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ABSTRACT

Polynomial detection of matrix subalgebras

Alberto Daniel Birmajer

DOCTOR OF PHILOSOPHY
Temple University, May, 2003

Professor Edward Letzter, Chair

In this dissertation we present some results on polynomial identities, along
with their applications to algorithmic representation theory.

The Amitsur-Levitski theorem asserts that M,(F') satisfies a polynomial
identity of degree 2n. (Here, F is a field and M, (F) is the algebra of n x n
matrices over F). It is easy to give examples of subalgebras of M,(F) that
do satisfy an identity of lower degrec and subalgebras of M, (F) that satisfy
no polynomial identity of degree < 2n — 1. In this dissertation we give a
full classification of the subalgebras of n x n matrices that satisfy no nonzero
polynomial of degree less that 2n.

Second, the double Capelli polynomial of total degree 2t is
Y {(sgo) Xo) Yoy Xo@Yr() - XotoYrwl 0, 7 € i} -

Formanek pointed out that the double Capelli polynomial of total degree 4n—2
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is not a polynomial identity for M, (F). Later, Giambruno-Sehgal and Chang
proved that the double Capelli polynomial of total degree 4n is a polynomial
identity for M, (F). We show that the double Capelli polynomial of total de-
gree 4n — 2 is a polynomial identity for any proper F-subalgebra of M,(F).
Subsequently, we construct polynomial tests for nonsplit non-self extensions
of full matrix algebras. Then we use these results to construct effective al-
gorithmic procedures in representation theory of finitely presented algebras,
expanding on ideas found in the work by Letzter [Le01] and [Le02].

Finally, the algorithmic complexity of the proposed procedures leads to the
so-called Paz conjecture. In the last chapter we study a specific example along

these lines.
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CHAPTER 1

INTRODUCTION

This dissertation is concerned with the study of polynomial identity alge-
bras (PI-algebras) and algorithmic methods applicable to representation the-
ory. The theory of multilinear polynomial identities has played a prominent
role throughout modern noncommutative algebra, beginning with a 1948 ar-
ticle of Kaplansky [Ka48] and the Amitsur-Levitski theorem in 1950 (sce
[ALS50]).

Let F be the underlying field of an algebra A and Xj, ..., X, a set of non-
commuting indeterminates. Consider a polynomial f(X1,...X;) over F, that
is, an element of the free algebra F{Xj,... X,} generated by the indetermi-
nates X; over the field F. If this polynomial is not identically zero and if the

equation

f(rl,...,n)=0 (11)
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is satisfied by all choices of elements ry,...7; in A, then we say that the
polynomial identity (1.1) holds in A. Such identities are satisfied, for example,
by every commutative algebra, every algebraic algebra of bounded degree, and
every finite dimensional algebra. The reader is referred to [Fo91] and [Ro80]
for a comprehensive treatment of the subject.

Kaplansky (see [Ka48]) showed that if A satisfies a polynomial identity
of degree d, then it satisfies a multilinear polynomial of degree d. This is
true in any characteristic and reduces the study of polynomial identities to
multilinear ones. Two of the most famous multilinear polynomials are the
standard polynomials and the Capelli polynomials.

The standard polynomial of degree ¢ is

sX1,. ., X)) =Y (580) Xo)Xo2) - - Xoo)

c€S:

where S; is the symmetric group on {1,...,t} and (sgo) is the sign of the
permutation o € S;. The standard polynomial s; is homogeneous of degree ¢,
multilinear and alternating.

Let M,(F) denote the algebra of n x n matrices over a field F. The
Amitsur-Levitski theorem asserts that M, (F) satisfies any standard polyno-
mial of degree 2n or higher. A short and elegant proof of this theorem was
obtained by Rosset, using an exterior algebra over F' in an ingenious way
[Ro76). The standard polynomial sz, is a minimal identity for the n X n ma-

trices, in the sense that M, (F’) satisfies no polynomial identity of degree less
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than 2n. More generally, if A is a subalgebra of M,(F) isomorphic to a full

block upper triangular matrix algebra,

\ 0 =)
then A satisfies no polynomial identity of degree less than 2n. To prove this

assertion, note that every full block upper triangular matrix algebra contains

the “staircase sequence” of 2n — 1 matrix units

€11, €12, €22, €23, . . . , €(n~1)(n-1)s €(n-1)n) €nn,

which gives a nonzero product, e;,, only when multiplied in the given order. It
follows that any full block upper triangular matrix algebra of M, (F) satisfies
no multilinear polynomial of degree < 2n — 1.

When studying the class of finite dimensional algebras over a field, one
encounters the following question: Suppose A is a subalgebra of M,(F). Ob-
viously A satisfies the standard identity of degree 2n, however, so, does not
need to be a minimal identity for A. For instance, the algebra of diagonal
matrices is commutative, thus, satisfies the identity X; Xs — X2X,. Therefore,
it is natural to ask whether one can give a full characterization of the subalge-

bras of n x n matrices not satisfying an identity of degree 2n — 1. In Chapter
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2 we give a complete solution to this question by proving a theorem that can

be viewed as a converse of the Amitsur-Levitski identity:

Theorem 1.0.1 If a matriz subalgebra of M,,(F') does not satisfy the standard
polynomial ss,_o, then it is isomorphic, as F-algebra, to a full block upper

triangular matriz algebra.

In Chapter 3 we discuss polynomial tests (p-tests) for algebras. This definition
is our own, but the idea of a “polynomial test” has already been noted, for
example, in Rowen [Ro80]. A polynomial f(Xj,...,X;) € F{X} is a polyno-
mial test for an F-algebra R if it is not an identity for R, but is an identity
for every proper F-subalgebra of R.

A consequence of Theorem 1.0.1 is that the standard polynomial sy,,_» is
a polynomial test for the algebra U, (F') of upper triangular matrices, for each
n, for all fields F.

The Capelli polynomials are defined by

ca—1 (Xu, .o, Xy V1,00, Y0) = Z(Sga)Xa(l)YlXo(2)Y2 o Xo-1)Yi-1Xo()
c€ES:

and
e (X1, ., X1, .. Y) = e (X, .., X, Y)Y

The Capelli polynomials were introduced by Razmylov in [Ra74] and have

important applications in PI-theory, in particular, the development of central
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polynomials for M, (F’) by Razmyldv [Ra74]. A polynomial of positive degree
f € F{X}, is central for aring R if it is not an identity for R, and if the values
of f(R) lie in the center of R. The original central polynomials for M, (F) were
discovered by Formanek in 1972 [Fo72]. Central polynomials provide a link
between PI-theory and commutative ring theory, and led to a revolution in
the subject through the application of classical methods of commutative ring
theory.

It is well known that cy,2 is a polynomial test for M, (F') (cf. [Fo91], Propo-
sition 29). Furthermore, central polynomials for M,(F) are also polynomial
tests for M,(F) (cf. §§3.2.1). Polynomial tests may play a role in the algo-
rithmic representation theory of finitely presented algebras over a computable
field. Studies, from an algorithmic perspective, on matrix representations of
finitely presented algebras appear in [Le01] and [Le02]. In this setting, the
question of efficiency and algorithmic complexity is crucial, and the question
naturally arises of looking for a polynomial test of minimal degree for M, (F).
To lower the degree, we need to go from the Capelli polynomial to the double
Capelli polynomial.

The double Capelli polynomzials are defined by

th—l(Xla"' ,Xt,}/lw' . 9“—1)

= Z (sgoT) Xo)Yr() Xo@)Yr2) - - - Xo(e-1)Yr(t-1) X ()

c€S;,TESt -1
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and

h2t(le'--)Xt1},la-"1Y;)

= Z (sg0T) Xo1)Yr(1)Xo(2)Yr(2) - - Xo(t~1)Yrt-1)Xo (0 Yr(1)-

o,7ES}

Formanek pointed out that hg,_, is not a polynomial identity for M,(F') and
asked for the least integer m such that h,, is a polynomial identity for M, (F).
Chang [CH88] proved that both double Capelli polynomials hy,_; and hy, are
consequences of the standard polynomial s;, implying that h4,_; and hy, are
polynomial identities for M, (F). That hy, is a polynomial identity for M, (F)
was also proved by Giambruno-Sehgal [GS89] using a variation of Rosset’s

method.

