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ABSTRACT

REGULARITY OF A CLASS OF WEAK SOLUTIONS TO THE
MONGE-AMPERE EQUATION

David Hartenstine
DOCTOR OF PHILOSOPHY

Temple University. August. 2001

Professor Cristian Gutiérrez, Chair

In this dissertation we examine the regularity properties of Aleksandrov so-
lutions to the Monge- Ampére equation det D?u = u. where the Borel measure
u satisfies a weak condition. D,. on the sections of u. The condition referred to
is actually a family of conditions, indexed by € € (0.1]. The case € = 1 corre-
sponds to a doubling property. The doubling condition implies D, for every e.
We show that when the function u is globally defined and its Monge-Ampere
measure Mu is D,. then Mu is actually doubling, so that the conditions are
sjuivalent in this case. We then explore the regularity properties of functions
u defined on bounded domains for which Mu is D,. These results are an ex-

tension of the regularity theory available when 0 < A\ < u < .\ to a wider class

of measures.
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CHAPTER 1

INTRODUCTION

This dissertation is concerned with determining properties of convex solu-
tions to the Monge-Ampere equation. In its classical formulation. this is the
fully nonlinear equation det D?>u = f, where D?u is the Hessian of the func-
tion u : 2 ¢ R* - R. When f is non-negative. it makes sense to consider
convex solutions. since if u is C? and convex. then det D?u > 0. For every
continuous function u we can construct a Borel measure. called the Monge-
Ampére measure associated with u, see Theorem 2.1.2. This idea allows us
(following Aleksandrov) to define a notion of weak solution for the Monge-
Ampére equation. Given a Borel measure v on @ C R". we say that the
convex function u € C(Q) is a weak (or Aleksandrov) solution to det D%u = v
if the Monge- Ampére measure associated to u. denoted Mu. equals v. Notice
that these weak solutions are always convex, and so automatically possess cer-
tain properties. In this dissertation. we are primarily interested in establishing
what further properties are satisfied by convex functions whose Monge-Ampere
measures satisfv a specific condition.

This condition is actually a family of conditions. indexed by a parameter
€ € (0.1]. When € = 1. this condition becomes a doubling property. When
this condition is satisfied by a measure u. we write pis D, or 4 € D,. If
the measure p € D, then u € D, for all ¢ < €. In particular. if p € Dy,
then u is D, for all e. The definition of D, is stated in terms of properties
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(8]

satisfied by the cross-sections of the function u (see Definition 2.2.1). and the
normalized distance to the boundary of a convex set. The cross-sections (or
simply sections) of u are the level sets of u(zx) —{(x) where /() is a supporting
hvperplane to u. These sets are convex. The idea of studving these sets in
order to analyze u is due to Caffarelli. and is described and further developed
in [1]. [2] and [3]. among others. The notion of normalized distance to the
boundary of a convex set was introduced by Jerison in [3] and appears below
as Definition 2.3.1. In spite of the fact that it seems like we may be considering
many conditions. it turns out that the actual value of € for a given measure is
largely irrelevant. None of the results we prove are dependent in a qualitative
way on the value of €.

Let Q € R" be a bounded convex domain. Suppose u € C(Q2) is a weak
solution of det D*u = p. where 0 < A < u < \. and is zero on 092. Then u is
strictly convex and is C'!® for some a in the interior of Q. For proofs of these
statements see 1], [2] and [3]. We show that these results also hold with the
weaker hypotheses of D,.

We conclude this Introduction with a summary of the main results and an
outline of what follows. Chapter 2 contains background material and prelimi-
nary results needed for the statements and proofs of the main results that are
in Chapter 3. The first section of Chapter 3 compares the doubling condition
and D,. We prove that if u is defined on all of R* and satisfies the D, condition
for some 0 < € < 1, then the doubling condition is also satisfied. so in this case
the conditions are equivalent. An example shows that this is not true if the
domain of definition is bounded. The rest of the dissertation is concerned with
properties of solutions satisfying the D, condition on bounded convex domains.
The next section contains the proof of strict convexity for nontrivial solutions
to the Dirichlet problem with zero boundary data. This is a consequence of
a Caffarelli-tvpe extremal points theorem (Theorem 3.2.1). The situation of
non-constant boundaryv data is also analyzed in this section. Section 3.3 is
devoted to a rather technical selection or compactness result (Lemma 3.3.1)

for functions whose Monge-Ampére measures satisfy the D, condition. This
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lemma is employed in the proof of a useful property about sections with base
point lving at least a certain distance from the boundary of the domain. As a
conse-uence of this property, we obtain a result first claimed by Jerison in [3]:
if u € C(Q) is convex, zero on dQ and Mu € D,, then u is C'® in the interior of
Q. Both of these results are discussed in Section 3.4. Finally. in Chapter 4. we
show that analogs of Jerison's estimates (which are used repeatedly in proving
the results mentioned above) are true for parabolically convex solutions of the

parabolic Monge-Ampére equation —u,det D?u = f on bowl-shaped domains.
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CHAPTER 2

PRELIMINARY MATERIAL

2.1 Weak Solution

The weak solution considered for the Monge-Ampére equation det D?u(z) =
f(z) is that of Aleksandrov. and requires the notions of the normal mapping
of a function u : 2 — R, where Q C R", and the Monge-Ampére measure

associated to u. We begin by explaining these topics. This material comes

from Chapter 1 of [3].

Definition 2.1.1 The normal mapping (or sub-differential) of u is the set-

valued function Ju : Q@ — P(R"), whose value at a point rq is the set
du(zry) = {p € R* : u(z) > u(xg) + p- (z — o). z € Q}.
If E C Q. the normal map of E is Qu(E) = |J,cp Ou(z).

Given a function u. du(xg) is the set of points p that determine supporting
hyperplanes (affine functions () such that {(zg) = u(xo) and [(z) < u(zx) for
all r € Q) to u at ry. It is possible for du(zg) to be empty. Indeed. if u is
strictly concave on Q then the normal mapping will be empty at every point
of the domain. When the function u is convex. du(r) is nonempty at every
point. If u is differentiable at rq and du(xy) # 0@ then du(ze) = Du(xo). Since
convex functions are differentiable at almost every point, the normal mapping

provides a substitute for the gradient for these functions.
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Theorem 2.1.2 (Theorem 1.1.13 in [3]) If Q is open and u € C(Q) then the
family of sets

S ={E CQ:0u(E)is Lebesgue measurable}

is a Borel o-algedra. The map Mu : S — R defined by Mu(E) = |0u(E))
(where the notation |S| indicates the Lebesque measure of the set S) is a mea-

sure, finite on compact subsets, called the Monge-Ampére measure associated

with the function u.
We are now in a position to define the weak solution.

Definition 2.1.3 Let v be a Borel measure defined in Q. an open and convez
subset of R*. The conver functionu € C(S2) is an Aleksandrov or weak solution
to the Monge-Ampére equation det D*u = v if the Monge-Ampére measure Mu

associated with the function u equals v.

This notion of weak solution is reasonable, since if v € C?(Q) is convex

and is a classical solution of det D?u(z) = f(z), then
Mu(E) = / det D*u(r) dr = / f(z) dr
E E

holds for any Borel set £ C 2. This means that u is an Aleksandrov solution

of det D*u = f(r) dr.
We now state a lemma that will be useful in some of the convergence

argumaents below.

Lemma 2.1.4 (Lemma 1.2.3 in [3]) If ux are convez functions in Q2 such that
uxy — u uniformly on compact subsets of Q2 then the associated Monge-Ampére

measures Mug converge to Mu weakly. In other words,
[ 1@ dstu~ [ 5 daru

for every f € CI(Q).
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Note that these solutions are always convex. The main objective of this
thesis is to determine what further regularity properties are satisfied by so-
lutions when the measure on the right-hand side satisfies a certain condition

explained below.
Before introducing this condition. we state the fundamental existence and

uniqueness result for Aleksandrov solutions of the Monge-Ampere equation.

Theorem 2.1.5 (Theorem 1.6.2 in [3]) If Q is open bounded and strictly con-

ver. u is a finite Borel measure on Q). and g € C(9N). then there ezists a unique

u € C(Q) which satisfies Mu = p in Q and u = g on IN.

Finally. to end this section. we mention a comparison principle that will
be exploited in a barrier argument in the proof of strict convexity of solutions

to the Dirichlet problem with nonzero boundary data.

Theorem 2.1.6 (Theorem 1.4.6 in [3]) Let u. v € C(Q) be convez functions
such that for every Borel set E C Q,

|Ou(E)| < |[Ov(E)|.
Then
mﬁin{u v} = nal}zn{u - v}
2.2 Cross-Sections and Normalization

The approach to studying regularity of solutions to this equation involves

analyzing the properties of the sections of the solution u.
Definition 2.2.1 The sections of u are the (convez) sets
S(zg.p.t) = {r € Q:u(x) < u(xe) +p- (z — z¢) + t}.

where p € Ju(xy) and t > 0.
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These sets are formed by taking a supporting hyvperplane to u at ry. sliding
it up by a height of ¢t. and looking at the values of r € Q for which the
graph of u lies below this raised hyperplane. Roughly speaking. the main
idea of this approach is that if the properties of these sections are known. this
should provide valuable information about the function u itself. We make the
assumption that the sections of u are bounded sets. This means that the graph
of u does not contain any rays. Furthermore, when the function u is defined on
a bounded set €. we only consider values of the parameter ¢ for which either
S(zo.p-t) C Q or if S(zo.p. to) NI # 0. then S(xg. p.t) C Q for t < tq.

We now introduce some notation and terminologyv. For any bounded convex

set S. its center of mass will be denoted ¢(S), and this point is given by
c(S), = 1/1 drfori=1 n
=g R

Secondly. aS for a > 0 refers to the dilation of S with respect to ¢(S) by

a factor of a. In other words.

aS = {a(x -¢(S))+¢(S): € S}

Various conditions can be imposed on the measure appearing on the right-
hand side of the equation. One case is to consider those measures that are
bounded between two positive constants. i.e. AE| < p(E) < .\|E|. In this
case. many regularity results are known: see [1]. [2] and [3]. This thesis is
concerned with two generalizations of this condition. which are stated in terms
of properties satisfied by the sections of u. The first is a doubling condition:
The measure y is said to be doubling on the sections of u if u(S) < Cu(%S) for

all sections S and some positive constant C. If A < u <.\, then u is doubling,

since
1 A | AU |
u(S) < \|S| = '2"-\|§5| =2 X’\|§S| < Q"K#(§5)~

The second generalization of the measure being bounded between two con-

stants requires a little more background. and will be introduced in Section 2.3

below.
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Definition 2.2.2 A convez set Q) is said to be normalized if ¢(2) = 0 and

B, (0) C Q C By(0), where a, is a dimensional constant.

The following result of Fritz John plays a critical role in many of the argu-

ments below.

Theorem 2.2.3 Let Q C R" be open bounded and conver. Then there exists

an invertible affine transformation T such that T(Q)) is normalized.

The proof of this theorem uses the following result concerning ellipsoids of

minimum volume.

Lemma 2.2.4 (Lemma 1.8.1 in [3]) Let S C R" be bounded and convez.
Suppose also that S has nonempty interior. Then:

(a) Let o € S. Consider the class Fy of ellipsoids centered at r, that
contain S. Then there erists Eq € Fy such that |Ey| < |E| for all E € Fy. We
say that Ey is an ellipsoid of minimum volume for S centered at z,.

(b) Consider the class F, of all ellipsoids that contain S. Then there ezists
E\, € F| such that |E\| < |E| for all E € F\. E, is called an ellipsoid of

minimum volume for S.

We conclude this section with a useful formula for changing variables by
an affine transformation (See p. 47 of [3]). Let T be an invertible affine
transformation. T'x = Ar +b for some nonsingular matrix 4 and some b € R".
Suppose u: R* = R and v(y) = A\~ 'u(T"'y) where A > 0. The affine function
l(z) = u(xq) + p- (r — 19) is a supporting hyperplane to u at xq if and only if
{y) = v(Tzo)+ A"Y(A™")p- (y — Txo) is a supporting hyperplane to v at Tzy.
This means that if S = S, (xq,p. t) is a section of u, then T(S) is a section of

v. More precisely. T(S) = S,(Txo. A™'(A™")*p. £). This also implies that
1
T(:‘—l)t(au(f«')) = 0v(TE),

and hence that
Mv(TE) = /\—ln-l det A7 Mu(E) (2.1)
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for any Borel set E. From this formula and the fact that for any section S.
T(aS) = aT (S). we get that if Mu is doubling (or D, introduced in the next

section). then so is M. with the same constant.

2.3 Normalized Distance to the Boundary

Given a bounded open and convex set S. we can define, following Jerison
(p.31 in [3]). a dimensionless. normalized distance from an interior point to

the boundarv of S.

Definition 2.3.1 The normalized distance from r € S to the boundary of the
conver set S is
|z — 11

d(x.S) = min o]

where r| and r» are in 3S and the three points r. r, and r, are collinear.

In other words. consider a line through the point r. This line intersects
dS in exactly two points r; and r;. We can then form the fraction appearing

in the definition. Then take the minimum over all lines passing through r. to

determine d(x. S).
Note that this quantity is always less than or equal to 1. Other properties

of the normalized distance appear below.
We are now readyv to define the second condition that will be imposed on

the measure on the right-hand side of the equation. This condition was first

considered in [3].

Definition 2.3.2 Let € satisfy 0 < e < 1. The measure p is said to be D, or

u € De. if
/6(:.5)1“d,u <Cu (éS)
5 -

for all sections S.

