0(ddynez — td,)
I e () ettt

This completes the proof of Theorem 2.3.
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2.4 Fourier Expansions

In this section, we will derive an expression for the Fourier expansion of
f(z;r,t) at ¢ = 2. We will also give a more explicit expression in the case

[

where t is prime.

2.4.1 Expansions at Rational Points

if f(z) is a modular form on I'(1) of half-integer weight £ with multiplier
system v, then f(z) satisfies the transformation law given in Corollary 2.2 on
[o.24¢ (24t2), or on o, (t?) if v is trivial. Therefore ([5], Chapter 2, Theorem

4), at q, f(z;r,t) has a Fourier expansion of the form

f(zir,t) = (2 - @)™ D an(g)ePmntrald™ia)/ A, (2.7)
n
where A = ( Z 3 ) € I'(1), A, is the smallest positive integer such that

Fo“ (tz) , ifv=1

AShAle
Co24¢ (24¢%), otherwise,

and k, is the unique real number such that 0 < x, < 1and e?™ = y(AS*A4™1).

Lemma 2.2 Ifv is a nontrivial multiplier system on I'(1), then we may write

f(z;r,t) in the form

fzmt)=(z - )™ _an(g)eintmala™iaiA,
n

where

24¢2

A = ged(24¢2,cged(2t,¢))” (2.8)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



33

Remark 2.4 In this lemma we determine )\, when v is nontrivial; in this

case, g is the width of To 24 (24t%) at 2.

Proof We know that ), is defined to be the minimal positive integer for
l1-Xac a?)

i 4GA 41 2 3 A A1 — .

which ASMA~! € Ig24 (242°). Since AS™A ( —2\ 1+ Aac ), this

is equivalent to finding A\, € Z* minimal such that 24t?|c2) and 24¢|2ac). We
may combine these two conditions on A, into one by rewriting them in the form
48at?|2ac? )\, and 24ct|2ac®),, respectively. From these two conditions, we see
that we must choose Ay € Z* minimal such that lem(48at2, 24ct)|2ac?\:

(48a2)(24ct)
ged(48at?, 24ct)
2(24%)act?
24t ged(2at, c)

48act?

ged(2¢, c) 2ac*Aq
24t2

ged(2t,¢)

< 24t | ged(2t,c)ch,. (2.9)

2ac? Aq

lem(48at?, 24ct)|2ac®A, <=

2ac?),

—
—
—

CAq

N : : : 242
The smallest positive integer A, which satisfies (2.9) is 2cd (2482 cged(2t,0)) "

This proves the lemma.

Lemma 2.3 If v is the trivial multiplier system on ['(1), then we may write

f(z;r,t) in the form

flznt)=(z =)™ ) aa(q)eirmteaaTia,
n

where

t2

b= ged(#2, cged(2t,c))’ (2.10)
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Remark 2.5 In this lemma we calculate A\, when v is trivial; in this case, Aq

is the width of Lo, (t?) at £.

Proof Proceeding as in the previous lemma, we note that, in this case, A,
is defined to be the minimal positive integer for which AS*A-! € [y, (t2).
This is equivalent to finding A, € Z* minimal such that 2|2\ and t|2ac). We
may combine these two conditions on ), into the single condition: )\, € Z+
minimal such that lem(2at?, ct)|2ac®\,:

(2a2%)(ct)
ged(2at?, ct)

act?
ed(2.0) 2ac?),

2(102/\,,

lem(2at?, ct)|2ac? ),

cAq

ged(2t,¢)
<> | ged(2t,c)ch, (2.11)

o : : : t2
The smallest positive integer A, which satisfies (2.11) is 2cd(@cged(26.0))”
This proves the lemma.
Corollary 2.4 Put ¢ =5 andt' = e Then,
4 .
g_c?i‘::t;,zc')’ ifv 1, odd
1267 ifv#1,c even

A = . ged(12,¢')?
t?  ifv=1,c odd ort odd

%, ifv=1,c andt' both even.

(2.12)
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Proof We first consider the case v # 1:

24¢2
ged (2412, cged(2t, ¢))
_ 24¢2
~ ged(c, t)? ged (2482, ¢ ged(2t, )
2447
ged(24t72, ¢ ged(2,¢))
s, i ¢ is odd,

24t
ged(24,2¢')?

Aq =

if ¢ is even.

Next, we consider the case v = 1:

£2
ged(t2, cged(2t,c))
2
ged(t?2, ¢ ged(2,¢))
2
ged(t2, ged(2,¢))

2, if ¢ is odd or if ¢ is odd,

Ay =

%, if ¢ and ¢’ are both even.

Since v is a multiplier system on ['(1), we may establish the following
relationship between A, and x,:

Lemma 2.4 If v is a multiplier system on I'(1), A = ( Z 3 ) € I'(1) and

A € Z, then v(AS*A™!) = v(S)*.

Corollary 2.5 Ifv is a multiplier systemon (1), \€ Z, and A = ( ‘: g ) €

I['(1) with ¢ > 0, then
e2*i%e = gZrider, (2.13)
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Proof of Lemma 2.4 This follows directly from Chapter 2 of [5]. In partic-
ular, Theorem 6 of Chapter 2 shows that v(ASA™!) = v(S) = «, since (under
I'(1)) q is equivalent to ico. From Theorem 4, it follows that for any A € Z,

f(2)=(z =9)™* ) an(g, N)e?mm+=ONAT /A,

n
where we define x(\) as the unique real number such that 0 < x(\) < 1 and
2=} = y(AS*A™!), and a,(g, A) as the n** coefficient of the Fourier expan-
sion corresponding to A. Note that this Fourier expansion must be independent

of the choice of \; thus, for any A € Z, we must have
Z an(q, 1)e2m'(n+n).4“(z) = Zan(q, ,\)e2ri(n+x(,\)).4"(z)/4\.
n n

Therefore, for any n € Z for which a,(g,1) # 0, there must exist n’ € Z such
that T3 — 4 k. Thus, () — Ak € Z, and so e?™~(Y) = e2riM This
proves the lemma. Corollary 2.5 is proved by substituting A, for A in Lemma