The second basic result presented in this dissertation is the following,.

Theorem 1.0.2 hy,_o is an identity for any proper subalgebra of M,(F).

It follows from this theorem that the double Capelli polynomial of total degree
4n — 2 is a polynomial test for M,(F). Following this Theorem, P-tests for
nonsplit non-self extensions of full matrix algebras are explicitely constructed
in § 3.3.

Chapter 4 contains a detailed discussion of the application of the results ob-
tained in Chapter 2 and Chapter 3 to algorithmic representation theory. More
precisely, algorithmic procedures are presented to determine the existence or

not of certain types of finite dimensional representations of a finitely presented
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(but not necessarily finitely dimensional) associative algebra over a computable
field. If R = F{Xy,...,X.}/{f1,---, fi) is a finitely presented algebra over a
filed F, then it is easy to see that the n-dimensional representations of R
amount to solutions to a system of tn? commutative polynomial equations in
sn? variables. Moreover, n-dimensional irreducible representations and full
block upper triangular representations of R can also be explicitely parame-
terized by finite systems of commutative polynomial equations using P-tests.
Consequently, the techniques of computational algebraic geometry (and in
particular, Groebner basis methods) can be used to study the n-dimensional
representation theory of R. When the desired n-dimensional representation
exists, it is possible (in principle) to produce explicit constructions. Examples
of these algorithmic procedures are implemented in §§4.3.5, using the computer
algebra package Macaulay?2.

Considerations of the complexity of these algorithms leads to another topic,
presented in Chapter 5. Let F be a field, and let A be a finite-dimensional F-
algebra. Set d = dimpA. Since A is finite-dimensional over F, it is obviously
finitely generated. Let S be a finite generating set for A as an F-algebra. We
shall write A = F{S} to denote this. Writing S = {a,...,a:} we shall adopt
the convention that 1 is a word in S of length zero, and write S* for the set
of all words in S of length < i. We have the obvious containment S* C S7 for

i < j, also S$S7 = §i*J, Writing FS¢ for the F-linear span of S*, we have the
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following chain of containments (noting that S® =1, so FS° = F):
F=FS°CFS'C-.-CFS'CFS*'C...C F{S}=A. (1.2)
Since A is assumed finite-dimensional over F, there is an integer k& such that
FS* = FSH1 = FS**2 = ... = F{S} = A. (1.3)

We define the length of the generating set, written ¢(S), to be the smallest &
for which FS* = A, and define ¢ = maxgs £(S), where the maximum is taken
over all finite generating sets, to be the length of A. For the algebra of n x n
matrices over F', Pappacena ([Pa97)) has proved that £ is bounded above by
a function in O(n%?) and Paz ([Paz84]) has conjectured that £ < 2n — 2.

In our last result in this dissertation, it is demonstrated that the length of
the set

S = {SupDiag,, SubDiag,, }

is n (it is easy to verify that S generate M,(F) as a F-algebra). I hope that
the ideas presented in the proof of this result serve to continue to study other
examples along these lines, gathering data on this difficult problem.

For the convenience of the reader, each chapter is self contained and starts
with background material and preliminary results needed for the statements

and proofs developed therein.
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CHAPTER 2

On subalgebras of n x n matrices
not satisfying identities of

degree 2n — 2.

The Amitsur-Levitski theorem asserts that M,(F) satisfies a polynomial
identity of degreec 2n. (Here, F is a field and M, (F) is the algebra of n x n
matrices over F). It is easy to give examples of subalgebras of M,(F) that
do satisfy an identity of lower degree and subalgebras of M,(F) that satisfy
no polynomial identity of degree < 2n — 1. In this chapter we give a full
classification of the subalgebras of n x n matrices that satisfy no nonzero

polynomial of degree less that 2n.
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2.1 Introduction

Let F be a field, M,,(F) the algebra of n X n matrices over F, and F {X} =
F{X;,X,,...} the free associative algebra over F in countably many vari-
ables.

A nonzero polynomial f(Xi,...Xn) € F{X} is a polynomial identity for
an F-algebra R (or, R satisfies f) if f(ry,...,rm)=0forall ry,...,7n €R.

It is well known that if R satisfies a polynomial of degree d, then it satisfies
a multilinear polynomial of degree d. The study of identities for R therefore
reduces to the multilinear case.

The standard polynomial of degree t is

se(X1,.. -, X)) =D (s80) Xo) Xo(2) - - Xo(s
o€S:

where S, is the symmetric group on {1,...,t} and (sgo) is the sign of the per-
mutation o € S,. The standard polynomial s; is homogeneous of degree ¢, mul-
tilinear and alternating. If ¢ is odd then s,(1, Xs,...,X}) = si—1(Xo, ..., Xy).
Thus sy, is an identity of R if and only if sg4; is an identity of R.

The Amitsur-Levitski theorem asserts that M, (F') satisfies any standard
polynomial of degree 2n or higher. Moreover, if M, (F') satisfies a polynomial
of degree 2n, then it is a scalar multiple of s,, (cf. [AL50]).

The standard polynomial s,, is a minimal identity in the sense that M, (F)

satisfies no polynomial identity of degree less than 2n. More generally, if A
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11

is a subalgebra of M, (F) isomorphic to a full block upper triangular matrix

A \

algebra,

LI

then A satisfies no polynomial identity of degree less than 2n. To prove this
assertion, note that every full block upper triangular matrix algebra contains

: 9
the “staircase sequence” ejy, €12,€22,€23, .- ., €(n-1)(n-1)s €(n—-1)n; €nn, and
S2n-1 (ella €12,€22,€23, .« - y €(n-1){n—-1)) €(n—1)n, enn) = €1n, (21)

where the ¢;; are the standard matrix units.

The aim of this chapter is to present and prove a “converse” of the Amitsur-
Levitski theorem:

Theorem: If a matriz subalgebra of M, (F') does not satisfy a multilinear
polynomial of degree 2n — 2, then it is isomorphic, as F-algebra, to a full block
upper triangular matriz algebra.

In §2.2 we provide the building blocks for the main theorem of this chapter

and its proof. This proof and some of its consequences are presented in §2.3.
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12

2.2 Building Blocks

Lemma 2.2.1 Let A be a simple F-subalgebra of M,(F). Then either A =

M,(F) or A satisfies the identity ssn—2(A) = 0.

Proof. By assumption, A is a a finite dimensional central simple algebra over
its center k. Let K denote the algebraic closure of k; then A®; K is a simple K-
algebra in a natural way (cf. [Ro80],8§1.8), with dimg (A ® K) = dimg(4).
Also, A® K = M,(K) for some t < n. Suppose that A is a proper subalgebra
of M, (F). It follows that ¢ < n. Hence, by the Amitsur-Levitski theorem,
A Qi K satisfies s2,—2, and the result follows since A is embedded as a k
algebrain A®, K. O

Let ¢, m be positive integers such that £ +m = n and set

My(F) Mpum(F)
E(l,m)(F) = ' ’

0 M (F)

an F-subalgebra of M,(F).
(1) Associated to E(gm)(F) are canonical F-algebra homomorphisms
e - E(g’m)(F) — Mg(F) and Tm . E(g,m)(F) - Mm(F)

Further identify M,(F) and M,,(F) with

respectively.
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(ii) Associated to a subalgebra A of E(¢m)(F') are homomorphic image sub-
algebras A, and A,, in M,(F) and M,,(F) respectively.

(iii) Set

0 Mtxm
7~’(l,m)(F‘) = ’
0 0

the Jacobson radical of E(gm)(F).

Lemma 2.2.2 Let A be a subalgebra of Egm)(F) such that A, satisfies s, for

some q < 2¢ and A,, satisfies s, for some r < 2m. Then A satisfies sq4,.

Proof. Lett = q+r. As an F-vector space, Egm)(F) = My(F)®T(4m)(F)®
M,,(F). Thus each matrix z in A can be written as z = a+b+c, with a € A,,
b € Ti¢m) and ¢ € A,,. Using linearity, we expand completely s,(z1,...,Z:)

and further use the following rules to simplify some of the terms:

1. Tiemy(F) is a nilpotent ideal of Egm)(F), with T, (F) = 0, and so
each term in the expansion containing more than one entry in T(gm)(F)

equals 0.
2. ME(F)Mm(F) = Mm(F)Ml(F) = 0.

