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Part I: Do three of the following problems

1. Let L' y) be a harmonic function on €. Suppose u(x,y) s harmonic on T, and let
Y. ey

s, y) be its harmonic conjugate. Show that Ufu(x, y), v{x. y)) is harmonic.
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3 Fined & bitective holomorphic mapping that maps the set {z bl < 1 Iml2y = 0
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onto the cpen unit digk.

0.1, .., 4 in the complex plane, where & is a positive integer. Let

' 1 R I I 3
I = / - . -dz oand Sy o= / : Lot k) dz
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Show that Ji = 2mi(— 1"k and that [ = 0. Hint: to show that I = U replace €' by a circle
— R for R snfficiently large (be sure to explain why this does not affect the value of the

integral} and let f1 go to o

4. Let {{z) hean analytic function from the open unit disk to itsell. Suppose that fi1/21 =10,
Use Schwarz's lemima to prove that [ F(0)] < 1/2 and | f/(1/2)] < 4/3.



Part II: Do two of the following problems

1. Let f: T — © he an entire function. Suppose f maps every unbounded sequence to an

¥

unbounded sequence. Prove that f is a polynomial.

fe
2. (a) Let {02}, ful E izt be a sequence of analytic functions on the open unit
) Femll
disk £, Suppose {f,(2)} converges to a function flz) in D) moreover, suppose that the
G

convergence is uniform on every set {z € I < v}, where 7 < 1. Let flz]

Show that for everv & > (O, 1Im ag, = Q.
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(b} Conversely, suppose {fulz]} fulz] = g gzt is a sequence of analvtic funetions on
k=0
the open unit disk D. Suppose that for every kb = 0 Him s, exists and equals a; . Suppose
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further that there exists M > @ such that 1, (; for every n > 1 and every » € [

Show that {f,(2)} converges to flz} = E apz’ in 1) and that the convergence is uniform
‘ =60
oneverv set [z & D 2 < r}, where < 1.
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S{LY{w. & h) = / Llw. u+ ih) sinlué jdu,
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where b » 0w =9, 8 =0 and
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