24.
Corollary 2.5 implies that Agx — k4 = hy for some hy € Z,; therefore, we

may rewrite equation (2.7) as follows:
fant) = (2-9)7 ) an(qemmrrim-halta™ark
n

(2= Q™Y Gusn, (gle2rieriemat s,
n

To simplify notation, define b,(q) := @n4s,(¢). Then, the above may be writ-

ten:
fzmt)=(z - q)™F Y ba(g)e™ R HIAT), (2.14)
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We now have two expressions for f(z;r,t), given by Equations (2.6) and

(2.14). Combining these two expressions into one equation gives us

Tikg—k=1 - —k Z Z (27rz(n + rc)J’ Az )) (2.15)
neZ deA
a6 Z u(A,) exp ( 21ri(1; + n)u) exp (21ri(n + nlfz(dé - td,,))

veTs
(2= 0)™* 3 ba(g)e™™ R4,
m

Therefore,
bm(q) = em¥t—k-1c~kx

Y. andF ) v(A)exp

RGZ,JGA UGTJ
§+n=(n+n) ;!-

( 2m(r + n)u) exp (21rt(n + rcgfz(dé - td.,))

2.4.2 Congruence Restrictions of Prime Modulus

Suppose ¢t is prime. Given a,¢c € Z such that ged(a,c) = 1 and ¢ > 0,

we select A = ( ‘; 3 ) € I['(1) and determine (as precisely as possible) the

entries of A, = :" 3" ) for 0 < v < t-1. In particular, given a,, we must
(4 v

choose d, € Z such that a,d, =1 (c,).

Lemma 2.5 Suppose t is prime and 1 < v <t —1. If c|t, we may choose A,

in such a way that
A (z+ %) = A"Y(2) + b,
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where

h, = 0, ifa= == (t);
ved

" (c), otherwise.

hy = (a+25)-
t
If ¢ [t, then we may choose A, such that

Yy a4+ & (P b
A.,(z+t)_.A (z)+ct2 (c+t),

where h,,j, € Z are chosen such that

h,at® + jvc® =1 (ct).
Remark 2.6 Note that A, = A when v =0.

Proof First we determine 4§, when ¢ is prime:

4, = gcd(at+ vc,ct)
= gcd(c, t) ged(at’ + v, ct’)
= gcd(c, t) ged(a + vc, ged(c, t)c)
= ged(c, t) ged(a + ve,ged(c, t)).

Therefore,
1, ift fe

t, iftlcbutt f(a+ %) (2.16)
t?, if tjc and t|(a + ).

o,

We consider separately each of the three cases listed above.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



39

Case 1 Suppose a = == (t). (This implies that t|c, but t? fc.) In this case,

at+ve
§, = t2, and so we may select 4, = ( ‘; bt -‘;—tud ) This choice of A,
t
gives us

6,(dé, — td,) t3(dt® — dt?)
_— ! = =0
ct? ct?

Therefore, by Lemma 1.4, we have A;'(z + %) = A~Y(2).
Case 2 Suppose t|c but a # = (t). In this case, , = ¢, and so a, = a + £,
¢, = ¢, and ged(c,a + %) = 1.

Choose h, € Z such that h, = (a + £5)~'%2 (c). (Here the superscript -1
indicates the multiplicative inverse, modulo ¢.) Then,

ved ve

(a+%)(d-ch,,) = ad+ 7= - h(a+ )
= 1+%’-h,(a+§) (c)
ved ved
=lv5 -7

= 1 (c), as required.

Therefore, we may put d, = d — ch,, and so by Lemma 1.4,

6,(ds, — td,)
Ctz
t(dt — td + tch,)
Ct2
_ t(tch,
= A I(Z)"{' (ct2 )

= A7Y(2) + h,.

.4;1(z+%) = AN2)+

A7N(2) +

Remark 2.7 Note that if t3|c, then 6, = t for all values of v. In this case,

we may choose h, = 0.
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Case 3 Supposet fc. In this case, d —v = 1, and so a, = at+vc and ¢, = ct.
Claim There exist h,, j, € Z such that h,at? + j,vc2 =1 (ct).
Proof of Claim Since ged(at?, vc?) = ged(at?,v) = ged(a, v), there exist
h.,j. € Z such that h!at® + jLvc® = ged(a,). Now, since ged(a,c) = 1 and
ged(v,t) = 1, any common divisor of @ and v must be relatively prime to
both ¢ and ¢; therefore, ged(a, v) is relatively prime to ct, and so there exists
k, € Z such that k, ged(a,v) = 1 (ct). Put h, := kyh,j, := k,j,; then,
h,at? + j,vc® = 1 (ct), as desired. This proves the claim.

(Note that, once we find such a pair h,, j,, we also have H,at? + J,vc® =
1 (ct) for all H,, J, such that H, = h, (¢),J, = j, (t). That is, h, and
j. are determined only up to their residue classes modulo ¢ and modulo ¢,

respectively.)
Put d, = h,t + j,c. Then,
a,d, = (at+vc)(h,t+ jyc)
= ah,t +vj,c? + (aj, + vh,)ct
ah, 2 + vj,c (ct)

1 (ct),

as required. Therefore, by Lemma 1.4,

8,(ds, — td,)
ct?

- d_thyt""yc
_ Al(z)-{- (ct2 J)

d h )
= A-1 —_— L
= A (2)+ct2 (c+t)

A;‘(z+’—:-) = AN2) +

This proves the lemma.
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We may now combine the results of Lemmas 2.1 and 2.5 to arrive at the
following expansions for f(z;r,t) at q. (Note: we put ¢, := 0 foralln ¢ Z
and for all n € Z such that n < nyg.)