3. Mu(F)T(em)(F) = Tiem)(F)My(F) = 0.

We obtain
t+1
st(xl, e ,.’12") = Z Z (sga)a,u) .e ao(i-l)bo(i)ca(i+1) PN Ca(t). (2.2)
i=0 o€S;
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Fixing ¢ > ¢, and given 7,0 € S;, we say that 7 is i-equivalent to o, if 7
restricted to the final interval [i,t] equals the restriction of o to the same

domain. In symbols,
T~O T|[,-’t] = Ul[i,t]-

For each i > g, the relation ~; yields a partition of S; into disjoint subsets
Pk k= 1,...,-(7;”1—)!. Then, we have

Z (sga)aa(l) e aa(i_l)ba(i)cg(i_,.]) < Co(t) =
o€S,

=3 D (s80)a0q) - - - Ati-1)bai)Coi+1) - - - Colt)
k gef".k

= Z(Sgak)si—l(aak(l)a + 3 oy (i-1))Dai () Can(i+1) - - - Con(t)s
k

where oy, is a representative of the class P¥. The last equality follows from
the fact that for any ¢ € P, 0 = 700y for some 7 € S;-; C S, and
(sgo) = (sg7)(sgor). By assumption, A, satisfies s,, and since i — 1 > g we
obtain

Z(Sgg)ao(l) v aa(i—l)ba(i)ca(i+l) < Co(t) = 0.
oES:

This shows that

t+1

Z Z sg(a) Ao(1) - -+ aa(i_l)b,(i)ca(iﬂ) < Co(t) = 0. (23)

i=q+1o0€S,

For ¢ < q we have that t — ¢ > r. Applying a similar argument to the above,
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and using the fact that A,, satisfies s,, we see that also

9
Z Z (sgo)a,(l) ‘e a,(,-_l)b,(,-)ca(,-ﬂ) < Cot) = 0. (2.4)

i=0 0€S;

Together, Equations (2.3) and (2.4) ensure that s,(z1,...,z,) = 0, given Equa-

tion (2.2). O

2.2.1

We now consider the case when A contains a “repetition”. We will need

some more notation.

(i) Let My, ... M, be matrices in A, with

aj bk Ck

M, = 0 e dk , Qx € Alg(F),ek € Afm(F),bk € M[xm(F),dk € meg(F).

LO 0 ag

Given1<i<j<tando €S, set
my [i, 5] = (s80) @o(1) - - - Go(i~1)bo(i)o(i+1) - - - €o(j-1)do()8a(j+1) - - - Do (1),
and denote by W the set of all matrix products
{mi[i,j]: 0 € Spand1 < i< j <t}

(ii) The projection ur returns the £ x £ upper right block of a matrix in A:

(abc

ur {0 e d| =°¢

0 0 a
L J
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(iii) Given n x n matrices M,...,M;, we say that a matrix product

M, - - - M, formally contains the factor A; - -+ A, if Ay = Mg, A2 = Mypq,... Ay =

My g1, for some 1 < ¢ < t. This notation is to distinguish from the case when

CA,-.--A,D = M, .- M, as n x n matrices, for some matrices C and D. Fur-

ther, if £ = 1, we say that M, - - - M, formally contains A, - - - A, as a left factor.

This is a good place to record a Lemma extracted from [AL50}, which will

be used later.

Lemma 2.2.3 [AL50, Lemma 1, 450-451) If for an odd positive integer r we

put Y = X;41++ Xitr, and if s' denotes the sum of all terms of s, (X) con-

taining the common factor Y, then

’
§ = Sm—r+l(X1a ce ,Xi,Y, Xi+r+1)' .- ,Xm)'

Lemma 2.2.4 Sett = 2(¢ + m), and let My, ..., M, be matrices in A such

that for all1 < k <'t,

-
Qg bk 0

M, = 0 e di

OOak

, fOT a € Mg(F),ek c Mm(F),bk (S ngm(F),dk (S meg(F).

Then ur [s,(M, ..., M;)] = 0.

Proof. First we observe that

ur[My -+ M) = z Ao(1) - - - Bo(i=1)Da(i)€ali+1) - - - Eo(j-1)0a(3)Bo(j+1) - - - Qo (1)

1<icj<t
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which implies that

urfse(My,..., M) =>_ Y mli,jl. (2.5)

c€S, 1<i<j<t

To prove that ur [s;(M, ..., M;)] = 0, we split the right hand side into two

summands:

ur [s,(Mi, ..., My)] =

SN mili+ Y. > milij) (2.6)
0€8; 1<i<j<t o€eS, 1<i<j<t
Jj—i—122m j~i<2m

Our goal is to show that each summand in (2.6) is zero. To handle the first
summand we introduce the following new equivalence relation on S;. Given
fixed 1 <i < j <t suchthat j —i— 12> 2m, and given 7,0 € S;, say that 7
is (4, j]-equivalent to o if T restricted to the initial and final intervals [1,4] and

[4,] equals the restriction of ¢ to the same domain. In symbols,
T ~ig) 0 = Tl = olpg and 7], = oljjy

For each pair 4, j, such that 1 <i < j <tand j—i—1 > 2m, the relation ~j; ;
yields a partition of S; into disjoint subsets P['f i E=1,..., GT:'_——IT Then,

we have

B6 = {Dn—J, UDn—6+l, Dn-——6+lU, UZDn—6+2, Dn_6+1U2, L

§=1 b4l 631 8-t
., U=z DV D" U7}
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o 1 _
§: E: mt[zv]]— §: E:E: [ZJ
g€S;, 1<i< <t 1<i<j<t k aeP[‘J]
j—i—1>2m j~i-122m

Z Z Z (880) Go(1) * * * Qa(i-1)bo(5)Co(i+1) * * * €o(i-1)8o(5)Ba(j+1) * * * Ba(t)
1Si<ist & oePk,
j—i-1>2m

> Z SBOL) oy (1) ** * Qon(i-1)bes () S Doy (1)Bar(G+1) *** Box():
1<i<j<t
j=i=1>2m

where s = $;—j11(€oy(i+1)s - - -1 €ai(j—1)) @nd O is a representative of the class

Pk Since j —i—1>2m,
3i—j+l(eak(i+l), N ,eok(j_l)) =0 for all k,

hence

>, Y. milijl=0.
c€S: 1<i<j<t
j-i-1>2m
This takes care of the first term in (2.6). We now turn to the second summand.
For a given ¢, with 2 < ¢ < t, denote by R, the set of all g-tuples r =
(r1,...,rq) of different elements from {1,...,t} and by T, . r,) the set of

matrix products w formally containing the common factor b, e, --- e, _,dy, .

Considering all possible ¢ and g-tuples, the sets Ty, ,..r,) form a partition of
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W. We are interested in the case when ¢ < 2m + 1. Observe that

2m+1
Sy mhid=3 3 > w
0€S, 1<igj<t 9=2 re€R; weT(,, . .ry)
j—i<2m
Fix g odd, a g-tuple (ry,...,7,), and the corresponding set of matrix products
T(ry,...7)- Then, ZweT( , W is the sum of all matrix products formally
Flreen rq

containing the common factor y = by e, - e,.q_,d,q. Each matrix product

w € Tiyy,...r,) corresponds uniquely to a permutation o € S; and a pair (4, j),
such that the g-tuple (ry,...,r,) is the image under o of (4,..., 7). Explicitly,
the correspondence is w = m{[i,j]. We can now apply Lemma 2.2.3 and
the alternating property of the standard polynomials. If g € S, is a fixed

permutation such that o : ¢ = 7, for 1 < i < g, we have

Z w= (Sg UO) Si—g+1 (y1 Qoo(g+1)s - - ;a'ao(t)) ’

where y = by €y, -+ - €r,_,dy,. Since t — g+ 1 > 2¢, and since all the arguments

of S¢—q4+1 in the last equation are £ x £ matrices, it follows that
Z w = 0, when ¢ is odd and (ry,...,r,) is a fixed g-tuple.  (2.7)

Therefore
2m+1

22 > w

Zi?id r€Ry weT(ry,..irg)

0.