Notice that the doubling condition is included in this family of conditions,

and corresponds to € = 1. Since d(x. S) < 1 for any r and any S, if the measure
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u is doubling, then it satisfies D, for any €. More generally, if 4 € D,,. then
i € D, for every € < ¢g. When we need to specify the constant appearing in
the definition of D,, we use the notation u € D.(C) to denote that u satisfies
the D, condition with the constant C.

Two important properties of the normalized distance 4(-.-) are contained

in the next result.

Lemma 2.3.3 (a)The normalized distance is invariant under affine transfor-

mations. If T is an affine transformation, then d(z.S) = 6(Tz.T(S)).

(b) When the set S is normalized. §(r.S) = dist(z.dS).

Remark These properties taken together provide a justification for calling
d(-.-) the "normalized distance to the boundarv”. Let S be any open. bounded.
convex set in R®. By Theorem 2.2.3. there exists an affine transformation T
that normalizes S. Using the two properties listed above, we see that d(z,S) =

0(Tz.T(S)) = dist(Tr,0T(S)).

Proof To see why (a) holds. simply notice that for any affine transformation

T.
|z, —x] [Tz, -T1x

| — B [Tz -Tz|

and recall that T maps straight lines to straight lines.

The proof of (b) requires a little more work. Let S be a normalized convex
set. In addition to the usual notion of dist(z.3S) we also consider the radial
distance from r # 0 to the boundary dS. This is given by |z —cz|, where ¢ > 0
and cx € dS. We denote this radial distance by dist,(z,3S). We will show
that §(z.S) > Cidist(r,3S) and that §(z.S) < Cadist.(z.9S) for all r € S.
The claim will then follow since dist(-.3S) = dist.(-.0S). For any £ € S. we

have that

lr — x| _ dist(z.0S) _ 1.
> > - . .
T =12 > diam(3) = 2754=:95)

d(x.S) = min
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Now given £ € S (z # 0). let cx € 3S be the point for which |r —cz| =
dist,(x.3S). Let T denote the antipodal point to cx. In other words. € 95

and the three points r. ¢r and F are collinear. Then

d(r.S) £ '—ll-;—__-cfill
The segment from r to I contains the segment from 0 to I which is larger
than ay, since B,,(0) C S. Therefore, §(z.5) < -dist,(z.S).

The claim will follow if the radial distance to the boundary and the usual
distance to the boundary are comparable. Clearly, dist,(z.dS) > dist(r.35).
Let dist(x.0S) = € and suppose dist(z,dS) # dist.(z.3S). Then B(x) C S.
Construct a line ! through cr and any point y € 95, where dist(z.dS) is
attained. We now construct two similar triangles. The first one has vertices
r. y and cx. The second has vertices at 0 and at cz. the angle at 0 is the same
as the angle at r for the first triangle. and the third side of the second triangle
is the line [. Note that by convexity, the third vertex of the second triangle
lies outside of S. so a > a,. where a is the length of the side of the second

triangle that connects 0 to the line [. This side corresponds to the side of the

first triangle that connects z to y. Then. by similarity.

lex—z| |ex—1x| Jex—-0] ez
lr—y| € T a o«

Therefore. |cz - z| < o, 'e = o, !dist(z.8S). and these two notions of distance

1 1
< —lex| £ —.
a, an,

to the boundary are comparable with constants depending only on dimension.

This completes the proof. (3

Lemma 2.3.4 Let S be a bounded conver domain. The normalized distance

to the boundary 6(x.S) is continuous.

Proof Fix r € S. In a neighborhood of each point of dS. the boundary is
the graph of a Lipschitz function. Cover the compact set dS with finitely
many of these neighborhoods. Let K be the largest of the Lipschitz constants

associated with these neighborhoods. and let € < dist(z.95) Jet 7€ B¢(r). and
& AK +1)
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let [ be any line through r. Denote the points where [ crosses dS by r, and
I,. Now translate [ in a parallel fashion until it passes through z. Call this
line /. and denote the points where [ intersects S by f; and F». Then since
the boundary of S is locally Lipschitz and dist(l.l) < e. |z, — 7| and |z5 — T
are both smaller than A'e.

Then we have the inequalities:
-5 < lr=Z+ |z —nl|+[5 —n| <z —o|+ (K +1)e
and
| = Faf 2 | —Ia] = |2 — L2 = |z = Z| 2 |2 — 22 = (A" + 1)e.

Therefore. we see that

2— B _lz-nl+ (K +1)e
T — %9 = |z —ura] = (K +1)e

It follows that

| | lz-n| _ (K+le+jz—xn| |r-1i
| —Za| |r—Iof T lr—ro) (K +1)e [z— 19

_ (R + 1)e(|r = s + | — 1)) < 2(K + 1)ediam(S)
T |z — )2 = (K + 1)e|lz — 1y] T dist(z,0S)(1 = (K + 1))’

Hence. we observe that for any line [ and any I € B.(r), the quantity

F-5] |-z

IZ — I |z -z
can be made arbitrarily small by choosing € small enough. i.e. §(z. S) is con-

tinuous. O

2.4 Three Important Estimates

Two pointwise estimates play a crucial role in what follows. Both describe

a relationship between the size of u at an interior point of the domain and the
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“distance” the point lies from the boundary of the domain. A third estimate
establishes a connection between a function’s minimum and the integral of the
normalized distance to the boundary of the domain over the whole domain

with respect to the Monge-Ampére measure.

Theorem 2.4.1 Aleksandrov’s Estimate (Theorem 1.4.2 in [3]) If Q C

R" is bounded. open and conver and u € C(€2) is conver and ujsq = 0. then
lu(xo)|® < Cln)(diamQ)" " 'dist(xry. Q) Mu(Q)
for all ry € Q).

When Mu € D, for0 < € < 1. Mu(2) can be infinite. making this estimate

not useful. but there is a substitute:

Theorem 2.4.2 Aleksandrov-Jerison (Lemma 7.3 in [5]) If Q is conver
and normalized, u € C () is conver and ulgn = 0. and 0 <€ < 1.

tu(x)|™ < C(n.€)d(rq.0Q)¢ / (. Q) dMu
Q

for all ry € Q.

Proof Without loss of generality. multiply u by a positive constant so that
u(rg) = —1. Choose positive constants s and 3 small enough so that 3n < ¢
and 377, sk < § where sp = 52759, Let A denote d(zo. Q)¢ [, 6(z. Q)" dMu(z).
We need to show that 4 > C = C(s). since s depends on e.

Let Qe = {r € Q: u(r) < M = —1+8;+89+--+5¢} and O = dist(Q.0NQ)
for k=0.1....

We claim that 4y /4 0 as k& — . If this is not true. then we could
select a sequence {y.} with yx € Q. such that dist(yx.0Q?) — 0. From this
sequence we can choose a convergent subsequence. also denoted {yx}. Then
0 = limgo u(yx) < =1+ 3 sk < —3. a clear contradiction.

Hence there exists a smallest & for which dx.; > %ék. Let zx € 0¥ be a

point closest to d92. i.e. dist(zry.dN) = .
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Then we have that dist(r;, 0Qk41) < %o’k. To see this note that the segment
L from r to 91 with length J; intersects 9., at some point. say Ix;;. LThen

dist(.rk;.l.aQ) > dzst(@Q,\,laQ) = (5}:4.1. Now
. . 1.
Ok = |tk — Tkaa] +1 2 |1k = Iy | + dist(rxey. OQ) > |1x = Tpsa| + 50k

where ! is the length of the rest of the segment L (not the part from rj to
Ii.1). Therefore. 30k > |1k — 2gr| > dist(rx. Q1)

The next step is to apply Jerison's Lemma 7.2 (compare with Theorem
2.4.1) to the function u(r) — A4, on the set Qx.,. For completeness. we

include the proof of this lemma at the end of the argument.

Lemma 2.4.3 (Lemma 7.2 in [5]) Let E be an open conver set and suppose

u € C(E) is conver and is 0 on OE. Then there erists a dimensional constant

C such that
lu(z)|® < Cé(x. E)|E|Mu(E).
This gives
lu(rr) = Akl < CO(xpe. Qo) [t | Mu(Qpe 1)
since u(rg) = Ag. u(ry) — A\gs1 = —Sk~1. Then we see that

Spe1 S CoHxk. Q1 )| et | M u (i) (2.2)

Note that ;. is convex. It is a section of u of height | min u| + A\¢.; with
base point at the minimum of u with siope 0. Let L now be a shortest segment
from ry to 3., and let : be the endpoint on 99k, ,. Since Q. is convex.
the hyperplane IT through = and normal to L is a support plane for Q.. Let
p =|L| = jzr — z|. Let IT' be the support plane parallel to IT on the opposite
side of €2¢.; (so that €., is contained in the slab between II and IT') and let
r = dist(II. IT"). Then since Qi.; C B;(0). there exists a dimensional constant

such that [Q.,| < Cr.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



15

Let T be an affine transformation normalizing Q4 .;. Then dist(T(IT). T(IT"))
=~ 1 and. by a similar triangle argument. dist(T(zx). T(IT)) = &.

On the other hand. by Lemma 2.3.3,
O(rk. Qear) = 8(T(xx). T(es1)) < Cdist(T(xk). T (k1))
< Cdist(T(xy). T(IT) < cg.
Inserting this into (2.2). we get
Ster € CEIQ | M u(Qt) < CoMu(Rrt) < Chint Mu(Sn).

By the choice of k. dx+1 < 0 < 2758 < C27%3(z0.9). where §y =
dist(Qp. 00Q) < dist(rg.IN). Therefore.

dMu(r) =5,§+1/ oprtdMu(r). (2.3)

Qk-H

Geet Mu(ert) = 16135 [
Qi1

For every r € Q.. we have that §(z. Q) > Cdist(z.9Q) > Cdist(Q+1.00) =

Cdx4,. so that

(2.3) < (5,2‘[ Co(r, Q)l—cd;\[u(l‘)
Qi

< C2"“o’(ro.§2)‘/ o(r. Q)" dMu(z) = C27* A
Dies1
Hence s, = s"27"k+1)3 < C2-k< 4, Since 3n < ¢, we get that s"27<*+1) <

C2-*% 4. implyving that s" < C.A. where C depends on e. This completes the
g

proof of the theorem. {J
Proof of Lemma 2.4.3 Let T normalize E. and let v(y) = u(T"'y). By
Theorem 2.4.1 applied to v in T(E) and using Lemma 2.3.3 and (2.1),

lu(z)|* = [e(Tz)|* < CaldiamT(E))" ‘dist(Tz,dT(E)) Mr(T(E))
< Cadist(Tz.0T(E))Mu(T(E)) < Cod(Tz.T(E)) Mv(T(E))

Cad(z. E)Mu(T(E)) = Cad(z. E)| det T~"| Mu(E)

Cad(z. E)|E|Mu(E).

IA

where the last inequality holds because |det T™!| = ﬁ'%ﬂ <C|E|. O
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There is an example (see [3]. pp. 44-43) showing that if € = 0, there is
no way to estimate the size of u at a point in terms of its distance to the
boundary. This is the reason for requiring that the exponent appearing in the
definition of D, is strictly less than 1.

To conclude this section, we prove a useful relationship between the min-
imum of a function u and the integral of the normalized distance over the
domain that holds under certain conditions. This is the analog of Proposition
3.2.3 in (3].

Proposition 2.4.4 Let Q be open conver and normalized, u € C(f2). conver
and ulag = 0. Suppose [,d(r.Q)!"dMu < CMu(3Q). Then there ezist two
constants C, = Cy(n.€) and Cy = C3(n,€.C) such that

Cy| min u|" S/J(I.Q)“‘d;l[u < Col min u|™.
0 0 Q

Proof The first inequality follows directly from Theorem 2.4.2 and the fact
that 6(z.Q) < 1. In fact. for this inequality the hypothesis concerning the

integral is not needed. For the second inequality,
/ . ) dMu < c.uu(lQ) < C|minul®
n 2 L

where the second inequality is a consequence of the following lemma and the

fact that since  is normalized. dist(3Q,8Q) > C(n). O

Lemma 2.4.5 (Lemma 3.2.1 in [3]) Let Q C R" be a bounded conver and
open, and ® a convezr function in Q such that ® < 0 on 00. Ifz € Q and
l(y) = o(x) +p- (y — ) is a supporting hyperplane to & at the point (r,d(x))
then

—o(1)
Pl S Ttz o)

More generally, if Qo C Q. then

80(Q0) C B (o maxa, (~9) ) .

' dist(Qg. 00)
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Proof. The claim is clearly true if p = 0. so assume p # 0. We have o(y) >
o(ry+p-(y—r)forevery y € Q. If0 < r < dist(r.dQ) then yy = 1'-+-r§-%' €N
and 0 > o(ye) > o(r) + r|p|. Hence |p| < %") for any r € (0.dist(r.99)).

This proves the first statement. For the second. notice that for anv r € .

—o(r) < maxq,(—o0) and dist(r.9Q) > dist(.00). O

2.5 Hausdorff Metric

The Hausdorff metric introduces a topology on the set of nonempty com-
pact subsets of R®. This metric is the proper framework to analyze the con-
vergence of sections of solutions of the Monge-Ampere equation. and plays an
important role in the proofs of the regularity results appearing below. The
basic definitions ard results come from the book [7]. Let A™ denote the set of

nonempty compact subsets of R".
Definition 2.5.1 For K. L € R™". the Hausdorff metric is defined by
dy (K. L) = max {rrngk\ rynelln lr = yl. max ;Iél,{l lr — yl}.
or equivalently by
dy(K.LYy=min {AN>0: A C L+ \By(0). L C A+ \B,(0)}.
We also define the Minkowski support function of a closed convex set A'.