Case 1 t3|c.
In this case, Lemma 2.1 simplifies as follows:

f(zimt)

t-1

= emikgm2k-lomk(y _ o)k z o( Av)e-zni'—t,i‘)l Z a2 +R) AT () (2.17)
v=0 neZ
t-1 o _

= em'kt—Zk—lc—k(z _ q)-k Zv(Au)e—h'i‘H'—:E Zai&e?’“(z*'")"‘ l(’)‘

q

v=0 m

Remark 2.8 From (2.17), it follows that the ezpansion of f(z;r,t) at q is
essentially that of f(z) at ico. In particular, if f(z;r,t) is nontrivial, then
f(z;r,t) has a zero (or pole) at q of the same order as the zero (or pole) of

f(2) atico. (The order of this zero or pole is, of course, |ng + k|.)
Case 2 tc, 2 fc

Let p stand for the unique integer such that 0 < u <f -1 and a = —£ (f).
Then,
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f(zir,t)
= "kt k-lek(z _ )k x (2.18)

t-1
sk z e21n'(n-i-:c)A"‘(z)aﬂ Z U(AV)C-M‘—L”"“ £ g2mi{ntnlhy +

neZ v=0
v#p
-2k Z e2riln+r)t2 A”Y(2) anv(A,) e—zm'&;‘)ﬁ }
neZ

= e"ktE-lek(z - g)7F x

X t—-1 (?‘4“)"»
_ 2% m+ A-l _ . (rn)y .
¢ kze (F+x) (z)aﬁzv(flu)e 2rilBRle ot —
me”?. v=0
v#p
if M -1 (r-n
t_gk Z e2ﬂ(;—q—+n)A (z)am’v(A“)e_Qmii‘.)&}
meZ
. fm -1
= Mk k-1k(y _ q)* Z (g HRIATH) (2.19)
meZ
t-1 (in--n)h..
el . {ren)p
am zv(A,,)e'z’" P L +t""am:v(A,,)e"2"' ¢ .
N v=0
vEp

where m' := '—"ﬂ’\qﬁg—'ﬁ (so that t2(m' + k) = % + K).

Remark 2.9 Since v is a multiplier system of half-integer weight, we must
have 24k € Z ([10]). If t is a prime greater than 8, then 24|(1 —t3). Ift =3,
then it follows from Corollary 2.4 that 3|),; if t = 2, Corollary 2.4 implies 8|),.
Thus, for all prime t € Z,24|\,(1 — t*), and it follows that \,x(1 — t2) € Z.
Therefore, for all prime t € Z, there erist values of m € Z for which m' € Z.

Remark 2.10 If f(z) has a pole at ico (that is, if ng +x < 0), then the term
with ezponent t3(ng + &) cannot be cancelled by any of the other terms which
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appear in (2.18). In particular, if f(z) has a pole of order —(ng + k) > 0 at
ioo, then f(z;r,t) has a pole of order —t%(ng + k) at q.

Remark 2.11 Define

t—-1

Ai(n) == Z v(A,)e™ ™
v=0

v#p

(rtn)y ;(n+n)h
T e

(This is the sum on v which appears in (2.18).) We make the following obser-

vation:
— (r+a) (ntt+a)h
- SArtn)y -{n L3 _&
A(n+t) = E v(A,)e e e

v=0

v#p
= &M A (n) = Ay(n).

That is, Ay(n) is periodic with period t. Therefore, either A;(n) = 0 for all n,
or there ezists a smallest integer m such that 0 < m < t—1 and A (no+m) # 0.

Case 3 t fc.
In this case, § = 1 when v # 0; therefore,

flznt) = et leKz - gt {Z Gt ~buf A)eRinERAT )
neZ

t—-1
;(ndn) 4 - - (rd)y . (n+x)A
ZanezﬂH—)-: A l(Z)Zv(z4u)e—2ﬂ"l +‘ e2ﬂ +‘ } (2.20)
nezZ v=1
= emkgk-lok(y _ g)k 2 U HRIATIE)
meZ

t-1
{aﬁt"‘v(A) + Z v(Av)e‘z’“"l:Eez’i o } ,  (2.21)

v=1

where m := ﬁ%ﬁﬂ (so that 2= = < +K).
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Remark 2.12 If f(z) has a pole at ico (that is, if ng + x < 0), then the term
with ezponent ny + K cannot be cancelled by any of the other terms which
appear in (2.20). In particular, if f(z) has a pole of order —(ng + k) > 0 at
00, then f(z;r,t) has a pole of order —(ng + &) at q.

Remark 2.13 Define
t-1
Ag(n) := z (A, e gmilatgite,

v=l1

(This is the sum on v which appears in (2.20).) We observe that A is periodic

with period t2:
-1
Ay(n+t?) = Z v(A,)e ™
v=1
= ezﬂh"Ag(ﬂ).

(r+n)r (n+e2+n)h
= e21n 7%

Therefore, either Ax(n) = 0 for all n, or there ezists a smallest integer m such

that 0 < m < t2 — 1 and Ag(ng +m) # 0.

We summarize our results on the growth of f(z;r,t) at ¢ = 2 with the

following two theorems.

Theorem 2.4 Suppose f(z) has a zero at ioo of order N =ng +xk > 0.
Case 1 If t?|c, then f(z;7,t) has a zero of order N at 2.

Case 2 Suppose t|c but 2 fc. If Ai(n) =0, Vn € Z, then f(z;r,t) has a zero
of order t2N at . Otherunse, there ezists a least nonnegative integer m; such
that m; < t and Ay(ng + m;) # 0. In this case, f(z;r,t) has a zero of order
2N, if N < et

min(tzN,N+m1) =
N +m,, otherwise.
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Case 8 Supposet fc. If Ao(n) = 0, Vn € Z, then f(z;1,t) has a zero of
order N at 2. Otherwise, there ezists a least nonnegative integer mg such that

my < t2 and Ay(ng + my) # 0. In this case, f(z;7,t) has a zero of order

mm(NN+m2)_ N, ifN< g
B N—*"{m, otherwise.

Remark 2.14 Sincem; <t—1, £ < =5.

Remark 2.15 If Ay(n) # 0 for all n € Z, then m; = 0, and thus f(z;r,t)

has a zero of order N at 2.

Theorem 2.5 If f(z) has a pole of order P = —(ng + &) > 0 at ioco, then
f(z;7,t) has a pole at £ of order

P, iftYc,
2P, if tlc but £ Jc, (2.22)
P, ift fe.

2.5 Construction of Invariant Functions

In this section, we use congruence restrictions of integer powers of the
Dedekind eta function to construct modular functions (that is, modular forms
of weight zero with trivial multiplier systems) on congruence subgroups of
['(1). We also state conditions which, if met, would allow us to construct
entire modular functions, which must be constant ([5], Chapter 2, Theorem

7).
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Foré e Z* and r), > € Z,

fe(2) = n(2)
g9(z) = n(2)
FP (2) = f(zir,t)g(zira,t)

We have shown that fy(z;r),t) is a modular form on the group g 24 (24¢2)
of weight % with multiplier system v,‘,, and g¢(z;rs,t) is a modular form on
the same group of weight — 5 with multiplier system 7;%. Also, since 7 has no
zeros or poles in #, it is clear (from (1.10), for example) that f,(2;r,t) and
ge(z;72,t) are holomorphic on H. Therefore, we may conclude that F,(f'),.m,(z)

is a modular function on [g 24 (24¢®) which is holomorphic on H.

