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ABSTRACT

PROBABILITY AND MATHEMATICAL FINANCE

PART I: LONG RANGE SELF-AVOIDING WALKS ABOVE
CRITICAL DIMENSION
PART II: FINITE HORIZON OPTIMAL INVESTMENT AND
CONSUMPTION WITH TRANSACTION COST

Yun Cheng
DOCTOR OF PHILOSOPHY

Temple University, August, 2000

Professor Wei-Shih Yang, Chair

The subject of this thesis work consists of two parts. Part I is in the area
of probability, where I obtained the limiting distribution of long range self-
avoiding random walks above critical dimension. Part Il is in the area of math-
ematical finance, where regularity and free boundary results were obtained on

the finite horizon optimal investment and consumption with transaction cost.
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CHAPTER 1

INTRODUCTION

A self-avoiding walk is a path on Z9 lattice that does not visit the same
site more than once. The model originated in chemistry several decades ago
as a model for long-chain polymer molecules. Since then it has become an
important model in statistical physics, as it exhibits critical behavior analogous
to that occurring in the Ising model and related systems as percolation.

In spite of its simple definition, many of the questions about the self-
avoiding walks are difficult to resolve as it does not respond well to standard
probabilistic methods. Computer simulations have played an important role
in the development of the theory by providing computational conjectures. The
lace expansion is by far the only theoretical method that has led to rigorous
results such as existence of critical exponents and mean field behavior.

The lace expansion was first introduced by Brydges and Spencer (1], who
used it to study weakly self-avoiding walk when the dimension is above the
critical dimension. It was then developed (among others) by Slade [29], Hara
and Slade [15], [16]to study the strictly self-avoiding walks, also under the
assumption that the dimension is above the critical dimension.

At the heart of the lace expansion method are two components. One is a
convolution equation in which the two point function involves with the per-
turbation function. The other is the Feynman diagram scheme which provides

estimates on the perturbation function. To apply the lace expansion method,
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one needs the help of some assumptions on the model so that the two point
functions could be shown to converge to their simple random walk counter-
parts.

My thesis concerns the limiting distributions of long range self-avoiding
random walks. We call a random walk long range if each step of the walk
has infinite range. In this situation, Yang and Klein [30] has shown that if
the one-step walk follows the discrete Cauchy distribution, the weakly self-
avoiding walk will follow the standard Cauchy distribution, when the lattice
dimension is above the critical dimension 2. The difference between my work
and [30] is that I consider the strictly self-avoiding walks, while [30] considers
weakly self-avoiding walks.

In chapter 2, I will give a self-contained formulation of the lace expansion
theory, with enough detail for our long range random walk study.

In chapter 3, I consider the self-avoiding long range random walk in high
dimension. We show that if the one-step distribution follows the discrete
Cauchy distribution, the limiting distribution will follow the classical Cauchy
distribution.

In chapter 4, I consider the case in which the dimension d = 3, and assume
the random walk follows the spread-out discrete Cauchy distribution. We show

that in this case the limiting distribution is still the Cauchy distribution.
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CHAPTER 2

THE LACE EXPANSION

2.1 The Brydges-Spencer Theorem

Let X, Xs, ... be independent identically distributed random variables on

lattice Z4, and W(T) = S___, X; be its finite sum. We define

B.[a,b] = {st:s<t,|s—t| <T,5,t € [a,b]}, (2-1)
K:a,blw) = [J] (1+Uxw)), K-la,a]=1, (2.2)
stEB-[a,b]

where U (w) = —1 if w(s) = w(t) and Uy (w) = 0 otherwise.

Clearly K,[a,b](w) = 1 if the random walk (w(s) : @ < s < b) is self-
avoiding within memory 7; K. [a,b](w) = 0 if the random walk is not self-
avoiding. Also, 7 = 0 corresponds to simple random walk, as in this situation
the set Bla,b] = 0.

We call the elements of BJa, b] edges, and subsets of Bfa,b] graphs.

A graph G C B,[a, b] is called a connected graph if it satisfies the following:

1. For each integer m € (a, b), there exists st € G such that m € (s,t).
2. There exist bonds in G that connect to a and b respectively.

By convention, a single point that does not connect to any other points is also

a connected graph.
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A lace graph is by definition a minimally connected graph. We will use
LY¥[a,b] to denote those laces on [a,b] that have exactly N edges and that

each of the edges has its length no larger than 7.
Given a connected graph G on [a, b], the following is a standard procedure

to find the representative lace £(G) corresponding to G:

1. Find the first edge s1¢;: set s; = a and let t; = max(t : s;t € G).

2. Assume we have already found edges s;t;, sat2, ...Snt,- We choose edge
Sniitns1 Dy setting f,,., = max(t: st € G,s < t,), and Sp4; = min(s :

stn, € G).

3. Continue the process in 2 until {,,; = b.

Figure 2.1 is the illustration of the lace N = 3. We note that s; < s2 <

t; < s3 < tp < t3 and it is possible that ¢; = s;3.

£ 0 L)

s3 t2 i3

Figure 2.1: Lace Structure for N = 3

Two connected graphs Gy, Ga C B;[a, b] are said to be compatible with each
other iff £L(G;) = L(G,). Clearly, the compatible relation among connected
graphs in B,[a, b] is an equivalent relation.

The lace graphs acts as the 'skeleton’ in their equivalent classes. This fact
will help us categorize the terms in K,[a, }], as is seen in the following.

For a fixed lace graph L C B,[a,b], let
G(L) =U{G : G C B;[a,b],L(G) = L}.

It is easy to verify that G(L) is still a connected graph on B,[a,b] and is
compatible with L. Let us denote C(L) = G(L) \ L, then

E H Use = H Use H (1 + Use)- (2-3)

(G:L(G)=L} steG steL  steC(L)
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We now introduce the following ”perturbation” term J;:

e b= Y JJU. J] Q+U., (2.4)

LeLN[ab] steL stec(L)
oc
Jr(a, 0] =" JN[a.b), (2.5)
N=1

then clearly we have
J-[a, b] = > I Ue (2.6)
G connected on [a,b] st€¢

Proposition 2.1 For T > 1, we have

K.[0,T] = 1T]+ZJ [0, j1K-[4, T)- (2.7)
ij=1
Proof:
From the definition of K,[0.T], we know
K00, T =Y ] Ut (2.8)
G steG

where the summation index G runs through all the graphs of B;[a, b].
Given a graph G (which is not necessarily connected), we denote its first
connected component by G;. Then
T] = Z H Uszz H Us:,
G steG, G steG\Gi
where G; runs through all connected graphs starting at 0, and G runs through
all graphs that has G, as its first component.

Now we can categorize G; according to its lace representative and use

(2.3)-(2.6) to get

K,[0,T]

Z{i S [V JI Q+U}KT]

J=0 N=1Lecl¥[0,5]stel steeC(L)

T
= Z J'r[ov j]KT[j, T]

= K.,.[l, T] + i ']-r[ov j]Kr[jv T]

j=1
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Q.E.D.
The following definitions will be of fundamental importance.
For z € Z¢, we denote
N:(z,T) = E(K.[0, T{\w,=z)) N (z,0) = o, (2.9)
N.(k,T) = exp{ik - T} N.(z. T), k€ [—=,x]°. (2.10)
reZd
For z € C, the so called two point function is defined by
N.(z,z) = Y E(K[0. TIwr=z))z" (2.11)
T=0
The Fourier-Laplace transformation of N, (z,T) is given by
N.(k,z) = Y exp{ik -z} N;(z, z)z", k € [—x,7]% (2.12)
ezZd
For 7 = 0, Ng(k, z) can be computed explicitly.
No(k,z) = Z Z exp{ik - 1} E{Ipw(1)=2)} 27
T=0ze24
oo
— Z{E{eibu’(l)}z}T
T=0
S (2.13)
1 - zD(k)

where D(k) = > _yeza €xplik - y} E(Lw,=y)) for k € [—m, w]d.

We denote the convergence radius of N.(k,z) by r (k). It is easy to see
r-(k) > r-(0) > ro(0) = 1.

Note that from (2.9) to (2.12), we use the same N to denote different
functions. They are distinguished from each other by their arguments. We
will also denote the Fourier transform of a function N by N.

Similar to the above definitions, let us define the Laplace and Fourier-

Laplace transformation on J,:

Hf(x’ Z) = (—I)N iE(J-r{v[O’T]I(W(T)=I))ZTa (214)
T=1
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HT(Iv Z) = i(—l)Nnﬁl(x’ Z), (2'15)
N=1
n.(k,z) = Z exp{ik - }I,(z, 2). (2.16)
zeZ4

From (2.7), we have J.[0,T] < K,[0,T]. Thus the convergence radius of
[1,(k = 0,z) is no less than r.(0). We will see in our application problems

that the former is actually strictly bigger than the latter.

Theorem 2.1 (Brydges and Spencer)

For any z such that [1.(k = 0,z) and N,(z,2) converges absolutely, we

have

ZVT(JI, Z) = (50,3: +z Z N-,—(:L' -y z)E(I(Wl—_-y))
yezd

+ 3 (v, 2)Ne(z — v, 2), (2.17)
veZ4
1

1—zD(k) — M, (k, z)

N, (k, z) (2.18)
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Proof: For T > 1, by (2.7) we have

Soz + Y E(K-[0, T\ Iwr=z))2"
T=1

= doz+ Y E{{K:L T+ J:[0. jK. [, TIHwr=) }2"

T=1 =1

= Goz+z Y > EK[LTHwizywr=)z"""

oo T
+ 32 30 B3 10,31, K15 Tl =)} 2

vezdT=1  j=1

= Soz+2 Y No(z—y,2)E(Iw,=y)

yezZd
oo T ) )
+ 37578 T B0, 10y, =0 Y2 B K5, Tl Igwp=z) } 27~
vezd T=1 j=1

= 60,:: + =z Z N-,-(.’L‘ -Y, Z)E(I(“’1=y))
yez

+ Y (v, 2)Ne(z ~ v, 2). (2.19)

vezZd

N (z,

N
Il

In the above reasoning, the penultimate equality came from the independent
increment property of the random walk.

Taking Fourier transform on both sides of (2.18), we have
N-(k,z) = 1+ N,(k, 2) D(k)z + I1.(k, 2) N-(k, z)- (2.20)

This leads to (2.18).
Q.E.D.

By comparing (2.18) and (2.13) we observe that II, (k, z) characterizes how
self-avoiding walk deviates from the simple random walk. If the self-avoiding
walk is very close to the simple random walk, then we expect I, (k, z) to be

very small.
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2.2 The Feynman Diagram

In order to estimate II,(k,z), we need an efficient way of computing the
J¥[a,b] as defined in (2.4). Feynman diagram provides us the right tool in

this aspect.
We observe that for a fixed L € £L¥[a,b], in order that a random walk w

contribute to the summation in the definition of J¥[a, b, it must satisfy the

following:
w(s) = w(t), for all st € L; w(s)# w(t), for all st € C(L). (2.21)

A careful examination of the lace structure as in Figure 2.1 will convince
us that w must follow a path as shown in Figure 2.2.

Figure 2.2 illustrates the Feynman diagrams up to N = 6. The edges
in the graph represents sub-walks, which are numbered according to their
occurring precedence. The solid edges represent those sub-walks that have
distinct terminal points; the dashed edges represent sub-walks that might have
same starting and terminating points. For a diagram of order N, the points
are numbered by z;,...,zox—;. For a given sub-walk i, its terminal points are

denoted by n(z — 1) and n(zZ) which are chosen from z,...,zonx_1-

Proposition 2.2 Let N > 1 be fized, fi, fa,-.., fon—1 be nonnegative even
functions defined on Z°. Define

Fn(z) = fi * fafs * fas .- ¥ fon—2fon—1(z), T € Z°,

where * represents discrete convolution operator on Z%. Then we have:

2N -1

>° 11 #xrG) —nG - 1)) = Fn(0). (2.22)

z1,T2..ZN-1 =1

Proof: For the case N = 2, we have

Zfl(xl)f2($1)f3(xl) = f1 * f2£3(0).
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Figure 2.2: Feynman Diagrams

Proposition 2.2 Let N > 1 be fized, fi, f2,..., fow-1 be nonnegative even
functions defined on Z%. Define

Fn(z) = fi* fafs * far-- v ®fav—2fon-1(z), 1z € 2%,

where « represents discrete convolution operator on Z°. Then we have:

2N -1
Y. II fin@) = n(i - 1)) = Fx(0). (2.22)

Z1,23--3IN-1 =1

Proof: For the case N = 2, we have
3 filz) fa(z) f3(z1) = fi * f2£3(0).
:
Suppose we know (2.22) holds true for NV — 1, we consider the case N:

Y. flz) ... fan-a(z2n-2 — Tan-3)

TLEN=1
fon-3(Tn-1 — zn3) fan—2(TN-1 — Tn-2) an-1(TN=1 — ZTv-2)
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Clearly, for any fixed f on Z¢,
| flloo < [ifll2 < [I£ll1- (2.23)

Proposition 2.3 Let f,g be functions defined on Z¢, we have the following

inequalities hold true:

[1f * glleo < llfll1]lglloos (2.24)
ILf * glloe < lifll2ligll2s (2.25)
1f * gll2 < [[fl}1]lgll2- (2.26)

Proof: We only prove (2.26).

If«gll: < D D (1fWllg(z —v)I)?

zeZ4d yezd
< S ST U@ U @)Eg(z — v))?
zeZd yezZd yezd
= {D_If@IF D 9(=)?
yezd zc€zZ4
= f12llglz-

Q.E.D.

Proposition 2.4 For fited N > 1, let f1, fo,..., fan—1 and Fn be defined as
in Proposition 2.2, we have

2N -1

Fn(0) < llfallw [T Nfill2s (2.27)

i=1,i#a

where a could be any integer between 1 and 2N — 1.
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Proof: For the case a being odd, we have

Fn(0)

IN AN IN DA

IA

IN

IA

IA

IA

<

<

fill2llfafs* fa--. fan-1ll2 (by (2.25))
Whll2ll f2ll2ll f5 * fa - - - fon-1ll
I fill2ll f2ll2ll f3ll2ll fafs - - - fan—1ll2

a—-1

H I fillzll fa * fas1--- fon-tlloo

=1

a-—1

H [ fillall fellocl fas1 fas2 - - - fon—1lla (by (2.24))
=1

a-—1
[T 1Al fallooll faslloll fosz * o - - - fon-alle
et
T kel fallooll fasallzll foss - fon-alls  (by (2:26))
gy
IT 1Atz fallooll fotsllall foss * - fan—sll2
i=1i#a

IT lfd2l falloo-

i=l,i#a

If « is even, we have

Fn(0)

a-—1
= [ fdl2ll fafasr--- favoill.  (same as o odd case)
1

< H ”fl’”2”fa“oo“fa+1 * fa+2 ... f2N—1”2
1

Let us denote

< Lol
2N-1
< [I Ufll2lifallo-  (same as a odd case)
t=1,i#a
QE.D.
7—1
G2(z,2) = ¥ N,(z,T)Z", a=0,1. (2.28)

T=a
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The following proposition provides estimates on I, (k, z) using the norms

of G¢(z, z).
Proposition 2.5

I (k,2)] < IGHz, 2)lleolz| + IG} (2, 2)lloo

S IGH e IS 16z, ) 2
N=2

O (k2 < (G Do

+ Y CN[8.Gx(z, 2)lllIGr(z, )5
N=2
NGz, 2)[13 2

B (k,2)] < Y N|[zGr(z, 2)[|=lIGH (= 2) I

=2

NIG3 =z, 2)]17

0:0:[1.(k, 2)] < D CN?||zG(z, 2)lolIG Lz, 2)lI5
N=2

1G3(z, 2)lI32118:G2 (. 2) I

Proof: We first prove (2.29).

By definition,

0k, 2)| < 323 Y E(IN0, Tl wr=n)2"-

N=1T=1 =z

(2.29)

(2.30)

(2.31)

(2.32)

For the case N = 1, we observe that there is only one lace graph in the set
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LL[0,T], and moreover, to make Uy = —1, we must have T" > 2. Thus
o0
Mik,2) < D IEL Y. [JU« [l (+Uee)lwr=0}="1
T=2  Lell[0T]steL  s't’/€C(L)

< Y_E{ J[ Q+Use)lwr=o}lzl"
)

T=2 stec(L

= D Y E{Im=nE[ [] (+Use)lwr=ollXi]}Hzl"

#£0 T=2 s't'eC(L)
T—1
< 21D E{lw,=n) »_ E(K[0, TH(wy=n)|2|T}
z#0 T=1

< |zllG2(z, 2)llco-

For N > 2, we have:

ks >, Y > E{ ][] @ +Udla@nrn}z", (2.33)

Z1TIN1€24T=3T1, .. Tax-;  steC(L)
where 0 < T} < T < --- < Ton—_; = T are possible terminal times for lace
graphs having z,,...,Zx-) as its terminal locations; L is the particular lace
that has T} < Tp < --- < Toy—y = T as its time terminals; and A(z, N, T) =
{w : w passes n(1),...,n(N—1)at time T} < T <--- < Ton_; =T}.

The expectation in (2.33) can be estimated by:

2N-1
E{ [ 0 +UMaenn} < E{ ][] K(Ti-i, Tilla}
steC(L) i=1
2N -1
= [[ E{K[Ti-1, Til1a}
i=1
2N-1

= I Mn(i) - nG = 1), T~ T,

where A; = {w : w(T; — Ti-1) = n(i) — n(z — 1)}.
For fixed z,,...,Zn-1 € Z¢%, let us denote

2N-1

Hy(zy, .. ZN-1) = z Z H N,(n(i) — n@i — 1), T; — T;_;) 25T,

T=3Ti,....Ton-1 i=1
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Taking into consideration the Feynman diagram, we observe that each of
the terms in the summation of Hy(z;,...,zn-1) belongs to the expansion of

the product

N+1

N-1
_H Gi(n(i) — n(i — 1), 2) H Go(n(j) — n(j - 1), 2),

where the N + 1 GL’s correspond to the N + 1 solid edges in the Feynman
diagram and the N — 2 G¥’s correspond to the N — 2 dashed edges in the

Feynman diagram. Thus by Proposition 2.4 we have

II:L['V(I‘L Z)I < Z HN(Ih"')xN—l)

N+1 N-2
< > IG@6E) -nG~-1),2) H GI(n(j) — n(j - 1),2)
Ly IN—-1 1=1 1=

< IGHz 2)lwllGr(z, Y G (2, 2) 12,

Taking summation over N on [[I¥(k, z)| we obtain (2.29).