Definition 2.5.2 Let K’ C R" be closed. nonempty and conver. The Minkowski
support function is the map h(K.-) : R® = R given by
h(K.u) =sup{< r.u>}.
€K
We quote the following result establishing the connection between the

Hausdorff metric and the support function.
Theorem 2.5.3 (Theorem 1.8.11 in [7]) For any convez bodies K and L.

dy(K.L)= sup |h{(R.u)— h(L.u)|.

uesrl—l
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We now collect some properties of the Hausdorff metric that will be used

later. First we present the following theorem due to Blaschke.

Theorem 2.5.4 (Blaschke Selection Theorem) From each bounded se-
quence of conver bodies, one can select a subsequence converging (in the Haus-

dorff metric) to a conver body.

For our purposes. we will not need the full strength of this result. but will
need only the following special case of this theorem. We include the proof

for this case: the argument is contained in the proof of the Selection Lemma

(Lemma 5.3.1) in (3].

Theorem 2.5.5 Let {R,} be a bounded sequence of convez bodies. Suppose
additionally that there is point r and a number € > 0. such that B(x) C K,

for all n. Then there is a subsequence K, converging to a coiver body K.

Proof of Theorem 2.5.5 Without loss of generality. take r = 0. Let F;(z) be
the function whose graph is the cone in R"*! with vertex (0. —1) and passing
through the set K, x {0}. Then A, = {r € R* : Fj(x) < 0}. Note that Fj(r)
is convex.

If p € OF;(K;) = OF;(0). then |p| < % Let R > 0 be such that A; C Bg(0)
for all j. Then for any j. —1 < F;(z) < C in Bag(0). where C = C(n.¢€). This
holds because the slope of any ray in a cone emanating from the common
vertex is uniformly bounded. Therefore. the functions {F;(z)} are uniformly
bounded and equicontinuous in Byg(0). So by Arzela-Ascoli. there exists a
uniformly convergent subsequence. which we also denote F;. converging to say
F(r). Since F is the limit of convex functions, it is convex. Define the set K
to be {z € R* : F(z) < 0}. K is convex because of the convexity of F.

We now show that A; — K in the Hausdorff metric. We first demonstrate
that given e. A, C A + eB,(0). for all j sufficiently large. If this is not true,
there exists an ¢ > 0 and a subsequence A’;, such that A;, ¢ K + €B;(0).
In other words. there is a point r;, € A, such that r; € K + eB,(0). This
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will mean that Be¢(z;,) N K = 0. Since {z, } is bounded we may assume that

r; — I. Then:

\Fy(r) = F(P) < UF) (1)) = F(r, )+ 1F(ry) = F()L

Both of the terms on the right go to 0 (by uniform convergence and by the
continuity of F respectively). Hence F, (r; ) — F(Z). but since r; € A,,.
F;.(r;,) £ 0. implying that F(Z) <0.so I € K. but Bg(r, )N A = 0. This
is a contradiction.

The next step is to show that A" C A + €B,(0) for all j > J(¢) . Let
r € K. Then F(z) < 0. We need to show that if j > J(¢). there exists
r; € K, for which |z; — r| < €. If not. there exists ¢ > 0 and a subsequence
for which A, N B(r) = 0. This implies that Fj |, (x) > 0. In particular,
Fj.(x) > 0. but F, (r) = F(r). The oniy way this is possible (since r € K) is
if F(z) = 0. 1i.e. r € K. Now choose a sequence {yx} converging to r. such
that yx € Bs(r) Nint(K). Then F(y) < 0 so we must have Fj, (yx) <0 for &
sufficiently large. but F}, |p, (ry > 0. This is a contradiction. and therefore. for
all € > 0. there is J = J(¢) such that K C K, +¢B,(0) for all j > J. O

The next lemma connects convergence in the Hausdorff metric with point-

wise convergence of characteristic functions.

Lemma 2.5.6 Suppose {K,}. a sequence of compact convezr sets converge
to K in the Hausdorff metric. Then x g, (r) — \xx(x) powntwise for every

r & 0R.

Proof of Lemma 2.5.6 By Theorem 2.5.4. K is compact and convex. First
suppose r € K. Then dist(z, K) = p > 0. Hence z ¢ K + £B,(0). By the
convergence of A, to K. this means that z ¢ K, for all n sufficiently large.
Therefore. yx,(z) = 0= yx(c) foralln > .V.

Now suppose r € int(R). Let 0 < p < dist(z.0K). Then B,(r) C K.
Change the coordinates by a translation so that in the new coordinates r = 0.

From now on A, and A represent the translations of the original sets in
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question. For any v € S"~!, K is contained between the parallel planes
{:eR' :<:zv>=h(A.v)}and {: e R* :< z.v >= h(R. -v)}.

Since B,(0) C K, h(K,v) > p for all v € S™'. For n > N(p), we have
that |h(u. Ky) — h(u. K)] < & for all u € S™~!. Therefore. h(u. K;) > § for
any unit vector u. so that Bg(O) C K, for any n large enough. This shows
that 0 € A, for such n. and translating back to the original coordinates. we
get that r € R, for all n > .V for some .V. proving the claim. O

We now prove if a sequence of convex bodies {A’,} converges to A". then

the sequence {{A’,} converges to J A"

Lemma 2.5.7 If K, = K in the Hausdorff metric. then %[\'n — -1;1\ where

%K,, 1s the dilation of K, (respectively %1\' ) with respect to its center of mass

c(hy,).

Proof We have the following formulas:

(c(Ky) +y):y € Ryp}and

[e(RL))i = ﬁ - I, dr.

o] -

1.
ghn =1

By Theorem 1.8.16 in [7]. the volume map is continuous in the Hausdorff
metric. In other words. if S, — S. then |S,| — |S|. We now show that the
center of mass map is also continuous with respect to the Hausdorff metric
on the class of convex bodies. To prove this we need to demonstrate that
/, &, T dT > [i =i dz. Since {K,} converges. there exists an R > 0 such that

K. K, C Bg(0) for all n. Then:

l/ r,dx—-/ I;dx 5/ lrildr+/ |z;|dz
Kn K Rnanke KNKS

< R(K.N K +|K NKE]) =0

as n — 2. since A, — K, so by Lemma 2.5.6. yx, — Xk almost everywhere.
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Now let € > 0. Then there exists .V such that n > .V implies that K C A, +
eB1, K, C K+¢€B,. and |c(K,)—c(K)| < e. We need to show that there exists
V' such that if n > V. the following two inclusions hold: %I\ C %K,, +eB,
and 1R, C K + ¢By.

Let x € %K. Then r = %(C(K) + y) for some y € A. We want to show
that for n sufficiently large. r € %Ku +¢B,. In other words. we need to find a
point z, € $ K, such that |r — z,| <.

For each n > V. there is a point 3, € A, such that |3, — y] < €. Let
tn = 3(c(Kn) + 5) € %I\'n. Then:

_1
2

(Ie(K) —c(RKa)| + 1y — Zl) < e

| —

2 = 2l = 5 (elK) +9) = {e(Kn) + 5,)] <

The other inclusion is proved by contradiction. If the claim is not true, then
there exists € > 0 and a subsequence K, such that K, ¢ 3K +€eB;(0). This
means that we can find a sequence of points {z, } such that r, € jA;,, and
dist(z,,, 1R’) > e for all points in the subsequence. Write 2, = }(c(Khn,)+Zn,)
where I, € R,,. By passing to another subsequence. we can assume that
In, = I. Then by letting j — oc. we see that r,, also approaches a limit.
namely 3(c(K) + I). Theorem 1.8.7 (b) in [7] states that if A, — A and
{.7:"1} converges to r. where r, € A7 . then r € K. This theorem implies
that £ € A and therefore {z, } converges to a point in 3A". However, this is
impossible if dist(zn . 1K) >e. O

The last two results in this section concern the convergence of the normal-
ized distances to the boundaries of convex sets converging in the Hausdorff

sense. and the continuity of sections in the parameter ¢ respectively.

Lemma 2.5.8 Let {S;} be a sequence of convez bodies converging in the Haus-
dorff metric to the convez body S. Then for every z € S. §(z.S;) = 0(z.S).
In fact. the functions f;(z) = d(x.S;) converge uniformly to f(z) = d(z.S)

on compact subsets of S.

Proof Let £ € S. Then dist(z.3S) = p > 0. Since S; = S. Lemma 2.5.6
implies that r € §; for all j sufficiently large (depending on p). Then for
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these j. d(r.S;) is defined. Let [ be any line through r. Let r, and r, be
the endpoints of the segment /N S. Let r] and r’z be the endpoints of the
segment [N .S",». with r{ being in the same ray (emanating from r) as r,. We
make the claim that r] — r; and r} — r» "uniformly” in the sense that this
convergence does not depend on /.

Then:
o =2l =l

I3 —r|  lz2— 1|
and this implies that d(z.S;) = d(z.5).
We prove the claim by considering two cases. First. consider the case that

lz] — x| > |1 — r|. Let u be the unit vector from r along [. pointing in the
direction of r;. Let [1 be a support plane to S at r;; let v be its unit normal
(away from S). Let [T, be the plane parallel to II that supports S; at some
point. Let R, = dist(II.II,). Let 6 be the angle between u and v. Then
|r] — 1] < R,secf. Construct a right triangle with one vertex at r. The
angle at r is 6. and the sides intersecting at r are given by the ravs emanating
from r with directions u and v. The second vertex A is the point in S where
the ray starting at r in the direction v hits dS. The third vertex is the point
B lying in the ray from r with direction u that lies in a plane parallel to II
through 4. Then

r-AlS _»

|lr — Bl = diam(S)
Hence. there is a number M for which sec@ < M. Therefore, |z} —1,| < M R;.
By Theorem 2.53.3. R, < dg(S;.5) — 0. This is because the number R; is

> 0.

cosf =

h(v.S,;) — h(v.S), where h(-.-) is the Minkowski support function. This shows
that 7 — r, at least for those j such that |z} — z| > |z, — z|.

We now consider the other possibility. that |z, — | > |z] — z|. As before,
let u be a unit vector from r along ! pointing in the direction of r,. Let II; be
a support plane to S; at r] and let ¢; be its unit normal (pointing away from
S;). Let II} be parallel to II; and support S at some point. Denote by R; the

distance between the parallel planes II; and IT;. Let §; be the angle between
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u and v;. Then [r] — )| < Rjsec@;. For each j we construct a right triangle
with vertex r and sides intersecting at r given by the rays starting at r with
directions u and vj. The second vertex of the triangle. 4; lies at the end of
the side with direction v; and is in the boundary of S;. The third vertex, B;.
is found by intersecting the side with direction u with the plane parallel to II,

that passes through 4;. Then

|z — 4, p/?
> 0.
iz = B,| = diam(S)

Then. as in the first case, r7 — r, for those j for which [z, — z| > |z] — z|.

cosf; =

For both of the cases considered. the same arguments show the correspond-
ing result for r,. Combining the two cases, we get that r] — x| and } — I,
Notice that the convergence does not depend on the particular line {. This
allows us to conclude that d§(z.S;) — d(z.S) pointwise for every r € int(S).
The claim about uniform convergence on compact subsets follows since the
only property of the point r needed in the above argument was its distance
from the boundary of S. Therefore. if K’ € S. dist(x.dS) > p > 0 for all
r € K for some p. Then we cap apply the above argument to deduce the

uniform convergence. Ul

Lemma 2.5.9 Let u be a convex function defined on a domain ). Let S =
S(zg, p. t) be a section of u. such that S € Q. Let p > 0. Denote by S? the
section S(rq, p,t — p), and the section S(zq,p,t+ p) by S,. Then

limS? =1lim S, = S.

p—0 p—0

where the limits are in the Hausdorff metric.

Proof
Let {(z) = u(xg) + p- (r — zg) + ¢t be the affine function defining S, i.e.
S ={z€Q:u(r) <l(z)}. First we show that lim, .o S, = S. For every p,

S C S,. so we only need to prove that for every po > 0,

S, C S+ pB1(0)
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for all p sufficiently small. If this is not true, then there exists po > 0 such that
for each n € N. there exists ¢, < }l and a point r, € 9S,, N (S + poB(0))°.
This implies that dist(r,.dS) > ps. But this leads to a contradiction. Choose

a subsequence r, — 7. Then:

U(In,) = U(IO)+p'(InJ ‘IO)+t+5n,
$ l
u(f) = u(rg) +p- (T — o) + t.

This means that € dS. but dist(£.9S) > po. This is a contradiction.

Now we prove that S? — S, as p — 0. Since S C S for all p. we only need

to show that for all pg > 0.
S C SP+ peBy(0)

for all p sufficiently small. Again, the proof of this inclusion is by contradiction.
[f this does not hold. there exists a p > 0 such that for all n. there exists
€n < % such that S ¢ S + poB(0). In other words. there is a point z, € S
such that r, € S + pyB:(0), meaning that dist(r,, dS") > ps. Then we can

choose a subsequence I, > L€ S. Each In, € S, so
[(£n,) ~ €, < uo(Tn,) < l(zy,).

Let j — > to conclude that () < ug(F) < {(£). This means that £ € 95.

We have the inequality:

dist(£.95"1) < |T — I, | + dist(zy,,.0S* ) and

This implies that |dist(z.95) — dist(z,,.35" )| < |T — I,,|- We also have
that |7 —r, | = 0 and dist(z,,.85 ) > po. This implies that dist(z.95) >
£ for all j large enough. Therefore. Be(2)N S = @ for large j. However,
since £ € OS. there is a point = € ng(i') such that z € S. This means that
ug(z) < I(z). so ug(z) < l(z) — €,, for j large enough, implying that z € 5.