To simplify notation, we shall replace f,, g, and F,(f,),.,'t, with f, g and F,

respectively, to simplify notation throughout the remainder of this section.

Let a,c € Z, with ¢ > 0 and ged(a,c) =1, and put ¢ = ¢. From Theorems
2.4 and 2.5, we see that f(z;r;,t) has a zero at q, g(z;r2,t) has a pole at g,
and that the order of the pole of g(z; r,, t) at ¢ is greater than or equal to the
order of the zero of f(z;r,t) at q¢. Therefore, F(z) has a pole at ¢ of order
P — N, where P is the order of the pole of g(z; r,t) at ¢ and N is the order

of the zero of f(z;r,t) at q.

In particular, if A; and A, (as defined in Theorem 2.4) are not identically

zero, then F'(z) has a pole at ¢ of order

L _t _ .
§—2—4—0, 1ft2IC
%‘ — min ('2—4‘, 5 +m1)), if t|c but t2 Jc
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(Here m; and mj are as defined in Theorem 2.4.) If m; = m, = 0 (that is, if

Ay(ng) # 0 and Ap(ng) # 0), then F(z) has a pole at ¢ of order

0, ift?c
L%E, if t|c but ¢ Jc
e ift fe.

On the other hand, if there exist ry, ¢ such that A; and A, are both identi-
cally zero, then it follows from Theorem 2.4 that F'(z) the order of the zero of
f(z;71,t) is equal to the order of the pole of g(z;7,,t) at g. (Notice that the
order of the pole of g(z; r;,t) at g does not depend on ry.) This allows us to

state the following theorem:

Theorem 2.6 Suppose there exist r,t € Z, witht > 0, such that A, and A,
(as defined in Remarks 2.11 and 2.138) are both identically zero. Then, for any

rel, F,f:_),',(z) is constant on H.
Proof The preceding discussion implies that F,('l,),"(z) is holomorphic on H

and regular at each rational point ¢ € Q. Therefore, F,(:,),,t is an entire modular

function and thus constant on #. This proves the theorem.
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CHAPTER 3

THE THETA FUNCTION

3.1 Introduction

Definition 3.1 The “theta function,” 9, is defined on H as follows:

9z) = Y emn (3.1)
neZ
- 1, m=0
= Z ame™™, where am:=¢ 2, /meZt (3:2)
m=0 0, else.

It is known (see, for example, Chapters 3 and 4 of [5]) that ¥(2z) is a modular
form on T (4) of weight } with multiplier system

. (a b ) _ (s‘%) erild-1)/4( _1)(sign(el+sin(d-2)/2  if ¢ £ 0 3
\Ned)” dem@-VA, ifc=0.
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Remark 3.1 The functions 9(2z) and n(z) are very closely related, because
we may use Jacobi’s Triple-Product Identity [1] to rewrite ¥9(22) as follows:

9(22) = JJ(1 - ™) (1 + elin-2m)2, (3.4)

n>1

This allows us to write ¥(22) in terms of n(z):

9(2z) = H(l e2mi2n)2)2(] 4 G2Ri2n—1)2)2(] _ o2min(22))-1

n>1
— e1n'(2z+l)/l2n(2z + 1)—[ H(l _ etine21rinz)2
n>1
= e1n'(2z+l)/l2n(2z + 1)-[ H(l - ez-n'n(z+l/2))2
n>1

2
- m(2z+l)/l2n(2 + 1)-1 -21n(2+1/2)/12n (z + %)

_n(z+ 1)2
= n_(27+2_1) (3.5)

We will apply congruence restrictions to the theta function in two different

ways:

Definition 3.2 We shall refer to the following as a “congruence restriction
of the first kind:”
9(2z;7,t) = Z ame?™™s (3.6)

m=r(t)

]
§: ezmnz'

ni=r(t)

"

Definition 3.3 We shall refer to the following as a “congruence restriction

of the second kind:”
9r(22) := Z g?rin’z (3.7)

n=r(t)
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Remark 3.2 Since the Fourier ezpansion of 9(2z) can be ezpressed in two
different ways, both of which are of interest, it is useful to study congruence
restrictions of both of these expressions. Congruence restrictions of the second
kind are of interest only with respect to theta functions; with all other modular

forms, we consider only congruence restrictions of the first kind.

We now introduce another type of Dedekind eta product which, as we shall

see, is closely related to congruence restricted theta functions of the second

kind.

Definition 3.4 Let g,6 € Z, with§ > 0. In [11], Robins defines the general-
ized Dedekind n-product, 154(2), as follows:

Mog(2) i= ™0/ TT (1—e?™) T (1-"),  (38)
n>0 n>0
n=g(6) n=-g(4)

where Py(z) := {z}* — {z} + } is the second Bernoulli function and {z} :=

x — [z] is the fractional part of xz. (For0<z <1, {z}=1z.)

Robins goes on to show that, when § [g, ns4(2) is a modular form of weight

0 on I';(d) which satisfies the transformation law

toa(M2) = e moy(a), VM = (& 0 ) €T, (39)
where
o= BA(2) 40 () n(ef0) oo
Furthermore, Robins proves that, when ged(a,6) =1,
peg = abdP, (1) -2+ 6 -1 - %(a ~1). (3.11)
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Therefore, (3.9) may be written:

Bl — exp {ri (wor () - g5 +e-0) (3-3)) ) 1)

a b
c d

We now establish a connection between the two types of congruence re-

for all M = ( ) € I') (9) such that ged(a,6) = 1.

strictions of ¥(2z2):

Lemma 3.1 ot
I2zimt) = Y Ine(22). (3.13)
R=0

R3=r(t)

Proof We may rearrange the right-hand side:

t-1
S tniz) = Y Y emet
R=0

R=t = meZ
Ri=r(t) R3=r(t) m=R(t)

i3
- E: e'bnmz

meZ
m=R(t)
0<R<t~1,R2=r(t)

To prove the lemma, we must show:

{[neZ:n?=r(t)} = U {meZ:m=R(t)}.
0<R<t-1
R3=r (t)

We first show that

{nez:n’=r@t)}c |J {meZ:m=R()}.
0<R<t-1
Ri=r (1)
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Choose n € Z such that n?2 = r (t). Then, n = tQ, + R, for some Q,, R, € Z
with 0 < R, <t — 1. It then follows:

n® = t(tQ + 2QnRn) + R,

which implies
n® = Rj (t),
and therefore
r= R (t).
Thus, n2 = r(t) = n = R (t) for some R € Z such that 0 < R <t—1 and

RP=r (t).
It remains to show that

U {meZ:m=R(t)}C{neZ:n?=r(t)}.
0<R<t-1
Riz=r (t)

Choose m € Z such that m = R, (t) for some R, € Z, where 0 < R, <t -1
and R2, = r (t). Clearly, m = Ry, (mod t) = m? = R%, =r (t). Therefore,

ifm=Rand R*=r, then m?2=r ().
The two sets in question are equal; therefore, the corresponding sums are
equal, and so the lemma is proved.
Example 3.1
9(22;9,16) = 93,16(22) + I5,16(22) + V11,16(22) + Y13,16(22),
since r2 = 9 (16) <= r = 3,5, 11 or 13 (16).
9(22;9, 18) = 93,18(22) + ths,18(22) + 99,18(22),

since r2 =9 (18) <> r = 3,9 or 15 (18).
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Another useful property of 9,.(2z) is the following:

0""(22) = Z e21rin’z

n€Z
n=r(t)

= E e21n'(-n)’z

neZ
—-n=r(t)

i 3
Z e21nn z
neZ
n=-r(t)

Therefore,
9r0(22) = 9-,4(22).

(Note that, for » = 0 or r = §, the above is trivial, since in each case r =

—~r(t).) This allows us to rewrite the result proved in the preceding lemma as

follows:
5]
9(2z;1,t) =2 Z Fre(22) + X7t (0)00,(22) + Xr,t(2/2)0e/24(22),
R=1
R2=r(8)

1 ifr=R(t)

where we define x,:(R) :=
0 else

Example 3.2 The previous ezamples may be rewritten as follows:

19(22; 9, 16) = 2193'15(22) + 2195,16(23)7
19(22; 9,18) = 2!93,13(22) + 199,13(22).
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3.2 Congruence Restrictions of the First Kind

It follows from Theorem 1.2 that ¥(2z;r,t) is a modular form of weight
% with multiplier system vy on the group Iy, C S,,,, provided such a [,

exists. The object of our next theorem is to determine a subgroup of finite

index in I'(1) which is also a subset of S,,.

b
Theorem 3.1 Let h, := gcd‘(‘—“) Then, for all A = ( ‘c‘ d) € oz (het?),
13 (Yot AY-vse) = vg. Therefore, we may take

Loy = Cog (het?) . (3.14)

Remark 3.3 This is not necessarily the largest group which may serve as
Ty, t- This is simply the best result obtainable with our argument. There may
ezist a larger (and, therefore, better) choice for T, which contains Ty, (het?).

Finding a larger Iy, would strengthen the result of this theorem.
Remark 3.4 Note that our choice of T',,: depends only on t, and not on r.

Proof To prove Theorem 3.1, it will suffice to show that

d—-a)v ol
vﬂ(a-i-% b+g—tL+—‘r)

c d— <
is independent of v; once this is shown, the theorem is proved by putting v = 0.

The assumptions t2|c, 8t|c and a = d(t) guarantee that

(a+-‘;£ b+$—l-"‘“+9,-”,-)

[~ 74
c d .
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is an element of 'y (4). Therefore,

d—a)v el
vo(a-i-% b+$—‘L+?r)

c d— %
is defined.

We first dispense with the case ¢ = 0. In this case, the value of vy is simply

the lower-right entry of the matrix, which (when ¢ = 0) does not depend on v.

Now, suppose ¢ # 0. If follows from vs(S) = 1 that vg(A4) = ve(AS?),
VA€ Z and A € Ty {4). We choose A € Z so that d — cv/t + ¢ > 0:

vl ¢t b+“;—°+°—“’:—
° c d- <

- u((ta2e)(5 1))

* *

- v,,( c d-cu/t+cA)

_ c/2 grild=cr/treA=1)/4(_ 1 (sign(e)-1)/2
d—cvft+cA

(Note that the value of vs depends only on the lower row of its argument.)
Now, we define c; := 2—:{2‘, where a € Z is chosen so that ¢, is an odd integer.
In other words: ¢, is the largest odd factor of ¢, and a is the largest power of
2 which divides c.
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Note that 8t|c implies —cv/t +cA = 0 (8), while 2¢?|c implies @ > 1. With

these two observations in mind, we proceed:
v * *
e d- &

a-1 2
_ t (o]
- —cu/t+c/\) ( —cu/t+cA) ( —cv/t+c/\)

emild-1)/4 1)(“9"(0) 1)/2

(z
- (d—cu/t+c,\
- (=

(

(-
((d—cv/t+ecr)? =1)/8\a—1 e™i(d—-1)/4 (sign(c)-1)/2
((-1) ) (-1)
)( 1)@= 1a=1)/8mild=1)/4( _ ) (sign(e)-1)/2

d— cu/t +cA
—cvft +C/\) (—1)(@=D/2(_)d=ew/tter=1/2

(_l)ui' 1)(a-1)/8 1"(4-1)/4(_]_)(-"'9"('3-1)/2

d : )
(c—l) (_1)(c1-l)/2(_1)(d-1)/2(_ 1)(d’—1)(o—l)/8en(d—l)/4 (_1)(ngn(c)—l)/2,

which is independent of v.

Wehaveshownthatvg(: d—*“’ ):vg(z 3),\/(‘: Z) € Ip (8t)N

Lo, (2t%). We note that

162 82 Bt
ged(8t,2t2)  ged(4,8) ¢

lem(8t, 2t%) =

Therefore,

To (8t) NToy. (2t2) = oy (Ret?) .

This proves the theorem.

Corollary 3.1 9(2z;r,t) is an entire modular form of weight ,f, with multiplier
system vy on the group Lo, (het), with hy := gc_d%m

Proof This follows from Theorems 1.1 and 3.1.
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3.3 Congruence Restrictions of the Second Kind

Theorem 3.2 9,,(2z) is an entire modular form on T, (4t2)NT, (3), of weight

3, with multiplier system vy.