We can modify the above procedure to prove (2.30). The modification that
has to be made is to multiply T in the z7~! terms. We can estimate this T by
taking T = fo;‘(T, —T;_;) and assign each T; —T7 — 1 to the corresponding
sub-walks. Notice that G%(z, z) = d¢; + G1(z, z), we can conclude that the
sub-walk appended by T; — T;_; is bounded by the term [|3.GL(z, 2)||co-

To prove (2.31), we have to multiply the kth coordinate of z,5_; in each
of the terms. We can estimate this by taking |zon—_;1| < Z:\:{l |zi — Zizq|
and assign each of the |z; — z;_,|’s into the corresponding solid edge related
sub-walks.

Finally, we combine the previous methods to prove (2.32). Notice that
z;G%(z, z) = z;G%(z, z), we can always choose a sub-walk different from the
one that is appended with T; — T;_; and append it with z; — z;_,.

Q.E.D.
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CHAPTER 3

HIGH DIMENSIONAL
LIMITING DISTRIBUTION

In this chapter, we assume the i.i.d. random sequence X;, X5,...,Xn....

satisfy the simple discrete Cauchy distribution:

3 1

P{X1 = ine,—} =

where {e; : 1 < j < d} are unit vectors in Z<.
(The appendix contains detailed computation results on discrete Cauchy

distribution. )
The probability that concentrates on those T-step self-avoiding walks with

memory T is given by
<->r.= Y -N:(z,T)/)_ N:(z,T). (3.2)

Our goal is to show that there exists a sufficiently large dimension d,, such
that for d > dy,

T d
. . 3
Jim < exp{ik - > " X;/T} >rr= exp{—d— El k;l}, k€ [r,7]%  (3.3)
J=

5 T <
=1

That is, the scaled random sum ZT=1 X;/T converges weakly to the clas-
sical Cauchy distribution.
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3.1 Simple Long Range Random Walks

For d > T, a 2T-step walk that returns to the origin must stay in a T

dimensional subspace in Z¢. Thus the following is true:

d\ (T\* T
No(0,2T) < ( T ) (2) < gt (3.4)

For arbitrary z € Z4 and n € N, we have

No(z,2T +n) = / D(k)T+re*=dk < / D(k)?Tdk = No(0,2T). (3.5)

(2m)?
(Note: Unless otherwise stated, the integration domain is [—=, 7]?.)
We will also use the following lower bound of 1 — D(k):

1— D(k) > g{'f':, k € [—m,7]% (3.6)

Proposition 3.1 For any integer m > 0, we have

D T3No(0,2T) < O(d™!), d— oo
T=1

Proof: From (3.4) (3.5), we have

3
> _T°No(0,2T) < O(d™),
T=1
d—1
D> T No(0,2T) < (d—5)(d—1)*No(0,8) < O(d™h).

=4

For [p| < 1, we will need the following estimation:

3 2T - )ET - 257 < 3 iG— 16— 2l
T=d i=2d
= Q)
3 |P|2¢_3
S CTR o
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Now we compute the case T > d,

> T3No(0,2T) = (2 L / ZT3D(I:) dk

T=d

IA

(2? / Z(QT)(zT _1)@T - 2)D(k)" " D(k) dk
Cd3 /I % |D(k)[>*-3 dk

(1 — |D(k))*
Cf
| =
d

3[k[ 3k
A {% 2(3“‘71, 21r2)}—4dk

T

IA

2
5.2)(2d)}

IA

1=

20z [ewt- 3"“'2}(3'“2)-‘(11:

cd’
(2«)4/ =P
Cd" d=¥? _ d
(27’)“ F(‘“’")F( 5)
o(d™").

IA

-8 d_ldp'll)d_l

IA

IA

IA

Q.E.D.
Proposition 3.2 For |z| <1,v=0,1

182 No(z, T)z"[leo < O(d7), (3.7)

T=1
182> " No(z, T)2|I3 < O(d™). (3.8)
T=1
Proof:
Iaz Z NO(xv T)ZTI S ZTNO(:E, T)
T=1 T=1
< No(z,1)+ 2(211 + 1)No(z,2n + 1)

n=0

+ i(Zn)No (z,2n).

n=1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



19

Clearly Ny(z,1) < O(d7!') , No(z,2n + 1) < No(0,2n) and Ny(z,2n) <
No(0,2n). The previous proposition leads us to (3.8).

10: > No(z, T)2"13 < 1D _TNo(z. T3 = D D STNo(z,5)No(z,T)
T=1 T=1 S$T=1 =«
= D D (ST)Ng(0,n) < Y n*No(0,m)
n=2 S+T=n n=2
< o@d™).
Q.E.D.
Proposition 3.3 For|z[| <1
1 < [[No(z,2)I £ 1+0(d™) (3.9)

Proof:

INA(z 2)[5 < b0z + D No(z, T3
T=1

= Y {8, +260:> No(z,T) + (> No(z, T)}
T=1 T=1

P A

= 1+23 No(0,T) + 1D No(z, T)I3
T=1 T=1

An application of Proposition (3.1), (3.2) completes the proof.

Q.E.D.
Proposition 3.4 For fized integer m > 1
1 - -m
sup{ 7 / (1 — D(k)) ™dk} < oo. (3.10)
Proof:
1 /(1 - D(k))_mdk < C- —I—/ﬂ(i)"‘ d-1q4
(2r)e = Uemd), e P e
1

S 1 — D(k)) "dk
(2m)¢ (—w.«]d\{kzlkls\/&}( )
= Il + Iz.
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L = (2—;;,-%@ / 7 pitamgy < 0(1)
h o< O /{_md_msm(%)"*dk <o),
Q.E.D.
Proposition 3.5 For 2| <1, v =0,1
11218 No(z, 2)|lee < O(d™) (3.11)

Proof: It suffices to prove the case v = 1. Let 0 < p < 1, 8.Ny(z, p) is
summable w.r.t. x and thus has its Fourier transform:
D(k)

R T

Although 8, Ny(k, p) is not differentiable at the origin, it is Lipschitz continuous
w.r.t. each k. It has a.s. derivative w.r.t. k;

9D(k) . 2pD(k) 3D (k)
(1-pD(k)?  (1-pD(k))?

We can apply the integration by part formulae in the following calculation.

Ok, 0: N (k, p) =

izlazNO(xa p) = /ixl €xp (_Zk ; I)azNO(ks p)dk

1
(2r)?
1
(2m)?
1
(2m)
+ | e ™75, 8. Ny(k, p)dk, }dk

-

1
(2m)?

/ exp (—ﬁc— . f)dE/ ixle“klz‘azﬁo(k, p)dk,
[_'7"17"]4-l -

/ exp (—ik - T){—ie~ 1519, Ny (k, p)[’:7r
[~ x4t

/ exp (—ik - )8k, 8: No(k, p)dk
Applying Proposition (3.4) and using the fact 8;,D(k) < O(d~!) we arrive

at the result.
Q.E.D.
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3.2 The Convergence of Lace Expansion

Proposition 3.6 For fized T < oo, the norms ||GL(z, p)l|2, [18:Gi(=z,p)ll2,
lz[*82GL(z, p)|loo (v = 0,1, |u| < 1) are continuous w.r.t p if p < r.(0).

Proof: For the two L, norms, we only prove the second one. By definition

T—1
Z {3:Gl(:z;’ p)}2 = Z Z T1T2N7(27 Tl)ArT(za T2)pTx+T2_2

P YA z€Zd Th,Tza=1

< DY O G+ 1D)NA(z,5)7)

n=0 j=0 =z

O (n—j+1)N(z,n—5)p")

< {3 (n+ DNk = 0,n)o").

n=0
Thus for p < r,(0), [|8:GL(z, p)||2 is finite and continuous w.r.t. p. More-
over, notice that the coefficients of the above series are nonnegative, the norm
[|8-GL(z, p)ll2 is actually left continuous at r.(0).

For the infinite norm |||z[*8YGL(z, p)||co, We only prove the case v = 1.

|2,0:G1(z, p)lw = sup |z1]8:G;(z,p)
ze2d

= sup |z1| Y TN(z,T)p" (3.12)

zez? T=1
Since T'N.(z,T) > 0 and pT ! are convex functions w.r.t. p for 0 < p <
m:(0), -7 TN.(z,T)pT~! are also convex functions(for each fixed z). Thus
(3.12) is also a convex function w.r.t. p. We suffice to show (3.12) is finite for

p < r(0).

sup |z,| ZTN-,—(.’L‘, T)p' ! < Z sup |z,|TN;(z, T)pT !
z€2¢ 1o T=1 ¥€Z¢

T
Z sup |z,|TNy(z, T)p" 1
T=1 zezd

T T-1
> IO [ TID) " 10s Dbk

2= (2n)d

< o0

IA

IA
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Notice that in the above derivation, the assumption 7 < oo is necessary.
Q.E.D.

Lemma 3.1 For a sequence of nonnegative numbers (a,)ow, satisfying

Qnim < Qnay, for alln,m > 0, we have

3
1

le An® = infla,,1 (3.13)

Proof: Without lose of generality, we assume a, > 0 for all n > 1. So we can

For any € > 0, choose N such that by < infp>1b,/n +€. Let n =kN + 1
with 0 <7 < N - 1. Then

b Slzb~+b,=ko_N_+b by

n -
n n n N n N’

denote b, = loga,, then bpym < bp + by, for all n,m > 1.

as n — oo.

Q.E.D.

Proposition 3.7 Let x,(z) = Y g0 E{K-[0,T)}zT. Then for 0 < p < r.(0),
x(p) < o0, and x(r-(0)) = oo.

Proof: We verify that the sequence { E{K,[0, T]}}¥-, possess property (3.13):

E{K.0,T\ +T)} < E{K.[0,TiK.[T:,T1 +T]}
= Y E{EY@(K,[0,T5]) K-[0, i) [wTi)=o)}

zezd
= EK,[0, T,)E{K.[0,T3]}.

It follows lim, o EK,[O,T]% = p exists and 0 < p < oo, x(p) < oo for
0 < p < 7,(0). Moreover from Lemma 3.1 we know E{K.[0,T|} > uT for all

T, which implies x(r,(0)) = oo.
Q.E.D.

Theorem 3.1 There ezists a universal dimension dy such that for alld > dy,
p € [0,7-(0)] and 7 > 0,

statement Py —> statement P>.
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Here P,(a = 2,4) is the following assertion:

1 2 < akgd™! =0,1,
p { 10:G1(z. p)13 < akoed™, v (3.14)

| 112418G (z, pllee < akod™!, u] < L,v=0,1,

where kg is a universal constant that does not depend on T or d.

Proof: From Proposition 3.2, 3.5 and the fact GL(z, p) < Gi(z,p), we know it

suffices to consider the case p € [1,7,(0)]. Let us define
F.(k,z) =1—zD(k) — I1,(k, 2), (3.15)
then for 1 < p < r,(0) we have
Fr(k,p) =1~ pD(0) — I1.(0, p) + p(1 — D(k)) + I1.(0, p) — I, (k, p) (3.16)
By (2.18) and Lemma (4.2), we know F,(0, p) = 1 — pD(0) — I1..(0, p) > 0
for p € [1,7,(0)] and the equality holds iff p = r-(0).

I11:(0, p) — [ (k, p)| < V16K, p)| |K| 0<6<1 (3.17)

Our assumption P; and (2.31) imply that |VJII{0k, p)| < O(d~2). (In this
proof, the constant C will refer to a quantity that does not depend on the kg,
T or d, while the quantity O(-) my depend on kq.)

From the fact that

3|k] - 3|k|
5rd <1-D{k) < -y (3.18)
we conclude
Fi(k,p) 2 p(1 — D(k) - O@@™?) - k| > C(L— D(k))  (3.19)

Notice that we may require a bigger dp to guarantee the inequality (3.19)
holds true, with the constant C irrelevant to ko, 7 and d. However, this
increasing of dg is done in a deterministic manner, and it depends only on kq.
Our future deductions will be correct as long as they do not depend on the

choosing of k.
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We now show that [|8*Gl(z, p)||2 < 2ked™!, with v =0, 1.

For v = 1 we have

10:G3 (@, E < - )
ryel0- (k. I

D(k) + 8.1 (k. p) .,
(2vr)d/ T FEGr #

1 D(k)? +2D(k)3:1L, (k, p) + 8. 1L, (k, p)*
(27f)"/ F:(k, p)*

We will estimate the terms in the right side integral separately. The first
term is estimated by:
1 D(k)? i 1 D(fc)z
2m)¢ ) Fr(k,p)* (-n)“ (1 — D(k))
= [[0:No(z.p = 1)|I3
< cCcdL

IA

To estimate the second term, we notice that by (2.31) and our assumption Fj,
|0:11-(k, p)] < O(d™"). p < r-(0),k € [—w,w]".

Thus we have

1 [ 2D(k)3.IL(k, p) L1 D(k)
(2”)“/ Fkot & < OG0 | o™
s D(k? a1

< 0@ {/(I—D(k))4 k}

< B s
< 0O(d~?).

The third term is estimated similarly:

1 0,11, (k, p)?

@ni ] Fikpp S 0U@):
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Now we show |[|z%]|8YGL(z, p)|leo < 2kod™!. For simplicity, we only consider
the case v =1 and v = (1,0,...,0).

|210:Gz(z,p)| < |2:8:Nr(z, p)]
1 .
|W/II exp (—zkz)asz(k,p)de

1
< G / 16,0 N (k, ) dk

(The integration by parts calculation is legal since 9.N,(k, p) is absolutely

continuous w.r.t. k;.)

B, D(k) + 8k, 0:11. (K, p)
(1 = pD(k) - L (k, p))?
20D (k) 8k, D(k) + D(k)8: I1,(k, p)
(1 — pD(k) — 1, (k, p) )3
pd.11,(k, p) 8k, D(k) + 8.11.(k, p) B 11 (K, p)
(1 — pD(k) — 11.(k, p))3
= L+ L+L+ I+ 15+ L. (3.20)

Ok, 0:N:(k,p) =

+

Since Bk,D(k) < C(d1), we easily have I}, I3 < Cd™! and Is < O(d™?).
By (2.31) (2.32) and assumption Py, we know

aklﬁf(kvp) S O(d—z)’
O 0:11,(k,p) < O(d™?).

Thus I, I, Is < O(d™2).
Combining the above estimates and put them in (3.20) we finished the

proof.
Q.E.D.

Corollary 3.1 There ezists a universal constant ko (which does not depend

on T ) such that for p € [0,7.(0)]), the following inegualities hold:
18G1(z, p)II5 < 2kod ™" v=0,1 (3.21)

l|z{“8 G (z, p)loo < 2kod ™" lul < 1,v=0,1 (3.22)
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Proof: Proposition 3.2, 3.5 mandates that there exists a kg, such that inequal-
ities (3.21) and (3.22) hold for p < 1. By Proposition 3.6, [|82GL(z, p)||3 and
l|z|*8YGL(z, p)||leo are continuous function of p for p < r,(0). Theorem 3.1
further states that that if we choose kg sufficiently large, then (3.21) and (3.22)

hold for p < r-(0).
Q.E.D.

Corollary 3.2 fI(k, z) is continuously differentiable w.r.t. k and analytic
w.r.t. z for z < r.(0). Moreover, the following inequalities hold for |z| < r.(0)

6211, (k, 2)| < O(d™), v=0,1, (3-23)
ORI, (k, 2)] < O(d™?), lu] =1, (3.24)
|0k 0: I (k, 2)| < O(d™?), lu| = 1. (3-25)

This corollary is a direct consequence of Proposition 2.5 and Corollary 3.1.

Lemma 3.2 For € € (0, 1], we have

1 1
sup —(1+ ﬂ)’r <C. (3.26)
1<T<r T¢ 27

Proof: Let us consider for fixed € and T € [1, 7], the function

1 elogt
(T = =1+ BT,

9-(T) = log f(T) = —elogT + T log(1 + elgfr)

g-(T") attains its minimum at

€

Tonin = log(l + elogT/27)"

Thus,

1i171‘2-rgf(T) = max{g,(7),9-(1)}

= g-(1) <2

Q.E.D.
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Lemma 3.3
sup r,(0) < oo.
™>1

Proof: Let us denote
A={w: Xi(w) =X3w)=...=(1,0,...,0)}.

Then

E{K.[0,T]} > E{K.[0, T{A(w)} > ((d )2

Thus lim sup,_, . {E(K-[0, T]))}T > 3/(dr)2.

Theorem 3.2 For sufficiently large dy, I1,(k, z) is analytic in
1 1
B(D-(3)) = {z: 2] < D,(3) = r-(0)(1 + log 7/27)}.
Moreover, in B(D-(3)), the inequalities (8.23)-(3.25) still hold.

Proof: We have for |z| < D-(3),
1 <« 1
GH(z.2)] < GH(=, D.(5))] < ZM(x, TH{D-(3)}"

T,ZTN(::T T- 1{ Loy 1"gT) }

IA

)T} 6.6 .70

IA

T+ Sup { (1+
1<T<

< O(a~ ).
Similarly, we can prove for z € B(D.(3)),
16.G1(z, 2)| < COG;(z,7r)l,

[zG2(z, 2)| < |2G1(z, 7).

Inequalities (3.23)-(3.25) follows from Proposition 2.5.
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3.3 The Limiting Distribution

Proposition 3.8 Suppose the dimension d and memory T are sufficiently
large, and |k| < dmlog7/127, then N.(k,z) has a simple pole at r.(k) €
(0, D;(})), and is otherwise analytic in |z| < D.(3). The pole r.(k) is contin-

uously differentiable w.r.t. k.

Proof: Since F;(k, z) has a Taylor series whose coefficients are all real numbers,
the zeroes of F(k, z) must occur in conjugate pairs.

Suppose z;, z2 be zero points of F.(k, z), we have
1
(220 — z1) D(k) = 11 (k, 2,) = I (k, 22) = (21 — 22) / 011, (k, zo + t(z1 — 27))dt
0

If |k| is small, D(k) ~ 1, then (z2 — z;)D(k) ~ 2, — z;. On the other hand, by
theorem 3.2, 8.11,(k, 21 + t(z2 — z1)) ~ O(d~!). We conclude that for small |k]
and large d, F;(k, z) has at most one zero, and the only zero must lie on the
real axis.

Next we show F.(k,z) does have a zero. We notice that for (k,z) €
{(k,2) : |k| < &z < D-(3)}, Fr(k, z) is a continuous function w.r.t. k,z,

and 8, F;(k, z) is also continuous w.r.t. k,z. Moreover for large d,
8.F.(k=0,z) = -1 —8.I1.(k=0,2) #0,

F.(k =0,z = r.(0)) = 0.

