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Part I. Do three (3) of these problems.
I.1. Let f:[0,1] — C be continuous. Define g: C\ [0,1] — C by
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Show that ¢ is holomorphic.

I.2. Let n > 2 be an integer. Evaluate
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Hint: e™/™ lies between the positive real axis and the ray t — e27/"¢, ¢t > 0.

I.3. How many solutions are there to sinz = 27 (Verity)

I.4. Suppose u : R? — R is harmonic and bounded. Prove that u is constant.

Part II. Do two (2) of these problems.

I1.1. Let € be open connected in C, f,g : 2 — C holomorphic with g not constant.
Suppose there is h : g(2) — C continuous such that f = hog. Prove that h is holomorphic.
Hint: The property of being holomorphic is local.

I1.2. Let 2 and R be open, bounded, and connected, each with boundary consisting of
finitely many circles. Let f :  — C be continuous, holomorphic in €2, and nonconstant.
Suppose that f(02) C R and that for every bounded component @ of C\ R there is
q € Q not in f(Q). Prove that f(2) C R. Hint: use the Maximum Principle.

IL.3. Let F = {f : D — D | f is holomorphic}, where D = {z | |z| < 1}. Let L =
supser | f(0)]. Show there is f € F such that f”(0) = L.