Proof First, we make the assumption —-2‘- <r< % There is no loss of
generality in doing so, since ¥ = r (t) => 9 ,(22) = 9Y,,(22). We then carry

out the proof of the theorem by considering three separate cases.

Case 1 Suppose r = 0. Then,

Joe(22) = Z e?min’s

n=0(t)
= Z e21n’(nt)zz

= 19’(‘2t2 2).

Since ¥(2z) is a modular form on [ (4), it follows that 9(2t?z) is a modular
form on [y (4t2). We now proceed to show that ¥(2t2z) has multiplier system

Vg.

Suppose M = ( z 3 ) € [y (4t?). Then,

I2EMz) = 9 (212%:%3@)
p <2a(tzz) + 2tzb)
(@) +d

= 9(2M’'(t*z)), where M’ = ( c7t2 t;b ) € [y (4)

= w(M) (5(2) +d) 72 8(282).
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We now refer back to (3.3), to show that vg(M’') = vg(M). The case c =0 is

trivial, since we then have vg(M’) = v9(M) = d. So, we assume c # 0:

vo(M) = vo(z f;)

(‘3/_2) emid=1/4( _1)(sign(e)-1)/2( _ ) (sign(a)-1)/2

|d|
6/2) (2t)2 i(d-1)/4 (sign(tic)—1)/2 ign(d)-1)/2
= [ZLZ} (=] ™ (—1){sign(tie)=1)/2(_1)(sign(d)-1)/
() ( =y
2
< 4t_l;l/_2) emild=1/4( _ ] y(eign(e)-1)/2( _)(sign(d)-1)/2
= Uo(M').

Therefore, for all M = ( ‘c' Z ) € Ty (4),

B0, (2M2) = vg(M)(cz + d)/?9y,(22).
This completes the proof of Theorem 3.2 in the case r = 0.

Case 2 Suppose r = . Then,

0%"(22) = Z e2m‘n’z
nEi(t)
= Zezﬁ((m+t/2)3z
n
Z 821“'(2%-*1)’(‘/2)’3
n

— z (e21n'n’(t/2)2z _ e'hn’(2n)’(t/2)’z)

= 19'(‘2(t/2)2z) - 9(2t22).

We know that 9(2(t/2)?z) and 9¥(2t*z) are modular forms of weight i on
s (4t%). Therefore, if we show that these two modular forms both have mul-
tiplier system vy, we may conclude that 19%,,(2‘3) is itself a modular form on

T (4t2), of weight 3, with multiplier system vs.
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From Case 1, it follows that

19_;,,1(24‘12) = 190';_(22) - 00‘¢(2Z).

Therefore, for M = ( Z 3 ) € Ty (4t),

ﬁ_é,,(2Mz) = 190‘%(2Mz) —Y9:(2M2z)
= vg(M)(cz + d)”zﬂo,%(?z) — vg(M)(cz + d)?9p,(22)
= vy9(M)(cz + d)”’t?%',(2z).

This completes the proof of Theorem 3.2 in the case r = %
Case 3 Suppose r ¢ {0, 3}. We rewrite 9(2z) as follows:
19r.t(2 Z) = Z e21n'(nt+r)’z = e2ﬂ'r’z z ezm‘(nt)’z eiminrtz.
n n
To this sum, we apply Jacobi’s triple-product identity:

Ure(22) =
e21n'r2z H (1 _ e21n'2t3mz)(1 + ezn((zm—l)t3+2r:)z)(1 + e21ri((2m—-l)t’ -2rt)z).
m2>1
Next, we rewrite J,:(2z) in terms of generalized Dedekind n-products:

19,-':(22)
ezm'r’z H (1 _ ezm'zt’mz) (1 + e21n‘((2m-l)t’+2rt)z)(1 + e21n'((2m—l)t’ —2rt)z)
m2>1
= e21n‘(r2-t1/12)zn(2t22) x
Hm)l(]‘ _ ezxi(u’m—(m'-m))z)(l - ezxi(4¢3m—(2t2+4rt))z)
Hrn->l(1 — e2m@Pm—(@-2rt))z) (] — gZmi2m—(E+2r0)z)
—2xi 2:'-'1-!4;: 242
ol . it FPIIC) (3.16)
. 2 ©
e (t "M)tzzﬂzzﬂ,tuzrt(z)

= miE(r-E-R(i+5)?) __Z;:ji:((;) n(2t3z). (3.17)

(3.15)

- e21n'(r2-¢2/12)zn(2t2 2) e
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To justify equation (3.16), we observe that |r| < % => t £+ 2r > 0; therefore:

m>1 => 4tm - (2t° £4rt) > 2t(t ¥2r) >0, and
m<0 = 4t°m - (28 £4rt) < -2t(t £ 2r) < 0.
Thus,
{4>°m — (262 — 4rt) :m € Z*} = {n € Z* : n = 2t* + 4rt(4t?)}
and
{28m - (2 -2rt) :m € Z%} = {n € Z* : n = ? + 2rt(2t)},
and so the products on m in (3.15) run over the set of integers specified by

the definitions of 742 22.14r¢ and 72 242,¢, respectively.

Let us now evaluate the exponential term which appears in equation (3.17).

t2 1 r t2 r 1\ /r 1 1
2__ " _ s = _ — 2 _ 2 _ - = -z et
T tP2(2+t) T tz((t+2) (t 2)+6)

Thus, the exponential term vanishes, and so (3.17) becomes

9,e(22) = %n(%z) (3.18)

At this point, we note that 9,¢(22) is a product of functions which are mod-
ular forms on T'; (4t2); therefore, 9, ,(2z) itself is a modular form on I, (4¢2).
We now proceed to show that the multiplier system for ¥,,(22) turns out to
be vy when M € [y (3).
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Let M = (Z 3 € T, (4t?) NTy(3). Note that M € T, (4t?) =
ged(a,2) = 1, and M € Iy (3) = ged(a,3) = 1; therefore, ged(a,6) = 1,

so we may use (3.12) to determine the transformation law for 74,2 22..4r:(M2):