This is a contradiction. (J
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CHAPTER 3

REGULARITY PROPERTIES

3.1 Comparison of D, and D,

The following theorem shows that the two conditions. D, and doubling,
are equivalent for convex functions defined on the whole of R*. The converse

of this theorem is a trivial consequence of the fact that 4(-.-) < 1.

Theorem 3.1.1 If u: R* — R is conver and Mu € D, for some e € (0,1),
then Mu is doubling.

The proof of this result uses the characterization of doubling Monge- Ampére

measures on R" due to Gutiérrez and Huang:

Theorem 3.1.2 (Theorem 3.3.5 in [3]) Mu = p is doubling on R* if and
only if there erist constants 0 < 7. A < 1, such that for all o and t > 0.

S(zo.p.7t) C AS(z4.p. t).

Proof of Theorem 3.1.1: Let S = S,(xo,p.t) be any section of u. Let
T be an affine transformation that normalizes S. Tr = Ax + b for an in-
vertible matrix A. and denote T(S) by S*. Define v(z) = u(T"'z). Then
T(Su(xo.p. At)) = Su(Txg.q.At) for any A > 0. where ¢ = (A!)!p. We also
have T(AS) = AT(S) = AS™.
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Let v*(x) = v(z) — v(Txy) —q-(x — Txg) —t. Then Jv* = dv — q. and by
the translation invariance of Lebesgue measure Mv* = Mv. Also. v*|s5- = 0.
Let y € S*\AS™. where A < 1 is to be chosen, close to 1.

Since S* is normalized, dist(y,9S*) < (1 — A) implies that é(y, S*) <
C,.(1 = \). Then by Theorem 2.4.2 and Proposition 2.4.4:

IN

Co'(y.S')‘/ 3(x.S*) e dMet
5.

C(1 — \)¢|ming.v*|"

C(1 = \)t™.

e ()i

IA

Therefore ¢*(y) > —=C(1 — \)~t. meaning that
v(y) = e(Tro) — q- (y = Txo) > (1 = C(1 = \)#)t.

Choose A so that the term on the right hand side is positive. Then choose

0<7<1—C(1=\na. Therefore.
v(y) 2 v(Tro) +q- (y — Txo) + 7.

so y & S,(Trg.q.7t). This implies that S,(Tx¢.q.7t) C AS*. By applying
T-!. we get the inclusion S,(ro.p.7t) C ASu(x.p.t). So by Theorem 3.1.2.
Mu is doubling. O

For functions defined only on bounded domains in R". the two conditions
are not equivalent. A simple example of a function whose Monge-Ampere

measure is D, but not doubling on sections is presented next.
Example Define the function u: [0.1] = R by
zlogr 0<zr<1,
u(r) =
0 r=0.

This function is continuous on [0, 1]. convex and satisfies Mu = % dr.
Since u is zero on the boundary (i.e. u(0) = u(1) = 0), the interval (0. 1)

is a section. By considering this section. we see that the measure cannot be
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doubling, because

1y
Mu((0.1)) = /sz.but
0

I

3

)

YT 3 < .
r

I

Mu( l(O. 1))

2 L
This means that there is no constant C for which Mu((0.1)) < C.\[u(,_%(O. 1)).
Therefore. the measure is not doubling on sections.

D means that for any section (a.b) C (0.1).

" Uz
/‘5(1-[0-[’])%(2—1SC.\[u(:i—(a.b)):C < _cn (3"*“)‘

2 ETI da+b

Here
r—a a+bd
b ¢<IS T
é(z.[a. b)) =
boz ‘%” <r<hb.

To show that Mu € D L. four cases will be considered:

l. a.6>C;>0.

0<a< (. b > Cya. where Cy >
3. 0<a< (. b < Csa.

4. a=0.

~
[(M1]X)

Case 1. Whena.b > (). 1< % < Cil On sets of this form .M u is comparable

to Lebesgue measure. so Mu is doubling and hence satisfies D;.

Case 2. We write

b ath — b —
srfe )i [T g [ M e
a I e« IVb-—1 b IVI —a

We consider integral [ first:

b

I</%ﬂ’ it _ V2 /*?—ﬁ_ atb_ .-
“Jo Vvb—z T Vb-al, B

2V2
T Vb-a 2
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L 2V2 a+b) _, fa+td % _, 2
“Vbh-a 2 -

We now turn to I/:

t) b — ¢) -) b
1<,/ VoI« “vV<© / Vb = rdr

“Vb—a azt I T (a+b)vb—a g
< 2v2 b—a(b—a)_b—a<
T (a+bvb-a 2 2 Ta+b "~

Therefore. I + I < 2‘/“_%1—) + 1.

The right-hand side for the D, condition is

ln<3b+a)>ln _ 3 Vo2
3a+b) = b +1)) =+1)

Choose C such that 1+ 2, /(l—_—g,—_r) <Cln (137[) . For the term on the right

Ca’

to be positive (so that the choice of C is possible). C; must be > %

Case 3. Let b = a + h.where h < (C; — 1)a. \We want to show that the
following inequality holds:

a+% /.L' _ a‘ dr b /
. IrVb—1 ath IVI —a

3b+a da + 3h
< = . .
—Cln(3a+b) Cln(4a+h) (3.1)

Since II < I (see below). it is enough to prove the estimate for /. We have

a+ i h

2 + 3
IS/ ldI=ln(a 2)=ln(1+£)$£.
a I a 2a 2a

For the right-hand side of (3.1).

1a + 3h % [ 2
= >C . 2
In(m;h) ln<1+4a+h)_c(4a+h)' (3.2)

where C < 1 is chosen so that In(1 +z) > Cr. for all r € [0. ©=L]. Then the

last inequality in (3.2) holds since =27 < AC2-la C’;‘. The claim will hold

da

ML dr=I+11

that:

if C can be chosen such that:

h =~ 2h da
— <
5 < C' 5 equivalently C~! Ta<h
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Now
da da 4

> = .
da+h =~ 3+Cr)a 3+C,

. A4
Hence. take C = 7 Then

h - 2h C da + 3h 1
— <= =C. =(a. .
I< <3 C +h“Cln<4a+h) C\1u<2(ab))

Q

Case 4. When a = 0. the right-hand side is In3. Therefore we just need to

dominate the left-hand side by a constant. The left-hand side is

/O-I—-%d:r-i- e\/z:/__—

Note: Again [] < [. so it is enough to estinate /. This is done as follows:

2 131
</ | —dz=2
1_\/;/0 ﬁdz

Therefore. the desired inequality also holds in Case 4.

We now prove that /I < I. For any interval, (a.b) C (0.1),

/ab‘s( [“b]iii:/a%b [“"]% /; [ab])—-l +11.

2

azb
a+b/ o(x. [a. b] ',and
2

b
< = 5(r.[a.b])i dr = IT'.
”—a+b[+b"(r [a.b])? dr = I1

=[+1I.

Then

Now notice that I’ = [I' since in this setting  has the symmetry property:
(z.[a.b]) = d(Z.[a.b]). whereif r =a+e. then T =b—e€. for0 <e < %2
Since the four cases considered above exhaust all possibilities for sections,

this completes the proof that Mu € D.. but is not doubling. [
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3.2 Extremal Points and Strict Convexity

This section contains the analog for D, of Caffarelli's theorem concerning
extremal points in the case A < Mu < \. The proof in the case of D, follows
the same outline as in the book of Gutiérrez (Theorem 35.2.1 in [3]). Before
stating and proving this theorem., we introduce some terminology and basic
facts of convex geometry. For a more detailed description of these topics see
[7].

Definition The point ry € dI' is an extremal point of ' C R" if it is not a
convex combination of other points in [.
Remark Let E be the set of extremal points of ['. a bounded convex subset

of R*. Then the convex hull of E equals T.
Lemma Let [ # @ be a closed, convex and bounded subset of R*. Then the

set E of extremal points of I is not empty.

Theorem 3.2.1 Let Q C R" be open. bounded and convez. and let u € C(Q)
be conver. Suppose Mu € D,. Assume u >0 and letT = {r € Q: u(z) =0}.

IfT # 0 and contains more than one point, then I has no extremal points in

Q.

Proof: The proof is by contradiction. Suppose ry € Q2 is an extremal point

of I'. Since u > 0. [ is convex. We apply the following result.

Lemma 3.2.2 (Lemma 5.1.4 in [3})Let T, be an ertremal point of . Then
gwen & > 0 there erist a supporting hyperplane I(z) at some point of I (not

necessarily ry). and €y > 0 such that
(a) Q C {z:I(z)> 0}.
(b) diam{r € Q:0<I(zr) <€} < 4. and
(c) 0 < l(xg) < €.

This result is applied to the the set [ with § = p < 3dist(zg,09). Let r; be

the point at which {(z) is a supporting hyperplane.
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Define
S={rel:0<I(r) <€}
M = {z:1(z) = o}.
My, ={r:(r) =0}

For €, > 0. define the convex set
[, ={reQ:u(r) <ele—[(1)}

Notice that S C T, for all ¢, > 0. Therefore S C [, 5o [c,- We claim that
we also have that ), ,,Te, € S. If r € [',. the non-negativity of u implies
that [(r) < €. and if r € T, for all ¢, > 0. then we must have that u(r) =0.
and hence r € T and {(r) > 0. Since diam(S) < p < jdist(ro.99) and
o € S. S C int(Q). Because the I',, decrease as ¢; = 0. and S = [, 5 [,
[, C int(Q) for all ¢, sufficiently small.

We point out that [, is the closure of a section of u in 2. The set T,
is the set of points in Q for which the graph of u lies below the graph of the
hvperplane I(r) = €,(eg — {(x)). Let no be the largest value of n for which
{r € Q:u(r) <Il(z) - n} is not empty. By continuity there is a point £ € Q
where u(£) = I(€) — no. Then [, is a section of u with height ny with base
point £&. What this amounts to geometrically is lowering the plane { until the
graph of u lies above it.

Now slide II, in a parallel fashion away from [T, until it touches 9, at a

point r., and let I[I; denote the resulting plane. i.e..
H3 = {I : [(I) = _p(1}° Ley € n3- rq - {“,“ P Pey S l(.l') S 60},

with p, > 0.

Let u,, (r) = u(r)—e€ (eo—~{(z)). This function is convex. and infr, u¢ <O0.
This second assertion can be seen from considering the point ro. We have that
0 < l(xg) < €. and that u(rg) =0 < €;(€g — {(xg)) for all ¢; so ry € T, for
everv €;. Then u,, (r9) =0 — €;(e0 — [(zg)) < 0. The set [, is a section of u,,

in the set Q. Note also that u, {sr,, = 0.
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We have that:

dist(Il. Il3)  pe,

’ 9, = Py st <Ala ) = €g. et T e
dist(I1,.113) = p,, dist(I,. IT2) = € 50 dist(I1;. I,) €

Since the I',, shrink to Sase¢; =+ 0. p, - 0ase; — 0.

Now consider the quantity

lucl(‘[l)l
linfr, e,
We have that
e, (r1) = u(ry) — €1(€g — I(r1)) = 0 —€,(€p — 0) = —€160 < 0. and

U, (£) = u(r) — e{eo — (x)) 2 infu — e (6o — (1))

for all r € [',. Then since infr, u = 0. we get that
ue, (£) 2 —€1(€q = I(z)).
This implies that

{_nfuﬂ(r) > }_ f—ei(eo = I(r))] = —supe;(eg = (1)) = —€1(€0 + pc,)-

1 1 Cey

Therefore.
]
lue, (1) S €1€0 N €0

- > = -1
[Infr” ufx[ e1feo + p(l) €0 + Pe,

as €; — 0 since p,, — 0.
We conclude that liminf,, g —I—:Tr*—‘f% =1

Let T, normalize [, and u; (r) = u,(T;'z). Then Mu; € D, and u; is
zero on JI'; where I}, =T, (T,).

Then. as above.
lu? (Te,11)|

¥ —2>C1 >0
[mfr(-l ug,

for ¢, sufficiently small. This implies (by Proposition 2.4.4) that
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U (Tox)I™ 2 CPlinfu, I > € / 5(x.T7)'"dMu.  (33)
€] l‘;l
We now explain why Proposition 2.4.4 holds in this case. Using (2.1) we obtain
that:
I - - R
.\Iu”(srn) = .\11161(57'(['(1)) = .\[u“(T(§[’”))

= |det T"‘[.\[uﬂ(%[}l) = | det T“ll.\[u(%l"q).

The following is also true (again by (2.1) and Lemma 2.3.3):

/ S(r.T;) d.\[u('x=/ o(r. T(T,,)) ~ dMu;,
r T(Ce,)

<1

=/ §(Ty.T(Te,)) "¢ det T~"| dMu,, =/ §(y.To) ™ det T dMus,
Cey Tey

=/ J(y.rq)l"fdetT'l[d.\[u.
re,

Since [, is a section of u and Mu € D,.

D) »—

/ 0(y.Te ) = dMu < CMu(=Ty,).

r.,

Therefore. by canceling the factor | det T~!| we see that we have the inequality

9"«
[’,1

/ 5(r.T2)" dMuz, < CMut, (T2)

which is what we need to apply Proposition 2.4.4. so (3.3) holds.
The next step is to show that dist(T,,r,.0; ) = 0 as ¢, = 0. Let II]
denote T, I, for : = 1. 2 and 3. We first prove that as ¢, — 0.

dist(IT3. T13)

Gy

We have that dist(I17.I13) < dist(IT;NL; . TI3NI; ) < 2since I is normalized.