Apply the implicit function theorem we can find a unique continuous r.(k)
defined on a sufficiently small ball £ € B,(0), such that F.(k,r.(k)) = 0.
Since D(k) contains the form |k, 7-(k) is probably not differentiable at

k = 0. However, r.(k) is continuously differentiable for k € B.(0) — {0}. Thus
for £ # 0 and |k| small
_OuFr(k,re ()

0. F;(k,r-(k))
r"r(k:){d%rs-q"'(k:‘.) - %} - aﬁiﬁf(k1 r-(k))

D(k) + 8:11.(k, - (k))

O;r-(k) =

(3.28)
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(3.28) is valid as long as |r,(k)| < D,(3).
Next we show if |k| < drlog7/12T, then
1
r-(k) € (0, DT(Z))' (3.29)

Under our assumption on |k|, we observe from (3.28) that O, rr(k) ~
2r.(k)sgn(k;). Thus

d d
(%r,.(tk) = ‘z:l:ak,.r,(tk) ~ d%r,(tk) ; sgn(k:)k:(> 0). (3.30)
L g 3
r-(k) = r-(0) +/(; -d—tr,(tk)dt =~ r.(0) + grf(k)lk[ (3.31)

Thus for k£ # 0, r-(k) > r-(0), and
oK) < 7o (O)(L = k)™ < rr(0)(1+ 2= [Kl) < - (0)(1 + log7/47). (3.32)

Finally, we show F;(k, z) has a simple zero at r.(k).
This could be seen from the following:
Fr(k,z) = Fr(k z)— Fr(k,7-(K))
= —(z = (k) D(k) — (1L (k, z) — [ (k, 7, (K))
~ —(z—-r-(k){l+ /l M1, (k, 7. (k) + t(z — r-(k))dt}
= —(z-r(0)(1+ O‘Zd“))-

Q.E.D.
Proposition 3.9 For sufficiently large d
d
. Ta(k/n) 3
"= — i} 3.33
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Proof: for n sufficiently large, |[k/n| < drlogn/12n, so the results in the pre-

vious proposition hold.
k
) = @+ [ S raleEae

_ r,,(0)+/ rn(t—)sg (k) it

= () + _Z[j;rnm)"%' +o(2)]

The above estimation leads to the desired result in this proposition.
Q.E.D.

Theorem 3.3 There ezists a dimension dy > 0, such that for d > dy, we have

Nr(k/T.T) _ 3
ngo————NT(k_OT xp { Zl kil}- (3.34)

Proof: We assume T be sufficiently large so that |k/T| < dwlogT /12T.

-k 1 Nr(k/T, z)
NT(T, T) = :?;{4/I;l=l ———_ZT+1 dZ
_ 1 NT(k/Tv Z)
= 9 oo 2T+1 dz
2=D:(4)  Jlz=rr(k/T)=e(T)
= I+ I,

Where €(T) < log T/4T, thus {z : |z — (k)| = ¢(T)} C {z : |2| < Dr(3)}
For |z]| < D(3), We have F.(k,z) = (z — r-(k)) H(k, z) where H,(k, z) is

an analytic function in this domain with
H, (k,7,(k)) = 8. F+(k, . (k) = =D, (k) — 8.1, (k, 2).
Notice that 8,I1,(k = 0, z) = 0, we have for sufficiently large T
Hr(k/T,z) ~ —1.
Thus

1

Nr(k/T,2)ldz < C ————|dz < |logT|.
Loy, R ®/ T2 ey < log]

lzl=D+(
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We can estimate I; by

I

rr(k/T) T+l,. -T-1 y 2dz
A gy kDT [ Relk/T )

< O(T%)rp(k/T)~T!

I, could be estimated using the residue theorem

1 1
[ = - dz
2 278 J o rrk/ytery (2 — T (k/T))Hr(k/T, z)2T+1
= TT(k/T)_T_l.
Thus
Np(k/T, T
lim (exp (tk-z)); = lim M
T—oo T—ooo Nr(0,T)
_ rr(0) T+1
= Tl_“.f.‘o{rT(k/T)}
3 4
= exp{—d—WZIkd}
i=1

Q.E.D.
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CHAPTER 4

THE 3-DIMENSIONAL
SPREAD-OUT MODEL

4.1 The Spread-Out Simple Random Walk

In this chapter, we will assume the i.i.d. random variables X;,..., X;,...

satisfy the following spread-out discrete Cauchy distribution:
1 1
L 72n?’

where {ej,j = 1,2,3d} are the unit vectors on Z3; L is a sufficiently large

P{Xl = mej} = (4.1)

positive integer; and m is an integer satisfying (n — 1)L < |m| < nL for some
integer n > 0.
We call L the diffusion parameter. It will act as the driving force for our

lace expansion.
We now compute the characteristic function of X; with diffusion parameter

L:

Dy (k) Eexp{ik - X}

oo L-1
1

3
_ tki(nL—r) skj(—nL+r)
- ZE Z{e‘ ’ tev }L1r2n2

j=1 n=1 r=0

3
= 33 (UG falks) + flk) falks)), (4.2)

i=1
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where for 7 =1,2,3,

6 <— cos(nLk;)
f1(k;5) ;Z_;TL

L-1
f2(kj) = %Zcos(kjr),

r=0

6 <« sin(nLk;)
fs(kj) = ;};l—nfj—

L-1
falky) = 5 3 sin(kyr).

r=0
From Appendix .2 we know

3 3 .
f]_(kj) =1~ (;le_,l - -2?L2kj2), if LkJ < [-TE,’K].

By Fourier analysis, it can be shown that

Lk;
f3(kj) = _%{—(log 2)Lk; —/ log(sin %)dt}, if Lk; € [, |
n 0

We also have the following fundamental identities:

fk) = 1sin(%:Lk;) + sin(%)
7L 2sin(%)

b

(%) — cos(2Lk;)

1 cos
ki) = —
fa(ks) L 2sin(521)

Lemma 4.1 fi(k;) has the following fundamental properties:

1. For kj € [—m, 7], fi(k;) = fr(—k;); f1(k;) has period 27 /L.

33

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)

2. For kj € [0,7/L], fi(k;) is convez, strictly decreasing, with f,(0) = 1,

A - )3 =0, fi(x/2L) = -1/8, fi(x/L) = —}.

3. Fork; € [w/L,(1 + %)W/L], we have f,(k;) be strictly increasing, with

A+ B)n/L) =0.
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4. For |kj| < (1 — ¥)m/L,

3+V3 3L|k;
V3 Lkl < 1- fulky) < 2H5

Lemma 4.2 f;(k;) has the following fundamental properties:
1. For kj € [—m, |, fa(k;) = fa(—k;j), | fa(k;)| < 1.
: VA
2. If [kj] < (1 — ¥ )w/L, then

1
0< folky) <1 - L% (4.11)

3. For sufficiently large L, if (1 —?)% < |kj| € w/2L, then |f2(k;)| < 0.76;
if ksl > /2L, then | fa(ky)| < 0.64; if lky| > 37/2L, then | fo(k;)] < 0.22.

Proof: To prove (4.11), we have for |k;] < /L,

= ] k=t
1-— I Zcos(kjr) = I Z{l — cos(k;T)}

r=0 r=0

1 <= k;r
- LY
= 1 ,Ezo 2(sin 5 )

1 2.2

To prove item 3, we start with (4.9).
We have for any € > 0, there exists L., such that for L > L, if |k;| >
V3
(1 — %)%, then

l1+e€

1
— + =} < 0.76.
EESEARle

)] < 7

The last step is by letting ¢ — 0, L — oo.
Similarly, we have the results for |k;| > n/2L and |k;| > 37 /2L.
Q.E.D.

Lemma 4.3 f3(k;) has the following fundamental properties:

1. For k; € [—m, 7], fa(k;) = —fs(—k;); fa(k;) has period 2w /L.
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2. For kj € [0,m/3L), f3(k;) is increasing, with
T
—) < 0.67. 4.12
fr(az) <06 (412)
For kj € [m/3L,w/L], f3(k;) is decreasing, with

fs(%) > —0.27. (4.13)

3. For 0 < k; < w/L, we have

6 6
S Lk;{~ log(Lk;) +1} < folks) < s Lk;{~log(Lk;) +2}.  (4.14)

Proof: We first prove item 2. It is easy to see for k; € [0,7/L], fs(k;) is
increasing on [0,7/3L] and decreasing on [#/3L,%/L]. Using the fact that
sin(t/2) > 3t/27 whenever t € [0, 7/3], we get (4.12). Similarly, using the fact
that sin(t/2) < t/2 we get (4.13).

(4.14) is achieved by estimating f3(k;) on k; € [0, 7/L].

Q.E.D.
Lemma 4.4 f4(k;) has the following fundamental properties:
1. For k] € [—ﬂ',ﬂ'], f4(k]) = —f4(—'k]'); lf4(kj)l S 1.
2. For 0 < k; < /2L, we have
Lk; Lk;
<< )< =2, .
0< 22 < fulky) < = (4.15)
Let us denote for k € [—m,n]3, ||kl = max{|k;| : j =1,2,3}.
Proposition 4.1 For ||k|lo < (1 — -{—3)7r/L, we have
.
0<Dy(k)<1- gX:O.osz,lk,-l (4.16)
Jj=1
For [|klleo > (1 — g)ﬂ’/L, we have D (k) < a = 0.99.
In particular, there erists C > 0, such that for k € [—m, )¢,
1— Dr(k) > C|kl. (4.17)
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Proof: By Lemma 4.1 - Lemma 4.4, we have for [|k|lc < (1 — l/:,—s)W/L,

R 3 21 2
Du(k) < %Z{(l—“‘fuk D - 250
iuk (~log(Liky)) +2) (252

1
< 1-3 Z_:O.OSleJ-L

The estimates in Lemma 4.1 - Lemma 4.4 also render us the upper bound

Dr(k) <0.99, if ||kl > (1 — ?)’”/L- (4.18)
QE.D.
For a function f defined on [—=, 7|?, we denote [|f|[; = ﬁf [f(k)|dk.

Proposition 4.2 There exists a C > 0, Ly > 0, such that for any n > 1,
L > Ly, the following inequality holds:

I1DL(k)"ll: < a™ +Cn=3L~3. (4.19)

Proof: For ||k||le < (1 — ?)W/L, with L sufficiently large, we have

3
1 -
3 § 0.05Lk;| <0.1<1.

Thus
[ 1Dl < oo Dy (k)" dk
= Ta 13 L
(2m)3 [~m,x}d t (27)* " Skt <1~ L/
+ | Dy (k)" dk}
(1—)r/L< klloo <*
= I + I,.
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From the previous proposition, we know /[, < a™.

3

1 1

I < ———/ (1 - —E 0.05L|k;|)"dk
: C7) Nibw<a-Grme 345 ’

< (?1155 /R 3 exp{—n%g0.0Slejl}dk
< (2—715% /0 ” exp{—Cnp}p*dp
< CL3n3
Q.E.D.
Proposition 4.3 Fori=1,2,3,
10k, D (k)| < C(log L)?. (4.20)

Proof: From (4.2), we have

3 L-1

(n+l)x/L
0Dl S 53Dy [ UAGEIRE + LAEIAK)]
_7 =1 n=0
+ | f3(k)l| fa(ka)| + | (ki) fa (ki) |} (4.21)

For k; € [nw/L,(n+1)x /L], n > 1, (4.7), (4.9) and (4.10) imply that

A S L IRG) S OL (4:22)
Ak < Lo IRKI< O + ), (4.29)
Ak < 2, Ik SO+ D), (4:24)

Using (4.8), we can also compute:

(n+1l)x/L , x/L 6 ) LkJ
[ inwdk = [ 2 - (log2)L — Llog(sin(=52)ldk;
n 0

x/L
< CloglL. (4.25)
(n+l)x/L C
[0 intiar < T (426)
nrx/L
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Combing (4.23) - (4.26) and using the fact

S LcigL,
n=1 n
we arrive at the result.
Q.E.D.
Proposition 4.4
| DL(k)l. < CL ' (log L)>. (4.27)

Proof: We know Dy (k) = £ 3°7_ {f1(k;) f2(k;) + fa(k;) fa(K;)}, thus it suffices
to show

or [ 170 falls) + fo(k) falk)dks < CL™ log L.

-

This result could be obtained easily using (4.23) - (4.26).
Q.E.D.

Lemma 4.5 Let 0 <a <1 and C > 0 be fized. Then for each A > —3/loga,
there exists Ly > 0, such that for L > L,

a8l < C(log L)3L73.

Proposition 4.5

|Ng(z,z=1)|I} < CL '(logL)?, (4.28)
Proof:
IN§(z,z=1)I} = [ID>_ Dr(k)Ii3 (4.29)
T=1
AlogL o0 X
< X IDu®)Tllz+ Do I1D(®)TIY
T=1 T=Alog L+1
= (L + D)% (4.30)

For 1 < T < logL, we have

DL (k) |2 < 1 De(k)ll2 = {No(0,T = 2)}7 < CL™. (4.31)
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Thus I; < CL~Y%(log L).

To estimate I, we apply (4.19) and the previous lemma to get

L< Y CTiLE<CLTE (4.32)

T=Alog L+1

Thus (I; + I)2 < CL'(log L)2.

Q.E.D.
Proposition 4.6 For v = 0,1, we have
19Nz, 2 = D)flos < CL™"(log L)**". (4.33)
Fori=1,2,3,
12N (@, 2 = ]loe < Cllog L)+, (4.34)
Proof:
Alog L
18Ny (2,2 =1)]le < Z T[N (2, T)lloo + Il Z T*Ng(z, T)lloo
Alog L+1
AlogL
< Z T*[|DL(k)[: + Z T*|| DL (k)7 Il
Alog L+1
< C{logL)y+ L+ L
S g I3 I2
< CL'(logL)"*'.
Alog L
I2:Ng (22 = Dllw < Nl2iNo(z, T = Vlleo + D Tll3eDr(k)llx
T=2
+ > TI8De(k)(De(k)™ Iy
T=AlogL
< CQ+(logL)*** +L™?)
< C(logL)"**
Q.E.D.
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4.2 The Convergence of Lace Expansion

Similar to Proposition 3.6, we know for 7 < oo, v = 0,1 the norms
[18¥GL(z, p)l2, l|z:GL(z, p)||l« are continuous w.r.t.p for p < r-(0). Also, cor-
responding result to that of Proposition 3.7 also holds.

Let us denote N}(z,z) = N,(z, z) — boz-

Proposition 4.7 For any p € (0,7,(0)] and integer m > 0,

0" N (z,p) <mlp ™ N} *...x N} «N(z, p). (4.35)
| —
Proof:
ON-(z,p) = D T...(T—m+1)N(z,T)p" "
T=m
b T
= mlp™™ Z ( ) N:(z,T)p"

T=m m

o0
= mpmy Y, Nz, T)p"
T=m0<T1<...<T:n <T
oo

LD DD DENDD

T=mO0<T1<...<Tm <T y} ,...,ym €24

{II M- = vie1, Ti = Tie) P75 YNz = Y, T — Tim)
i=1

= mlp~™ Nlx...x N} eNo(z,p).
N e’

m

IN

Q.E.D.

Theorem 4.1 There erist an universal integer Ly > 0, such that for all L >
Ly, 7 > 0 and p € [0,7,(0)], statement Py implies statement P,.
Here statement P,(a = 2,4) denotes the following assertion:
IGL(z, )13 < akoL~'(log L)*,
Pa:{ [18#Gi(z, p)lleo < akoL™'(log L)**?, v =0,1, (4.36)
l|z:G1(z, p)loo < ako(log L)?,

where kg is a universal constant that does not depend on T or L.
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Proof: Let us assume that statement P; holds. We first consider the L? norm.

IG2(z, )l <IN} (2, P)II3 = IN=(z. P)l3 — 1 = Hf—p-llg -1 (437)

Since I:’,.(O, r-(0)) = 0, and r-(0) > 1, we have

Ff(k7 TT(O)) - F.,-(O, T,—(O))
> (1 - Dy(k)) +11.(0, 7, (0)) — [, (k, - (0)).  (4.38)

F,(k,7.(0))

We try to estimate I1,(0,7.(0)) — I1,(k, 7-(0)).

Observe the definition of II¥ (k, z), we see
I:(0,7,(0)) = Ii(k.7(0)),
112(0,7,(0)) > [IZ(k.r-(0)).

Thus

11, (0,-(0)) — M- (k, - (0)) > Y _{f1¥(0,r-(0)) — 1 (k,-(0))}.

N=3

Using Proposition 4.5, 4.6 and assumption Pj, we have for N > 3,

0¥ (0,7.(0)) — ¥ (k,7-(0))] < |V [1¥ (6K, .(0))||K|
< CN|zGL(z, 2)|leolGL(z, 2)|I¥
1G2(z, z) |5 ~2|k]
< CN(log L)*(L™*(log L)*)| T |K|,
which implies
11, (0, r-(0)) — M, (k,7-(0)) > ~CL™%(logL)"|k|
> —CL™%(log L)"°(1 — Dr(k)). (4.39)

The second inequality is by (4.17).
Substitute this estimate into (4.38) and then (4.37) we get

F,(k,r-(0)) > (1 = CL™%(log L)*°)(1 — D (k)). (4.40)
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1

Gl(z,p)|I2 < (1 — CL % (log L)*)}| —————|| — 1. 4.41
1G=(z.p)[l2 < ( (log L)™) Il(1 —DL(k))2lll (4.41)
By Proposition 4.2, 4.4,
1 Alog L
|—————=IlL < 1+ /T(DL(k )dk + /T(D (k))T Ydk
(1 — D.(k))? 122 Agz,

< 1+CL'(logL)*+CL™?

Thus for sufficiently large L, ||GL(z, p)|I2 < CL(log L)*.
Now we consider the norm ||z;Gl(z, p)||-

From the representation

N} (k. p) — pDL.(k) + HT.(k’ p) ;
1 — pDr(k) — I1.(k. p)
we have,
|2:GH (=, pleo < [1ZiN7 (2, P)llco

< © [ 10u Rk, p)lak
3 /{lpawuknak.n (k)
1 — pD (k) — I1.(k, p)

402DL(1c)¢9:c Dy (k) + pDyr (k)3 I, (k, p)I
(1 — pDr(k) — 11, (k, p))?
IpIL(k )0 Dy (k) + 11 (k. p) B, 11, (K, p) \dk
(1 — pD.(k) — I, (k, p))?
= Lh+L+L+1Ii+Is+ I

To estimate the above terms, we first derive some lower bounds for F(k, p).
Similar to (4.40), we have for p € [1,7,(0)],
Fy(k,p) > C(1 — Dy (k). (4.42)

Thus for v =1, 2
1 AlogL R
< C{i+ Y T Do(k)I”

{1 - pﬁ[,(k) - ﬁf(k1 p)}y T=1
+ > T MDL(k)T}

T=Alog L+1
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Now by Proposition 4.3, 4.4, we have
I, < C(logL)? +C(log L)}*L™! + CL™2.
By assumption P; and (2.31), we know 8,1, (k, p) < O(L~'(log L)'°), so
I, < O(L™'(log L)'°).
Similar to the above, we can obtain:

CL '(log L)} + CL7?,
O(L '(logL)*) + CL2,
O(L'(log L)™).
O(L*(log L)™) + C,

I
I
Is
Is

IAIN IA

IA

where n is some positive integer.
We thus finished the case of ||z;Gl(z, p)||.
Next, we consider [|Gl(z, p)[lw and [|8zGL(z, +(0))[|cc- We have

1G2(z, 7+ (0lleo < IG2(z, £ = 1]l + (r+(0) — 1)]|0:G7(z, 7+(0)) l|co-

We know from Proposition 4.6 that [|Gl(z,p = 1)[|lec < CL 'logL.
From the identity 1 — r,.(0) — I1.(0,7-(0)) = 0 and assumption P we have
that
r-(0) — 1 < |11.(0,7-(0))] < O(L™"log L).