Nae2 202 +4re (M 2)
Mae2 202 +4re(2)
. 2t2 + 4Tt ac 2t2 + 41’t
= exp {1” (4th2P2 ( 4t2 ) - 24t2 ( 412 ))}

- - ap (T oLy _ 9  aopn(rsll)
= exp{m(4abtP2(t+2) 24t2+(a 1)(t+2 2))}
2
_ . 2fr? 1\ a6 (a=1)r
= exp{zrz <4abt <—t2 —-12) 24t2+ n
4abt?  ac
i [ - - 9
exp {m( T 24t2)}' (219)

In (3.19), we note that M € T} (4t2) = 4t?|(a — 1). Therefore, we may

state the transformation law for 742 2.4+ as follows:

Nae2 202 4are(M 2) { mia c }
: =exp{——- (862 + =) 3, 3.20
Nae2 22 +4rt(2) 24 ( t2) ( )
for all M = ( Z 3 ) € Iy (4t2). Similarly,

N2 1242r¢ (M 2)
M2 124 2re (2)

- {wz(Zabt?Pz(tz+2rt -1;:2*‘(“‘1)(8-2:_22“—%))}

A B c))

and so we may write

e 2ian(M2) _ exp { _Ta (4179 + E) } : (3.21)

That2 124 2rt (2)
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for all M = ( z 3 ) € Iy (4t?). Since n(z) is a modular form of weight % on
['(1) with multiplier system vy, it follows that, for M = ( Z Z ) € Iy (2t%):

2t2az + 2t%b
22 M = —_—
o o220

= (4 % Jeea)

- v,,( a 2‘2”)( ¢ (2t22)+d)l/2n(2t22).

5 d ) \2g2

Thus, for all M = ( Z z ) € [o (4¢?) (so that % is even),
n(22Mz) = v{(M)(cz + d)/*n(2t22), (3.22)
where
a b

#(2 )

_ a 2t%

= vﬂ 2:-%- d

/2t mi [(a +d)c A 3cd

= () o { B [ -2 (g 1) +34-3- 53]}

[
O
~
N
F

) {5525 (3-) 5]
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We now combine (3.17), (3.20), (3.21) and (3.22) to derive a transformation

law for ¥, on I';(4¢2). For M = ( Z 3 ) €T, (483),

19,-':(2MZ)

_ Mae2orr4are(M2)

T men a+2rt(Mz) (2t M)
exp { - 52 (80t + &) Iz 2244r(2) (c/26 1/2p (942
exp {~ 52 (452 + %) }riez 2 0re(2) ( d ) (2 +d) Tn(2t72) x

exp{ﬁ [L"—‘,‘;’EE-M(;@—M) +6(d-1)]}
- (c/j‘z) (2 +d)V/28,,(22) x

o {35 (o )+ [0 - (5 - 40) e

- (4 %) (e + ) 200,02 x

d
P {24( ~dabt”+ t2+@7t_22‘)c-w(:;_4t2)+6(d'1))}

(c/2t2) (cz+d)1/20r,t(2z) %

d
exp{24 (4bdt2 dabt? + 2““'2:f’bd°2+6(d-1))}

(c/:tz). e (cz +d)'/?9, £(2z) x

exp{l’l (4bt2(d-a)+§(2a—2d-bcd))}
= (#). mig= (cz + d)'/?9, 4(22) x
exp{’—n— (4bt2(d-—a) - ?gc(d—a) - b‘;:z—)}

(42) = i (0 5) -0~ )}
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oo (@) =0 - )
X ‘(21‘/[2) J (%) ( 1) ngn(c)—l ngn(_L 1 en(d-—l)‘ if ¢ # 0’
(cz + d)1/?9, 4(22)
{ de™ %!, ifc=0.

We now make the simple observation

(%)= (8) - () (@) - ()

With this, we may use (3.3) to rewrite the above transformation law in the

form
9,4(2Mz) = (3.23)
va(M) exp { ((4bt2 - —) (d—a) - E) } (cz + d)'/%9,,(22).

To prove the theorem, we must show that 48| ((4bt2 -E)(d-a)+ “—;,‘2—) .
To this end, we note immediately that 4| (4522 — %), 4t%|(d — a) and 4*?|5;
therefore, (452 — %) (d — a) — Y is divisible by 4%2. It remains to show,
then, that (4bt% — 2c) (d —a) - ¥ is divisible by 3.

If 3|¢, then the desired result follows, since (as noted in the preceding
paragraph) ¢| ((-’lbt2 -%)d-a)- i—;"‘,‘-’-)
We proceed, then, under the assumption that 3 ft. In this case we have

t2 =1 (3). We define a’.c’.d’ € Z as follows:

, __a=1 ._d—l —
a = et d = TR cd: 4t2 (3.24)

Thus, a = 4t2a’+1,d = 4t2d'+1, and ¢ = 4t?c. We note that, since M € T'; (3),
we must have 3|c’. Further, by rewriting ad — bc = 1 in terms of these new
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variables, we derive the relationship:
(4%’ +1)(483d' + 1) — 4t’bd = 1
16t*a'd’ + 4t2(a’' +d') = 4tb

= ad'd +ad'+d = 0 (3)

= (d+1)(d+1) =1 (3)

—d+1=d+1 = 1 (3)
<ad=d = 0orl (3). (3.25)

In terms of a’, ¢’ and d’, we have:
2c bdc? 2 N 442 ' n
4bt? — 7 (d—a) — — = (4bt® — 8c")4t(d' — a') — b(4t?d’ + 1)16t3c
= bd-d) (3)
= 0 (3).

The final step above follows from (3.25). This proves the theorem.

Corollary 3.2 9(2z;7,t) is an entire modular form on T, (4t2) N Ty (3), of

weight 3, with multiplier system vy.

Proof This follows from Lemma 3.1 and Theorem 3.2:

t—1
d2Mzrt) = D dre(2Mz)
R=0
R=r(t)
t—-1
= ) va(M)(cz +d)"/*Ops(22)
R=0
R*=r(t)
t-1
= vp(M)(cz +d)'/? Y 9pe(22)
R=o
R2=r(t)

= vg(M)(cz +d)Y/?9(2z; 1, t).
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3.4 Sums of Squares

Definition 3.5
0.(22) = ZCM(Z"-'.I)’:'
n

Remark 3.5
9°(22) =9(22; 1, 2).