Suppose now that ¢ is even, so ¢ < 2m, and fix an arbitrary g-tuple r =

(r1,...,7q). We will split further the sets 7,. First consider all w € T formally
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containing in common the left factor y = b, e, - - - €,,_,dr, and call this subset
L.. Then, for each vy & {ry,...,r4} consider the (g + 1)-tuple (ro,r) and
the subset G(r,r) of w € T, formally containing in common the factor y =
@rybyi€ry - - - €r,_ dr,. The sum of all matrix products in the set 7. can be split

as

Sw=Fw+ 3 3 w

weT, weL, T # T WEG(rg,r)

For the terms in L, we have

> w=(s800)ySi—g (Gog(g+1)s -+ -+ Boo(t)) (2.8)

where y = b, e,,---¢,,_,d.,, and where oo € S; is a fixed permutation such
that o9 : 71— 7, for 1 <i<q.

Since t — g > 2¢, we obtain

> w=o. (2.9)

Finally, for a suitable fixed rg, the sequence (ro,r) has odd length, so we

can argue as in (2.7) to obtain

Z w= (Sg 00) St—q+1 (ya Qog(q+2)r - -+ aao(t)) = 0,
weG("Ovr)

where y = ar,br ¢, - -+ €r,_,d; , and where gg € S; is a fixed permutation such
that

1—)7'0,
Jg =

i—=riy, for 2<i<qg+1.

This finishes the proof of Lemma 2.2.4. O
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Proposition 2.2.5 Let
( ™ 1 Y

a b ¢

A= 0 e d Za,CGMg(F),eEMm(F),bEngm(F),dEJ\Imx((F)

—
.

lLOOa_ )

Then, A satisfies Syg4m)-

Proof. For any t and matrices M € A, k =1...t, set

(479 bk C

Mk =10 e dk , A € Mg(F),ek € Mm(F),bk € ngm(F),dk € meg(F).

0 Oak

By direct calculations, we obtain
ur(s,(M,..., My)] =

t
:Zst(ala'"1ai—19ci1ai+1a”'7at)+Z Z mlty[z’]]
i=1

o€eS 1<igj<t

Now set t = 2(£ +m). It follows from (2.5) that

Yo Y miligl = wrls(M,. .. M) =0,

o€S: 1<i<j<t

where M| is the matrix in A obtained by replacing the upper right corner ¢
of My by 0 € M,(F). Suitable applications of the Amitsur-Levitski identity
give us

ur [s;(M, ..., M)] =0,

a b a b

St yoooy =0,
0 e 0 e
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and

St = 0.

Combining the three equations, it follows that s, (Ms,..., M) =0. 0

2.3 Main Theorem

In this section we prove that if a matrix subalgebra of M,(F') does not
satisfy the standard polynomial s,,_2, then it is isomorphic as F-algebra to a

full block upper triangular matrix algebra.

2.3.1

We first introduce our notation and review some necessary background (cf.

[Le02]).
(i) Let t be a positive integer, let £;, 4y, - , {; be positive integers summing

up to n, and set

My, (F) My, e, (F) M xe,_,(F) Mgy xe (F)
0 M, (F) Mo, o (F)  Meyye,(F)
E, t,..4)(F) = : : : : : )
0 0 My (F)  My_ xe,(F)
| o 0 o 0 M, (F) |

a full block upper triangular matrix subalgebra of M, (F).
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(ii) Recall that every F-algebra automorphism 7 of M,(F) is inner (i.e.,
there exists an invertible @ in M,(F) such that 7(a) = QaQ! for all a €
M, (F)). We will say that two F-subalgebras A, A’ of M,(F') are equivalent

!

provided there exists an automorphism 7 of M,(F’) such that 7(A) = A'.

(iii) Associated to E, ¢,...¢)(F) are canonical F-algebra homomorphisms

Tii * Elenarnte)(F) = B iy, ) (F), for 1<i<j<t.

When i = j we write ; for 7;;. For a subalgebra A of E, ¢,...¢)(F), we have

the homomorphic images:

Aij = 71',']'(/\),

embedded in E, s;.,.,...4)-

(iv) We will say that a subalgebra A of E, 4,....,)(F) is an (£1,4s,...,4;)-
eztension of simple blocks if the restrictions m; : A — My, (F), for 1 <1 < ¢,
are all irreducible representations (when F is algebraically closed, of course,
the representation ; is irreducible if and only if m;(A) = M,,). Note that
every F-subalgebra A of M,(F) is equivalent to an (¢,,,...,¥¢,)-extension of
simple blocks A for some suitable (¢1,42,...,4).

(v) Further, we will say that A contains a repetition when m; : A — M,
and 7; : A = M,, are equivalent representations, for some 1 < i < j <t
(and so ¢ = ¢;). Also, A is uniserial when A;;41) is not semisimple, for all

1<i<(t—1).
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Lemma 2.3.1 If an extension of simple blocks A contains a repetition, then

the standard identity so,_o = 0 holds for A.

Proof. Assume m; : A — M, and 7; : A = M,, are equivalent representa-
tions for some 1 < i < j < t. Then we can choose an F-algebra automorphism

7 of M, (F) such that m;;(7(A)) is a subalgebra of

(T, . ’

a c

110 e d| Ta,c € Mli(F)’e € ]Mfiﬂ(F)ab € A{liX&“(F)’d € Mf.‘+1x&‘(F) -

0
10 0 9 )

The result now follows from Lemma 2.2.2 and Proposition 2.2.5. [

Lemma 2.3.2 If an extension of simple blocks A is not uniserial, then the

standard identity Sy,_o = 0 holds for A.

Proof. Follows immediately from Lemma 2.2.2. O

The main theorem in this chapter is:

Theorem 2.3.3 Let F be a field and let A be an F-subalgebra of M,(F). If
A does not satisfy the standard polynomial sy, 9, then A is equivalent to a full

block upper triangular matriz algebra.

Proof. It suffices to show that the only (¢;,2,...,{;)-extension of simple
blocks A for which the standard polynomial ss,—o is not an identity is the
full block upper triangular matrix algebra Eg, ¢,,..¢)(F). By Lemma 2.2.1,

A; = My, (F) for 1 < i <t. By Lemma 2.3.2 and Lemma 2.3.1, Aj;41)(F) is
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not semisimple and does not contain a repetition, for each 1 <7<t —1. We

conclude (cf. [Le02], Lemma 3.6) that
Ai(i+l)(F) = Afg‘.x[iﬂ(F), for cach 1 S i S t—1.

Therefore, A contains the staircase unit matrices (c.f. (2.1)), and every unit

matrix e;;, for j > ¢ can be expressed as a product of those. The Theorem

now follows. O

Corollary 2.3.4 The standard polynomial sz,—2 is an identity for any proper

subalgebra of U,(F), the algebra of upper triangular matrices over the field F'.

Proof. Immediate from Theorem 2.3.3. O

Remark. The standard polynomial of degree 2n — 2 is not necessarily an
identity for any proper subalgebra of U,(C) when C is a commutative ring:
Let I be a nonzero ideal of C, and consider the C-subalgebra B of U,(C)
defined by the property that the (1,2)-entry of matrices in B lie in 1. A

staircase argument shows that s,,._2(B) # 0.
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CHAPTER 3

Polynomial detection of matrix

subalgebras.

In this chapter we develop the concept of polynomial test, along with some
applications to algorithmic representation theory. The definition of “polyno-
mial test” is our own, but this notion has previously appeared, e.g. in Rowen

[Ro80]. First, the double Capelli polynomial of total degree 2t is
> {sgonXoYeyXo Yo - Xow Yl 0, T € St}

It was proved by Giambruno-Sehgal and Chang that the double Capelli poly-
nomial of total degree 4n is a polynomial identity for M,(F). (Here, F is a
field and M, (F) is the algebra of n x n matrices over F). In this chapter we
show that the double Capelli polynomial of total degree 4n — 2 is a polyno-

mial identity for any proper F-subalgebra of M, (F'). Subsequently, we present
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polynomial tests for nonsplit non-self extensions of full matrix algebras.