On the other hand, by Proposition 5.1 and assumption P, we have

8:G7(z,7+(0))

l & * Gz, T

Tt.»{G}_ * G:(Z, T,—(O)) + G«}-(Os T.,(O))}

CIN K, r-(O)3 + IG(z, 7+(0))loo
C(L(log L)?) + O(L~'(log L)?). (4.43)

0:G-(z,7-(0))

IA

IA

(A

IA
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Thus under our assumption P, we must have
G2 (z, 7 (0))llec < C(L™'(log L)?) + O(L~2(log L)*) < C(L™"(log L)?).
(4.44)

Once we have proved the above result on [|Gl(z,7,(0))||c, We can repeat

the computation on (4.43) and in turn obtain the result for ||0zGL(z, r(0))|lco-

Q.E.D.
Corollary 4.1 For |z| < r.(0),
I11,(k,2)] < CL '(logL)? (4.45)
011, (k,2)] < CL '(logL)?, (4.46)
|0k1,(k,z)] < CL™'(logL)®. (4.47)

4.3 Fractional Derivatives, Limiting Distribu-
tion

We will need the following lemma on fractional derivatives, its proof is

contained in the Appendix.

Lemma 4.6 Let f(z) =3 oo ,ap2z™ have radius of convergence R. We denote

n=0

forany |z| < R, €>0,

[= o}
i f(2) = Z na,z". (4.48)
n=0
Then -
6f(2) = Ci—e / fl(ze™> 7 )e 2, (4.49)
0

where Cy_ = [el'(€)] 7.
Moreover, if a, > 0 for all n, then the above equality holds for z = R.

Let us denote for A > 0,

—Al/1=x

pr =r1-(0)e
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Proposition 4.8 For sufficiently large L, there erists ¢ > 0 such that for any
k € [-m,w]® and A > 0,

Fr(k,ps) 2 cll — e Dy (k)] (4.50)
Proof:
Er(k,py) = [Fr(k,pa) — E2(0,px)] + [F1(0,pa) — F1(0,7,(0))]
= pa[l — Dp(k)] + [[1.(0, pa) — [ (K, pa)]
+ / " 128.5,(0, p)ldp.

Px
By (4.39), we have I1.(0, ps) — [T (k,pa) = —O(L™')(1 — Di(k))-
By Corollary 4.1, we have —8.F,(0,p) > C > 0 if L is large. Thus

r+(0) ~
[ 10— 2B 0.9)ldp 2 C(r(0) — p)

Px

We can conclude that for A < A < 00, (4.50) holds for some ¢ > 0.
For A > Ag, by 0 < N,.(k,p,\) < 1\7,.(0,;),\0), we conclude F‘,(k,p,\) is

bounded from below, and thus (4.50) still holds for some ¢ > 0.
Q.E.D.

Theorem 4.2 For sufficiently large L, |z| < r.(0) and € € (0,1), there ezists
C > 0, satisfying

168.GL(z, 2)lle < CL‘(logL)?, (4.51)
165G (z, )|l < CL™i(logL)?, (4.52)
[2:6:GL(z, 2)lle < C(logL)*. (4.53)

Proof: We first prove (4.51).
6:_G-];- (I, T,-(O)) = Cl—(r‘r(o) / afc,l’(x’ pA)e_Al/l—tdA
0
< Cl—-er'r(o) / 2px—2Gi * G:; * G?.(.‘L‘, P,\)e_’\m—‘d,\
0

w -
< cC / paZe N / IGL(k, p) PIGO(k, pa)|dkd.
0
(4.54)
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From the fact that lflf(k,p,\)l < |3,ﬂ,(k, Opr)ipa < CL (log L)*p,, we

have ’ 3
1PaD (k) + 1. (k,pa) < Cﬁf(k,p,\)"l.

F‘r(ky pA)
Thus the right side of (4.54) is bounded by

pa 'GL(k,pa) = pa

c f = f (IDL(K)? + 1811, (k, 6p») [*) £ (k, pa)] " dkd
0

IN

c / (D) + 8.1 (k, Bp:)[?)

. / e M7 (1 — e DL (k) 3 dAdk
0

= C / (IDL(K)? + 18,11, (k, 8p»)[?)
1
Di(k)

C / gT(T — 1)¢| D (k){Tdk

85((1 — zDp(k)) 7|, dk

IN

I (b, o Ol [ ST = VIDL(RIT — 24

T=2
CL '(log L)3.

IN
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To prove (4.52), we have

16:G(z, (0D =

IC1—r+(0) / 8.GL(z, pa)e """ dAll;
0

< G ) [ T TG GOz, pa)e M Al
= G- [ paT Gk PGk )™ T A
< ICUDL(K)] + 8.1 (k, 6p5)])

/0 > e M Bk, pa) "2d A2
< ICUDL(K)] + 8.1, (K, 6p)])

AR (E i MOV
= CUDL(K)] + 8.1, (k, 6px)])

- DLI( o0 = 2Da )7y
< CS UL

T=1
FOIIL (k, 6p2)llo0 S TNDL (BT o
T=1
< CL i(logL)?
Finally, we prove (4.53). We have
T:65GL(z,1.(0)) = Cy_r-(0) /0 = £;0,GL(z,pr)e™ """ ""dA (4.55)

Repeat the computations as in (3.20) we know for A > Ag > O,

|z:GL(z,pr)| < C.
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For A < ), the right side of (4.55) is bounded by

Ao A 2 1/1—c¢
C/ /ak‘.{G,‘,(k,pA)G?,(k,pA)}dke"\/ dA
0

IA

- = Yo 1
¢ [ paDe®) + 0081 (pa)l} [

49 IpADL[(II;)I( k+ II’H)]Ek Py xisime gy g
TNV DA

= 4\0 1/l=c¢ ~
C / 10k, D, (k)| / =M [ (k, pa)]*dAdk
0

IA

2, Ao 1/1—¢
C [10uDul)l [ e (1 = by, gl drak
1]

- 1 € -z 3 -2
c / 90 D) 585~ =D k)

IN

IA

Alog L
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(A

Q.E.D.

Corollary 4.2 For L sufficiently large, € € (0,1) and |z| < r.(0), there ezists
C > 0 such that

160,11, (k,z)] < CL™'(logL)3, (4.56)
1660k, 11, (k,2z)] < CL(logL)". (4.57)

Proof: The fractional derivatives induce an extra 7 term. We can modify the

proof of Proposition 2.5 by using the following inequalities:
(a1 +a: +...+ap)' < n(af +a§ +... +af),

(ar+a1+...+ap) <n(aj+a5+... +af).
Q.E.D.

The proof of the following theorem is similar to Theorem 3.2 and is omitted.
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Theorem 4.3 For sufficiently large L, 1. (k, z) is analytic in the set
{z :|z| < D.(e) = (0)(1 + elogT/27)}.

Moreover, in this set, the inequalities of the Corollary {.6 still hold with the
powers of logL increased by 1.

Theorem 4.4 There ezists a suffictently large Lo > 0, such that for L > L,

T%&("—{ﬂ—ﬂ {"§ kil }- (4.58)

Thus W(T)/LT converges weakly to the classical Cauchy distribution.

The proof of this theorem can be obtained by a detailed but straightforward

modification of the results in section 3.3.
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Part 11

FINITE HORIZON OPTIMAL
INVESTMENT AND
CONSUMPTION WITH
TRANSACTION COSTS
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CHAPTER 5

INTRODUCTION

In 1969, Merton initiated the study on optimal investment and consump-
tion in [27]. His paper is also widely acknowledged as the landmark work that
initiated the study of financial markets via continuous-time, stochastic models.
The motivation of his study was to understand the interaction among many
agents whose individual investment/consumption actions lead to the market
price formulation. Merton chose to study this issue by first understanding the
behavior of a single agent acting as a price-taker and seeking to maximize ex-
pected utility consumption. In the setting of frictionless market, he was able
to obtain a close-form solution to the stochastic control problem.

Merton’s model has been generalized in several directions. The utility func-
tion has been generalized from power functions to concave increasing functions
by [22]. Market coefficients depending in an adapted way on an underlying
Brownian motion were treated by (2] and [19]. The existence and uniqueness of
equilibrium price was proved in the complete market setting by [7] [9] [10] [18]
[20] and [21]. Considerable amount of effort has been exerted on the incom-
plete market situation, where the investor’s portfolio is restricted to a convex
subset. Most of the works in this direction use the convex dual martingale
method, which was first proposed by [31] and developed among others by [17]
[23] and most noticeably [5]. See also [14] [32] for partial differential equation
method. The study of equilibrium problem in incomplete markets depends
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on the ability to characterize individual utility optimization with random en-
dowment streams. Here the convex dual method expires because the value
function of the dual problem is no longer convex. Cucuo [4] was able to show
the existence of the optimal policy by using the martingale method. (see also
[11] for recent advances) Duffie et al. [8] used viscosity solution techniques
to show the value function of the Hamilton-Jacobi-Bellman (HJB)equation is
smooth and provided a feedback form optimal policy.

The introduction of proportional transaction costs to Merton’s model was
first accomplished by Magill and Constantinides in [26]. Though this paper
shows clear insight into the nature of the optimal policy, some of the mathe-
matical tools needed were not available to the authors at the time. It is un-
derstood by now that this problem is one of a singular stochastic control, that
is, the optimal transaction occur only when the investor’s bond/stock ratio is
on the boundary of the no-transaction region. In the parlance of stochastic
analysis, the singular transaction processes are the local time associated with
the boundary of no-transaction region. This boundary of the no-transaction
region, which is a free boundary, is not a priori known to the investor and
must be solved as part of the problem. Davis and Norman {6] were the first to
realize the above problem formulation. Also they were the first to provide a
rigorous analysis of the underlying HJIB equation. More recently, Shreve and
Soner {28] employed the newly developed viscosity solution concept to analyze
the HJB equation. Their analysis much clarified the vague points of previous
results and provided a framework in which the liquidity premium estimation
can be accomplished. Perhaps the most valuable point of their work is that
they demonstrated in a clear as a bell fashion, the power of viscosity solution
approach in mathematical finance. My thesis work was deeply influenced by
their stimulating method. In particular, the viscosity solution method stands
as the fundamental base of my analysis.

The fundamental work of viscosity solution theory is due to P.L. Lions,
M.G. Crandall, L.C. Evans, R. Jensen and H. Ishii. The survey article by
Crandall, Ishii and Lions [3] provides a good account of the viscosity theory.
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The application to stochastic control is reported in the book by Fleming and
Soner [13]. The classical approach to stochastic control is to construct a clas-
sical solution to the HJB equation and use this solution to find the optimal
policy. Because of the high nonlinearity of the HJB equations, it is usually
very difficult to find such classical solutions directly. By contrast, the viscosity
solution approach is to start with a candidate solution - the value function of
the control problem, and use the dynamical programming principle to show
that it solves the HJB equation in the viscosity sense. Although this viscosity
solution is usually too weak to suffice a verification theorem, it still provides
us the invaluable connection between stochastic control and partial differential
equation theory. The regularity of the value function can often be upgraded
when the two theories can fertilize each other fruitfully.

In my knowledge, all of the previous works on inter-temporal utility op-
timization with transaction costs are restricted to the infinite horizon case.
This case has the advantage that the value function can be reduced to one di-
mension, thanks to the homothetic property. Thus the HJB equation becomes
a nonlinear ODE, and the boundaries of the no-transaction region are fixed
with respect to time. These facts simplify the analysis significantly. In the
finite horizon case being considered here, I have to face the essential difficul-
ties of dealing with nonlinear parabolic PDE and the possibility that the free
boundaries are moving with time.

The main results of my work are: the value function is shown to be C*
in the non-degenerate no-transaction region, thus solve the optimization prob-
lem in that region; also, it is shown that the two transaction free boundaries
exist on all time horizon, and moreover we provide one upper bound and two
lower bounds for their locations. This is achieved by solving the Skorohod
problem locally and using this local solution to provide e— optimal consump-
tion/transaction strategies.

The main tools I use are viscosity solution method, Campanato space
method from partial differential equations and martingale technique. In par-
ticular, I develop a ”bootstrap” technique to upgrade the regularity of viscosity

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



94

solution. I hope this technique will also be useful in other problems of similar

characteristic.

5.1 The Financial Market

We consider a market in which two securities are traded continuously in a
finite time horizon [0, T]. One security is the risk free bond whose price Py(t)

evolves according to the equation
dPy(t) =rPy(t)dt, Py(0)=po; te€][0,T].
Another security is the risky stock whose price P;(t) follows the equation
dP,(t) = aP;(t)dt + cP,(t)dW,, Pi1(0)=p;; te€]0,T].

Where the process W = {W,, F,,0 <t < T} is a standard Brownian motion
on a probability space (2, F, P), and the filtration {F,} satisfies the usual
condition. It is assumed the interest rate r, mean rates of return a and the
volatility o are positive constants and a > r.

An agent, with an initial position (z,y) in the bond and stock markets at
time t, has to make decisions on his control processes {<(s), L(s), M(s);s > t)
in order to maximize his expected utility function V' (¢, z,y).

We assume that consumption can only take place at bond market. The
consumption rate process will be denoted by ¢ = {c(s), F,,s € [t,T]}. It is

nonnegative and satisfies
T
/ c(s)ds < o0, a.s., tel0,T).
t

Transactions between bond and stock markets incur proportional transac-
tion cost. The transaction rate from bond (stock) market to stock (bond) mar-
ket is A (1). 0 < A, u < 1. In the following we will denote {L(s), F,,s € [¢,T]}
({M(s), Fs,t € [t,T]}) to be the cumulative transaction value from bond
(stock) market to stock (bond) market. They are increasing, a.s. finite RCLL

processes.
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We denote the agent’s position at time s (¢t < s < T) in bond and stock
market by (X (s), Y (s)). Then if the control processes (c(s), L(s), M(s);s > t)
are given, (X,Y) will evolve according to the following equations:

dX(s) = (rX(s)—c(s))ds—dL(s)+ (1 — p)dM(s), (5.1)
dY (s) = aY(s)ds+ oY (s)dW(s)+ (1 — A)dL(s) —dM(s), (5.2)
with X(t=) =z, Y(t-) = y.

To ensure there is no arbitrage opportunity in the market, we require

(X (¢),Y(t)) be in the following solvency region
S={(z,y):1=-ANz+y>0,z+ (1 —pu)y >0}

This solvency region S has two boundaries:
(S = {(zy):y<Oz+ 7 =0}
&S = {(z,y):y>0,z+ (1 - p)y =0}
We will denote @ = [0,T) x S. The parabolic boundary of domain @ will
be denoted by 3*Q.

An admissible control for (¢,z,y) € Q is an investment/consumption strat-

egy that keeps the investor’s balance in bond and stock markets within the

solvency region.
A(t,z,y) = {(c(s), L(s), M(5)) : (X(5),Y(s)) €S, VYse€[t,T]}. (5-3)

Our utility function has the form U(c) = ¢?/p for ¢ > 0, where 0 < p < 1.

Its convex dual is given by

1-— -
Ee) .
p
A small investor, with an initial position (z,y) in the bond and stock mar-
kets at time t, has to make decisions on his control processes (c(s), L(s), M(s);

s > t) in order to maximize his expected utility function.

Ue) = sup {U(c) —tc} =

T ¢(s)? —
V(t,z,y) = sup E / ds, V(t,z,9) €Q, (5.4)
(c(s),L(s),M(s))EA(L,z,y) t p

under the state processes constraint (5.1) and (5.2).
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5.2 The Dynamical Programming Principle

The following proposition states the dynamical programming principle.
This is the starting point of the dynamical programming method. We refer
the reader to [13] for its proof.

Proposition 5.1 Let (t,z,y) € Q and T be any (F,,s > t) - stopping time.
Then

TAT
Vit,z,y) = sup E{ U(c(s))ds + Iz <V (7, X(7), Y (7)) }.
(c(s),L(s),M(s))eA(t,z,y) t
(5.5)

From the dynamical programming principle, we observe that if position
(t, z2, y2) could be reached from (¢, z;, y,) by a direct transaction, then V (¢, z,,
y2) < V(t,z1,%1). So intuitively, we have
aa—v—(l—-/\)—>0 %%—(1— )%‘:’;20, V(t,z,y) € Q.
Let us now formally derive the Hamilton-Jacobi-Bellman (HJB) equation
for our problem.

For ¢ € C%(Q), we will denote

d 1 6 0o} o
Lo(t,z,y) = ——a—f - §azy2-é—y% - a—;’ - Tx'a—g', (t,z.y) € Q.

Let us assume tentatively that V € C?(Q), and apply Ito’s formulae for
RCLL semimartingales to V. We have for any (F,,s > t) - stopping time
T2t

V(r, X(7),Y(r)) = V(tz, y) + /T{-CV - c(s)%l/-}ds
+ [{-5% + A= NG

+ =5+ Q-G M)
+ 3 V(s X(5),Y(5) = V(s—, X(s-), Y (s-))}

0<s<Tt

+ /: ay%%dW(s), (5.6)
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where L¢ and M* are the continuous part of L and M respectively.

Let us further assume that the domain @ could be divided into three regions
SS, SMM and NT, such that if the investor is in region SS, it is optimal to
make instant transactions from stock market to bond market; if the investor
is in SM M, it is optimal to make instant transactions from bond market to
stock market; while if the investor is in NT, the optimal strategy is to make
no transactions, just make appropriate consumptions.

From Proposition 5.1 and (5.6) we would expect V satisfy the following:

LV - U(%‘;/) = 0, V(t,z,y) € NT,

aVv ov
E'—(l—/\)g?;' = 0, \'/(t,a:,y)ESMM,
oV ov
—3y —(],--y,)——a:r = 0, Y(t,z,y) € SS.
We obtain the Hamilton-Jacobi-Bellman equation:
— 0V, oV oV av oV
i {V —T(—) 2 (11— (1= MN2) =
min{eV -U(5), 5o —(-Hgp 5 -(1-N5}=0 zyeQ

(5.7)
The following boundary condition for V' can be derived from the oscillation

property of Brownian martingale. (e.g., Remark 2.1 of [28])

Proposition 5.2 For (t,z,y) € 0°Q, we have

V(t,z,y) =0. (5.8)
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CHAPTER 6

VISCOSITY SOLUTION OF
THE HJB EQUATION

6.1 Existence Result

We first derive some fundamental properties of the value function V.