Remark 3.6 [t follows from Corollary 3.2 that 9*(2z) is a modular form on
o (16).

In the interest of simplifying notation later on, we define the functions f;

and g, as follows:

Definition 3.6

[s(2) :=9(22)°, gs(2) :=9"(22)". (3.26)

We now define r,(n) and ri(n) on {n € Z|n > 0} in terms of their generating

functions:
fi(2) = Z ry(n)e?™ ", (3.27)
n>0
9:(2) = ) _ ri(n)e™ =, (3.28)
n>0

It follows that r,(n) and ri(n) have the following arithmetic properties:

rs(n) = #{(z1,-»7s) :T: €Z,22 +... + 22 =n}, (3.29)
ri(n) = #{(z1,-Ts) : 2; €Z,2 f3;, T2 + ... + T2 = n}. (3.30)
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Remark 3.7 Forn <0, ry(n) =ri(n) =0.

Remark 3.8 We wish to study the behavior of the ratio :%(%% in arithmetic
8

progressions on m. However, we note that r;(m) is nonzero if and only if

m =3 (8) and m > s (since 2 = 1 (8) for all odd z). Therefore, we

restrict ourselves to arithmetic progressions of the type m = t (u) with 8|u and

t=s (8).

Theorem 3.3 Let s,t,u € Z be given such that 0 <t < u, 8|u, s > u and
s=t(8). PuuM:={meZ:m?>0m=t (u)}. Then, %%nn%isnot
8

constant on M.

Remark 3.9 The requirements 8lu, m =t (u) and s =t (8) guarantee that
m = s (8),Vm € M. Therefore, r;(m) # 0 on M.

Remark 3.10 This theorem is a generalization of the result of [3]. In partic-

ular, the cited result follows from this theorem if we put u =8 and t = s.

Proof We define the auxiliary function

Fi(zlt,u) == ) r(n)e?™™,

m=t(u)
m2>s
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falzit,u) — Fu(zlt,u)

= T rmemm = 3 rym)etne
m=t(u) m=t(u)
m2>0 m2>t

z ro(un + t)e?ritun+tz _

Z rs(un + t)e"""“("""")z

neZ neZ
un+t>0 un+t>s
= Z r,(un + t)e2ﬁ(un+t)z _ Z r,(un + t)ezﬁ(un+t)z
n2 |':‘£'| n> r'%']
= Z rslun + t)ez"""("""")z - Z ro(un +t) g2milun+)z
"0 n2[ %]
= Z r,(un + t)e2ﬁ(un+t)z. (331)
osn<[ 5]

Since s > u, the right-hand side of (3.31) is a finite, non-trivial polynomial

in e2**_ For, since

[ 5] -
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at least one term must appear on the right-hand side of (3.31) - specifically,

the term r,(t)e**** (corresponding to n = 0) must appear.

Rather than similarly defining an auxiliary function to g,(2; ¢, u), we instead

note that, since rj(m) =0 for all m < s,

= 3 ritmyerm

m=t(u)
m>s

Z 73 (un + t)e?viun+oz

neZ
un-+t>s

Y ri(un 4 t)errituntos

n>[2t]

gs(z;t,u)
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Choose ¢ € Q, independent of z, and put
U (z;8,t,u) := fo(2;t, u) — cgs(2;t, u). (3.32)

It follows from Theorems 1.1 and 3.1 that f,(z), g.(2), and (therefore) ¥.(z; s, ¢, u)
are modular form on Loy (2u?) of weight § with multiplier system vj.
We combine (3.31) and (3.32) to obtain:

Wo(z;8,t,u)

= ) ry(un+ )T L B (2]t u) - cgy(25t, u)

ogn<l25t]
= Z ro(un + t)e2rilun+t)z 4
o<n<[ 2t
Z ro(un + t) e2m'(|m+t)z —-c z ,.;(un +t) e21n'(un+¢)z
n2[£:] n>[2xt]
= Z re(un + t)e?mi(untt)s
on<l 45¢]
D (ra(un +1t) - crj(un + t)) e2riuntiz,
n2[]
mEt(u) mEt(u)
o<m<ul 23¢] 4t mou[ et ]+¢

Since ¥.(z;s,t,u) is a nontrivial modular form on a subgroup of finite
index in (1), it must have the real line as a natural boundary (see [6], p. 20,
exercise 2); that is, the right-hand side of (3.33) may not be a finite polynomial
in 2™z, Therefore, r,(m) — cr3(m) # 0 infinitely often for m € M, and so

:A;(%; is not constant on M. This completes the proof of Theorem 3.3.
8
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We now prove a weaker, though still useful, result for the case 0 < s < u.

Theorem 3.4 Let s,t,u € Z be given such that s > 0, 0 < t < u, 8|u and
t=s8). Lee M={meZ:m>0,m=t (u)}. Suppose that there ezists
some N € Z, N > 0, for which ri(m) is constant form € M,m > N. Then,

r3(m)
rs(m) re(m) _ rs(t)

is constant on M. In particular, rr(m) 30 for allm e M.

r3(m)
o rs(m) .
Remark 3.11 In other words: either r5(m) is constant on all of M , or
L]
m
there ezists no positive integer N for which %{m_g is constant tn m for m €
S
Mm>N.

Remark 3.12 This theorem provides an experimental approach to proving

rs(m
that the ratio % is not constant on M: if one can find any pair of integers

8

my,my € M such that :‘;Ezi; 74 :;g::i—;, then the result of Theorem 3.4

follows.

[

Proof Suppose that riE:;= cforallme M,m > N. (Note: c is a rational
s

number which depends on s, ¢, and u, but not on m.)

As in the proof of Theorem 3.3, we define
U (z;8,t,u) ;= fi(2;t,u) — cgs(2; t, u),

and so

Vo(z;8,t,u) = Z r,(m)ez""’“ —c Z r;(m)e?n'mz

meM meEM
= Y (r.(m) - cr}(m))e*™™=. (3.34)
meM
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Since ¥ (z;s,t,u) is a modular form on [y, (1024u2), the right side of
(3.34) may not be a nontrivial, finite polynomial in e2**. Therefore, it must

either be an infinite polynomial in €2*%, or identically zero. The former implies
rs(m)
rs(m)
This completes the proof of Theorem 3.4.

# c infinitely often in M; the latter implies %: c for all m € M.
8
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