3.1 Introduction

Let F be a field and M, (F') the algebra of n x n matrices over F. F {X} =
F {X1, X, ...} denotes the free associative algebra over F in countably many
variables X, X3,.... Sometimes we will use other variables X, Y, Z, X;, Y¥;
for notational simplicity. A nonzero polynomial f(X,,...X,) € F{X} is a
polynomial identity for an F-algebra R if f(ry,...,rm) =0forallr,...,rm €
R. A T-ideal is an ideal of F {X} which is closed under endomorphisms of
F{X}. If f1,..., fi are polynomial identities for R, so is every polynomial f
in the T-ideal generated by fi,..., f;- In this case we say that the identity
f=0in R is a consequence of the identities f; =0, for 1 < i < t.

Two of the most important multilinear polynomials in the theory of asso-
ciative algebras with polynomial identities are the standard polynomials and
the Capelli polynomials. The standard polynomial of degree t has the form

s(X1,.., X)) = (s80) Xo) Xor) - Xottys
0€S:

where S, is the symmetric group on {1,...,¢} and (sgo) is the sign of the
permutation o € S;. The standard polynomial s; is homogeneous of degree ¢,
multilinear and alternating.

Recall that the Amitsur-Levitski identity asserts that M, (F) satisfies any
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standard polynomial of degree 2n or higher. A short and elegant proof of
this theorem was obtained by Rosset [Ro76]. Rosset’s proof uses an exterior
algebra over F' in an ingenious way. The standard polynomial s, is a minimal
identity in the sense that M, (F') satisfies no polynomial identity of degree less
than 2n.

The Capelli polynomials are

ca-1 (X1, o, X, 1,0 Y ) = Z(ngf oY1 Xo@) Yo - Xo-1)Yic1 X,

ogES,

and

Cat (Xl)"'1Xt7Y'l)"‘71/t) = C21-1 (Xla“-aXt,)/l’”')}/t—l)}/t;

c—1 and ¢y are multilinear and alternating as a function of Xj, ..., X,.

We will say that a multilinear polynomial f(X;,...,X;) € F{X} is a
polynomial test for an F-algebra R if it is not a polynomial identity for R but
it is an identity for every proper F-subalgebra of R.

A polynomial f(X,...,X;) € F{X} is a central polynomial for an F-
algebra R if (1) for any r,...,7, € R, f(r1,...,7¢) lies in the center of R,
(2) f is not a polynomial identity for R, and (3) the constant term of f is
zero. Central polynomials for M, (F) are also polynomial tests for M, (F'), as
is discussed in Section § 3.2.

The Capelli polynomial was introduced by Razmylov in [Ra74] and has

important applications in PI-theory, in particular, the development of central
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polynomials for M,(F) by Razmylov [Ra73] and Amitsur [Am78]. The orig-
inal central polynomials for M, (F) were discovered by Formanek in [Fo72].
The following proposition (extracted from [Fo91]) shows that the Capelli poly-

nomial ¢,,2 is a polynomial test for M, (F).

Proposition 3.1.1 (a) The Capelli polynomial cyn241 is a PI for M, (F).
(b) The Capelli polynomial cy,2 is a PI for any proper F-subalgebra of M, (F).
(c) The Capelli polynomial con2 is not a PI for M,(F).

Proof. (a) and (b) hold because M,(F) has dimension n? over F.

(c) Evaluate cop2 (Z1,. .. ,Zn2, Y1, . - - Yn2) With

(IE],.’EQ, sy Ty Tngly e e xn’—l’znz) = (ella €12,..+,€1n,€21,. .. Cy(n-1), enn.) )

Y1y Uny - Yn2=1,Yn2) = (eu, ey €no,. ..e(n_l)n,enl) .

Here y1 = €11, Yn2 = €n1, and ¥, ...Yp2_; are the unique choices of matrix
units such that the monomial with o = 1 is nonzero, so ¢;,2 takes on the value
en #0.0

In Corollary 2.3.4, it is proved that the standard polynomial of degree
2n — 2 is a polynomial test for the subalgebra of upper triangular matrices of

Mo (F).
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Define the double Capelli polynomials by

h2t-1(X17" . )Xty},la s 1}/t—l)

= Y (8 XomYrnXo@Yr@ - Xoe-1)Ye(e-Xo0)

o€S,,7€S1-1

and

h2t(X1a---$Xh)/11"-7Y2)

= Y (s80m)Xot Ve XoYr(d) - Xote-1) Y-y Xatn Yoo

o,TESt

Note that hg—; and ho, are multilinear and alternating in the X; and also in
the Yj.

Formanek pointed out that hg,_o is not a polynomial identity for M, (F)
and asked for the least integer m such that h,, is a polynomial identity for
M,(F). Chang [CHS88] proved that both double Capelli polynomials fy_;
and hy, are consequences of the standard polynomial s;, implying that hs,_;
and hg, are polynomial identities for M,(F). A different proof that hy, is a
polynomial identity for M,(F'), that uses a variation of Rosset’s method, was
given by Giambruno-Sehgal [GS89]. To see that hsn—2 is not a polynomial

identity for M, (F), consider the substitution (double staircase)

T = €11,Y1 = €12, T2 = €22,Y2 = €23,...,Tn = Cpp

Yn = €nny Tnt+l = En(n—-1)1 Yn+1 = €(n-1)(n-1)- -+ T2n—1 = €21, Y2n-1 = €11
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where the ¢;; are the standard matrix units. The only nonzero monomials in
h4n—2(z;,y;) are the 2n —1 even cyclic permutations of 21y, ... Z2n-1Y2n-1, and

they all have positive sign. Thus
han-2(Z1,..., Ton-1,1,- oy Yon—1) = 21 —eqy.

We finish this section with some useful properties of the double Capelli poly-

nomials:
Proposition 3.1.2 Let t be a positive integer.

(a) hg lies in the T-ideal of hoy—1.

(b) hoyyr lies in the T'-ideal of hy,.

(c) The identity h, is a consequence of the identity h. for any q > r.
Proof. For (a) and (b) we can give an explicit relation

hoy(X1,..., X, Y1, Yo, Y2)

= i ) e (Xaye X Yo Yy Y)Y,

where Y; means that Y; does not participate in the expression, and

hasr (Xns- o, X Vi, o, iy X

___Z H-]—thg Xl, Xi,---,Xta}/l)""}/l)Xi'

(c) is immediate from (a) and (b). O
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3.2 A rolynomial test for the full matrix alge-

bra

The main goal of this section is to prove that h4,_» is a polynomial test
for M,(F). Before proceeding to the proof of this theorem we need some

preliminaries. First, we fix our notation.

3.2.1

Let ¢, m be positive integers such that £ + m = n and set

M(F) Mpxm(F)
E(l,m)(F) = ’

0 M (F)

an F-subalgebra of M, (F).

(i) Associated to E,m)(F) are canonical F-algebra homomorphisms
T - E(g,m)(F) — Mg(F) and MTm - E(g'm)(F) — Mm(F).

Further identify M,(F) and M,,(F) with

M,(F) o] o o
0 o |0 M.(F)

respectively.

(i) Associated to a subalgebra A of E(m)(F’) are homomorphic image sub-

algebras A, and A, of My(F') and M,,(F) respectively.
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(iii) Set
0 Myxm(F)
Tem)(F) = :
0 0

the Jacobson radical of Em)(F).

(iv) Recall that every F-algebra automorphism 7 of M,(F) is inner (i.e.,
there exists an invertible Q in M, (F) such that 7(a) = QaQ™! for all
a € M,(F)). Two F-subalgebras A, A’ of M,(F) are equivalent (or iso-

morphic) provided there exists an automorphism 7 of M,(F) such that

T(A)=A.

(v) Egm)(F) has no central polynomials: Let c(ry,...,7:) = al,, where
a € F,ry,...,1 € Egm)(F). Notice that a ey, ...,a ey depend on the
first ¢ rows and columns of ry,...,r, only, and do not depend on the

m X m lower-right block. If

let 7! the matrix obtained from r; by replacing the block c; by the 0
block. From the evaluation of the polynomial ¢ in r},...,r; we conclude

that a = 0.