Then
dlSt(HEHS) _ dist(Hg.Hg) _ &

dist([13.113) ~ dist(I1,.T2) €

as ¢; = 0. and hence dist(I13.115) — 0.

—0
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Now let o3 C OT'; be that portion of the boundary lying between the

planes [I5 and I1I3. Let P, € GF' be the point such that the line through
AT, r; = P! < dist(I15. 1T3) —
ist(Te,r,.00;)) < dist(T,,1,.0I3) <

cl

On the other hand. bv Theorem 2.4.2.
1, r; — P, < dist{115.113) — 0.

On the other hand. by Theorem 2.4.2.
(T < COTan T [ 8T d,
From (3.3) above.
ju; (T, o))" 2 C/r o(r.T; ) " dMu; .

This implies that §(T, r,.T; )¢ > C. but dist(T, r,.0T;) — 0. However. since
[;, is normalized. o(T, r,.T;)) = dist(T, 1,. dr’;,). This is a contradiction. (I

€1
Corollary 3.2.3 Let Q C R" be open. bounded and conver. Suppose u € C()
is conver and zero on Q. Then if Mu € D,. either u is strictly conver or

identically zero.

Proof Suppose u is not strictly convex. Then the graph of u contains a line
segment. say L. If (rg.u{rg)) € int(L). then any supporting hyperplane {(r)
to u at rg must contain L.

Apply Theorem 3.2.1 to the function u(zr) — {(r). This function is non-
negative on Q. and the set [ = {r € Q : u(xr) = I(r)} contains more than
one point. Therefore. I' has no extremal points inside . so all of its extremal
points are in 09.

Write ry = Z:’;l A.x,. where the r, € 0 are extremal points of I'. A; > 0.
and Y\, = 1. Then u(zry) = l{(xq) = X Al(x:) = X Mu(xr;) = 0. since
u(r,) = 0. Then because 1, is an interior point of Q and u(ry) =0. u =0 by

convexity. [

Theorem 3.2.4 (Compare with Theorem 5.4.7 in [3]) Let Q be bounded. open
and conver. and let u € C(Q) be conver. Suppose Mu € D, for some €. and
Mu>XA>0. Then if u = f on Q. where f € C*3(3Q) for 3 > 1—%

(n > 3). then u is strictly conver.
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Proof Suppose u is not strictly convex. Then the graph of u contains a
line segment, say from (rq.u(rg)) to (zy,u(r;)) for some ry and r; in Q.
Let [(r) be a supporting hyperplane to u that contains this segment. Let
E={creQ:u(x)-r) =0} The segment from z, to z, is contained in E.
Therefore. by Theorem 3.2.1. all of the extremal points of E (denote this set
by E*) are in 99. Since E* generates E. there exist two points zy and =) in
E* such that S5z N E # @. By a translation and rotation. we can assume that
the segment from z, to z; lies on the r, coordinate axis, and its midpoint is
the origin. Let u® represent the values of u — ! after this change of coordinates.
and let f* denote the new boundaryv values. We then have that zy = {ge; and
21 = —tee; for some tg > 0. Then u* > 0 for all z € Q and is 0 along the r,
axis. Mu* € D,.and Mu*® > \.

Write r = (t.1') for t € R and 1’ = (r3....,r;). Now construct a thin
cvlindrical tube 7, with axis r’ = 0. and radius 2p. for p small. We will
introduce a barrier function B = B(t.r') such that B > u* on 0T,. /B =
A < Mu'. and B(0.0) = 0. Therefore by Theorem 2.1.6. B > u" in 7. so that

u*(0) < 0. but this is a contradiction. and hence u is strictly convex. Define
/ rron—1,42 1 72
B(t.2') = K(a"'t* + -|Z'|")
a

for constants K” and a to be determined.

Let (t.2') € T,. We first claim that 0 < u*(¢, 1) < C,|2’|'*3. We can write
(t.z') = 0z + (1 — )z} for some =3 and =] in T, N 3, and we can choose z;
and z{ such that they lie on the same straight line parallel to 2’ = 0. Then by

convexity.
0 < u'(t.2') < Bu(sh) + (1= O)u'(z) = 6F () + (L =) f*().  (3.4)

We have that f*(z,) = u"(z;) = 0 for i = 0. 1. Since u* > 0 on Q, this
implies that f* has a minimum at z;. so that Df*(z;) = 0. By the assumed

regularity of f*.

f7(z) = f(20) = Df"(z0) - (35 — 20) + 0(|z5 — zo|"*7) = 0(]z — 20/ *?).
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Since 99 is Lipschitz. |zy — zo| < C|z’| (We can parameterize J) near 3y by
a Lipschitz function of r’. say p. Then |z{ — 2| = |p(z’) — p(0)| < C|'}).
Similarly. f*(z}) < C|z'|'*’. Inserting these estimates into (3.4). we obtain
the claim.

The next step is to compare the values of u* and B on dT,. We first
consider the lateral side (i.e. 3T, N Q). Here we have that |1'| = p. Therefore.
B(t.r')y > I\'%z. From the last claim. u*(¢t.r') < C1p'*2. In order to guarantee
that B > u®. we need that ,

A’%’ > Cp'. (3.5)

We now deal with the rest of the boundary. T,NJd€2. Since 992 is Lipschitz.
It| = to. so that there is a constant C, such that [t| > Cato. Then B(t. 1) >
Ra™"'t? > KC3a"~'t2. and again we employ the estimate u(t.z') < Cp'*™2.

Therefore we require that
KCia" 't > Cy1p'™. (3.6)

We now compute M B. M B = (2R)". so if K is chosen smaller that (%)%.
we get MB < Mu*.

To determine an appropriate value for a. we let a = El—;—j— where ~ is a large
constant to be chosen shortly. From (3.3) we get that ~A'p!*3 > Cyp'*3: so
we take ~K > C).

From (3.6). we see that

[\'Cgtgp(l—d)(n—l)

I+3
An-l1 > Clp '
or equivalently.
(242
KC3ty S plFd+(3-1(n-1)
Cl"v’n—l p ’

The left hand side of the last inequality is now a fixed quantity. so in order to
make such an estimate possible (for small values of p) we need the exponent

to be positive. This will happen precisely when 3 > 1 — % d

We remark that Theorem 3.2.4 is sharp. There are examples (due to

Pogorelov. see pp. 81-84 in [6]) of functions whose Monge-Ampére measures
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are bounded between two positive constants (and hence doubling and D) and

are C"!'~% on the boundary, but are not strictly convex.

3.3 Selection Lemma

The following compactness result is crucial for proving further regularity

results and has independent interest. Compare with Lemma 5.3.1 in (3].

Lemma 3.3.1 (Selection Lemma) Let {Q;}{° be a sequence of normalized
conver domains. and let u; € C(S;) be conver, ujlan, = 0. with Mu, €
D.(C) for all j. Assume also that Mu; is absolutely continuous with respect
to Lebesgue measure for each j. Then if A\ < |infq u)| < .\ for all j. there
exist:

(a) a normalized conver domain €,

(b) ug € C(Q). convez, with Mug € D(C), Mug absolutely continuous with
respect to Lebesque measure, ulgn, = 0 and A\ < |infug| < \: and a subse-
quence of the u, that converges uniformly on compact subsets to u.

If. in addition. for each j, there erists r; € Q, with dist(r;.09;) > €. and
l;(z) a support plane to u, at r; such that S, = {r € Q, : u,(z) < lJ(J:)+}} Z
{reQ:uj(r) < —C¢}. then there exist:

(c) a point Ty € Qg such that dist(zry. ) > €. and
(d) a support plane ly to ug at o such that So = {r € Qo : uo(z) = lo(z)} £
{z € Q:up(r) < -C¢€} =Ty

Remark A The boundedness condition on the minima of the u; is necessary
(and restricting just the D, constant is not enough) to guarantee the existence
of a uniformly convergent subsequence as the following example demonstrates.
For each .V € N we can uniquely solve the problem (provided 2 is strictly
convex)

{ det D?u» = Ndzx

ulan =0.
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Then for any section Sy of uy. Muy(Sy) = N|Sy| and .\[u,,v(%S‘v) =
N|[3Sv| = 7 NV|Sx|. Therefore. Muy is doubling on the sections of uy for all
.V with the same doubling constant. If Q is normalized. Proposition 2.4.4 tells
us that |ming uy!™ = N. From this, one sees that the sequence {minquy} is
unbounded. and therefore. {ux} cannot have a uniformly convergent subse-
quence.

Remark B If a measure u € D,. it is possible for x to have singular part
with respect to Lebesgue measure. There is an example of a measure that is
doubling on intervals in R. which is totally singular with respect to dz. See
(8] (p.40) for details.

Proof of Lemma 3.3.1 The domain Q4 can be produced by the special case
of the Blaschke Selection Theorem. Thecrem 2.5.5. {€,} is a sequence of
compact. convex sets. Denote also by {QJ} the subsequence guaranteed by
this result, and let Qp be the limiting set. Take Qy = int(Qy). Then given

p > 0, for all j sufficiently large. we have that:
Qj C Qo + pB;(0) and Qo C Q_, + pBy(0).

Since each Q, is normalized. these inclusions imply that € is as well. This

demonstrates (a).
The proof of the rest of the theorem will be done in stages.
Step 1 The first step in proving (b) is to show that for every compact K € €.

there are positive constants jg(A') and c(A’) such that
K C {r e Q;:dist(z.09,) > c(K)} (3.7)

for all j > jo(A).

Let dist(K.3Qy) = p > 0. and let r € K. Translate the coordinates so
that r is now 0. Let Q, = Q; — z. and Qo = Qo — z. Since Q; — Qq, there
exists J such that if j > J. then dy(9;. ) < §. Since dy is invariant under
translations. dy(£2;.€) = dH(QJ.Qo). By Theorem 2.5.3. for any u € S™ 1,
dH(Qj,Qo) > Ih(Qj,u) — h(Qq,u)|. We have that h(Q.u) > p for all unit

vectors u. since B,(0) C Qq. Therefore,
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> |h(Q. 1) = h(Qo.u)| > p = [h(Q).u)|.

VI

This implies that h(Qj, u) > §. Therefore. Bg(O) C Qj: translating back we
obtain that Be(r) C Q, for all j > J. Since r € A" was arbitrary, we have
that dist(K. &)('2,) > & for j sufficiently large.

Step 2 Now we show that for every compact K € (). there is a constant

C(HR) such that for every r € A" and every p € du;(r).
lu, ()| + |p| < C(K). (3.8)

By assumption. we have that the {u,} are uniformly bounded. Also by virtue

of the last step. p > 0 can be chosen so that
— {z:dist(z.K) < p} € Q,

for j > jo(A'). Let 0 # p € du,;(K’) for any j > jo(K'). say p € Ou;(Z), where
rf € K. Then

uy(z) 2 uy(2) +p- (z = )

for all £ € Q;. In particular, this is true for r = I + pw. where |w| = 1. Then
u) (I + pw) 2 u;(Z) + plp| implying maxu; > minu; + plp|.

and therefore. .
maxg, 4, — ming
Ip < ——22 £
p
since by hypothesis the u; are uniformly bounded.
Step 3 We now produce the function ug. To begin. we demonstrate that given
K & Qq, the {u;} are uniformly Lipschitz on K. for j large enough, i.e. we

show that |u;(r) —u;(z)] £ C(R)|x—z| forall .z € K and for all j > jo(K).

<X

The proof of this claim is as in the proof of Lemma 1.1.6 in [3]. Let z € K
and p € Gu;(zr). Then by Step 2. |p| < C(K). For any z € K.

u;(2) 2 uy(z) +p- (= — 2) or (=) — u,(z) 2 —Ipl |z - 2] 2 —~C(K)|= - zl.
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Therefore. |u;(x) — uj(z)] < C(K)|r — z| for all j > jo(K'). In particular the
{u,} are equicontinuous on A’

Therefore. by Arzela-Ascoli. there exists a uniformly convergent subse-
quence in A. Write Qg = A URAR; URK3U--- with A} € K € ---. By
a diagonal process. we can extract a subsequence of the u; that converges
uniformly on compact subsets of Q. Define ug(x) to be the limit of this
subsequence.

Because ug is the limit of convex functions, it is convex. If r € €y, then
r € Q; for j large. Then since u,|9o, = 0. u,(r) < 0. By letting j — . we
get that uo(r) < 0. Also, since A < [minuy,] < .\ for every j. we have that
A< |minyg} < \.

Step 4 The next step is to show that ug € C({) and uglaq, = 0. To this end.

we first show that for every n > 0. there is a number jg(n) such that

V] B

{reQ:dist(r.09;) > n} C {r € Qo : dist(r,0) > =} (3.9)

for all j > jo(n). This can be shown by an argument similar to that in Step
1. For j > Jy. we have that dy(Q;.Q) < 2. Let j > Jy and let r € Q;
satisfy dist(z.9Q,;) > n. Define Q; = Q; — z. and Qy = Qo — z. This
change of coordinates takes z to the origin, and, as before. we have that

dH(Q,,on) = dyu(,.9%). Then for any u € S*~! (by Theorem 2.5.3):

> dp(Q;.Q0) > |A(Q;. u) — ~(S0. u)|.

NS

Since B,(0) C Q,. h(€;. u) > n. Hence. h(Qo.u) > %. so By(0) C Qo. This
last inclusion is equivalent to B%(z) C Qo and (3.9) holds.