Proposition 6.1 For (t,z,y) € Q, we have the following lower bounds for V':

V(t,z,y) > { xl?f(t):"(z +1-py)P,  y20, 61)
fO @ +y/A-N))P,  y <0,
where
f(t) = Z=R (e BT ), (6.2)

rp
Proof: For any (¢,z,y) € @Q, the investor can always choose to transfer all
his money from stock to bond and then try to optimize his expected utility
function only within the bond market. This optimization problem could be

stated as
T ¢(s)?

sup E ds,

cEAe t

dX(s) = (rX(s) —c(s))ds, X(t) =z,
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where the admissible control set A, = {c(s) > 0 : such that X (s) > 0, for all

s > t}.
The dynamical programming equation of this problem is
ov av v
Frs scg%){ra:a—z —eg-+ —} =0, (s,z) € [¢t,T) x (0, 00), (6.3)
V(s,z) =0, Y(s,z) € 0°[t,T) x (0, 0c0). (6.4)

We try the form V(s,z) = %f(s)l_”z:" and substitute it in (6.3) (6.4). It is

easy to see f(s) has to satisfy the following equation:

’ rp _ —
fi(s) + 1_pf(s)+1 =0, f(T)=0.

So
f(s)=~=2 (ef-%“ ) —1).

We have obtained a smooth solutlon of the HJB equation (6.3) (6.4). By

verification theorem (e.g., [13] 1.5.1), we have
1
V(s,2) = Z(F(s))! 2.

If y > 0, the initial transaction to bond market will result in a balance
z + (1 — p)y; while if y < 0, the balance will be z + y/(1 — A). The proof is

completed by replacing z with these two terms in respective situations.
Q.E.D.

Proposition 6.2 For (t,z,y) € Q, we have the following upper bound for V,

Vit.o,0) <S40 7z + 9" 65)
where )
fo(®) = D (e ST 1), v=r+ 25%(1—:15‘ (6.6)

Proof: Suppose we place the investor in a Merton’s frictionless market — a
market with the same market coefficients as in Section 5.1 but free of transac-

tion cost, then the value function of Merton’s model must be an upper bound
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for our value function V. (To make this statement rigorous, we can check
that our admissible control set A(t, z,y) as defined in (5.3) is a subset of the
admissible control set of Merton’s model.)

The calculation of the value function V' (6.5) and (6.6) is standard, it could

be found in [12] p160-161.
Q.E.D.

Proposition 6.3 The value function V' has the following properties.

1. (Concave property) For each fized t € [0,T], V(¢,-,-) are concave func-
tions on S. In particular, V(t,-,-) are continuous on S.

2. (Homothetic property) For (t,z,y) € @, ¥ > 0, V(t,vz,vy) = 7PV (t,
z,y).

3. (Monotone property) For fized (z,y) € S, V(-,z,y) are decreasing func-

tions.

The proof of the first two statements in the above proposition are essentially
similar to that of [28], the third statement could be verified directly.

In Merton’s model, if we change the underlying probability P to the so
called neutral probability P, then we can obtain a super-martingale property
for the sum of the discounted wealth and consumption processes. This prop-

erty still holds in our model.
Let Kk = o~ !}(a — 1), and for t € [0, T] define

8¢ = exp{—k(W(s) — W(t)) — %nz(s -1}, s=>t, (6.7)

P(A) = E(6%1,), A€ Fr. (6.8)

By Gisanov’s theorem, P is a probability measure on (2, 1) and under this

measure the process
W(s)=W(s)—W({t)+a(s—t), F, s>t,

is a Brownian motion(e.g., [24] II1.5).
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If we denote Z(s) = X(s) + Y(s) , then it will evolve according to the

following equation:
dZ(s) = (rZ(s) — c(s))ds + Y (s)dW (s) — AdL(s) — udM(s), s>t

Thus, if the control processes (c(s), L(s), M(s)) € A(t, z,y), then the pro-
cess

e"—Z(s) +/ e " c(u)du +/ e "= (A\dL(u) + pdM(u))
t

t

= z +/ e T aY (u)dW (u), (6.9)
t
is 2 nonnegative super-martingale with respect to the probability measure P.

Proposition 6.4 The value function V is continuous on Q.

Proof: From Proposition 6.3 we know for fixed t € [0,T], V (¢, -, -) are continu-
ous functions; and for fixed (z,y) € S, V(:,z,y) are decreasing functions. By
Dini’s theorem, we only have to show for each fixed (z,y) € S, V(,z,y) is
continuous with respect to t.

First, we show for any ¢, € [0,T), lim,_},, V(t,z,y) = V(to, T, y).

For an arbitrary € > 0, we choose (c(s), L(s), M(s)) € A(to, z, y) such that

T P
Vite,z,y) < E/ c(s) ds + €.

to

Then {c(s), L(s), M(s); to £ s < T — (tn — tg)} € A(tn,z,y), thus

T P
E/ c(s) ds < V(tn,z,y).
ta P

By monotone theorem,

T p T P
lim E'/ @—ds = E/ ﬂds.
talto tn D to p

The right continuity of V' (-, z, y) follows immediately.
Next we show for any to € (0,7, lim, ¢, V(¢,z,y) = V(to, z, y)-
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We choose for each index n, (cn(s), Ln(s), Mn(s); s = tn) € A(tn,Z,y)

such that

T P
V(te,z,y) < E'/ E"ﬂds + i
ta P n

We observe that {cn(s), Ln(s), Mn(s)ita < s < T — (to — ta)} € Al(to, z,y).

Thus

T—(to—tn) P
E / %ds < Vo, 7, y)-
tn

For1<é <, let § =6/(6 — 1). We have

T
cn(S)”ds <

T—(to—tn) P

E

<

<

IN

IA

<

T
%(to )P E{ /T | ealsyasyd

to+tn
1 . T PR
Lto — ta) ¥ EY / cals)Pds}
D tn
1

(ta — ta)F T B (8)
|, (e, ()Pl (by (6.8))
tn

T
%(t‘, — to) e Tt B / (et (5))Pods] % }P
tn

{E (0,‘,!‘)%}1_?& (by Holder inequality)
%(t0 — ty) T Tt (T — £,)" %

T ey
{E/ e"(""‘)c,.(s)ds}”eﬁ%_l(m“)

tn
(by Holder inequality and (6.7))

C(to — ta)¥ (z + y)?, (by (6.9))

where C is a positive constant that does not depend on n.

Combine the above estimates we have

T—(to—~tn) P T P
V(tn,z,y) < E/ c"—g)s)—ds+E/ ﬁds+l
tn

T—(to—¢tn) p n

1
< V(to:z,y) +Clto— ta)¥ (z + ) + —.

The proof is completed by letting n — oo.
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Q.E.D.
The following lower bound of 2% (t, z,y) will be an important a priori esti-
mate for the development of this paper. It allows us to deal with the nonlinear

—P_
term (g—‘;) -7 in the equation (5.7).

Proposition 6.5 Let (t,z,y) € Q, ¢(z,y) € C¥S). If ¢ > V(¢,-,-) or
¢ < V(t,-,-) in a neighborhood of (z,y) and p(t,z,y) = V(t,z,y). Then

pV(t,z,y) Jp pV(t, z,y)
< —It. < ———, >0,
z+y/(1—=A) ~ 83:('I )—I-f-(l—u)y Yo 20
pV(t, z,y) O pV(t,z,y)
Sy < X < )
z+(1—-—py — ax(t ’ )_:z:-i-y/(l—)‘) Yo <0

The above lower bounds could be derived from the homothetic property
and a direct transaction argument. We refer the reader to [28] Corollary 3.7

for the details.

Definition 6.1 A function V € C(Q) is said to be a viscosity solution of the
Hamilton-Jacobi-Bellman equation (5.7) (5.8) if the following are satisfied,

1. V is a viscosity sub-solution of (5.7). That is, for any ¢ € C*?(Q) and
any (to, Zo,¥0) € Q such that (ty,zo,yo) s a local marimum point of

V — ¢, we have

8,9 8(,0

B -(1- )‘) }(to,-’ro,yo) <0

) — 0
mzn{&p—U(a—: , —( —ll)

2. V is a viscosity super-solution of (5.7). That is, for any ¢ € C'?(Q)
and any (to, Zo,Yo) € @ such that (tg, Zo, Yo) ts a local minimum point of
V — ¢, we have

min{p - T(5E), 32— (-m3E, 52— (1 -23EHt0 0,%) 2 0.

The proof of the following theorem is similar to [28] theorem 7.7 and we

refer the readers to that paper for the details.

Theorem 6.1 The value function V defined by (5.4) is a viscosity solution of
the Hamilton-Jacobi-Bellman equation (5.7) with boundary condition (5.8).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



64

Remark 6.1 An ezamination on the proof of the theorem shows that the value
function possesses viscosity property in a stronger sense. That is, in Definition
6.1, the test function ¢ can be relazed to be a local marimum(minimum) only
in the half ball B.(tg,Zo,yo) N {t : t > to}. This fact will be used in our proof

of regularity results.

6.2 Comparison Result

In order to prove that the equation (5.7) (5.8) has a unique viscosity solu-

tion, we have to make some restrictions on the solution space.
Definition 6.2 A function V on Q is said to be in class Dy if it satisfies the
following:

1. V is a nonnegative continuous function on Q. V =0 on the 8"Q.

2. V possesses the homothetic property, concave property and monotone

property as prescribed in Proposition 6.3.

8. For (t,z,y) € Q

Vit,z,y) > %f(t)“”(z +(1-py)P,  y20,

V(t,z,y) > %f(t)“”(:wy/(l—)‘))”, y <0,
where f(t) is given by (6.2).

4. For (t,z,y) € Q

Vi:
Qa?(tv z, y) Z pV(t, z, y)(I + %)_11 y Z 0:
oV .
—(t’ z, y) 2 pV(t,z, y)(.’l: + (1 - #)y) ) y< 0.
or

The homothetic property allows us to transform the Hamilton-Jacobi-
Bellman equation (5.7) into an equivalent equation that has only one space

variable and is defined on a bounded domain.
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Let us denote I = (—(1 — A)/A, 1/u), @, =(0,T) x I, and define
u(t,z) = V(t,1— z, z), (t,z) € Q- (6.10)
By homothetic property we have
V(t,z,y) = (z + y)Pu(t,y/(z + v))- (6.11)

Proposition 6.6 Assume u(t,z) and V(¢t,z,y) are related by (6.11). Then
V(t,z,y) is a viscosity solution of (5.7) (5.8) if and only if u(t, z) is a viscosity

solution of the following equation
5y

min (=24 _ 4\ (z)pu ~ da() 2% ~ ds(2) 3% ~ Ulpu — 250),

pu +d4(z)a—z= pu — ds(z)'a—z} =0, (t,2)€Q:, (6.12)

where
di(z) = r+(a—r)z— 502(1 —p)2?,
d2(z) = (a—r)z(1 - z)=d*(1-p)2®(1 - 2),
da(z) = %0,2 2(1 - 27,
de(z) = ;(l—uZ),
d(z) = $(1—A(1-2),

with boundary condition
u(t,z) =0, (tz)€QL (6.13)
We will denote D; = {u(t, z) : u(t, z) = V(¢,1-2, 2), (¢, 2) € Q,, for some
V(tr z, y) € DO}
Now let us transform u by
w(t, 2) = eotu(t, 2), (t2) € Qu, (6.14)
where ko = max,¢s [pdi1(2)]-
We will denote D, = {w : w(t, z) = ektu(t, z), (t,2) € Q,, for some u €

Dy}

Similar to Proposition 6.6, we have
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Proposition 6.7 Suppose w(t, z) and u(t, z) are related by (6.14). Then u is
a viscosity solution of (6.12) and (6.13) if and only if w is a viscosity solution

of the following equation

i
min {e"‘°'[—% + (ko — di(2)p)w — dg(Z)%lf‘ - ds(Z)E;ﬁ

B Tw—252), e fpw + du(z) o),
eotlpw — ds(2) 2]} =0, (6,2) € Qu, (6.15)
w(t,z) =0, (t2) €0 Qi (6.16)

We notice that in (6.15), the three terms inside the minimum are increasing
with respect to w, this fact will useful in our proof of comparison result.
To simplify the notations, we will use (q;, g2, A) to represent (%, %, -‘zzz—‘;’ .

We will also use the notations

H,Ei)(t, zZ,w,q1,q2, A) = e —q + (ko — d1(2)p)w — d2(2)q2 — d3(z)A]

kgt ] —
_e’Tf;‘ pp(mu_zqz)—r%’ for pw — 2q2 > 0,

Héi) (tv Z, W, q2) = e-_kOt(pu] + d4(Z)Q2):
ngz)(t* zZ,w, 02) = e_kOt(pu) - ds(Z)Q2)-

Hko (t1 zZ,w,q1, 92, A) = min{ng)(ts zZ,W,q1,492, A)a Héz) (t7 z,w, 92),
Hlﬁi) (tv zZ,w, q2)}' (617)

Definition 6.3 Let W be a continuous function on Q,

1. The set of second order (parabolic) super-differentials of W at (t,2) € @,

s

D+(1’2)W(t, z) = {(q1,¢2, A) € R®:lim SUD(4; h2)~(0,0)
W(t+ hy,z + hy) — W(t, 2) — qih1 — q2ha — $ARS

< 0}.
|hif + h3 < 0}
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2. The set of second order (parabolic) sub-differentials of W at (t,z) € Q

1S

D_(I’z)W(t‘l Z) = {(qla q2, A) € R3 : lim inf(hl,hz)_,(o,o)
W(t +hi,z + hy) = W(t, 2) — b1 — g2ha ~ AR
|hi| + h3

> 0}.

Definition 6.4 Let W be a continuous function on Q.,

1. A triplet (qi,q2, A) belongs to cDY(M2W (¢, z) if there erists a sequence
(tm, 2m) = (t, 2), and another sequence (¢, q3*, A™) — (q1,q2, A) such
that

(g7, g5, A™) € D*(IW (4, 2).

2. A triplet (qi,q2, A) belongs to cD~VDW (¢, z) if there exists a sequence
(tm, zm) = (t, z), and another sequence (qT*,q3', A™) — (q1,q2, A) such
that

(q™, g7, A™) € D~UIW (4, 2).

Definition 6.5 A continuous function W on Q, is called semi-convez if there
ezists a constant K > 0, such that the function W(t, z) + K(t? + 2?) is convez

on Q,. W is called semi-concave if —~W is semi-convez.

The following two lemmas are standard results in viscosity solution theory.
We state them for completeness of our proof. For a detailed exposition of
viscosity solution theory, we refer the readers to [13].

The first lemma combines Alexandrov’s result on a.s. twice differentiability

of convex functions, Jensen’s maximal principle and Ishii’s procedure.

Lemma 6.1 Let W,V be semi-conver and semi-concave respectively on Q.
Suppose that ¢ is twice continuously differentiable on Q, X Q, and ®(t, z, s, w)
=W(t, z) — V(s,w) — 6(t, z, s, w) attains an interior mazimum (t,%), (5,W) €
(0,T) x I satisfying

®(t,z,5,w) > sup &.
8Q1x9Q1
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Then there are A and B satisfying

%¢(Z, z,5,w), D,(%,%,5,W), A) € cDYUAW(E, Z),

(—%ﬁ(ﬂ %,5,W), —Dy9¢(, 2,5, @), B) € <DV (3, W),
and

A
-KI, <
0 -B

Where K is a suitable constant depending on W and V' but not on ¢.

J < D? (%5 w).

The second lemma states that any continuous function can be suitably

approximated by semi-convex (semi-concave) functions.
Lemma 6.2 Let W,V € C(Q,). Let us define
ky = (maz{l+4[| W[, 1+4 ]|V [})2, (6.18)
Ql=[v,T—«) x{zel:dist(z,8I) > v}, (6.19)

1. For each € > 0, there exists semi-conver functions W€ such that W< —
W uniformly on Q, as e — 0.
Moreover, if (t,Z) € @** and (q1,¢2, A) € cD*V2DWE(t, %), then we can
find (35,W) such that
5 — 1?2 + |w — Z|? < €2k,® and (q1,q2, A) € cDYAWE(3, w).

2. For each € > 0, there erists semi-concave functions V, such that V, - V
uniformly on @, as € = 0.
Moreover, if (t,Z) € @' and (q1,¢2, A) € cD*(AV (%,Z), then we can
find (5,@) such that
|5 — 1|2 + |@ - Z|* < €*k;? and (q1,q2, A) € cD*VAV (5, w).

Theorem 6.2 Suppose W,V be two functions in class Dy. If W,V are vis-
cosity sub-solution and super-solution respectively of equation (6.15), W =V
on 0°Qy. Then

sup (W —V)(¢,2) <O0. (6.20)
(‘1‘)601
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Proof: Suppose to the contrary, i.e.,

sup (W -V)(t,z)=M >0. (6.21)
(t,z)eQ

Let us define for v > 0,
(Z, 2) = argmax{(W - V)(ts Z)) (tv Z) € Ql}’
Q1[7] = {(t3 Z) € Ql B (W - V)(t’ Z) Z 7}:
§(v) = dist{Q\[7], 3" Q1 }-

Clearly (2,%z) € @Q:[M],
Step 1:
Let k;, Q7 be defined as in (6.18) and (6.19). For p,e > 0, define

: 14 2¢k
WeP = We — N :
t_ eky’ ( z) € Q1

(fc, z.) = argmax(We — V,)(¢, 2), (¢, 2) € Qf‘k‘ }.

It is easy to see We* is still semi-convex in Qf"“. Moreover, since W€, V,
converges uniformly to W,V respectively on Q:, we can find sufficiently small

€0, po > 0, such that for all € < ¢, with pg fixed,
- 3IM
(T, Zo) € Ql(—4—) N{(t.z) €Q1:t > v(po)} (6.22)

where 9(po) is a constant that depends only on p,. Notice also that (6.22)
mandates
e N e 3IM
dist((te,z.), 0" Q1) > 6(—4-) > 0.

Later in the proof, we may require €g, po to be reduced further(c.f.(6.25)
second inequality). It is understood that the statement will be true for all
€ < € with pg fixed.