Lemma 3.2.1 Let A be a subalgebra of Ey¢m)(F) such that A, satisfies hyg—

for some 1 < q < 2¢ and A, satisfies hor_y for some 1 < r < 2m. Then A

satisfies ho(g4r)-2-
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Proof. Lett =g+ r. Then My(F) = My(F) ® T(¢m)(F) ® Mn(F) as F-
vector space, and so each matrix z (resp. y) in A can be written as z = a+b+-c
with a € A, b € Tigm) and c € A,, (resp. y =a + b+ ¢). Using linearity, we
expand completely hy_1(z1,...,Zs,Y1,...,Y—1) and further use the following

rules to simplify some of the terms:

1. Tig,m)(F) is a nilpotent idcal of Egm)(F), with Tf, ., (F) = (0), and we
see that each term in the expansion containing more than one entry in

T(¢;m)(F) equals 0.
2. My(F)Mp(F) = M (F)M(F) = 0.
3. M (F)T(om)(F) = Tim)(F)M(F) = 0.

We obtain

h2t-2($1’-~~axt-—hyla---ayl—-l) - (31)

t-1
Z Z (S8OT) Go(1)8r(1) - - - Bo(im1)Br(i~1)ba(i)Cr(i)Ca(i+1) " * * Co(t=1)Cr(t-1)
i=0 o,7€S5:-1

t

+ Z Z (SG0T) Qo (1)@r(t) ** * fr(i=1)@o(s)Or(i)Ca(i+1) * ** Caft—1)Er(t-1)
i=1 o0,7€8;-1
We want to show that hy_o(z1,...,Zi-1,¥1,...,¥%-1) = 0. To do so, we
will examine the above summands for each fixed value of 7.

Case 1: i > ¢. In this case we partition the pairs of permutations (o,7) €

Si—1 X Si_1 by the equivalence relation:

(01,11) ~i (02, m2) iff 01|[i,(z—1)] = 02|[i,(z-1)] and Tll[i,(t—l)) = Tzl[i,(t-l)]»

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



35

For each i > q, the relation ~; yields a partition of S;_; x S;_;, into disjoint

subsets PF. Then, we have

> (s8097) o) - - - Bri-1)bo(0)Er(iCoti) - - - Er(e-1)
0,7€S81-1

+ Z (sgoT) a,(l)a,.(l) een a,(,-)ET(,-)c,,(iH) ee s Cr(t-1)
0€St—-1,7€St-1

=Z Z (sg0T) @o(1)Gr(1) - - - Gr(i-1)Do(i)Cr(i)Co(it+1) - - - Cr(t—1)
k (cr,'r)EP‘."

+Z Z (SGOT) Go(1)r() - - - Br(i-1)Bo()Br(i)Co(it1) - - - Er(t-1)
k (U,T)EP‘.“

= Z(Sgam) hai_o (aak(l)a e ,flrk(i—l)) bak(i)érk(i)cak(i+l) iy E-rk(t—l)
Z SgO'ka h21—2 (aak(1)7 a'rk(i—l)) aak(i)b-rk(i)cak(i+l) e e Cry(t=1)s
k

where (o, 7¢) is a representative of the class Pk

By assumption, A, satisfies hyq—1. It follows that hy;_» is an identity for
A, for all ¢ < i < t, and hence each sum in Equation (3.1), corresponding to
the case 7 > ¢, equals 0.

Case 2: i < q.

In this case (t — 1) — ¢ > r, so we partition the pairs of permutations

(0,7) € Sy—1 X Si—1 by the equivalence relation:

(Ux,Tl) ~i (02,7'2) iff Ull[l,i} = UZ,{I,:'] and 7'1][1,:'] = 7'2|[1,z']-
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For each i < g, the relation ~; yields a partition of S;—; x S;—; into disjoint
subsets P¥. Then, we have
Z (SgOT) @g(1) " * * Br(i=1)bo(i)Cr(i)Ca(i+1) * * * Cr(t-1)
0#"651-1

+ Z SgUT)aa(l) r(i- l)aa(:)br(z)ca(z+l) “ Cr(1-1)
0,7€S1-1

=" ) (s807) aoqry -+ Ari-1)ba(i)Er()Cotir1) " Ergr-1)
k (or)ePk

+Z Z (SgUT Ao(1) ** (1 l)aa(z)br(1)ca(1+1) E-r(t——l)
k.j o€Pf TEQJ

= Z (SgUka) Ao, (1) " " &fk(i—l)bak(i)érk(i) h2(t—1-—i) (Cak(i+l)a vee 1érk(t—l))
k

+ Z (SgUka) Qo (1) " af(i—1)aak(i)l.>rk(i)h2(t—1-i) (Ccrk(i+l)a cee 157k(t—1)) )
k

where (0%, %) is a representative of the class PF.

By assumption, A,, satisfies hg,_;. It follows that hg_;—1y is an identity
for A,, for all 0 < i < ¢, and hence each summand in (3.1), corresponding to
the case 7 < g, equals 0.

Case 3: i = q.

In this case we need to examine two summands:

Y. (s897) @0ty rig-1be(@Er@Catart) ** Erae-1)H
0€St-1,T€Se-1

Z (sgoT) aoqry - - dr(q-l)av(q)ET(Q)ca(qH) so e Cr(t-1)-
0€S1—1,T€St—1
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For the first summand we consider the equivalence relation:
(o1,71) ~q (02,m2) iff 01|[1.q] = 02|[1.q] and 7'1—[1,4 - 1] = 72|[1,q—1]'

The relation ~, yields a partition of S;_; x S;_;, into disjoint subsets P:.
Then, we have

D (s897) @oqr) - lrig-1)bo@)Erig)Cata+1) "+ " Ere-1)
0€8:—1,TES 1

=Y > (s897) a0y Arg-1bo(@)Erta)Cata+n)  * Erie-1)
k (o,r)EPk

= Z (SETkTE) Gop(1)@re(1) " * * Dog(q)P2r—1 (Eru(@)s Con(g+1)s " * » Ermy(t=1))
k

where (o, 7x) is a representative of the class Pq".
Since hor—; is an identity in A,, the first summand equals 0. For the second

summand we consider the equivalence relation:

(01, 71) ~q (o2, m2) iff Ul[[q+1,t] = J2|[¢,-,+1,t] and Tll[q,t] = 7'2|[q.t]-

The relation ~, yields a partition of S;_; x S;_1, into disjoint subsets Pq".

Then, we have

D (s8T) aoq) " Arig-1)Bo@br(@)Catar) ** Ere-1)
0€St-1,7€S—1

=YY (5807) ag) - Arig-1)a(a)dria)Coter1) " Ere-1)
k oePf

= (s80kTk) hag-1 (Goy(1)s - -+ » Br(g-1), Go(a)) br(g)Cata+1) - * Ex(t-1);
k
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where (o, k) is a representative of the class PY.
Since hg,—1 is an identity in A,, we conclude that the second summand

equals 0. This finishes the proof of the lemma. U
Theorem 3.2.2 hy,_o is an identity for any proper subalgebra of M,(F).

Proof. Let A be a proper subalgebra of M,(F). If A is simple, then A
satisfies the standard polynomial s,_» (cf. Lemma 2.2.1), hence A satisfics
han—s. Otherwise, A can be embedded as F-algebra in E,,)(F) for some
suitable positive integers £ and m. Since hge—; and hg4,,,—; are identities for
M(F) and M,,(F) respectively, we apply Lemma 3.2.1 to obtain that hsn_»

is an identity for A. O

3.3 A Polynomial test for E(

In this section we show that the double Capelli polynomial hy,—3 is a
polynomial test for the subalgebra E(sm) of M,(F) for any positive integers

¢, m such that £+ m = n.

Lemma 3.3.1 Let A be a subalgebra of Egm)(F) such that A, satisfies hy for
some 1 < q < 44, and A,, satisfies h, for some 1 < r < 4m. then A satisfies
hg+r)-

Proof. It follows by a combinatorial argument similar to that in the proof

of Lemma 3.2.1. O
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Proposition 3.3.2 hy,-3 is an identity for every proper subalgebra of Egm).

Proof. We consider all possible proper subalgebras of E¢m)(F).