We now show that
{r € Q:u(r) < —p} €Q
for each p > 0. By Theorem 2.4.2 and Proposition 2.4.4,

lu, (z)|* < Co(z. Q)¢ / 5(y.Q,) " dMu,; < CA6(z, Q)¢ < Cdist(z. Q).

7
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a3

This implies that |uj(z)|® < Cdist(r.Q;). so if u;(z) < 2. then (4)¢ <

Cdist(z.09,). In other words the following inclusion holds:
{req;:u(zr)< :)E} C {r € Q; : dist(r.0Q;) > Cp+ }.
Then by (3.9). for j large enough (depending on p)

{reQ :dist(r.09,) > Cps} C {r€Q:dist(z.0%) > —p*} = K(p).

1] Q)

Therefore.
U {reQ, :u(r)< —Tp} C K(p).
1270(p)
This implies that {r € Qg : ug(x) < —p} C K (p). This is because if r € 2.
then z € Q, for all j large enough (by Lemma 2.5.6). and if u(r) < —p. then
uj(r) < —§ for all large j. This proves that

IB%O ug(z) = 0.

Step 5 Now we will produce the point ry and the supporting hyperplane with

the desired properties. By hypothesis.
1
s ={r €, u(x) <(r)+ ;} Z {zxeQ;:ui(r) < -Ce} =T,

Then there is a point y; € S;NT;. Then u;(y;) < l,-(yj)+11-. and we can assume
u;(y;) = —C¢€. By (3.9). r, € @ and

EI

5 for all j > jo(€'). (3.10)

dist(zJ.B.Qo) Z
By Theorem 2.4.2 and Proposition 2.4.4,

Ce™ = |u;(y;)|" < Cnd(y,-.Qj)‘/ 8(y. Q) " dMu; < C(n. \)d(y;, ;)"

This implies that dist(y;.09Q;) > Ce's. so by (3.9), dist(y;.%) > C(n.€.\)
for j large enough.
Therefore. for all j sufficiently large. {z;} and {y,} are contained in a com-

pact subset of Q. By passing to subsequences, r; — 1o € €} and y; = yo €

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



42

Q. Furthermore. dist(ry. Q). dist(yq.9) > C(€'). This shows statement
(c) of the theorem. Let p; € R* define {,(r). i.e. I;(x) = u,(x;) +p; - (r — I,).
Then since the x, are away from 9Q. the p; are bounded (Step 2). Choose
a subsequence so that p, — py. Now u,(r) > uy(r)) +p,-(r —r,)) = [;(r)
forall r € Q,. Let j = o to get uo(r) > ug(xe) + po - (r — xo) for all
r € Q. This means that lo(r) = ug(re) + po - (r — xo) is a support plane to
ug at ro. Now u,(y,) = —C¢ for all j implying that ug(y) = —C¢. Also.
ui(y;) < lj(!/;)'*'jl- Let j — oc and get ug(yo) < lo(yo) so that ug(yo) = lo(yo)-
Therefore. yo € So N T§. This proves (d).

Step 6 It remains to show that Mug € D,(C). To prove this. it must be

demonstrated that for anyv section S of uy.
/o‘(:. S dMug < CMu, (%S) .
S -~

To prove this inequality. two cases will be considered: the case where S € Q.
and the case where SN dQ, # 0.

Case 1 S € Q. The idea is to approximate S by {S;}. a sequence of sections
of u,. with the property that S, = S in the Hausdorff metric. Once the pos-

sibility of this approximation is demonstrated. we will show that this implies

that

1 1
Mu, (551) — Mug (55) and (3.11)
/ ér. Sj)l"d;\-[uj—)/6(1‘.5)‘"‘(1;\—[{10. {3.12)
s, s

This will establish the claim. since we have for all j (Mu, € D.(C))

/ 5(r.S;)' " dMu, < CMu, (és]) .
S

Let S be such a section for ug. S = S(zg.p.t) € Qo. Let I(r) = uo(xo) +
p-(x — xo) +t. Since [(z) < 0 for all r € Qq and Q; — . {(r) < 0 for all
r € Q. forj > Jo.

Then I(r) determines a section S; of u; in ©2; at some point (slide {(z)

down until it touches the graph of u; at one point. this will be the desired
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base point), with some parameter (equal to the distance that [(x) must be
lowered). In other words. S; = {z € Q, : u;(z) < I(x)}.
By the uniform convergence. for any p > 0. there exists J; such that for
all j > J,.
up(r) — p < uj(x) < up(x) + p.
for every r € U, where § ¢ U € . Take p small enough that S, =
S(rg.p.t+p) €L . and t — p > 0. Define S = S(xg,p.t — p). Then we have

S* c S, C S, for j > max(Jy. Jy).
Now by Lemma 2.5.9 in Section 2.5, we have that
limS? =1im S, = S,
p—0 p—0
implying that lim;_,. S, = S, and we are able to approximate the section S

as claimed.

The next step is to prove (3.11). Since S; — S in the Hausdorff metric,
%SJ - %S by Lemma 2.5.7. Also, since u; — ug uniformly on compact subsets,
the measures Mu; converge to Mug weakly (by Lemma 2.1.4). Since Mu, is
absolutely continuous with respect to Lebesgue measure. and Mu; — Mug
weakly. M uq is absolutely continuous with respect to Lebesgue measure at least
away from 99. Let p > 0. We need to show that l.lluj(._%S,) - Muo(.-zl-S)| <p
forall j > J(p).

Let f€ C3(S).0< f<1.f=1on 1S be such that

/f(l') dMug — .‘IUQ(%S), < p.
S

Then by the weak convergence, there exists J, = .Ji(p) such that if j > J,
then | [ f(z) dMu; — [ f(x) dMuo| < p. Therefore.

. 1
/Sj(r) dMu; — Mug (55)

+ ' / flz) dMug — Mug (%s)l <2
S

<

/f(r)d.\[uj —/f(x) dMug
S s
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and the claim will follow if I.\[uj(%Sj) — [ f(x) dMu,| < p for all j sufficiently

large. We estimate this quantity in the following way:

Muy(35)) —/cf(r) d\Mu)]

< |.\[u_,(%51) - .uuj(isn + |.uu,(§5) —/f(r) dMu,| = I+ II.
- - s

We begin by examining integral [I:

[< /|X%5J(I) = X15(2) dMu, = /f, dMu,.

We want to show that lim; o [ f; dMu; = 0. We have that f; — 0 pointwise
a.e. (with respect to Mug; here is where the absolute continuity is needed)
and |f;| <1 for all j. Since 3S; — 1S and 1S & Q. there exists a set A such
that .1;5',». 55 C A @ Q. for all j > J,. By Egorov’s theorem. there is a set E,
with Muo(E) < p. such that f; = 0 uniformly on A N E°. Since f; can take
on the values 0 and 1 only. this means that f;(z) = 0 for all j > J5 and all

€ AN E*°. Then
/f, dMu; = / f; dMu; = / fi dMu; +/ f; dMu; < Mu,(E)+0.
A E ANES

By the weak convergence. if j > J;. |Mu;(E) — Mug(E)| < p. implying that
Mu;(E) < 2p. Therefore. [ < 2p for j > max(.Jy. J2. J3, Jy).

We now consider the second integral:

1
I =Lf(:l‘) d.‘\'[’ttj - .'"['ttj (55) = _/_;nés¢ f(.’L‘) d;\—[uj.

Let j & . By the weak convergence. the left-hand side of the equation

becomes
/f(r) dMug - Mug (%S) . which is equal to / f(x) dMuy.
s < snise

This means that

lim f(z) dMu, =/ f(x) dMug < p.

I Jsnygse snise

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



43

Therefore. if j > Js. I] < p. Combining all of these inequalities. we get that
Mu;(3S)) = Mug(3S).
Now we prove (3.12). For j > J;. we have S; € )y and § € ;. We

estimate the difference as follows:

/ 5(z.S,)'=¢ dMu, — / 5(z.5)'¢ dMug
s, s

l
< ' / §(r.S,) " dMu, — / 6(x.S) " dMu,
S}

S

+ =I+1I

/ §(r.S)" dMu, - / §(z. S) " dMu,
< )

The integral ] goes to 0 by the weak convergence. The support of ysd(z.S) is
S @ Q. Since d(r. S) is continuous in r (Lemma 2.3.4). and lim; 45 (. S) =
0. we have that \sd(r.S) is continuous and has compact support.

To estimate [. we write

[= /Y5J(I)‘5(I~SJ)1-( dMu, —-/\".s'(l‘)‘s(l'-5)1_E dMu,

/ £(x) dMu, - / fr) dMu,| < / £, () = f(z)| dMu,.

We claim that |f, — f| < 1 and (f; — f) — 0 pointwise. The first asser-

tion is trivial. If r € S. ys5,(r) = vs(z) = 1. and by the continuity of §

in the second argument with respect to the Hausdorff metric(Lemma 2.5.8),
d(z.S;) — 6(r.S). If r € 3S. then f(r) = 0: for each j with r € S5,
8(z.S;) = 0. and if r € S;. f;(r) = 0. so in any case. f;(r) — f(r) for
r € 8S. Finally, if r ¢ S. r € S; for large j, so f;(z) = f(z) = 0. This
establishes that (f, — f) — 0 pointwise.

Then by an argument similar to the one above (using Egorov. etc.). I — 0.

Therefore.
/ J(I.Sj)l—c d.“[Uj -—)/(5(1‘.5)1—( dl‘![ﬂo
s s

P}

for S @ y and Mug satisfies the D, condition for these sections.
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Case 2 9S N9y # O. The idea here is to approximate S = S(ro.p.t) by
Sn = S(zo,p.t — L) € Qp and use Case 1.

From Case 1. [ 0(z.5,)'"*dMug < CMug(3S,). We have that 1, (z) =
\1s(x) pointwise except possibly on A(1S) (Lemma 2.5.6) and 3S,. %5 cde
Q;, for some set 4. Then yi5 (r) < x4 € L'(Mug). Therefore. by the Domi-
nated Convergence Theoren-l. Mug(3S5n) = Muoe(3S).

Since S, — S in the Hausdorff sense. d(r.S,) — d(x.S) and ys,(z) =

xs(r). Hence. using Fatou.

/J(I.S)l" dMug =/ lim (s, (2)6(z. Sn)' ™€) dMug
s Sn—’m

<liminf [ vs,(£)d(z.Sp)' ™ dMug < liminf CMug (%5,1) =CMuy (%S) .
S n—oc - -

n—oc

Therefore. Mug € D, on the sections of ug in Qg. This completes the proof of

the Selection Lemma. O

3.4 Holder Continuity of the Gradient

Theorem 3.4.1 (Compare with Theorem 5.3.3 in [3]) Given Q a conver.
bounded and normalized domain in R*, consider u € C(Q). conver. with
ulan = 0 and such that Mu € D, (C) and is absolutely continuous with re-
spect to Lebesque measure. Suppose also that 0 < A < |infou| < \. Then
for each € > 0, there erists p = p(e) such that for all 1 normalized, for
all rq with dist(re.dQ) > €. for all functions u satisfying the above con-
ditions. and for all supporting hyperplanes I(z) to u at r,, we have that
{zeQ:u(x)<lz)+p} €.

Moreover. {r € Q : u(z) < l(z) +p} C {z € Q: u(z) < —Ce}. where
C =C(C.€;.n.\.\) and p depends only on €.€;,n. \ and .\.

Proof By contradiction. Suppose there exists ¢ > 0 such that for each

p = ]l there exists a normalized convex domain §2;, a point z; € 2; with
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dist(r,,d9,) > €. a function u; satisfving the hypotheses in Q; and /,. a sup-

porting hyperplane to u, at r, such that
1 -
S;={reQ,:u(r) <l(x)+ ;} Z {reQ, :u;(r) < —Ce}.

Then by Lemma 3.3.1. there exists:
(a) €. a normalized convex domain. (b) ug. a convex function in € satisfving
Mug € D, (C). uglsn, = 0. and
A < |infg, ug| € .\
(c)a point rg € €4 such that dist(rg.3Q) > ¢, and
(d) a supporting hvperplane /g to ug at rg
such that Sp = {r € Oy : uo(x) = lo(x)} € {r € Qo : ug(r) < —Ce} =Ty
So there is a point = € Sy with ug(z) > —Ce. Since Iy is a supporting hyper-
plane at ry. it follows that ug = {3 on the segment from rg to :=.
We now apply the following lemma (Lemma 5.1.6 in [3]) to ug in the nor-

malized domain €.

Lemma 3.4.2 Let T be a conver and bounded domain in R*. and let u € C(I)
be conver and zero on AU. If T is an affine transformation that normalizes T

then

{r el :dist(Tr.0T(T)) >n} C{r el : u(x)<nb mrin u}.

for all0 < n < 1, where 6, is a dimensional constant.
We obtain:
{r e Q:dist(r.00) > e} C {z € :up(z) < —Ce}

where C = 6,,| ming, uo|. In our case. | ming, uo| can be replaced by a constant
depending on the structure since | ming, ug| > A. this gives us the constant C.

The point g is in Ty since dist(rq. ) > €. implying that ug(ry) < —Ce.
Therefore o # =. Then T5= C Sy. so that Sy contains more than one point. By

applving Theorem 3.2.1 to ug — [y in §29. we conclude that Sy has no extremal
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points inside Qy. The contradiction arises by showing that S; must have an
extremal point in €.

For every r € . ug(xr) < 0. because otherwise by convexity uy = 0,
contradicting |infq, ugl > A > 0.

Then by the following result (Lemma 5.3.2 in [3]). we see that S; must

have an extremal point in .