Now for 8, a > 0, consider the auxiliary function

B(t, 2,5, w) = (W(t, z) — Vi(s, w)) — E}a((t — 824 (z—w)?) + Bt —T).
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Let
(Z(,o.ﬁy Ec,a,ﬂy Ee,a,ﬁa mc,a,ﬁ) = argmax{q’(f, 2,5, w) : (t, zZ,8, w) € Qfekl x thh }
We claim there exist €y, ag, 8o > 0, such that for € < ¢y, a < ag, 8 < fo,
_ _ . . M ~°
(te,a8 Z(,a,ﬁ)v (st,a,ﬂv We,a,8) € Ql(?) N {(t’ z):t> ?} (6.23)

Set My, (d) = sup{|Ve(¢, 2) — Vi(s, w)| : dist{(¢, z), (s, w)} < d)}.
From the inequality

Q(Zc.a,ﬁy Ee,a,ﬂ: ge,a,ﬂa me.a,ﬂ) > (I)(Zc.o.ﬂy Ee.a,ﬁ: Zz,a,ﬁ: Ec,a,ﬁ) y

we have
1 - _ -
75 (teas = Seas)’ + (Zeas — Teas)?) < Velteos: Zeas) — Ve(Sea,s: Weas)
< My, {((Ze.a.ﬂ - §e,a,ﬁ)2
+(Zeap ~ Teap)?)E}
< ks,

where £, is the upper bound for the function My, (d) (k, does not depend on

€).
Thus
(Ze,o,ﬂ - 3f,a,ﬂ)z + (Zeo8 — We,a,8 )2 < 2ak,,

which, by the uniform continuity of V,, further implies
1
27;((2:',0,3 - 3(,0./5)2 + (E(,a,ﬁ - Ee,cx,ﬂ)z) -0 as « Jr 0. (6'24)

Suppose (fc,a,6: Zeas) ¢ Qu(5)-
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We have on one hand for sufficiently small o < ag

(I)(Zc,a,ﬂy Ec,o.ﬂa gc,a,ﬂy we,a,ﬁ) S Wt'p(z(,a,ﬁy Ec,a,ﬂ) - V; (§¢,a,ﬁa wc,a,ﬂ)
_ M
S W(.t.c,a,ﬁv Ze,a,ﬁ) - V(Ec,a,ﬁa w(,a,ﬁ) + _8'
(W€ converges to W uniformly on Q,)
_ _ M M
< V(?e,a,ﬁy Ec,a,ﬂ) - V(S(,a.ﬂ: wc,a.ﬁ) + T + ?
- _ — 1
< MV;{((tc,a.ﬁ - gc,a.ﬁ)z + (ze.a.ﬁ - wc,a.ﬂ)z)z}
+M 4 M
4 8
M .
< > (for a sufficiently small) (6.25)

On the other hand, if 8 < sM'f’

q)(ze,a,ﬁ’ Ee,a.ﬁy ge,a,ﬂ: we,a,ﬂ) Z wee (Ze,a.Sa Ee.a.ﬁ) - Vc (Ze.a,ﬂv Ee,a,ﬁ)

_ M
+B(teas —T) — &
(by (6.24), we can let ag be small)
M -
> -t Bteas —T) (by (6.22))
> —A; (6.26)

The contradiction of (6.25) and (6.26) imply that (e, Zeas) € Q1(2L).
The claim (3 a8, We,a,8) € Ql(%’—) can be proved similarly.

The claim that

0
— _ — Y
(te,a.8r Ze,a8)s (P08, Wea,p) € {(t,2) : t > ‘2—'}

is clear from the form of W<? and the fact that our py are fixed in the above
procedure.

Step 2:

In step 1, we showed that the maximum points of ¢ are uniformly bounded
away from 8Q,; with respect to the parameters € < ¢, a < ag, 8 < S and

with fixed pop. We can now apply Ishii’s lemma and obtain A, g, Bcas and
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ke.op > 0 such that

teaﬂ_geaﬁ Po Ecaﬁ—wca,ﬂ -
4Ly, 3y, — —_ — , 188y 3 , A
{ a 5 (teas — €k1)? a )
€ cDYUAWE, 05, Zc.a ) (6.27)

fowg—3 Zeas — Weaf — L
(roef—Scad Zead ZBeod B 5} € DUV (eap Tens),  (628)

_kc,ﬁ S :;fc.a,ﬂ .<_ B_e,a,ﬂ S k(,ﬁv (629)

where k. g is a constant that depends on € and S but not on a.

From Lemma 6.2 we have

cD*IAW(E 0.5.Zca8) S DYDW (tea,8: Zeas) (6.30)

where (tcq.g: Ze.a,8) are points in @; such that

diSt{(Zc,a,Bx Ee.a,ﬁ)’ (tc.a.ﬂv zc,a,ﬂ)} S le, (631)
we have
Z( a8 gc a,B Po
t Wt = .
Hko{ ca8:%¢,a,8: ( €,a,8: Ze,a,ﬂ) . ﬂ (t(,a,ﬁ — 6.161)2
Z, — W, _
ceb — —ead F .5} <0. (6.32)
[0 4
Similarly still by Lemma 6.2,
CD—(l'z) "; (gc.a,ﬁ: mc,c:,ﬂ) g CD_(I'z)V(Se,a,ﬁ: we,a,ﬁ) ) (633)
where (S¢.q 8, We,a,g) are points in @ such that
diSt{(gc,o,ﬁ: mc,a,/.?)-: (Sc,a,ﬂa wc,a.ﬂ)} S 62k12, (634)
we have
teaps — S Zeaps — U, —
Hko{se,a,ﬂa We,a,8: V(se,a,ﬁy we,a,ﬁ): «.a.p a e.o,ﬂ’ “of o e,a,ﬁ’ Be.a,ﬁ} Z 0.

(6.35)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



73

From (6.32) and (6.35) we arrive at the conclusion that at least one of

following three inequalities must hold. That is, either

1 lea, — Sea, Zea,8 — We,aB
Héo)(tz,a,ﬁa Z¢,a,81 W(te,a,ﬂ: Zz.a.ﬂ): m—(aﬁ - ,87 o o2

2

a a
Aca )
X E L § 1 X, E ,a, - :&)— a, —
—Hlio)(se,a,ﬂ, We,a,8 V(sf'ayﬁr wc,a,ﬁ) S a ol ? — a €8 Bc a.ﬁ)
=" (6.36)
or
2 3 ’ —T o
H‘Eo)(te'a‘ﬁ’ Ze,a,f0+ W(tc,a.ﬂ: zc,o.ﬁ)i _f"-ﬁ_a‘;‘_f_’ )
Zeas — T
_Hg)(se,a.ﬁa We,a,85 V(se,a,ﬁ, we,a,ﬂ), €,a,B - c,a,ﬁ) <0, (637)
or
o E('avﬁ - wt.a,ﬁ
Hko (te,a,ﬂ, Ze,a.85 W(tc,a.ﬁ: z(,a.ﬁ)’ —;1—_—7 )
3 Zop —Wen
—ngo) (st,a,ﬁ, We,a,85 V(Se,a,ﬂ, wc,a,ﬁ), “a > € 13) <0. (638)

From (6.23), (6.24),(6.31) and (6.34) we know for sufficiently small ¢, ag,

. M
W(tc,a,ﬂy Ze,a,ﬂ) 2 | % (Se,a,ﬁa wc,a,ﬂ) + ’g (639)

Suppose (6.37) holds, we have by (6.39),

Ee.a.ﬂ - Ee.a.ﬁ )
?

2
HIEO) (te,a,ﬂy Z¢a,B W(te.a,ﬁy Zc,a.ﬁ)a

[0 4
z — W,
_Hg) (Se0.8: Weaps V(Se,a,8: Wea ), “at a e )
- = 2
> e—kolz,n.ﬁpﬂ — e koteas sup{d4'(z)} (Ze,a,ﬁ wc.t).ﬂ)
zel a
_e—ko(tt.a.ﬂAsg.a.ﬁ)pV(se’a'ﬂ, we'a‘ﬂlte,a,ﬂ - s(,a,ﬂl
—eko(te.a.8A3¢,a.8) | Zeaip ;wc,a,ﬂ ”t(,o,ﬁ - sz,a,ﬁl
> o (6.40)

where the last inequality is obtained in the following way: first let € — 0, so
that

Ite,a,ﬁ - se.c.ﬂ' — lze,a.ﬁ —Seasl, (by (6.34))
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and let & — 0 to get

= — 2 3 — W, 2
(‘(,O'ﬁ awe'o,ﬂ) + (t(,a,ﬂ awe,a,ﬂ) -0 (by (6.24))’

finally, we use Schwartz inequality to show that the last term goes to 0.
We conclude that the inequality (6.37) can not hold.
Similar as above, we can prove inequality (6.38) can not hold either.
Now we suppose (6.36) hold.
By claim (6.23), (6.31) and (6.34) we know for sufficiently small ¢ < ¢,

a < o and B < By, there exists positive constant C(eg, g, fo) > 0, such that
diSt{(t<.0,57 Zc,a,ﬂ), a.Q} Z C(‘O: Qo, ,BO)a

dZSt{ (Si,ﬂ‘ﬁ7 w€.0.5)$ a‘Q} Z C(e()y Qoq, .30)7

if we further take into consideration (6.27), (6.28), (6.30),(6.33) and our hy-
pothesis that W,V € D,, we know there exists C > 0 such that

; zZ —w,
PW (te,a,;37 z:,a,ﬁ) - Ze,a,ﬂ( sal . c,a,B) > C;

(Ef,a.ﬂ - E6.04‘3) >C.

PV (Sea.8; Wea,f) — Wealp .

Moreover, (Zca,s — We,a,8) /@ is bounded.

We conclude for € < ¢ sufficiently small,

Zeaf — we,a,ﬂ) > _g: (641)

PV (Sca.8: We,a,8) — Zeas( 5

Now we try to obtain a contradiction to (6.36). First notice that the
operator H,g) is increasing with respect to w and decreasing with respect to

A. we have

t — S, Z, — W, —
1 1 L] Rt 9 ’B
ngo){tc,a,ﬂa Z¢,a,81 W(te.a.ﬂ- zc.a,ﬁ)r s2d pe wed _ B, Lol o =2 t Ae,a.ﬁ}

Ze.a.ﬁ — Sea,8 -8 Ze,a,8 — Wea,B B ﬁ}
) s Dea,

1
Z Hg(:o){tc,a,ﬁa Z¢,a,B1 V(se.a.ﬁa wc,a.ﬁ): @ o

(6.42)
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We conclude that if (6.36) holds, then

k (4. ¢ 1
.Be ofe.a.8 S Hio) {se,a,ﬂy We,a,8: V(se,a.ﬂ, wc,a,ﬂ),

le,a,8 — Se,a,8 —Z-cvayﬁ _ Et,a.ﬁ o

P 3 . 3 Be,a,ﬂ}

1
Hlﬁo) {te,a.ﬂ: Z¢,a,81 V(se.a,ﬂ1 we,a,ﬂ)a

t — 35 Z, — W —
evavﬂ = (vavﬁ’ (varﬂ o ‘yavﬂ , Beio,ﬂ} (6-43)

Notice that the operator H,g) is continuously differentiable if its arguments
are as in the right hand side of inequality (6.43), we can repeat the same
procedure as we did in (6.40) to obtain a contradiction to (6.43).

Q.E.D.

Remark 6.2 Although we proved the above comparison result in in the cylin-
der domain Q,, a review on the steps shows the result holds true for arbitrary
sub-domains of Q, with smooth boundaries. Indeed, the difficulty lies in the

lower boundedness of g—‘z’, and the case Q, is the most difficult situation.
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CHAPTER 7

THE EXISTENCE OF THE
FREE BOUNDARY

The fact that the value function V is concave on S could be used, in
combination with its viscosity solution property, to partition the domain Q
into three sub-domains corresponding to the three terms in the Hamilton-
Jacobi-Bellman equation (5.7).

We define for (t,z,y) € Q, the sub-differential with respect to (z,y) by

ov(t,z,y) = {(¢z,4,) € R*:
’U(t, 61 77) S 'U(t$ z, y) + 62(6 - I) + 6!!(17 - y)’v(fy 77) € Rz}

Proposition 7.1-Proposition 7.3 are finite horizon version of the convex

analysis results of section 6 [28].

Proposition 7.1 For all (t,z,y) € Q, (6z,dy) € Ou(t,z,y), we have the fol-

lowing properties:
1. 6 —(1—=A)o, >0, 4, —(1—p)éz >0.
2.6:>0, 6,>0.
3. 6, +yd, = pv(t,z,y).

4. 7”“6v(t, z, y) = av(ty YT, 7y): V7 >0.
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5. Let (85,8,) € Ov(t,Z,7), then (8 — 8;)(z —Z) + (6, — &y)(y — ¥) < O.

Define for (¢, z,y) € Q,

6% (t, z,y) = max{d, — (1 — pu)d; : (8;,dy) € Bu(t, z,y)},
6~(t,z,y) = min{6, — (1 — p)dz : (z,9,) € Au(t, z,y)}
Clearly, 6*(t,z,y) > 60— (¢t,z,y) > 0, and the above maxima and minima

are attained because dv(t, z, y) is compact.
For fixed t € [0, T}, p > 0, define

(z(0),y(p)) = (1 — (1 — u)p, =(1 = A) + p), (7.1)

po(t) = inf{p > 0;07 (¢, z.y) = 0}. (7.2)
Proposition 7.2 Under the above setting, for 0 < p < p < oo, we have

0*(t,z(p),y(P)) < 67 (¢, z(p), y(p))-
Moreover, if py(t) < oo, then 0 (t,z(po(t)), y(po(t))) =0, and

0*(t,z(p), y(P)) =0, Vp > po.
For fixed t € [0, T), if po(t) < oo, we can partition the sector set
Q.= {(t.z,y) € Q}

into two parts,

SS(t) = {(t.z,y) : (vz,vy) = (z(P), ¥(P)),
for some v > 0,and some p > po(t)},

Qe \SS(t) = {(t. z,v) : (vz,vy) = (z(p), y(p))
for some v > 0, and some p < po(t)}.

Similarly we can define for fixed t € [0,T], p > 0,

(Z(p), 5(p)) = (-1 — ) + p, 1 = (1 = A)p), (7.3)
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Po(t) =inf{p>0:6;—(1—-A)é, =0
for some (6,48,) € Ou(t,z,y)}. (7.4)

If po(t) < oo, we can also partition Q; into

SMM(t) = {(t.z,vy) : (vz,7y) = (z(P), y(P)),

for some v > 0,and some p > po(t)},

Q\SMM(t) = {(t,z,y) : (vz,vy) = (z(p). y(p)),

for some v > 0,and some p < fo(t)}.

Proposition 7.3 For any t € [0,T], (0:,6,) € Ov(t,z,y).

1.6, — (1 — p)é, =0, if (t,z,y) € SS(t); &, — (1 — w)é > 0, if
(t,I, y) € Qt\SS(t)

2. 6; -~ (1=A)8, =0, if (t,z,y) € SMM(t); 6:—(1—-N)s, >0, if
(t.z,y) € Q:\ SMM(2).

3. SS(t)NSMM(t) = 0.

Proposition 7.4 Fort € [0,T),

lim inf po(s) > po(2), (7.5)
lim inf 5o(s) 2 po(t)- (7.6)

Proof: To prove (7.5), let (z(p),y(p)) be defined by (7.1), po be defined by

(7.2). We observe that V (s, z(p), y(p)), as a function of p, is strictly increasing

if p < po(s); is constant if p > po(s). Moreover, po(s) > 0, for all s € [0,T).
Suppose there exists a sequence {s,}, such that lim,, ¢ po(sn) < po(t) —2¢

for some ¢ > 0, then we have on the on hand,

V(sn, z(po(t) — €),y(po(t) —€)) = V(sn,Z(po(t)), y(po(t)))
= V(t,z(po(t)), y(po(t)))-
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On the other hand,
V(sn; z(p0(t) — €), y(po(t) — €)) = V(t,z(po(t) — €), y(po(t) — €)).

So V(t, z(po(t) — €), y(po(t) — €)) = V(¢,z(po(t)), y(po(t))), which is a con-
tradiction.

The proof of (7.6) is similar.
Q.E.D.

For each fixed ¢t € [0, T), we will denote NT'(t) = Q(¢t)\{SS(t)USMM(t)},
SS = UtE[O,T]SS(t)’ SMM = Ugg[oyT]S.le(t) and NT = Ute[o'ﬂNT(t).

Proposition 7.5 For each fized t € [0,T), NT(t) # 0. Moreover, NT is an

open subset in Q.

Proof: Suppose NT'(t) = 0 forsomet € [0,T), then {SS(t)USMM(t) = S. By
Proposition 4.3, either SS(t) = S or SM M (t) = S which are both impossible.
That NT is an open set in Q can be directly verified by (7.5) and (7.6).
Q.E.D.

Proposition 7.6 Suppose we have that SS(t) # O for some t € [0,T), then
there ezists § > 0, such that for all s € [0,¢t], SS(s) contains the wedge

{zy): z+(Q1-pwy>0, z+(1—p—3d)y <0}

Proof: For t € [0,T), let § > 0 be a small number to be determined later. We
define

Q(,t) ={(s,2,9) €Q:0<s5<t, z+(1-py>0, z+ (1 —p -4y <0}
For (s,z,y) € Q(4,t), we define
V(s,2,9) = 2A()'(z + (1 - w)y),

where

A(S) — {pV(S, —(16: ”’) + 61 1) }'1—-1?_

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



80

From the hypothesis SS(t) # @ and the homothetic property of V and v,

we have for § > 0 sufficiently small,
V(s,z,y) = V(s,z,y), (s,7,y) €"Q(4,1).

We claim that V is a viscosity solution of (5.7) in the domain Q(d, t).
That V is a viscosity sub-solution can be seen from the fact that V(t,-,-)

are continuously differentiable functions and
6V 6V
y
We prove V is a viscosity super-solution of (5.7).
Suppose (s, z,y) € Q(4,t), p € CY3(Q(4,t)) and V —¢ has a local minimum
at (s,z,y). We have,

(Lo~ TGN s,20) > ~SE0s,2,9) + AW (e + (1 = W)

(1-p)o?, (1-p)y
1 (:1:+(1 1)y VA(s)

(1-p)y T
T e P e i
1-— p}
p

2 A(s)P(z+ (1 - py)
1 o(1-p)(A-p) a-r
{a—1)* )
> A(s)—"(x +(1- )y)’
(g =P - w) - = ’5)21' o)
(0! )
> 0, (7.8)

where the the last step is achieved by making the constant § sufficiently small.
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We also have

(52 - a-NEHezy) = {5 A= NG Hez)
= AP+ (- Wy - (1= N - )
> 0. (7.9)

(7.7),(7.8) and (7.9) showed that V is a viscosity super-solution of (5.7) on
Q(4,t).
Now we can invoke Theorem 6.2 and Remark 6.2 to obtain that V =V on

Q(8, ).
Q.E.D.