Let us first consider a subalgebra A of E(; ) such that A, is a proper
subalgebra of M(F). Then hyg, is an identity for A, as established in The-
orem 3.2.2, and h4m_; is an identity for M,,(F). Hence hy,_3 is an identity

for
Ay Myn(F)

0 Mn(F)

hence an identity for A.
Similarly, hs.—3 is an identity for every subalgebra of Es ) such that A, is
a proper subalgebra of M,,(F). Clearly, h4,-4 is an identity for the semisimple

case
M(F) 0

0 Mn(F)

In Proposition 2.2.5, it is proved that the standard polynomial sq. is an identity

for the self-extension of irreducible representations:

a ¢

A= ta,c € My(F) 7,
0 a

hence, h4,_4 is an identity for A. O
Remark In general, hy,_3 is not an identity for E). For instance, if

n =3 and A = E{; 5, we have

he (Cuaeu,en,ezz,622,823,633,633,632) = 2ejs.
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CHAPTER 4

Effective detection of

n-dimensional representations.

In this chapter, we describe several algorithmic procedures, using polyno-
mial tests (and elementary computational commutative algebra), for determing
the existence of certain types of n-dimensional representations of finitely pre-
sented algebras. This approach is largely influenced by Letzter’s papers [Le01]
and [Le02], and extends the results therein. The basic strategy is to reduce
each of the considered representation theoretic decision problems to the prob-
lem of deciding whether a particular finite set of commutative polynomials has
a common zero. Standard methods of computational algebraic geometry can

then be applied (in principle).
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4.1 Introduction

Let R = F{X1,...,Xs}/{f1,..., f) be a finitely presented algebra over
the field F. Assume that F is computable and K is the algebraic closure of
F. It is easy to see that the n-dimensional representations of R amount to so-

2 variables.

lutions to a system of tn? commutative polynomial equations in sn
Moreover, n-dimensional irreducible representations and full block upper tri-
angular representations of R can also be explicitely parameterized by finite sys-
tems of commutative polynomial equations using P-tests. Consequently, the
techniques of computational algebraic geometry (and in particular, Groebner
basis methods) can be used to study the n-dimensional representation theory
of R. When the desired n-dimensional representation exists, it is possible (in
principle) to produce explicit constructions. An example of these algorith-

mic procedures is implemented in §§4.3.5, using the computer algebra package

Macaulay 2.

4.2 Preliminaries

In this section we develop our notation (which will remain fixed for the

remainder) and quickly review some necessary background.
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4.2.1 Notation

(i) We will use the expression (n-dimensional) representation of R only to
refer to F-algebra homomorphisms p : R — M, (K); the representation is
irreducible when K,(R) = M,(K). This approach allows us to consider
the K-representation theory of R while restricting our calculations to F;
in our algorithmic procedures below we will assume that F' is computable

and that K is the algebraic closure of F

(ii) Let P(n) denote the minimum positive integer with the following prop-
erty: For all positive integers g, and for all ay,...,a, € ML(K), the K-
algebra K{ay,...,a,} is K-linearly spanned by products of the a;, ..., a,
having length no greater that P(n) (the identity matrix is the prod-
uct of length zero). It is easy to check that P(n) < n? — 1, and

in [Pa97] it is proved that P(n) is bounded above by the function

fln) = n\/2n2/(n -1)+3+n/2-2.

(iii) Let p: R — M,(K) be a representation, and set A = K,(R). It follows
from (i) that A is K-linearly spanned by the images of the monomials (in
the X;) having length no greater that P(n). Also, the Cayley-Hamilton
Theorem tells us that the nth power of an n x n matrix is a linear

combination of its lower powers. Therefore, A is K-linearly spanned by
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the image under p of

(XD X Xy X, € { X, Xo b + -+ +p < P(n);

Jp °

0<dyy... 0 <1}

(iv) For 1 < p < s, let z, denote the generic n x n matrix (z;;(u)) (i-e,
the n X n matrix whose ijth entry is the indeterminate z;;(1)), and set
z = (z1,...,%5). Note that R has an n-dimensional representation if

and only if the entries of fi(z),..., fi(z) have a common zero.

4.3 Effective detection

4.3.1 Effective detection of full block upper triangular
representations

Ingredient: A subalgebra of M,(K) does not satisfy the standard identity
Son—2 if and only if it is equivalent to a full block upper triangular matrix
algebra. (See Theorem 2.3.3).

Application: Decide whether or not a finitely presented algebra has a full

block upper triangular representation of size n.
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(i) Let W =

{:z:;i a:;: CZjyy - T, €{Z1,.., Ts )i oo + i S P(n);

05i1,...,i,,<ﬂ}

(ii) Let w be an indeterminate. For each choice of wy,...,wen_2 € W we

can construct a subtest that returns “true” if the entries of

fl(xla"-1$s)a'--vft(xl""yms)

W [Son—2(wy, ..., Won-2)]in — 1

have a common zero. The subtest returns “false” if no common zero
exist. It is easy to check that the following are equivalent: (1) at least
one of the possible choices of wy,...,ws,—2 produces a “true” in the
subtest, (2) there exists a representation for R — M,(K) for which
the polynomial sz,-2 is not satisfied, (3) there exists a full block upper

triangular representation R — M, (K).

4.3.2 Effective detection of irreducible representations

This algorithm provides an alternate approach to that found in [Le01].
Ingredient: h4,_» is a polynomial test for M,(K). (See Theorem 3.2.2).
Application: Decide whether or not a finitely presented algebra has an irre-

ducible n-dimensional representation.
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(i) Let W =
{:z:;i-:z:;‘; TGy T € {xla"wzs}; il ++7'p S P(n))
0<dyy... ip < n}
(ii) Let u,v be indeterminates. For each choice of wy,...,ws,—2 € W and

v1,...,Vam—2 € W, we can construct a subtest that returns “true” if the

entries of

filzry ooy Zs)ye oy fi(Zr, -0y )
U [han—2(wi, ..., Won—1,%1,...,V20-1)];; — 1
have a common zero. The subtest returns “false” if no common zero
exists. It is easy to check that the following are equivalent: (1) at least
one of the possible choices of wy, vy ..., Wap_1, V2n—1 produces a “true” in

the subtest, (2) there exists an irreducible n-dimensional representation

of R.

4.3.3 Effective detection of full upper triangular repre-
sentations

Ingredient: s;,_» is a polynomial test for the algebra of upper triangular
matrices. (See Corollary 2.3.4).
Application: Devise an algorithmic test for deciding whether R has a full

upper triangular n-dimensional representation.
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(i) For 1 < p < s, let z, denote the n x n matrix whose
the indeterminate z;;(p) if 1 < i < j <n,

ijth entry =

0 otherwise.

(i) Let U(n) =

{x’:‘-'-x’-” Y Zjy e T, € {T1,..., T} i1+ +i, < P(n);

OSil,...,iP<n}

(iii) Choose wy,...,we,-2 € U(n) Let u be an indeterminate, we can con-

struct a test that returns “true” if the entries of
fl(xla . sxs)w .. 1ft($11 LR ,33_.,)
u[son—a(wr, ..., Won-2)]1n — 1

have a common zero. The subtest returns “false” if no common zero ex-
ists. It is casy to check that the following are equivalent: (1) at least one
of the possible choices of wy,...ws,—2 produces a “true” in the subtest,
(2) there exists a full upper triangular n-dimensional representation of

R.

4.3.4 Nonsplit (£, m)-extension of inequivalent irreducible
representations test

This algorithm provides an alternate approach to that found in [Le02].
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Ingredient: hy,_3 is a polynomial test for the nonsplit (¢, m)-extension of
inequivalent irreducible representations. (See Lemma 3.3.2)

Application: Device an algorithmic test for deciding whether R has a non-
split, n-dimensional, (£, m)-extension of inequivalent irreducible representa-

tions, for fixed ¢ and m, with £ +m = n.
(i) For 1 < p < s, let z, denote the n x n matrix whose

the indeterminate z;;(p) if i < £ or j > m,
ijth entry =

0 otherwise.
(ii) Let U(¢+m) =
{z2 coegl? P Ty T, € {Z1, .0 Te}; G+ i S P(n);

0<iy,...,0p <1}

(iii) Let u be an indeterminate. For each choice of wy, ..., wan—1,1,...,V2n-2 €

U(¢+m) we can construct a subtest that returns “true” if the entries of

fl(IL'l,...,:Bs),...,ft(.’lil,...,.’l,'s)

u [han-3(w1, ..., Wan—1,01,... av2n—-2)]ij -1

have a common zero. The subtest returns “false” if no common zero
exists. It is easy to check that the following are equivalent: (1) at least

one of the possible choices of (z,7) and wy,v; ..., Wan-1,V2n-1 produces
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a “true” in the subtest, (2) there exists a nonsplit (£, m)-extension of

distinct irreducible representations R — Egm)(K)

4.3.5 An example

Determine algorithmically whether a given finitely presented algebra has a
representation of a particular type.
Ingredients: P-test and elementary computational commutative algebra.
Example: A three-dimensional representation.
Set
R=Q{X,Y}/(X*,Y?),
Can we find a full block upper triangular 3 x 3 representation for R?