Lemma 3.4.3 Let u be conver in T. such that for some ry € [° we have
u(z) > u(xg) for all r € IU'. Let l,, be any supporting hyperplane to u at z,.
If the set

E={rerl:u(r)=I1,(z)}

contains more than one point, then E has an ertremal point inside I.

This completes the proof of Theorem 3.4.1. O

We next prove two technical lemmas concerning the relationship of the
dilation of a normalized domain and the dilation of a sublevel set. These
results will be used in the first part of the argument for the C'® of functions

whose Monge-Ampere measures are D,.

Lemma 3.4.4 (Compare with Lemma 5.4.1 in [3]) Suppose Q is a normalized
conver domain, u € C(Q) is conver and ulsga = 0, Mu € D/(C) and is
absolutely continuous with respect to Lebesque measure and u(xg) = ming u.

Suppose also that 0 < A < |ming u| < \. Given 0 < n <1, define
Qp={reQ:u(zr)<(l- n)rnninu}.

Then there exists a constant v, 0 < v < 1, depending on n,¢€, the D, constant

C, A and \. such that %Q C vQ:.

L
2

where the dilations are with respect to zg.

Proof The proof is by contradiction. By the extremal points theorem (The-
orem 3.2.1). there is a unique point where the minimum is attained. If the
lemma is not true, then for each j =2.3.4....and v; =1 — Jl there exists a

convex normalized domain §2; and a convex function u; satisfving u;jaq, = 0,
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Mu; € D.(C). Mu, absolutely continuous. and A < |[ming u;| < .\. but
%QJ Z v;(2 J)§. where the dilations are with respect to r,. the point satisfving
u;(z;) = ming, u;.

In other words.

1 1
§QJ» = {r, + ;2-(1' —r5):re} g vi(Q)={x; +y(r—r;):r ()}

3

Note r; € %Q]‘ Nv,(R;), for all j. so by convexity %Qj N Ay, (y)1) # 0.

Let y; € 30, NA(v,(,)1). Then {y;} C Bi(0), so {y;} has a convergent

1
subsequence say. y; = yo.
Therefore. by Lemma 3.3.1. there exists a normalized convex domain .
a convex function ug € C(Qg) satisfving Mug € D (C) with uglaq, = 0. and
u; — ug uniformly on compact subsets. We also have the following inclusion

for any €¢q > 0 (see (3.9)).
{r e, dist(x.09,) > ¢} C {r € Q: dist(r.0) > %0}

for all j sufficiently large depending on eq.
Claim: y, € %Toﬂ 9(Q):1. where the dilation is with respect to the
(unique) point xq for which uo(l,:o) = ming, ug. We assume this claim for now.
Construct the line through ry and y,. This crosses d€2; at some point

Ys- Since yo € 9(Q)1. uo(ye) = %minﬂo ug = 3ug(zo). Now write yo =

1
6xg + (1 — @)y, for some 0 < § < 1. Then
1 . = .
uo(Yo) = 5 min i < Bug(xo) + (1 — B)uo(yg) = 0 min ug.
2 Qo Qo

0. this means that § < 1. Now suppose that § < ;. Then

- 0)(y5 — xo) € (1-6)0. But 1 —6 > . contradicting the fact

Since ug <
(1

Yo =Zo+

that yo € (). and therefore § = 1.

This means that ug is linear on the segment L from rq to y;. This implies
that L C {uo = l;,}. where [, is any supporting hyperplane to ug. Hence
the set where ug and [, agree has more than one point. Therefore, this set

has no extremal points in Q. but 0 = ug(z) > uge(ze) for all z € J€2. Hence
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by Lemma 3.4.3, this set has an interior extremal point. This provides the
contradiction.

It remains to prove the claim. Since y; € %QJ yj = I; + %(:j - r;) for
some z; € Q;. Since {lu;(z;)!} is bounded between two positive constants and
Q; is normalized, we have that dist(r;.d;) > € for all j by Theorem 2.4.2
and Proposition 2.4.4.

From (3.9). dist(r;.9Q) > % for all j large enough. So by passing to a
subsequence. we may assume that r, — f. We will show that £ = ro. For
J sufficiently large. r; and I are contained in a compact subset of Qy (since
2, = Q): on this compact set u; — ug uniformly. Therefore for any r € Q.
we have u;(r;) < u,(r): letting j — oc. we obtain uo(Z) < ug(x). Hence, I is
a minimum for ug, so I = r,.

Select a subsequence of the {z;}. such that z; — z,. Since z; € ©; and
Q, — Q. we get that zp € (. Let j = > in the equation

v =1, +5(5 = z5)

2

to get

1
Yo = Io + 5(z0 — Zo)

so that yy € %To- It remains to show that y € 8(90)5. We have that y; €
O(v;(Q5)1) = v;(9(Q})1). so that y; = x; + vj(w; — ;) for some w; € 9(€2;):.
Then we.have that u]-(-w,) = lu,(r;) = 3 ming, u;. As before. Theorem 2.4..2
and Proposition 2.4.4 guarantee that the w; lie at least a uniform distance
from 99,. implying that dist(w;.d0Q) > € > 0 for j large enough. Select a
subsequence w; — wo. Then by the uniform convergence of the u; on compact
subsets, we obtain ug(wg) = lim;_« u;(w;).

Now let j — oc in the equation y; = r; + v;(w; — ;) to get yo = Io +
(wo — To) = wo. since v; — 1. So we have that u;(w;) = ug(wo). but on the
other hand. u;(w;) = 3u;(r;) = Luo(zo). This means that ug(wo) = Fuo(Zo).

i.e. wg € 9(f)1. This proves the claim and hence the lemma. O

L
2
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Lemma 3.4.5 (See Corollary 5.4.4 in [3]) Suppose that Q is a normalized
conver domain. u € C(Q) is conver and ulsgq = 0. Mu € D,(C) and is
absolutely continuous with respect to Lebesgue measure. and u(ry) = minqu =
—1. Then there erists a constant v € (0.1) such that

Q C (w)Q

1
3k

fork =1.2 3..... v =v(n.e. D, constant), where the dilations are with respect

to the point ry.

Proof The case & = 1 is covered by the previous lemma. The v in the
preceding result depends on n.e. the D, constant. and ming u. Since this
minimum is —1. in this case we can remove the dependence of v on ming u.
Case k = 2: Let T, normalize ;. and denote T\(Q2:) by (2]. Let v,(r) =
Au(T]'r) + %] Then tyjgn; = 0. .\[-L'l € D (C). and n-linQ; v = 0 (Tho) =

—1. Apply the previous lemma to v; in Q7. to get %Q{ C v(}):. Now
. . 1 . —1 1 1
Q) ={reQl:n(r)< 5 min vt ={reQi:2Aul 1)+ 3] < -5}
; 2 a: 2 2

().

)) = Ti(3Q:). Hence.

o

A

|
e oo
i

fog!

={reQ:u(ly'r) < —g—} =T\({r € Qi :u(r)

Therefore. v(T1(Q1)) = Ti(vQy) contains 3(T(

1
1

QOO0

dolre 3

by applyving T;™'. we get %Qx C uQé. or 1 C (2v)Q;. Combining this with

3

the preceding step. we get

Q C ()2 C (0)°Q

P

Case k = 3: Let T, normalize Q L. and denote T5(€21) by Q5. Let v5(z) =

1
4[11.(7-2_1.[) + %] Then L'-glans = 0. .\[UQ € D((C). and minna Vg = L'Q(Tgl'g) =

—1. By Lemma 3.4.4 applied to v, in 3. v(€23): contains %Q;. Then:

1
2

() ={reQ:uv(r) < —-};} ={reQ :u(l;'r)< —é}

L
3

=T({r € Q% ru(r) < ——é:}) = Tg(Qé).
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Therefore. %Q (2v)Q):. Hence. by the previous steps:

N

@)

QC () C (2v)*Q C(‘Zu)?‘Qé.

L
K

9]~

In general. let T; normalize Qﬁ_ and vi(r) = X[u(T7 ) + (1 - ;1;,-)] As
above. we conclude that leﬂ_ C (-'ZV)Q?;_. a
Theorem 3.4.6 (Compare with Theorem 5.4.5 in [3]) Let Q2 be bounded. open
and conver. and let u € C(Q) be conver. with u|sn = 0. Then if Mu € D, for

some € € (0.1] and is absolutely continuous with respect to Lebesque measure.

then u is C'* in the interior of Q) for some 0 < a < 1.

Before proving this theorem. we make a few remarks. First we explain what
it means to say that a function is C'® at a point. By definition. a function
u is C'® on an open set if it is differentiable there and its gradient is Holder
continuous. We want to expand this definition to include functions that may
not be differentiable evervwhere.

We sayv that a function u is C' at the point rq. where rq is a minimum
for u if 0 < u(r) — u(xrg) < C|r — ro/'™ holds for all r. This is a sensible
generalization of Hélder continuity of the gradient. since if v was C'® on a
domain containing rq. and rg is a minimum for u. this estimate would be

satisfied. Indeed. in this case we would have (by Tayvlor)

0 < u(r) = ulzo) = Vu(§) - (z = o) = Vu(§) - (r - 1o) — Vu(ry) - (r — xo)
for some £ lving between r and rq. Taking absolute value. we get
lu(z) = u(zo)| < IVu(€) = Vu(zo)l|z — zo| < Cl€ —£0|*Iz — Lo| < Clz —xo' ™.

Suppose now that u is convex and satisfies the inequality |u(r) — [,,(z)| <
C|r — ro|®*! for any supporting hyperplane [,,(z) to u at z,. at every point of
the domain ry. Then we claim that u is C*®. We first show that this inequality
implies that at each point ry. u has a unique supporting hyperplane. Let I}

and lﬁo be two support planes to u at ry. Then for any r:

(1) = 12,(2)] < u(z) = Ly (2)] + Ju(z) = I£,(2)] £ 2C|z ~ xof'*e.
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Write I} (z) = u(xo)+p1-(x—x0) and {2 (x) = u(zo)+p2-(r—ro). Substituting
these expressions into the previous inequality we obtain |(p, — p2) - (£ — z0)| <
2C|z ~ ro|'T®. By choosing r close to ry and such that (p; — pa) - (x — xq) =
Ipp = pallr — rgl, we see that this is possible only if py = p». This means
that there is exactly one supporting hyperplane to u at each point ry. Let
this hyperplane be defined by the vector p(rg) = Vu(zo). Then from the

hypothesis we have
lu(z) — u(xo) — Vu(xo) - (r — 2o)| < Clz — xo|' ™.

By dividing both sides by |z — xyf, we get

lu(r) = u(ro) — Vulzg) - (£ — zo)|
lr — rol

< Clr — 2]

In other words. u is differentiable at r,. We can repeat the same argument
for any point iu the domain, and conclude that u is differentiable everywhere.

The next step is to show that u is C'°. Fix any two points £ and zo. Then

(Vu(z) = Vu(zo)) - (r — z0)]
= |u(r) — Vu(xo) - (r — Io) = u(ro) + u(xo) — Vu(r) - (ro — 1) — u(z)|

< |u(r) = Vu(re) - (r = ro) — u(xo)| + [u(xo) = Vu(z) - (zo — 1) — u(z)|
< Clz — 5o|'*® + Clz — /' .

Therefore |Vu(r) — Vu{xo)llz — 2ol < 2C|z — zo}'*2. or [Vu(zr) — Vu(ze)f <
2C|x — zo|®. This completes the proof of the claim.

Proof of Theorem 3.4.6 The proof proceeds in a sequence of steps.

Step 1 If Q is normalized and ming u = u(zxg) = —1. then u is C** at z,.
The point ry where the minimum is attained is unique by the result on
extremal points. By Theorem 2.4.2 and Proposition 2.4.4. dist(zq.99) >
p. where p depends on n.e. and the D, constant. From this we see that
B,(xq) C Q. Let z € Q. r # ro. Then there exists a k > 1 such that 27% <

u(z) — u(rq) < 27%*!. Then since u(rg) = —1. we get that u(z) > —(1-27%),
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sor ¢ Q_:_xk_. So by Lemma 3.4.5. r € (2v)*B,(xo) = B_e. (ro). and hence

Iz — x| > p(2v)~*.

—

We can take v > L. so v = 279 for some § € (0.1). Hence. |r — ro| >

p(2170) 7 = p(27F)! .
wri-ulro) By rajsing both sides of the last inequality to the power 1 — .

2

@
.

Since u(r) — u(rq) < 27%7! we see that 27F >

and then multiplving by p. we get the inequality

1-6
(== 2ol 2 p(27)' 0 > p (M) |

1
From this. we obtain 0 < u(r) — u(zg) < 2 (‘l,)l lr - r0|1i~. proving the

claim for this step. since 5 > 1.
Step 2 If Q2 is not necessarily normalized. and ming u is not necessarily —1.

then u is C® at its minimum rg.

Let T normalize Q (Tx = Ar + b for an invertible matrix .4 and some
b € R*). and define u*(y) = | ming u|~'u(T~'y). Then Mu" € D,(C) in Q" =
T(9) and ming- u* = —1 and this minimum is attained at Txo. Then by Step

1 we have that.
0 < u*(y) — u"(Tx) < C(e.n. Dconstant)|y — Try|®*t.
Let y =Tr. Then:
0 < u(r) — u(xy) < C(e. n. D.constant)| m(%n u||Tz - Trol*' or

0 < u(x) - u(zo) < C|IAI*" minuflz - o™

Step 3 If Q is normalized. then u is C'® in the interior of Q.

We prove that if dist(z.dQ) > p. then
lu(r) — lz(2)] < C(n.e€. p. D.const. | inn ul)|x - ol

where [;(r) is any support plane to u at f.