Proposition 7.7 Suppose we have that SMM(t) # @ for some t € [0,T),
then there ezists & > 0, such that for all s € [0,t], SMM(s) contains the
wedge {(z,y): z+y/(1-A) 20, z+y/(1-A-4) <0}

Proposition 7.8 Let 2 be a sub-domain of Q with smooth boundary. Suppose

the value function V satisfies

)% av
3y - Mogr >0 (Lzy) € (7.10)

then V is also the value function of a new control problem which has all the
characteristics as described in Section 5.1 ezcept that it does not has the option
of making transactions from stock to bond.

Similarly, suppose V satisfies

oV ov
2 _a-an= 11
. (1—A) 5y >0, (t,z,y) € Q, (7.11)

then V is also the value function of a new control problem which has all the
characteristics as described in Section 5.1 ezcept that it does not has the the

option of making transactions from bond to stock.

Proof: We only give a sketch proof of (7.10).
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Following the procedure from Theorem 6.1 to Theorem 6.2, we can show
that both V and the value function of the new control problem are the unique

viscosity solution of the equation

e = OV AV v
rmn{EV—U(a—x), a—z—(l—/\)g}=0, (t.z,y) € Q.

V(t,z,y) =V(tz,y), (t,z,y) €
Thus they must be the same.

Q.E.D.

Proposition 7.9 For each t € [0,T), SS(t) # 0.

Proof: Suppose for some t € [0,T),
SS(t) = 0. (7.12)

By Proposition 7.6, we know SS(s) = 0 for all s € [t,T]. In particular, for
§>2t, S=NT(s)USMM(s).
For § > 0, we have by Proposition 6.1,

Vit,~(1—p) +6,1) > 1-1) F(8)'P 6. (7.13)

In the following, we will estimate the increasing rate of V (¢, —(1 — u) + 4, 1)
w.r.t. § under hypothesis (7.12) and derive a contradiction against (7.13).

From hypothesis (7.12) and Proposition 7.8, we can assume the state pro-
cesses (X,Y) satisfy for s > ¢,
dX(s) = (rX(s)—c(s))ds—dL(s), X(t-)=-(1-—pu)+4,
dY(s) = aY(s)ds+ oY (s)dW(s)+ (1 —A)dL(s), Y(t-)=1.

Let us denote Z(s) = X (s) + (1 — u)Y (s), similar to the derivation of (6.9)

we have that

et 9Z(s) + /s e " e(u)du + /3 e~ (1 — (1 - A)(1 — w))dL(u)

t

= 0+ /, e " (1 — )Y (u)dW (u)
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is a nonnegative super-martingale w.r.t. the probability P.
Define
T=inf{s>t: X(s)+ (1 —p)Y(s) =0} AT.

We have for any admissible control (c(s), L(s)) and 1 < ¢ < xl:’

T p T P
E/ (sf gs — E/”)ds
¢ p ¢ p

1 Yer [ o(s)P9dsit
< ;{E(T—t)}cE{[ o(s)"ds}
= B -0 E(Op) [ clapasyt
S (B - )} Tor
g ~ T 1 ~ —1__1-pq
'{E[/t (e e (s))Pds| = P{E(07) T } <
< %{E(T _ )} e e TR(T — 1)
(B /T e"("‘)c(s)ds}’eﬁﬁ?l 25+
< C{E(r—t)}7 . (7.14)

We claim that limg_,o E(7 — t) = 0. Thus (7.14) is a contradiction against
(7.13), and the proof will be finished.
Since (X (s), Y (s)) have the following explicit solution:

X() = [a-m+aee - [etvc@au- [Metdrw,
2
Y(s) = exp{(a—3)(s—t) +o(W(s) - W()}

+ [ ewlla— D)~ w +oW(s - w}a - ML),
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we have

X(s)+ 1 -pY(s) = [-(1—p)+6et?
+(1 - w) exp{(a — T)(s — ) + oW (s — 1)}

+ [t a-wa -
-exp{(a — %2)(3 —u) + oW (s — u)}dL(u)

—/ —e" Y e(u)du. (7.15)
t
To estimate the first term in (7.15), let us define

7 = inf{s >t:[—(1 — p) + 6]e"¢"™?
+ (1 — p) exp{(a — %)(s —t) +oW(s—1t)} =0}

2 é
= inf{s>t:(a— "7 ~r)(s =) + oW (s 1)) =In(1 — ;—)}.
Let us denote v = %(a—"z—z—r), then v(s—t)+ (W (s)—W(t)) is a Brownian
motion with drift v, and 7, is its passage time to hit b(4) = i»ln(l - ﬁ) The

density function of ; is given by (e.g. [24] p197)

P{rn—teds—1t)}= _2_74_’;'?; exp(— —2Zs(s_—t)t)) .
Clearly we have
E[(ni —t) AT] = 0(9)- (7.16)

To estimate the second term in (7.15), let us define

W(s 1) = sup |v(u— )+ (W(w) - W),
o= inf{s>t: W (s—1t) = ;—; log[(1 — )(1 = A)]
< inf{s>t: -7 + (1 —p)(1 - M)}
2
-exp{(e — Z)(s — ) + o (W(s) ~ W(u) =0,

for some 0 < u < s}.
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Clearly, P{m, > 0} =1, so (7.16) implies
P{r1 > 712} -0, as § — 0.

On the set (7, < 1), we have by (7.15) (7 < 71). Thus

E{(r-t)} = E{(r—t)m<m}+E{(r — )l(n>m)}
< E{(n—t)n<m} + (T —t)P{nn > 12}
< E{n-t}+ T —-t)P{n > 1}
—- 0 (aséd —0)

Q.E.D.

Similar to the above proposition we also have

Proposition 7.10 For each t € [0,T), SMM(t) # 0.
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CHAPTER 8

THE RUGULARITY OF THE
VALUE FUNCTION

8.1 (Y Continuity of the Value Function

Recall that we used (6.10) to transform the value function V to u. Then all
the properties of of u can be mapped V by this transformation, and vice versa.
The domains SMM, SS, NT are also transformed into disjoint sub-domains of
Q1. which for notational simplicity we will still denote by SMM, SS and NT.

The particular meaning of them depends on the context.

Proposition 8.1 Let Q = [to,t1) X (a,b) be a subset of NT in Q,. Then
on this subset S, the function u as defined by (6.10) is the unique viscosity

solution of the equation

i i 2 i
“aa_t —dl(z)pﬁ—dz(z)g—:—d;;(z)g—zf—U(pﬁ—z%) —0, V(t,2)€Q (81)
ua(t, z) = u(t, 2) V(t, z) € "2 (8.2)

Proof: Same as Proposition 7.8.
Q.E.D.

Proposition 8.2 Let Q = [to,t) % (a,b) with 0,1 ¢ (a,b) . Then on Q,

94 (¢, z) exists everywhere and is continuous w.r.t. both (t,z).
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Proof: We first show that u(t,-) is continuously differentiable on (a, b).
Let (to, 20) € 2, and suppose we have,

out ou~
6—z(to,zo) < guz—(to,zo)- (8-3)

For ¢ > 0 we construct a test function ¢ by
1 2 2
w(t, z) = u(ty, z0) +8(z — z0) — z(z —20)° + (t — to)*,

V(t,z) € Br(zg) x (t:t > tg,t —tg < 1),

where § = %(a‘;‘: (to, 20) + ag—;—(to, Z9)) and r > 0 is a small positive number to

be determined later.
Fix an € > 0, from (8.3) it is easy to see that there exists » > 0 such that

©(to, z) > u(ty,2) Vz € By(z). (8.4)
Since u(-, zg) is a decreasing function, we also have the strict inequality
p(t,z0) > ult,zg) Vt>tg,t—1tg<r.

Thus (8.3) implies that for each fixed ¢ > to,t — £; < r, there exists r(t) > 0,
such that
o(t, z) > u(t,z) Vilz— 2z <r(t).
We take r(t) = inf{r : o(t,z) > u(t, 2),V|z — z| < r}, and without lose of
generality we assume ¢(t,7(t)) = u(t, r(t)).
We claim
liminfr(t) > 0. 8.5
im infr(¢) (8.5)
Suppose (8.5) is not true, then we can find a sequence ¢, | to, such that

lim, 00 7(t) = 0.
By the concave property of the function u(t,-), we can find & > 0, such

that
u(to, 7(t)) < u(to, 20) + 8(r(t) — 20) — A[r(t) — 2,
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Thus

u(tnv r(tn)) = Qo(tn:r(tn))
u(tg, z0) + 8(r(tn) — 20) — 21_e(r(t") — 20)% + (tn — t0)?

ulto, r(ta)) + Dlr(ta) = 20l = 5-(r(tn) = 20)?

> ulta, r{tn)) + Blr(tn) = 2] = 5-(r(ta) = 20)’

v

So
1
Alr(ts) — zo| — -é?(r(tn) —2)% <0, Vi,
This inequality can not hold for small #{¢,). So claim (8.5) is true.

(8.4) and (8.5) imply that there exists a r > 0 such that
w>2u VY(t,z) € Br(zo) X (t:t 2 tg, t —tg <),
Since u is a viscosity solution of (8.1) (c.f. Remark 3.3), from sub-solution
property we have
—di(z0)pu(te, 20) — d2(20)d + ‘;'ds(zo) — U(pu(to, z0) — 2068) < 0.
Since d3(z9) > 0 when z; # 0, 1, the above inequality can not hold for small
¢. We conclude (8.3) is not true. This says u(¢,-) is differentiable pointwise,

which further implies u(t, -) is continuously differentiable.

Next, we show on the line z = z

Ou Ou (8.6)

lim (t, Zo) = a(tq, Zo).

t—oto 0z
Suppose (8.6) is not true, without lose of generality, we assume there exists

€ > 0 and a sequence t, — o, such that
du du
—_— > (¢t ) 8.7
az(tnszO)—- Z(O’ZO)+€ ( )
We pick z such that z < z,. Then
du
u(tm z) < u(tm 20) + ’a_z'(tny ZO)(Z - ZO)

< ulte,20) + e(to, 20)(z = 20) + e(z — 20) + Oltn — t0)

u(tor 2) + { e (t0: 20) — o (te, )} (= ~ )
+e(z — 29) + O(tn — o) (8.8)
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Let ¢, — to and choose z close to zg, we have by the continuity of -g%(to, -)
€
[u(tﬂ’ Z) - U(to, Z)I 2 5'20 - Z)l, th:

So (8.7) can not hold and this imply (8.6) must be true.

Finally, to show % is jointly continuous w.r.t. (¢, z), we claim that the

convergence of the following limits are uniform w.r.t. t,

llm (t z) = (t 2), hm ——(t z) = (t Zg)-
zlzg O
But this can be readily derived from the concavity of u(¢,-), (8.6) and Dini’s

theorem.

Q.E.D.

8.2 The Bootstrap Method

Proposition 8.3 Let Q be defined as in Proposition 8.2. Then the function
u as defined by (6.10) is the unique viscosity solution of the following linear
parabolic differential equation

ou _
ot

2—
d;;(z)a + h(t,z) =0, V(t,z)e, (8.9)

it z) = u(t,z), V(¢ z)€dQ, (8.10)

where h(t, z) is given by
h(t, z) = —do(2)pu(t, z) — dz(Z) (t z) = U(pu(t, z) - Z (t z)). (8.11)

Proof: That u is a viscosity solution of (8.9)(8.10) can be proved by direct
verification. We only need to show the uniqueness result.

We first observe from Proposition 8.2 that h(t, z) € C(Q). This fact entitles
us to use the method described in Lemma 6.1, Lemma 6.2 and Theorem 6.2
to prove similarly a comparison result. We recapitulate the essential point in

the following.
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A careful examination of the comparison proof shows that all the steps
that lead to (6.32) (6.35) can be directly modified to provide us the following
result:

Suppose there are two distinct viscosity sub and super solutions to the
equation (8.9) and (8.10), then there exists ¢g, ao, Bg, Po > 0, such that for fixed
po and for all € < €g, @ < ag, B < By, we can find (L0, Zcas8); (Beas Weap)
bounded away from 89, and uniformly bounded A, 5 < B, oz, satisfying

t ] -
p+ (t ﬁp—(—} €k)? — et a — —d3(zc,0,8)Aca,8+h(tea8: Zea,8) <0, (8.12)
€,a,
teap — S =
- a el — d3(We,a,5)Be.a,s + h(Sea.8, Wea8) = 0. (8-13)

where (tcap, Zeas) a0d (Sca,8: Wea,s) are points in the interior of 2 such that
dist{(tea5: Zc,08); (zc.a,ﬂ: Ez,a,ﬂ)} < €k,

diSt{(sc,o,ﬁa Wea,8), (Se,a,8) ﬁ)-e,a,ﬂ)} < €k;.

Moreover, we have:
1 - 2 — — 2
%((Ze.a.ﬂ ~3c0,8)" + (Zeap — We,a8)”) — 0.

Subtract (8.13) from (8.12), let ¢ — 0 first and then let a — 0, we will

obtain a contradiction w.r.t. 8 > 0.
Thus the uniqueness result must hold.
Q.E.D.
To continue our process of upgrading the regularity of u, we need to invoke
some results from the theory of second order partial differential equations of

parabolic type. We refer the readers to [25] for the detailed information on

this theory.
We will need the following divergence form of (8.9) (8.10).
du O ou ou
2t + 5, @A) 5;) —da(2)5- = h(t,2)  V(t2)eQ (8.14)

u(t,z) =u(t,z) V(t,z) € 3N (8.15)
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Definition 8.1 A function @ € C(2) is called a continuous weak solution of
(8.14) (8.15) if u € W}*(Q) for some p > 1 and for all p € Cs2 (),

[(-Gro+ar(a 5o 50+

and moreover, u(t, z) = u(t, z) for all (t,z) € 0°Q.

(z) —go + hp}dzdt = 0,

Definition 8.2 Let X = (s, z) € §2, the parabolic cylinder is defined by
Q(X,r)={Y € R*:|Y — X| <r,t> s}, where |X|=max{|z],s7}.

The parabolic Holder norms are defined by:
|D:u(X) — D.u(Y)|

[u]} .o = sup{d(X,Y)** X v : X #Yin Q},
u(X) — u(Y
(u)l+a —_ sup{d(X Y)lq—al [( h )_ Yzltl(-*-a)l }’

[ul}1a = lulo + diam(Q)|D.ulo + (]2, + (@)},

where d(X) = dist{X,8*'QN (t > s)}, d(X,Y) = min{d(X),d(Y)} and 0 <

a<l.
u is said to be in Hy , iff |u|i o < 0co. Clearly Hi,, is a Banach space.

We will also need the following weighted Morrey space norm:

ul B e = sup r2-ad(X)i+e / lu|dY.
Xeq N

0<r<d(X)/2

@

2)
1,24+a < Q.

u is said to be in M(2+a iff |ul
It is easy to verify that if u is a continuous function, then

[ul3 e < CQ)lulo

The following a priori Holder estimate for H;,, weak solutions is taken

from [25] Theorem 4.8.
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Lemma 8.1 Let 2 be as in Proposition 8.3. Suppose h € Ml(?l,)+a and u €
H:. ., is a weak solution of (8.14) (8.15). Then there exists a constant C
depending only on ds(z), o and 2, such that,

[ulira < Clulo + [A$,a)- (8.16)

The following stability property on viscosity solution will be needed also.

(e.g. [13] chapter 2 Lemma 6.2)

Lemma 8.2 Let h, € C®(Q), and h, — h uniformly on Q as e — 0. Suppose
for each €, u, is a viscosity solution of the linear equation

ou, &,

W + d3(Z)—a?2— = ht(t, Z), V(t, Z) € Q, (817)

u.(t,z) = ult,z) V(t z) €N (8.18)

Moreover, i, — ug uniformly on Q.
Then uy must be the viscosity solution of the equation (8.9) (8.10). In

particular, ug = u.
Theorem 8.1 Let 2 be defined as in Proposition 5.2. Then the function u as
defined in (6.10) is C* on Q.

Proof: Let us define

, Kexp{l/(? +22-1)} ift?+ 22 < 1,
é(t,z) = 2 . o
iftc+ 2> 1,

and let
he(t,z) = h * ¢(t, 2),

where ¢. = 1/2¢(t/e, z/€).
Then h, € C(8) and

he(t,z) = h(t,z) uniformly on Q as e — 0. (8.19)

By standard result in linear parabolic equation theory(e.g. [25] Theorem
5.9, Theorem 5.10), we know for each ¢ > 0, there exists an u, € CH*(Q) N
C°(QY) which is the classical unique solution of the equation (8.17) (8.18).
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Clearly, the classical solution u, is also a viscosity solution of (8.17) (8.18),
and moreover, a H;,_, weak solution of (8.14) (8.15) as well.
Because u, is a H},, weak solution of (8.14) (8.15), we can invoke Lemma

8.1 and obtain the estimate

. 2
[te,, — u€n|1+a < C(lue, — uenIO + |he — hfnlg,%-(-a)

< Cllhe, — healo): (8.20)

where the second inequality is obtained by the standard maximum princi-
ple(e.g. [25] Theorem 2.11).
Thus (u., )., is a Cauchy sequence in the Banach space Hj,,, and so

there exists ug € Hy,, such that |u., — ue|i,, — 0. In particular, we have

luem - 'Uolo — 01 as € — Ov (8-21)
% € Ha(Q), Qo cCC Q. (8.22)

On the other hand, because u, is a viscosity solution of (8.17) (8.18), and
also because of (8.19) (8.21) we can invoke Lemma 4.2 and conclude that
ug is actually the unique viscosity solution of (8.9) (8.10). Moreover, by the
uniqueness of viscosity solution, we know ug = u.

We conclude from (8.22) that the function u is actually parabolic Holder

continuous, that is,

g—z € HQ(Q()), Q, CC S (823)

Now from (8.11) (8.23), we know that h € H,(S%). So we can invoke
the standard theory (e.g. [25] Theorem 5.9, Theorem 5.10) and obtain u €
H5+a(QO)-

We can continue this bootstrap process (e.g. using the method similar to
[25] Theorem 6.6) to get

u € C=(N).

Q.E.D.
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CHAPTER 9

ESTIMATES ON THE
LOCATION OF THE FREE
BOUNDARY

9.1 Upper Bound of the Free Boundary

In accordance with our intuition, we have that it is never optimal to be

short in stock market if a > .
Proposition 9.1
{t,z,y) €Q:y<0}NNT =0.

Proof: Suppose the above statement is not true, then on the x-axis there exists
a point (tg, Zg,0) € NT. Because NT (t,) is of wedge shape, we have{(to, z,0) :
Vr >0} C NT.