A Macaulay2 Session

F=QQ
R=F[a..z]

matrix{a*M_O, b*M_O+c*N_1, d*M_O+e*M_1+f*M_2}

(VS

NS

>3
Il

o oW
o0 o

H o Q

3 3
04 : Matrix R <--- R

|

i5 : Y = matrix{g*M_O+h*M_1+i*M_2, j*M_1+k*M_2, 1*M_2}

o5=1]g00 |
[ hjol

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



lik1|

3 3
o5 : Matrix R <--- R

length2=(X*X, X*Y,Y*X)
length3=(X"2*Y, X*Y*X, Y*X"2, Y*X*Y)

si=(x)-> x

s2=(x,y)->x*s1(y)-y*s1(x)
s3=(x,y,z)->x*s2(y,z)-y*s2(x,z) +z*s2(x,y)
s4=(x,y,z,w)->x*s3(y,z,w)-y*s3(x,z,w)+z*s3(x,y,w) -w*s3(x,y,z)

f1 = X73

f2 = Y"2
MatrixRel = fi[|f2

wil=X

w2=Y

w3=length2#0

w4=length2#1

W=s4(wl,w2,w3,wd)

r =ux( last flatten entries W~{0})-1

Rel = append(flatten entries MatrixRel,r)
Relldeal = ideal(Rel)

i23 : 1 % Relldeal

023 = 1

023 : R

~~There exists a full block upper triangular representation
S =transpose gens gb Relldeal

i30 : -- we found the solution

X =substitute(X,{a=>0,b=>1,c=>0,d=>0,e=>1,£f=>0})

030 = 1010 |
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o O
o o
O

3 3
030 : Matrix R <--- R

i31 : Y =substitute(Y,{g=>0,h=>0,i=>0, j=>0,k=>1,1=>0})
o031 =000 |
] 000 |
| 010}
3 3

031 : Matrix R <--- R

i32 :

It is easy to verify that X and Y generates a full (1, 2)-block upper triangular

matrix algebra.
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CHAPTER 5

The length of the
Super-Diagonal and

Sub-Diagonal matrices.

The length of an algebra generating set was studied by Paz [Paz84] and
by Pappacena [Pa97]. In §§4.2.1 we saw an application of this notion. In this
chapter we study the length of the sub-diagonal and super-diagonal matrices.

Let F be a field, and let A be a finite-dimensional F-algebra. Set d =
dimpA. Since A is finite-dimensional over F, it is obviously finitely generated.
Let S be a finite generating set for A as an F-algebra. We shall write 4 =
F{S} to denote this. Writing S = {a,,...,a,} we shall adopt the convention

that 1 is a word in S of length zero, and write S* for the set of all words in
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S of length < i. We have the obvious containment S* C $7 for i < j, also
$iSi = S+, Writing FS* for the F-linear span of S*, we have the following

chain of containments (noting that S = 1, so FS? = F):
F=FS°CFS'C.-.-CFS'CFS* C..-CF{S}=4A. (5.1)
Since A is assumed finite-dimensional over F', there is an integer £ such that
FS* = F§*' = Sk = ... = F{S} = A. (5.2)

We define the length of the generating set, written £(S), to be the smallest &
for which FS* = A, and define ¢ = maxs ¢(S), where the maximum is taken
over all finite generating sets, to be the length of A. For the algebra of n x n
matrices over F, Pappacena ([Pa97]) has proved that £ is bounded above by

a function in O(n®?) and Paz ([Paz84]) has conjectured that £ < 2n — 2.

5.1 Preliminaries

Notation: Henceforth we consider M, (F), the algebra of n x n matrices
over F, and S the subset of M,(F) consisting of the following two particular

matrices: The super-diagonal matrix U is defined by the law:
1 if i=j-—1,
u,-j =

0 otherwise;
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and the lower-diagonal matrix D = U* is defined by the law:

1 if i=j+1,
d§j=

0 otherwise;
for1<i,7<n.
Given a matrix A € M,(F), we shall call the é-diagonal of A to the set of

entries

ai;,t=j+n—-6,j=1...6}, for d=1...n,
j

{aij, j=i+6—n,i=1...2n-¢}, for d=n...2n-1.

If all but the d-diagonal entries of A are equal to 0, we call it a 4-diagonal
matrix. If § is out of the range 1...2n — 1, we adopt the convention that a
¢ diagonal matrix is the zero matrix. The F-subspace of M, (F) consisting of

all -diagonal matrix is denoted Ay. Clearly,

4

) if 6d=1...n,

dimpAs =S on_§ if d=n...2n—1,

0 otherwise.
\

The §-diagonal matrix with 1’s in all of the diagonal entries is called the
d-identity. The d-diagonal matrix with 1’s in the first ¢ entries (starting from
the left) of the §-diagonal and 0’s in the final é§ — ¢ entries of the é-diagonal is

called the i-initial segment of the é-diagonal, for 1 < 7 < §. The é-diagonal
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matrix with 0 in the initial (§ — i) entries (starting from the left) of the d-
diagonal and 1’s in the final i entries of the d-diagonal is called the i-terminal
segment of the é-diagonal, for 1 < i < §. Notice that the J-identity is the
d-initial and 4-terminal segment of the é-diagonal.

In order to understand S, the sets of words in S of length up to i, it is
useful to have in mind what exactly is the action of multiplying U and D on

the left and on the right of any matrix A.

(a) UA is the matrix whose i*" row equals the (i 4+ 1)'" row of A, and its last

row is zero (left multiplication by U “pushes up” one row)

(b) AU is the matrix whose (j + 1) row equals the j** column of A4, and
its first column is zero (right multiplication by U “pushes right” one

column)

[

(c) DA is the matrix whose (i + 1)'® row equals the i*" row of A and its first

row is zero (left multiplication by D “pushes down” one row)

‘I""

(d) AD is the matrix whose j*" column equals the (j + 1)'" column of A
and its last column is zero (right multiplication by D “pushes left” one

column)

Notice that U1 is the matrix whose (1n) entry is 1 and all other entries

are zero. With this elementary matrix in hand, and with the help of rules
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(a) - (d), we can produce any other elementary matrix. This shows (the well
known fact) that S is a generating set for M,(F).

Let
Bl = {Dn—l}7
B, = {UD™, DU},

BS — {Dn—3, UDn-—L’, Dn—2U},

In general, for § = 1...n, we define:
Bs = {D"%, U D341, prod+iy y2prot+ prestiy,
L US DR DU
if 4 is odd, and
Bs = {UDn—5+1’ Dr-S+1y g2 pn-dt2 pr-dtiyg? ,U%Dn—%’ Dn-gUg}
if 4 is even.
Proposition 5.1.1 The set Bs is a basis of th‘é.s:ub‘space As, foréd=1...n.

Proof. Assume for the moment that ¢ is even. Notice that, for i =1... %,
the matrix U!D"~%* is the (§ — i)-initial segment of the §-diagonal. Similarly,
for i = 1...%, the matrix D"~%+iU* is the (§ — i)-terminal segment of the
d-diagonal. These matrices form a basis for As. The argument is similar when

0 is an odd number. O
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Proposition 5.1.2 The length of S is n.

»*

Proof. Since U = D!, we can apply Proposition 5.1.1 to show that for
1 < i < n, the set B!, consisting of the transpose of each matrix in B;, is a
basis for the F-subspace of (2n — 7)-diagonal matrices. Since each matrix in
M, (F) is a linear combination of J-diagonal matrices, we conclude that n is an
upper bound for I(S). For n > 2, in order to generate the 2-diagonal, words
of length at least n are required, namely UD""! and D™~'U. This completes

the result. O
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