By Theorem 3.4.1. there exists pg = po(n. €. p, D.const.| ming u|) such that

Qip={r€Q:u(z)<lz(z)+p} C{zr€:u(zr)< -Cp} .
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where C = C(n.e. D,const, | ming u|). Let T normalize Q;,, and let v(z) =
u(z) — lz(x) — po. Then v|sq,,, = 0 and v(Z) = ming, , v = —po. Then by
Step 2.
0 < v(xr) = v(F) < Cle.n. D.const)| glin ol|| Al = &t Te.
£.900

Then since | ming, , t| = po. the claim holds if |[4]| can be dominated as
claimed. As on p.98 of [3], |J4|| = max A]!. where the \; are the lengths of
the axes of the minimum ellipsoid of Q; ,,. and det A = (A\;)~'-- - (A,)7h

Define u*(z) = |det .-l|§v(T“1:). We claim that |minpq, ) u*|" is com-
parable to Mu*(3T(Q:,,)). Indeed by Proposition 2.4.4 and the D, con-
dition. we have that |mingq,, ) u"" < Cmemo)o'(r. T(Qzp,)) " dMu* <
.\[u'(%T(Qi_,,o)). For the other inequality. we again use Proposition 2.4.4 and
also use the fact that if r € %T(QMU), then d(z.7T(Qz,,)) = Cn. More pre-
cisely.

min uw*>C 5(2.T(Qs.0,)) " dMu"
IT(Q:’.ao) "2 T(nf.,.,)( (20))

>C / 5(r. T(Qa ) =dMu > CMut(2T(0 ).
LT(Rs ) 2
We have that |mingq, , ,u"|* = {det A|°s§ and (by (2.1))

Mu®(=T(Qz,,)) = | det Al.\-[u(T“(%T(Qfm)).

| -

This implies that

t
o
()
fil
B;/
N’
N—

| det A2p" ~ | det A|Mu (T"‘ (
or

|det 4] < Cpo'".\[u(T‘l(%T(Qf_po)) < Cpg"Mu({r € Q: u(z) < -Cp}).

Since \; < L. ||4]] = max{\['} = ,\J‘l < (A)7 - (An)7! = det A. Therefore
||4l| can be estimated by n.e. the D, constant, p. |minu| and Mu({z € Q:
u(zr) < —Cp}). By the remark preceding Step 1. we see that this establishes

the claim for this step.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Step 4 If Q is not normalized. then u is C*? in the interior of Q.

Let T be an affine transformation that normalizes Q. and define u*(y) =
u(T-ty) for y € T(). Now apply Step 3 to u* in the normalized domain
T(Q). The constant appearing in the inequality will also depend on !|T}l,

which depends on the eccentricity and volume of €. [
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CHAPTER 4

ESTIMATES FOR THE

PARABOLIC
MONGE-AMPERE
EQUATION

In this chapter we show that the estimates of Jerison also hold for paraboli-
cally convex solutions of the parabolic Monge-Ampére equation —u,det D2u =

f on bowl-shaped domains. First we will need to introduce some notation and

define some terminology.
Let D c R*"! and let t € R. Then denote

D(t) ={r€R": (z.t) € D}.

The set D is said to be a bowl-shaped domain if D(t) is convex for every ¢
and D(t,) C D(ty) whenever t; < t,. Now suppose that D is bounded and let
to = inf{t : D(t) # @}. The parabolic boundary of D is defined to be

8,D = (D(ts) x {to}) U (U(amt) x {r})) .

texR
For a bowl-shaped domain D we define the set D,, to be D, = DN {(z.t) :
t <t}
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A function u: R* x R = R. u = u(r.t), is called parabolically convex if it
is continuous, convex in r and non-increasing in ¢.

We next define the parabolic normal map and parabolic Monge-Ampére
measure. Asin the elliptic case. this will lead to the notion of weak solution for
this operator. Let D C R**! be an open. bounded bowl-shaped domain. and
u be a continuous real-valued function on D. The parabolic normal mapping

of u at a point (rg.?y) is the set-valued function
P,(xo.tg) = {(p.h) : u(z.t) > u(rg. ty) +p-(x—xo)for all r € D(t) with t < tq,

h=p-xq—u(xgty)}-

As before. the parabolic normal mapping of a set £ C D is defined to be
the union of the parabolic normal maps of each point in the set. The family of
subsets E of D for which P,(FE) is Lebesgue measurable is a Borel o-algebra
and the map taking such a set E to its Lebesgue measure is a measure. calied
the parabolic Monge-Ampére measure associated to the function u. In what
follows. the notation |E|x denotes the Lebesgue measure of the set E in RX.

There is a parabolic analog of Aleksandrov's estimate due to Gutiérrez and

Huang (G-H p. 1463].

Theorem 4.0.1 Let D C R**! be an open bounded bowl-shaped domain, and
let u € C(D) be a parabolically conver function with u = 0 on OpD. If (9. t) €

D, then
lu(zq. to) "1 < Cudist(re.dD(to))diam(D(to))" Y| Pu(Deg)ln+1
where C, is a dimensional constant.

We now prove the following parabolic versions of Jerison's estimates. The

proofs follow the same outline as those given in Chapter 2.

Lemma 4.0.2 (Compare with Lemma 2.4.3)Let D be a bounded. open bowl-
shaped domain in R**!. Suppose u € C(D) is parabolically conver, ula,(py = 0.

Then there erists a dimensional constant C, such that

lu(zg, to) """ < Cnd(zq. D(t0))|D(to)|n|Pu( Dty)lns1
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forany (xq. ty) € D. where §(xq9. D(tg)) is the normalized distance from (rq. to)

to the boundary of the n-dimensional conver set D(ty).

Proof D(ty) is a bounded convex subset of a copy of R*. Let T be an affine
transformation of R® that normalizes D(to). Define T : R**! — R"*! by
T(z.t) = (Tr.t). Then T(D,) C By(0) x [A.to] for some A < to. Let
v(z) = u(T™'z) for = € T(D).

Then T(D) is a bowl-shaped domain. v is continuous on the closure of
T(D). is parabolically convex. and zero on 6,,f'(D).

Now apply the parabolic Aleksandrov estimate (Theorem 4.0.1) to v in
T(D) to obtain

|u(xo. to)["*" = 1e(T (o, to)) ™+

< Cudist(Tro, 0T (D(t)))[diam(T (D (to)))]*|PAT (Do) Insr- (41)

We next claim that |P,(T(Dy,))lns1 = |det T™Y |Py(Dy)lns1. Let p €
du(rg). Then
u(r.ty) > u(ro.to) +p- (xr — xo)

for all r € D(¢p). Since u is non-increasing in ¢.
u(r.t) > u(r.te) 2 u(xo.to) +p- (r — Io)

for all z € D(t) and t < tg, so (p.h) € P,(xg.ty) where h = p- rq — u(zo. to).
If p € du(xg). (p-h) € P.(ro.te). so therefore. p € Ju(xgy) if and only if

(p. h) € Py(xo. to).
We also know that p € du(ry) if and only if (T7')!p € Ov(Txq). Let
y = Tr. Then as above. for ¢t < ¢t;.

v(y.t) > v(y.to) + (T7)'p- (y — Txo).

Hence. (T~!)tp € 8v(Txo) if and only if ((T~!)!p.h) € P,(Trq. to).where
h = (T Y)p-Try — v(Tre.t) = p-ro — u(xg) = h. In other words. (p.h) €
Pu(l‘o, tQ) if and OIll_V if ((T—l)tp. h) € PU(TIQ, t()).
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We also have (T=Y)t(p. h) = ((T~")!p. h) which implies that (T~!)!P,(E) =
P,(T(E)) for any Borel set E C D. In particular. (T~!)!P,(D,,) = P,(T(Dy,))
This implies that

| det 771 | Pu(Deo )| = |Py(T (Do)

but det 7-! =det T,
Then using this last claim, Lemma 2.3.3, and the fact that |detT7!| <

C(n)|D(tg)[n. we continue from (4.1) and prove the claimed estimate:

< Cod(Txo. T(D(t0)))|Pe(T (Dto)ln+1
Cnd (0. D(te))| Po(T(Dey) vt
Cad(xo. D(to))| det T™Y|Py(Diy)lns
Crd(xo, D(t0))| D(to)ln| Pu(Deo)ln+1-

IA

a

Lemma 4.0.3 Let 0 < € < 1. Let E be a bounded open bowl-shaped domain
in R"*!. such that E C B,(0) x (—2c.x). Suppose u € C(E) is parabolically
convezr and zero on JyE. Let M be the parabolic Monge-Ampére measure
associated to u. Then there exists C = C(e.n) such that

|u(zo.to)|"*" < C«S((ro.to),E(to))‘/E d((z. to). E(to))' ~dM(z.t).

Proof Without loss of generality. multiply u by a positive constant so that
u(zo.tg) = —1. Let s = s27%3 where s and 3 are positive and chosen to

satisfy 3(n+ 1) < € and z:c:l sk < 5. Let A denote the quantity

o r—

6((ro.t0).E(t0))‘/E O((x.to). E(tg))' ~SdM(x.t).

We want to show that 4 > C(s). since s depends on € and |u(xg. ¢y)| = 1.
Let £y = {(z.t) € E : u(z.t) < M = =1+ 5, + - -+ + s¢}. Define Ey =
{(z.t) € E: u(z.t) < —1}. Notice that Ex C Ej,, for every k. The set Ej is
bowl-shaped and uls, g, = A\¢. Fix t and let dx(t) = dist(OE(t), OE(t)).
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Since d;(t) # 0 as k — oc (if & (t) — 0. then u would be smaller than
—% somewhere on the parabolic boundary of E'). choose & to be the smallest
nonnegative integer for which de.1(¢) > 3k ().

Let (ri.t) € dEL(t) be a point closest to dE(t). Then as in the proof of

Theorem 2.4.2. we have that

)k (t) < desa(t). (4.2)

N o—

dist((Lg.t).0Ers (1)) <

¥

Now apply Lemma 4.0.2 to the function u(r.t) — Ax+; on the set Ex., to

get
lu(zk. t) = Memt]™ ™" € Cad (x40 t). Bt ()| Ext(t) [ M ((Eks1):)-

The point (rx.t) € OEk(t). so u(xrk.t) = M\ and |u(zi. t) = Nesr| = A= Nest| =

Sk+1. Thus.

SEE < Cabd((2p- ). Exar (1) Exst(8)n M ((Eran)e). (43)

~

Let L, be a shortest segment from (zx.t) to dE,+1(t) and let (z.t) €
OE.1(t) be the other endpoint. Let p denote |L,| = |zx — z|.

The set Ey.(t) is convex. so we can proceed as in the proof Theorem 2.4.2.
The hyperplane IT (of dimension n—1) normal to L, through (=.t) is a support
plane for Ei.\(t). Let IT' be the support plane parallel to [T on the opposite
side of Ey. (t). so that E,,(t) is contained between the two planes. and let
r = dist(IL.IT'). Then since Ey.(t) C By(0) x {t}. there exists a constant
C = C(n) such that |Ex.(t)]n < Cr (In fact C is the volume of the unit ball
in R*~!).

Let T : R® — R" be an affine transformation normalizing Ex.;(¢). Then
dist(T(IT). T(IT")) ~ 1 and dist((Tx. t). T(IT)) = 2. Define T : R*+! - R+!
by T(z.t) = (Tz.t).
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By Lemma 2.3.3. we have:

O((Tze.t). T(Err(2)))
Cdist((Txg.t). 0T (Er+1(t)))
Cdist((Tx.t), T(IT))
ol

r

3((rk. t). Exar(t))

IN A

IN

Insert this into (4.3) to get

Sk+1

Al < CélEk+l(t)|n~‘[((Ek+l)t) S CpM((Ers1)e) < Corsr (8) M((Eksr)e).

where the last inequality holds since p = dist((xx.t). 0Ex+1(t)) < d+1(t) from
(4.2).

Therefore we have:

irl < COker () M((Brr)e)- (4.4)

Skt

By the choice of k. dx.1(t) < 0x(t) < 27%dg(t). For some values of t. dy(t)
might not be defined. This is the case when u > —1 on E(t). For t = tq, dy(t)
is defined. Since u is non-increasing in t. do(t) is defined for any ¢ > t;. Take
t =ty.

Then 2 %dy(t) < C27%§((xo.t0). E(to)) for a dimensional constant C.
This is true since dy(tg) < dist((zo.ty).0E(ty)) and the general fact that
dist(x,0E) < (diam(E))d(z, E). In this case diam(E(tg)) < 2.

Therefore.

Sent (b)) M((Eeet)tg) = G (to) esr (o)™ / dM(y. s)

(Ek+1)eq

= Gent(to)* / Seer (o) =d M (y. )
(Ek+1)eg

< TRH(0to) B [ Geei(ta) M (5-9)

(Exsieg

< 27%¢5((xo. to). E(to)) / o St E(to))'~*dM (y. ).
(Bkaideg
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The last inequality holds since
Ok+1(to) = dist(FEy+1(to). OE (o)) < dist((y.t), 0E(to)) < d((y. to). E(to))
forall y € E¢, (ty). Then from (4.4) we obtain that

il < 2_“‘5((1‘0-!0)‘5(%))‘/ 5((y- to). Eto))'~*dM (y. 5) < 27% 4.
(Errileg

Now recall that
S::ll — Sn+l.2-(n+l)(k-'»l)3 2 sn+12—z(k+l)
since 3(n + 1) < e. Hence

sn-‘r-l-z-((k 1) < 2—’“,-1 = Sn+l < CH,

where C depends on €. so A > C(s) as desired. O
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