Moreover, since NT is open, if we define

To =sup{t: t > to, (t,z,0) € NT,Vz > 0},

then we have tq < Tp and {(¢,z,0) : Vz > 0} C NT hold true for all ¢ < ¢t <
Ts.
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Clearly we have {(Ty,z,0) : z > 0} C SMM. Thus,
V(T(’!I? y) = V(T07r + y/(l - ’\)10)7 V(Ir y) €SN (y < 0)' (9'1)
Using the method similar to that of Proposition 8.3, we can show for

(s,z) € (to,To) x (z : £ > 0), the function V(s,z) = V(s,z,0) is actually

the value function of the following control problem:

sup E{ K C(p%)pds + V(To, X (To), 0)},

CEA. t
dX(s) = (rX(s) —c(s))ds, X(t) =z,

where the admissible control set is A, = {c(s) > 0 : such that X(s) > 0,Vs >

t}.

The dynamical programming equation of this problem is

ov ov ov c?
-— - >
_63 + scgg{ra:—a - c—a + ——} =0, (s, 1:) € (to,To) x (:z: z > 0),

v(To, z) = V (T, z,0),Vz > 0; v(s,0) =0,Vs € [to, Tp)-
Notice that V(Ty,z,0) = V(Ty, 1,0)z?, we can use the same method as in

Proposition 6.1 and conclude
1
v(s, z) = -A(s)z?,
p
where A(s) = {12)(€™7 ™ — 1) + (pV (5, 1,0)) 5 e ~9}1%, and it sat-

isfies the equation

-1—;2/4'(3) +rA(s)+ 1P =0, AT = (V(To,1,0)™5.  (9.2)

Hence
V(s,z,0) = %A(s)x”, V(t,z) € [to, To] X (z : = > 0). (9.3)

Let Q = (%o, 7o) % {(z,y) : z+y/(1 — A) > 0} N {y < 0}, and define,

Vtzy) =A@ @+ 5P Gy e (9.4)
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We claim that V = V on Q. This will contradict with our supposition that
(to,z,0) € NT, and thus complete our proof.
To prove the claim, we suffice to show(c.f. Remark 3.5) V is the viscosity

solution of the equation (5.7) with boundary condition
V(t,z,y) =V(t,z,y), (t,z,y) €9°Q

From (9.1) (9.3) and the definition of V (9.4) we see readily that the above
boundary condition is satisfied.

That V is a viscosity sub-solution is also clear from the definition of V.

That V is a viscosity super-solution of (5.7) could be seen from the following
computation similar to that of (7.8).

Let ¢ € C?(R2), and suppose V — y attains a local minimum at (¢, z,y) €
Q, then

Lolta,y) ~T(2E) 2 AW+ L)

1 o(l -ply a—rT.,
B T Ne+y yAQ)
~Pa) -+ 2§f )) 4@ - =By

IV

-p Y vy 2 7Py — _1-p
AW + -2 rA(t) )
(Here we use the standing assumption a > r)

= 0.(by (9.2))

Q.E.D.

9.2 Lower Bound of the Free Boundary

In the following of this section, we will use £+ (1 — u)y = 1 as the reference
line to reduce the value function V (¢, z, y) to the two dimension value function

u(t, z). We denote

Q1 =[0,T) x (—(1 = A)/(u+ A — Au), 00),
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and define
u(t: Z) = V(t7 1- (1 - I")za Z), (ta Z) € Ql~ (95)

Similar to Proposition 6.6, we know u(t, z) is the unique viscosity solution

of the following equation for (¢, 2) € Q,,

min (-2 — dy(2)pu - do(2) 22 — dy() % ~ Tpu - 222,
O m-Er(-NA-(-wd =0, (96)
where
di(z) = r+(@-r)(1~pz = 30*(1—p)(1 ~ 2,
d(z) = (a—1)2(1=(1-p)2) — *(1 = p)(1 — W21 — (1 — w)2),
dy(z) = 30%2(1~ (1= p)a),
with boundary condition

ult,z) =0, (t2) € 8"°Q:. (9.7)

We will denote on the line z+ (1 —u)y = 1 the location of the free boundary
between NT and SS by (1 — (1 — u)z*(¢), z°(¢)). From Proposition 4.4 and 4.6,
we know z*(t) is lower semi-continuous and is locally bounded.

The proof of Proposition 8.2 could also be extended to provide us the

following result:

Proposition 9.2 % is continuous on @, \ {z = 1/1 — u}. In particular, for
any t € [0,T) with z*(t) # 1/(1 — u), we have

ou _?_zﬁ

' = t. 2*(£)) = 0.
im0 75 (58 =5 (62 (8) =0

Since NT is an open set, for a fixed point (¢,z,y) € NT \ {z = 0}, we can
find a open set O, such that (¢,z,y) € O and O is bounded away from the
close set SMM U {z = 0}. In the following, we will always restrict the state

processes in such an open set. So we can assume

dX(s) = (rX(s)—c(s))ds+ (1 — p)dM(s),X(t) =z,s € [t,70], (9-8)
dY (s) = a¥Y(s)ds+oY(s)dW(s) —dM(s),Y(t)=1y,s € [t,70], (9.9)
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where 75 = inf{s > t: (X(s),Y(s)) ¢ O)}.
For any admissible strategy (c(s), M(s)) € A(t,z,y), (9.8) and (9.9) have

the following explicit solution for s € [t, 7o):
S S
X(s) = zeltY —/ e ¥e(u)du + (1 — ;1)/ e~ dM (u),
t t

Y(s) = yn(s)— / n(s)n(u) " dM (w),

where
2

o
n(s) = exp{(a — -2—)(3 —t)+oW,_.}.
For € > 0, let us define

y

T 0=y < z*(t) — €}.

NT(e) = {(t,z,y) € NT :

Clearly, (s, X(s),Y(s)) € NT(e) holds for all s € [t, 7] if and only if for
all s € [t, 7o),
[ em™ + 0 - w((s) - e
— (L= p)(2"(s) — )n(s)n(u) ™" }dM (u)
> yn(s) — {ze Y — / e "e(u)du
t
+ (1= p)yn(s)}(z7(s) — €), (9-10)
We notice that the strict inequality holds if and only if (s, X(s),Y(s)) €

NT(e).
To make (9.10) amenable to handling, let us define for small § > 0,

Ts=inf{s > t: [W(s—t)] > 6} Ao A (t +6), (9.11)

and we will consider the time that predates 7;.
By making § > 0 small, we can assume for s € [t,7;] and all sufficiently

small € > 0,

L]
zer(*—t — / e We(u)du + (1 — pyn(s) = z + (1 — p)y > 0,
t

n(s)n(w) ™t + (1 — p)(2°(s) — €)e*™™ — (1 — p)(2°(s) — e)n(s)n(u) ™' =1 > 0.
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Now let us define for s € [t, 73],
a5.(s) = yn(s) - {ze™~ — / e Ieu)dut (1— wyn(s)}(z(s) =€), (9.12)

m&.c(s) = Sup{ad.c(u) ‘u € [t1 S]} (9'13)

From the fact that 2*(s) is lower semi-continuous and locally bounded, it is
easy to see that mg(s) is right continuous, increasing and uniformly bounded
w.r.t. €. In particular, ms(s) induces a measure on [, 4]

The transaction process can now be constructed as the following:

be(s) = n(s)n(w) ™" + (1 — p)(2°(s) —€)e™* ™) — (1 — p) (2" (s) —e)n(s)n(u) '},
: (9.14)

Ms(s) = [ b(s)mso(u). (9.15)
t
Clearly, M(s) is right continuous and uniformly bounded with respect to € on

[t, 7'5].

Proposition 9.3 For (t,z,y) € NT, suppose we choose the open set O, the
stopping time 75, and the transaction process Ms, according to the procedure

described above, with the consumption strategy specified by:
ov —t
csc(5, X(5), Y(5)) = {5 (5, X (s, YD)}, s€ltm).  (916)
Then
7 Cé'c(s)p
V(t—,z,y) < E{ —p—- + V (75, X(75), Y (75)) } + C(6, O)e, (9.17)
t

where C(8,0) is a constant that depends only on § and the open set O, but not

on €.

Proof: Since {(X(s), Y (s)), s € [t, 75]} are restricted in NT () ¢ NTNn{z = 0},
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and V € C'"*(NT N {z = 0}). We can apply Ito’s formulae to get

V(TJ: X(Té)a Y(T5)) = V(Tt_1 z, y) + {V(t’ X(t)a Y(t)) - V(t_1 z, y)}
[ {(~LV(s. X(s), Y (5))

— cael) 2% (s, X(s), ¥ (5))}ds
[ 56X, 7 6)
(=2 (s, X (3), Y ()M (s)
+ /t TsaY(s) Sy (5 X ()., Y (s)aw (s) (9.18)

From our choice of cs¢(s) and the smoothness of V in NT', we have

~LV (5, X(5), ¥(5)) = csels) (s, X (s), ¥ (s)) = ~ 242

To estimate the third term in (9.18), we first observe that

75
/ Ii(x(s).y(s)enT(}dMs.(s) = 0,
t

and moreover, from Proposition 6.1 and (9.6), we have

8 (szy)+(1—u) (sxy) = —(z+ (1 —py)P?t
Ou y
Frl cpn
= ~G+a-wy
8211 Yy
a7 T
< C(6,0)e.

—2"(s)))e

Since M;, is uniformly bounded with respect to €, we obtain:
% 9V ov
/ {—%(S,X(S), Y(s))+(1- u)gz—(s, X(s),Y(s))}dM;,.(s) < C(4,0)e.
t

V(t,X(t),Y(t) — V(t—,z,y) can be estimated similarly.
(9.17) now follows forms (9.18) by taking expectations on both sides.
Q.E.D.

The following result on Brownian motion is standard (e.g. [24] p95).
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Proposition 9.4 Let {W(s), F,,s > 0} be a Brownian motion on (R, F, P),
b > 0 be a fized number. Define

W*(s) = Mmax W (u)], 7 =inf{s > 0: W*(s) = b}.

Then g2
P{r < s} < Cexp{-5_}.

Theorem 9.1 Let zo = (a — 1) /(1 — p)(1 — p)o?.

1. If 2 < 1/(1 — p), then for allt € [0,T), we must have

a—-r71
(1—-p)(1 —p)o?

2°(t) 2 2z =

2. If zg > 1/(1 — u), then either
z°(t) > z0, Vt€[0,T),

or
1

‘)= —— Vte {0,T).
() = 7 Ve 0,T)

Proof:
Let us first consider the case zo < .

"
Suppose there exists a t € [0, T) such that

2*(t) < zo., (9.19)

We try to derive a contradiction.
We pick a point z;, such that 2*(t) < z; < 2. and then choose an open set
O C @ such that O contains the point (¢,1 — (1 — u)2*(t), z*(t)) and satisfies

Or‘l{(t,a:,y):r(ly_W >z =£(t)T+_Z_1}=0-

For the point (¢,1—(1—pg)z*(t), 2*(t)), and with arbitrary € > 0, and § > 0,

we invoke Proposition 9.3 with the control (cs¢, Ms,¢) as described therein. We
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obtain:
Vi, 1-(1—-p)2"(t),2°(t)) < E{ / b -ci‘—és—yds + V(15, X(75), Y (15))}
+C(8,0)e
E ft * ———-CJ“I()s)pds +C(5,0)e
+E{(X (75) + (1 — w)Y (75))”
V(7,1 = (1 - p)zy, 21) ), (9.20)

INA

where the second inequality came from the fact that V(¢,1 — (1 — u)z,2) is
increasing w.r.t. z.

Observe the definition of stopping time 75 (9.11), we have from Proposition
9.4 that for sufficiently small § > 0,

P{rs <t+0} < Cexp{-

\/—}
Thus (9.20) can be relaxed to:
t+4 Cs (S)P
V(t,1-01-p)2"(),2°(t) < E/ —"-I;—ds + C(6,0)e
+E(X({t+6)+ (1 - p)Y(t +48))?
‘u(t +6,21) + Cexp{— \/_}

Now we use (9.8) and (9.9) to compute the term E(X (¢t+d)+(1—u)Y (t+6))
n (9.21). We have:

(9.21)

t+4
BX(E+6)+ (A=Y +0)y = 1-E [ p(X()+ 1 -wY ()P
- (r — cs¢(s))ds
t+§
+E / p(X(s) + (1 — WY (s))?
{1 = ) (e — 7)2(s)
__1_-2—_p(1 — u)%0%2(s)?}ds, (9.22)

where 2(s) =Y (s)/(X(s) + (1 — w)Y(s)).

Let us denote

m(s) = Ep(X(s) + (1 — )Y (s))P7H(r — cs5.(s)),
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72(s) = Ep(X(s) + (1 — p)Y(s))P{(1 — ) (ax — 7)2(s) — -1;—”(1 — 1)20%z(s)2.

Since Mj;(s) is a right continuous process, so are (X(s),Y(s)). Thus by
dominated convergence theorem <,(s),v2(s) are right continuous functions.

We conclude that E(X(t +46) + (1 — )Y (¢t + 6))? is equal to

1 — 71(£)8 + 72(t)6 + 0(6)
= 1—p{r — [pu(t, z°(t))] =5 }6 + p{(1 — p)(a — 1)="(t)

_¥(1 — 1)2022" (£)2}5 + o(6) (9.23)

where 0(4)/d — 0 as § — 0.
Substitute (9.23) into (9.21) we obtain that V' (¢,1 — (1 — p)z*(t), 2°(t)) is
bounded by

t+4 P
Cs 5(3) 1
E/ ——2ds +C(4,0)e + Cexp{——=} + o6
t > (6,0) p{-3 \/g} (6)
+u(t +6,2:){1 — p{r — [pu(t, 2° (¥))] =+ }}6
. 1- .
+pu(t + 8, 2){(1 = p)(a —r)z"(t) - —52(1 - p)?o?2"(1)}6.(9.24)
We now construct a consumption/transaction strategy for the point (¢,1 —

(1 — p)z1, z,). we first choose an open set O, such that O, contains the point
(t,1 — (1 — p)z1, z1) and satisfies

oy 1 Y s 1o
Ontbm Y S a2 0

In the following, we will restrict the state processes in this open set. In par-

IN

ticular, the stopping time 7y in the equations (9.8) (9.9) will be 7o = inf{s >
t: (X(s),Y(s)) ¢ Ou}.
In this open set O;, we define 7; the same way as in (9.11), define consump-

tion strategy to be exactly the same as c5(s) (for (t,1 — (1 — pu)z*(2), 2*(¢))),
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and we do not make any transactions. We will have the following estimates:
TS CJ((S)p
Vi, 1- (1 —-u)z1,z21) > FE —?—ds + EV (75, X (75),Y (75))
t

t+4é p
> E/: E'5’—‘I(Jids—0exp{——2\/_}
+E(X(t+6)+ (1 —p)Y(t+48)?
-u(t + 6, z%). (9.25)

To compute E(X(t+4d) + (1 —p)Y (t + 8))P, we notice that the differences
are that (X (s), Y(s)) start at (¢,1 — (1 — )21, 2,) and dM(s) = 0. We can
repeat the computation from (9.22) to (9.23) to get

E(X(E+6)+(1—-pY(t+6)) = 1—p{r—[pu(t,z"(t))]=>}6
+p{(1 — ﬂ)(a —1)z,

—-1—;—”(1 — 1)20%22}5 + 0(5)(9.26)

Thus,

Vit,1—(1—p)z,z1) 2> E/:J Cé"p%)pds — Cexp{— \/_} + o(4)
Ful(t +6,2){1 — plr - [pult, ()5 116

+pu(t + 6, z%){(l —p)la—r1)z7
- 1520 - wpota?)s (927)
Comparing (9.24) and (9.27), if we let € — 0, we will get
V(t,1-(1—pz,21) > V(1 - (1—p)2"(t),2°(t)).

Contradiction.
Thus if zg < 1/(1 — mu), then z*(t) > z.
Now let us consider the case zg > 1/(1 — mu).
We first notice that it is impossible to find a t € [0, T) such that

1
<z'(t) <z, or 2*(t)< e

1 -
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Because then z*(t) is locally bounded away from the degenerate line and we
still have the regularity of u. near (t, z*(t)), so we can repeat the proof for the
case zg < 1/(1 — mu) and derive a contradiction.

If for some t € [0,T), z*(t) = 1/(1 — p), then because z*(s) is lower semi-

continuous, we must have z*(¢) = 1/(1 — ). Otherwise we can reduce the case

to the above situation.
Q.E.D.

Similar result holds for the free boundary between NT and SMM.
We use the reference line z + y/(1 — A) = 1 and denote the free boundary
between NT and SMM at time t by (1 — y*(¢)/(1 — A),y"(¢))-

Theorem 9.2 Forallt € [0,T), we have

(1 —A(a—r1)
(1 -p)o?

y'(t) <
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APPENDIX

This appendix contains some elementary compuation on the discrete Fourier
transformation and discrete Cauchy distribution.
For a function f(z) defined on Z9 satisfying 3,54 [f(z)| < 0o, we define

its discrete Fourier Transform:

f(k) = Z exP{ik : :r.}f(x), ke [—“1 W]d’
zeZzd
Clearly f(k) is a bounded function on [—, 7]%.

The inverse Fourier transform relation also holds true:
1 R
= — —ik - k)dk A
1) = Gy [ ewlik Rk, = e

Proposition: Suppose

S 1£@)] < oo,

zezZd

then the following Pasavel equality holds:

2 1 2, 0.2
> 1@’ = Gy /[_m]« f(k)dk.

z€Z4

Proof: By hypothesis on f, clearly we have sum.¢z4|f(z)|?> < co. Thus

{G} = ik - 2
L Jwa = [ (S ek -a} () ak

z€eZd

- /[ A exvik- (@ +3)f @ )k

z,yczd

= @n)* ) f(2)*

zeZd

Q.E.D.
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By Fourier analysis we have:

4 <~ cos(2n — 1)z

|$|='7£“" —_— z € [-m, 7],
2 mé~ (2n—-1)2
2 oo n
s T (—1)" cos(nz)
z° = ? +4 E—l 2 ) I e [—"ﬂ’, 7!'].

Combine the above two expression we obtain:

l(i | 7r)2__'ff_icos(n:1:)
i 12 & w2

In the above, if we let z = 0, we will have

For a random variable X with discrete Cauchy distribution, i.e. P{X =
+n} = C/n%,n € N, we know from the above equality C = 3/7%. Moreover,
the characteristic function is given by

3 2

Eexp{itX} =2CZCOSH# =1- ;ltl +2?t

n=1
For a d-dimension random vector X satisfying discrete Cauchy distribution,

we have
1,3 3
3 —_— y - — — — — o —— em— . 2 o d
D(k)=FEexp{ik-X} =1 p §=1{7r|k,l 21r2lk’| Y, k€[-mn]%

The following estimate on 1 — D(k) will be critical in proving the conver-

gence of lace expansion:
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