Part I. Do three of these problems.
I.1. Let w be a real number # 0. Compute
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I1.2. Let G C C be open, let a € G. Suppose r > 0 is such that the Taylor series at
a of every analytic function on G converges in the disc

B(a;r)={z€C:|z—a|] <r}.

using residues.

Show that B(a;r) C G.
I1.3. Let G C C be a connected open set and f : G — C analytic. Suppose that
there is a € G such that f(a) =0, and that f(z) ¢ (0,00) for all z € G. Show that
f=0.
I.4. Find the image of the disk {z € C : |z—i| < 2} under the Mébius transformation
z+1
z— 2

Part II. Do two of these problems.

II.1. Let D = B(0;1) be the unit disc. Suppose f : D — D is analytic and
invertible. Show that f is a Mobius transformation.

I1.2. Let © be a solution of AAu = 0 on the unit disc D. Show that there are
holomorphic functions f,g: D — C such that

u(z) = Re (f(2) +z9(2)).

I1.3. Suppose f(z) is analytic inside a bounded domain G and continuous on the
closure of G. Suppose the number M > 0 is such that |f(z)] > M for all z € 9G.
Suppose there exists a point zp € G such that |f(z9)] < M. Prove that f(z) must
have a zero in G.



